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A generalization of Chakiris' fibrations 

Hisaaki Endo 

Abstract. 

Chakiris [5] constructed examples of holomorphic Lefschetz fibra
tions of genus 2 with separating singular fibers and proved a classifica
tion theorem for such fibrations in the late 1970's. We generalize some 
parts of his construction topologically to give new examples of hyper
elliptic Lefschetz fibrations of arbitrary genus with separating singular 
fibers which include homeomorphic but non-diffeomorphic 4-manifolds. 

§1. Introduction 

According to remarkable works of Donaldson [6] and Gompf [14] (see 
also [1]), there is a Lefschetz fibration over the 2-sphere with prescribed 
fundamental group. The classification of all Lefschetz fibrations over the 
2-sphere is not possible in nature. Many examples of Lefschetz fibrations 
are given in terms of positive relations in mapping class groups (see [14], 
[35], [4], [21], [15], [16], and [8]). 

Hyperelliptic Lefschetz fibrations, which are (relative minimaliza
tions of) double branched coverings of simple 4-manifolds (see [32], [12]), 
include all Lefschetz fibrations of genus 1 and 2 and many important ex
amples. It would be rather hopeful to classify hyperelliptic Lefschetz 
fibrations over the 2-sphere. Siebert and Tian [32] conjectured that ev
ery hyperelliptic Lefschetz fibration over the 2-sphere without separating 
singular fibers is holomorphic. They solved it affirmatively in genus 2 
case under assumption of monodromy transitivity [33]. Their conjecture 
is closely related to a smooth analogue of an earlier theorem of Chakiris 
[5] which asserts that every holomorphic fibration of genus 2 without 
virtual reducible singular fibers is a fiber sum of three typical fibrations. 
On the other hand, it does not seem to be known how many hyperelliptic 
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Lefschetz fibrations with separating singular fibers exist. Matsumoto's 
genus 2 Lefschetz fibration [25] and its generalization in arbitrary even 
genus due to Cadavid [4] and Korkmaz [21] are well-known examples of 
such fibrations. Chakiris [5] also showed a mysterious classification the
orem of Lefschetz fibrations of genus 2 with separating singular fibers, 
which we would like to call the '1/19-theorem'. 

In this paper we generalize some parts of Chakiris' construction 
topologically to give new examples of hyperelliptic Lefschetz fibrations 
of arbitrary genus with separating singular fibers. In Section 2 we review 
definitions and basic properties of Lefschetz fibrations and relations in 
mapping class groups. In Section 3 we construct new positive relations 
in hyperelliptic mapping class groups and in Section 4 we investigate 
various properties of the corresponding hyperelliptic Lefschetz fibrations 
over the 2-sphere. In particular, we exhibit infinitely many pairs of 
homeomorphic but non-diffeomorphic hyperelliptic Lefschetz fibrations 
with separating singular fibers. 

The author is grateful toY. Matsumoto for helpful suggestions on 
Chakiris' work and to D. Kotschick, S. Hirose, andY. Sato for helpful 
discussions and useful comments. He also thank the referee for various 
helpful comments and suggestions. 

§2. Lefschetz fibrations and positive relations 

In this section we briefly review Lefschetz fibrations and relations in 
mapping class groups. 

2.1. Lefschetz fibrations and their monodromies 

We first review the definition and basic properties of Lefschetz fi
brations. More details can be found in Matsumoto [25] and Gompf and 
Stipsicz [14]. 

Let I:9 be a closed oriented surface of genus g. 

Definition 2.1. Let M be a closed oriented smooth 4-manifold. A 
smooth map f : M -+ 8 2 is called a Lefschetz fibration of genus g if it 
satisfies the following conditions: 

(i) f has finitely many critical values b1 , ... , bn E 8 2 and f is a 
smooth fiber bundle over 8 2 - {b1 , ... , bn} with fiber I::9 ; 

(ii) for each i (i = 1, ... ,n), there exists a unique critical point 
Pi in the singular fiber Fi := f- 1(bi) such that f is locally written 
as f(zt, z2) = zr + z§ with respect to some local complex coordinates 
around Pi and bi which are compatible with orientations of M and 8 2 ; 

(iii) no fiber contains a ( -1 )-sphere. 
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Let M 9 be the mapping class group of I: 9 , namely the group of 
all isotopy classes of orientation-preserving diffeomorphisms of I:9 . We 
follow the functional notation: for ip, 'ljJ E M 9 , the symbol '1/Jip means 
that we apply 1fJ first and then '1/J. We denote by :F the free group 
generated by all isotopy classes S of simple closed curves on I:9 . There 
is a natural epimorphism w : :F-+ M 9 which sends (the isotopy class of) 
a simple closed curve a on I:9 to the right-handed Dehn twist ta along 
a. We often denote the image -w(W) of a word W in the generators 
S by W. We set R := Ker w and call each element of R a relator in 
the generators S of M 9 . We put w(c) := t~~ · · · t~i (c) E S for c E S 
and W = a;r ···a~' E :F (a1, ... ,arE S,s1, ... ,ErE {±1}) and wV := 

w(c!) · · · w(cs) E :F for V = c1 · · · Cs E :F (c1, ... Cs E S). 
Let f : A1 -+ 5 2 be a Lefschetz fibration of genus g as in the defi

nition above. Since f restricted over 5 2 - {b1, ... , bn} is a smooth fiber 
bundle with fiber I:9 , we consider the homomorphism 

X: 7rl(52 - {b1, ... , bn})-+ 1r1(BDiff+I:9 ) ~ 7ro(Diff+I:9 ) = M 9 

induced by the classifying map 5 2 - {b1, ... , bn}-+ BDiff+I:9 , which is 
called the holonomy homomorphism (cf. Morita [28]) or the monodromy 
representation of f. Let ry; (i = 1, ... , n) be the loop consisting of the 
boundary circle of a small disk neighborhood of b; oriented clockwise 
and a path connecting a point on the circle to the base point b0 E 5 2 -

{b1, ... , bn}· We choose these loops ry1, ... , "in so that the composition 
ry1 ···"in is null-homotopic on 5 2 - {b1, ... , bn} and any two of them 
intersect only at b0 . Thus we obtain a presentation 

For each i (i = 1, ... , n), x('Y;) is known to be a right-handed Dehn twist 
tci along some essential simple closed curve c; on I: 9 . Hence we have a 
positive relation 

or a positive relator c1 · · · Cn E R associated to the Lefschetz fibration 
f : A1 -+ 5 2 . Each c; is called the vanishing cycle of the singular fiber F;. 
F; is called non-separating (or irreducible, type I) if c; does not separate 
L:9 into two connected components and separating (or reducible, type Ilh) 
if c; separates I: 9 into subsurfaces of genus h and g - h. 

Suppose that g 2: 2. Kas [19] and Matsumoto [25] proved that there 
exists a one-to-one correspondence between the isomorphism classes of 
Lefschetz fibrations f : M -+ 5 2 and the conjugacy classes of homo
morphisms x which sends each loop going around b; to a right-handed 
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Dehn twist along an essential simple closed curve on I:9 . Although the 
positive relator c1 · · · en E R actually depends on a choice of a loop 
system (r1 , ... , ~fn) on S 2 - {b1 , ... , bn}, its equivalence class modulo 
conjugations of all factors c1 , ... , en by a fixed element W of F : 

C1 · · · · · Cn ""'w(ci) · · · · · w(cn), 

and elementary transformations : 

C1 · · · · · Ci · Ci+1 · · · · · Cn ""'C1 · · · · · Ci+1 · c-1 (ci) · · · · · Cn, 
'i+l 

C1 · · · · · Ci · Ci+ 1 · · · · · Cn ""' C1 · · · · · c; ( Ci+ 1) · Ci · · · · · Cn 

( i = 1, ... , n- 1), is uniquely determined by the isomorphism class of the 
Lefschetz fibration f : A1 ---+ S 2 . Conversely, any positive relator fJ E R 
can be realized as a relator associated to some Lefschetz fibration over 
S 2 . We denote (the isomorphism class of) such a Lefschetz fibration by 
Mil ---+ sz. 

Let f : M ---+ S 2 and J' : A1' ---+ S 2 be Lefschetz fibrations of genus 
g and {}, {}' E R corresponding positive relators. Take regular values 
bo,b~ E S 2 of j,J' and consider the fiber F := f- 1 (bo),F' := j'- 1 (b~) 
and their open fibered neighborhoods vF C M, vF' C M', respectively. 
Using a fiber-preserving, orientation-reversing diffeomorphism r..p : 8(M
vF) ---+ 8(M'- uF'), we can glue M- vF and M'- vF' together and 
construct a new manifold A1 # F M' which will admit a Lefschetz fibration 
f # J' : M # F M' ---+ S 2 of genus g. We call this fibration a fiber sum of 
f: M---+ S 2 and f' : M' ---+ S 2 . The diffeomorphism type of M#FM' 
and the isomorphism type of f#f' might depend on the choice of the 
diffeomorphism r..p. A positive relator corresponding to the fiber sum 
f#f' can be written as fJ · wfJ' for some WE F which depends on the 
choice of r..p. 

Let L : I:9 ---+ I:9 be (the mapping class of) a hyperelliptic involution, 
an involution on I:9 with 2g + 2 fixed points, and H9 the centralizer of L 

in M 9 , which is called the hyperelliptic mapping class group. Note that 
H1 = M1 and Hz = Mz, while H9 # M 9 for g 2 3. We set sH := 

{a E S I ta E 1i9 }. We denote by FH the subgroup ofF generated 
by sH and put RH := R n FH. A Lefschetz fibration f : M ---+ S 2 

of genus g is said to be hyperelliptic if its holonomy homomorphism x 
can be chosen in the conjugacy class so that the image Im x is included 
in H9 . If the canonical projection 1i9 ---+ Mo,Zg+Z ---+ Szg+Z maps Im x 
onto a transitive subgroup of S29+2 , we say that the monodromy of 
f is transitive, otherwise intransitive, where Mo,Zg+Z is the mapping 
class group of the 2-sphere with 2g + 2 marked points and S29+2 is the 
symmetric group of degree 2g + 2. 
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2.2. Basic relations in mapping class groups 

We next review several relations in the mapping class group M 9 (cf. 
[42], [21], and [8]). 

The relator A= A(a) := a E R is called an identity relator, where 
a is a null-homotopic simple closed curve on ~9 . 

For (isotopy classes of) simple closed curves a and b, we denote their 
geometric intersection number by i(a, b). Let a and b be simple closed 
curves on ~9 and c the simple closed curve tb(a). The relation 

tc = tbtatb 1 

in M 9 is called the braid relation. (It follows from the braid relation 
-1 --- ---- ---- ----

ttb(a) = tbtatb that b(a) = bab- 1, b.-' (a) = b-1ab, and elementary 
transformations keep positive relators being positive relators.) If 
i(a, b)= n, we put 

Tn = T(a, b) := bab-lc- 1 E R. 

If i(a, b)= 1, we have another braid relation tb = tatct;; 1 . This relation 
together with the original relation tc = tbtat; 1 yields Artin's relation 
tatbta = tbtatb. 

An ordered n-tuple (ell ... , en) of simple closed curves on ~9 is 
called a chain of length n if Ci and Ci+ 1 intersect transversely at one point 
( i = 1, ... , n - 1) and other Ci and Cj never intersect. When the length 
n is even (resp. odd), a regular neighbourhood of a chain (c1, ... , en) is 
a subsurface of ~9 which is of genus h = n/2 (resp. h = (n- 1)/2) and 
has one boundary component (resp. two boundary components). We 
denote simple closed curves parallel to the boundary by d (resp. d1 and 
dz). The relation 

td = (tc, ... tc2h) 4h+2 ( resp. td,td, = (tc, ... tc2h+,)Zh+Z) 

is called the chain relation of length n, or the even (resp. odd ) chain 
relation (see Wajnryb [42]). We put 

Czh = C(c1, ... , Czh) := (c1 · · · Czh)4h+Zd-1 E R, 

Czh+l = C(c1, ... , Czh+l) := (c1 · · · Czh+l)2h+2dj"" 1d21 E R. 

Remark 2.2. The even (resp. odd) chain relation above holds even 
if we permute the factors of the chain: 

(ca(l) · · ·Ca(2h))4h+Zd-1 E R (resp. (cr(l) ·· ·Cr(2h+l))2h+2dj"" 1d21 E R), 

where a E Bzh (resp. T E s2h+l) is an arbitrary permutation (cf. Mat
sumoto [24]). Hirose told the author an elementary proof of this fact. 
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We need the following definition and lemma for constructions of 
positive relators in the next section. 

Definition 2.3 (Smith [35], cf. [8]). Let e = W1- 1W2 E R be a 
relator with W1 and W2 positive words in F. Suppose that a positive 
relator c; E R includes W1 as a subword: c; = UWt V, where U and V 
are positive words in F. Then we can construct a new positive relator 
c;' = c; v- 1 e V = UW2 V in R. This operation c; ~--+ c;' is called a (!

substitution to c;. If a positive relator.; is obtained by applying a sequence 
of e±1-substitutions to c;, we denote it by c; = {(mode). 

Lemma 2.4. Let (c1 , ... , cn) be a chain of length n on ~9 • The 
following equivalence holds fork= 1, ... , n- 1 and i = 1, ... , k + 1. 

(c1c2 · · · Cn)i =:: (c1c2 · · · Ck)i · (ck+lCk · · · Ck-i+2) · (ck+2Ck+l · · · Ck-i+3) 

· · · · · (cnCn-l · · · Cn-i+t) (mod To, Tt) 

Proof. Straightforward from the proof of Lemma 4.6 of [8]. Q.E.D. 

§3. Hyperelliptic Chakiris relations 

In this section we construct new examples of positive relators in the 
hyperelliptic mapping class group 1{9 • We first review basic relations in 
1{9 (cf. [3] and [8]). 

Let (c1, ... , c2g+l) be a chain of length 2g + 1 on ~9 . Suppose 
that each Ci is invariant under the hyperelliptic involution i. Hence the 
right-handed Dehn twists tc1 , ••• , tc29+1 belong to 1i9 • The chain relator 
C2g+l = (c1 · · · C2g+t) 29+ 2d! 1d2 1 of length 2g + 1 combined with two 
identity relators A(dt) = d1 and A(d2) = d2 is a positive relator 

C1 := C2g+tA(d2)A(dt) = (c1 · · · c29+t)29+ 2 E RH. 

The chain relator C29 = (c1 · · · c29 )4Y+2d-1 of length 2g combined with 
an identity relator A(d) =dis a positive relator 

It is well-known that the images of 

I:= CtC2 .. ·C2gC~g+lC2g .. ·C2Cl E FH, 

J := (c1c2 · · · c29 ) 29+1 E FH 

under w represent (the mapping class of) the hyperelliptic involution i 

(see Birman and Hilden [3], p. 108, Equation (8), and [7], Lemma 4.13). 
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3.1. Even genus 

Suppose that g .2: 2 and g is even. We first consider the following 
three elements of ;::H. 

Po:= ((c1c2 · · · c9 ) 9 +1 

· (cg+1 · · · c3c2) · (cg+2 · · · c4c3) · · · · · (c29 · · · c9+2c9+1)) 2, 

Qo := (c1c2 · · · c29+1)9+1 · (c9 · · · c2c1) 29+2 

· (c1 1c2 1 · ··c;;- 1c 9+lcg · · ·c2cl) · (c2 1c3 1 · · ·c;;-~ 1 cg+2cg+l· · ·c3c2) 

( -1 -1 -1 ) · · · · · C9+1 C9+2 · · · C29 C2g+ 1 C2g · · · Cg+2Cg+ 1 , 

Ro := (c9 · · · c2c1)29+2 

( -1 -1 -1 ) ( -1 -1 -1 ) · c1 C2 · · · C9 Cg+1 Cg · · · C2C1 · c2 c.3 · · · C9+1 Cg+2Cg+1 · · · C3C2 

· · · · · ( c;;-~ 1 c;;~2 · · · c291c2g+1 c29 · · · Cg+2cg+l) · ( c2g+1 · · · c2c1) 9+1. 

Lemma 3.1. The words P0 , Q0 , and R 0 represent L, 1, and L in H 9 , 

respectively. 

Proof. Using Lemma 2.4, we have 

(c1c2 · · · c29 ) 9+1 = (c1c2 · · · c9)9+1 · (cg+1 · · · c2cl) · (cg+2 · · · c3c2) 

· · · · · (c29 · · · c 9+1c9 ) (mod To, Tl). 

We rewrite the right-hand side by using braid relations to obtain 

(c1c2 · · · c29)9+1 = (c1c2 · · · c9 ) 9+1 · (c9+1 · · · c3c2) · (cg+2 · · · c4c3) 

· · · · · (c29 · · · cg+2cg+1) · c1c2 · · · c 9 (mod To, Tl). 

Again from Lemma 2.4, we have 

(c1c2 · · · c29 )9 = (c1c2 · · · c 9 ) 9 · (c9+1 · · · c3c2) · (cg+2 · · · c4c3) 

· · · · · (c29 · · · c9+2c9+1) (mod To, T1). 

We combine the last two equivalences to obtain 

J = (c1c2 · · · c29)29+1 

= ((c1c2 · · · c9 ) 9+1 • (cg+1 · · · c3c2) · (cg+2 · · · c4c3) 

· · · · · (c29 · · · cg+2cg+1)) 2 (mod To, T1) 

=Po. 

Hence we have Po=]= L 
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As is already mentioned, the image of 

under w is equal to 1 in 7i9 . By virtue of Lemma 2.4 and Corollary A.2, 
we have 

(c1c2 · · · cz9+1) 9+1 = (c1c2 · · · c9)9+1 · (c9+1 · · · Czcl) · (c9+z · · · c3c2) 

· · · · · (cz9+1 · · · c9+zc9+1) (mod To, Tl) 

= (c9 • • • c2cl)9+ 1 · (c9+1 · · · c2cl) · (c9+z · · · c3c2) 

· · · · · (cz9 +1 · · · c9+zc9 +1) (mod To, Tl). 

It is easy to check by manipulating braid relations as Lemma 2.1 of [21] 
that the following equivalence holds. 

(c11c2 1 · · · c;;- 1)9+1 · (c9+1 · · · czcl) 

· (c9+2 · · ·C3C2) · · · · · (cz9+1. · ·C9+zC9+1) 

= (c-1c-1 · · · c-1c +1c · · · c2c1) · (c- 1c-1 · · · c-1 c +2c +1 · · · c·3c2) - 1 2 9 9 9 2 3 >9+1 9 9 . 

(mod T0 , Tl) 

Gathering these equivalences, we obtain 

(c1c2 · · · c29+1)9+ 1 

= ( c9 · · · c2cl)29+2 · ( c;:- 1 cz- 1 · · · c;;-1 )9+1 ( c9+1 · · · czcl) · ( c9+z · · · c3c2) 

· · · · · (cz9+1 · · · c9+zc9+1) (mod To, T1) 

= (c9 · • · c2c1)29+2 · (c11c2 1 · · · c;1c9+1c9 · · · c2cl) 

( -1 -1 -1 ) · Cz C3 · · · C9+ 1 c9+2c9+1 · · · C3C2 

( -1 -1 -1 ) · · · · · C9+1 C9+2 · · · C29 C29+1C29 · · · c9+2C9+1 (mod To, Tl). 

We multiply both sides of the equivalence by (c1c2 · · · c29+1)9+l and 
conclude 

It follows from the equivalence above that 

Ro = (c1c2 · · · c29+1)-(9+l) · Qo · (cz9+1 · · · c2c1)9+ 1 

= (c1c2 · · · cz9+1)-(9+l) · C1 · (cz9+1 · · · c2cl)9+1 (mod To, T1) 

= (c1c2 · · · c29+1)9+ 1 · (c29+1 · · · c2c1)9+1. 
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The element 

Di:=[I,ci]=IcJ-1ci1 (i=1, ... ,2g+1) 

of :FH is a relator of 'H9: Di E nH (see Birman and Hilden [3], Theorem 
8). Applying Di-substitutions repeatedly, we have 

(c1c2 · · · cz9+1)9+1 · (c29+1 · · · c2c1)9+1 

=I· (c1c2 · · · cz9+1)9 · (cz9+1 · · · czc1)9 (mod Dt, ... , Dz9H) 

=- I 9+1 (mod D D ) 1, ... ' 2g+1 . 

We combine these equivalence to obtain 

- -g+1 
and Ro =I = ~ 

because g is even. This completes the proof of the lemma. Q.E.D. 

Let d E sH be the boundary curve of a regular neighborhood of 
C1 u ... u Cg. We now define three positive words in the generators sH: 

P := d · w(c9+1 · · · c3c2) · · · · · w(cz9 · · · c9+zc9+1) 

· (c9+1 · · · c3c2) · · · · · (cz9 · · · c9+zc9+!) (W := (c1c2 · · · c9)-(g+l)); 

Q := (c1c2 · · · Czg+1)9+1 · d · w 1 (cg+1) · W 2 (c9+z) · · · · · W 9+1 (cz9+1); 

R := d · w1 (cg+1) · w2 (c9+z) · · · · · w9 +1 (cz9+1) · (cz9+1 · · · czc1)9+1 

(Wi := (ci+g-1 · · · ci+1ci)-1 (i = 1, ... , g + 1)). 

Theorem 3.2. The words P, Q, and R in :FH are positive words 
representing~, 1, and~ in 'H9 , respectively. 

Proof We apply C;1-substitutions to Po, Q0 , and Ro and rewrite 
them as follows. 

Po= (c1c2 · · · c9)29+2 · (c1c2 · · · c9)-(9+1) 

· (c9 +1 · · · c3c2) · · · · · (cz9 · · · Cg+2cg+1) 

· (c1C2 · · · c9 ) 9+1 · (cg+l · · · C3C2) · · · · · (Czg · · · Cg+2Cg+l) 

= (c1c2 · · · c9)29+2 · (w(c9+1) · · · w(c3)w(cz)) 

· · · · · (w(cz9) · · · w(c9+z)w(c9H)) 

· (cg+1 · · · c3c2) · · · · · (cz9 · · · Cg+2Cg+1) (mod Tn) 

= P (mod C9 ), 
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Qo = (c1c2 · · · c29+1)9+1 · (c9 · · · c2cl) 29+2 

· w, (c9+d · w2(c9+2) · · · · · W 9 +, (c29+d 

= Q (mod C9 ), 

Ro = (c9 · · · c2cl)29+2 · w, (c9H) · w2 (c9+2) · · · · · W 9 +1 (c29H) 

· (c29+1 · · · c2c1) 9+1 (mod Tn) 

= R (mod C9 ). 

Thus the proof is completed. Q.E.D. 

The next corollary immediately follows from the theorem. 

Corollary 3.3. The words P 2 ,Q,R2 ,PR,PI,PJ,RI,RJ in FH 
are positive relators for 'H9 . 

3.2. Odd genus 

Suppose that g 2:: 3 and g is odd. We first consider the following 
two elements of FH. 

Qo := (c1c2 · · · c29+1)9+2 · (c9_1 · · · c2cl) 29+2 

· (c- 1c-1 · · · c-1 c c 1 · · · c2c1) · (c-1c-1 · · · c-1c +1c · · · c3c2) 1 2 9-1 9 9- 2 3 9 9 9 

( -1 -1 -1 ) 
· · · · · C9+ 2 C9+ 3 · · · C29 C29 +1 c29 · · · C9+3C9+2 , 

Ro := c1c2 · · · c29 +1 · (c9 _ 1 · · · c2cl) 29+2 

( -1 -1 -1 ) ( -1 -1 -1 ) · c1 c2 ···C9 _ 1c9 c9_ 1 ···c2c1 · c2 c3 ···C9 Cg+1c9 ···C3C2 

· · · · · ( c;~2 c;~3 · · · c29
1 c29+1 c29 · · · c 9+3c9+2) · ( c29+1 · · · c2cl) 9 +1. 

Lemma 3.4. Both of the words Q0 and R 0 are relators for 'H9 . 

Proof. As is already mentioned, the image of 

under r:v is equal to 1 in 'H9 . By virtue of Lemma 2.4 and Corollary A.2, 
we have 

(c1c2 · · · c29+1) 9 = (c1c2 · · · c 9 _1) 9 · (c9 · · · c2cl) · (cg+l · · · c3c2) 

· · · · · (c29 +1 · · · c 9+3c9+2) (mod To, TI) 

= (cg-1 · · · c2c1)9 · (c9 · · · c2cl) · (c9 +1 · · · c3c2) 

· · · · · (c2g+l · · · c 9+3c9+2) (mod To, Tl). 
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It is easy to check by manipulating braid relations as Lemma 2.1 of [21] 
that the following equivalence holds. 

( -1 -1 -1 )9+2 ( ) c1 c2 · · · c9_ 1 · c9 • · · c2c1 

· (cg+l · · · c3c2) · · · · · (c2g+1 · · · c9+3Cg+2) 

( -1 -1 -1 ) ( -1 -1 -1 ) =: c1 c2 ···C9_ 1CgCg-1···C2C1 · c2 c3 ···C9 Cg+1Cg···C3C2 

· · · · · (c;~2c;~3 · · · c291c2g+lC2g · · · Cg+3cg+2) (mod To, Tl) 

Gathering these equivalences, we obtain 

(c1c2 · · · c2g+1)9 

= (cg-1 · · · c2c1)29+2 · (c!1c21 · · · c;~ 1 ) 9+2 (c9 · · · c2ct) · (cg+l · · · c3c2) 

· · · · · (c2g+1 · · · Cg+3Cg+2) (mod To, Tl) 

= (cg-1 · · · c2c1) 29+2 · (c!1c21 · · · c;~ 1 c9c9-1 · · · c2ct) 

· (c;-1c31 · · · c;1c9+lcg · · · c3c2) 

We multiply both sides of the equivalence by (c1c2 · · · c29+1)Y+2 and 
conclude 

It follows from the equivalence above that 

Ro = (c1c2 · · · c2g+l)-(g+l) · Qo · (c2g+l · · · c2c1)9+1 

= (c1c2 · · · c2g+l)-(g+1) · Cr · (c2g+l · · · c2ct)9+1 (mod To, T1) 

= ( C1 C2 · · · C2g+l )9+1 · ( C2g+l · · · C2C1 )9+1. 

Applying Vi-substitutions repeatedly, we have 

(c1c2 · · · c29+1)9+1 · (c2g+l · · · c2c1)9+1 

=I· (c1c2 · · · c29+1)9 · (c29+1 · · · c2cl)9 (mod D1, ... , D29+1) 

We combine these equivalence to obtain 

- -g+1 
and R0 =I = 1 

because g is odd. This completes the proof of the lemma. Q.E.D. 
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Let d E sH be the boundary curve of a regular neighborhood of 
C1 u ... u Cg-1· We now define two positive words in the generators sH: 

Q := (c1c2 · · · Czg+1)9+2 · d · (c9-1 · · · czc1) 2 

· w1 (c9) · w2 (c9+I) · · · · · W9 +2 (Cz9+I); 

R := c1c2 · · · Czg+l · d · (c9-1 · · · czc1) 2 

· w1 (c9 ) · w2 (c9+I) · · · · · w9 +2 (C2g+I) · (c2g+1" · ·czc1)9+1 

(Wi := ci 1ci)1 · · · ci+1
9 _ 2 (i = 1, ... , g + 2)). 

Theorem 3.5. Both of the words Q and R in FH are positive 
relators for 1i9 . 

Proof. We apply c;1-substitutions to Q0 and Ro and rewrite them 
as follows. 

Qo = (c1c2 · · · Cz9+I)9+2 · (c9-1 · · · c2c1) 29 · (c9-1 · · · czc1)2 

· W1 (c9 ) · W 2 (c9+I) · · · · · W 9+2 (cz9+I) (mod Tn) 

= Q (mod C9 _I), 

Ro = c1c2 · · ·Czg+l · (c9-1· · ·czci) 29 · (c9-1· · ·c2ci)2 

· W1 (c9 ) · w2 (c9+1) · · · · · w9 +2 (c29+I) · (c2g+l · · · c2c1)9+1 (mod Tn) 

= R (mod C9 -I). 

Thus the proof is completed. Q.E.D. 

Let d1, d2 E SH be the boundary curves of a regular neighborhood 
of c1 U · · · U c9 . 

Remark 3.6. Substituting the same words as P0 , Q0 , and R0 for 
even genus by the inverse c; 1 of a chain relator C9 , we have the following 
positive words for odd genus: 

P' := did~· w(cg+1 · · · c3c2) · · · · · w(cz9 · · · c9+2cg+1) 

· (c9+1 · · · c3c2) · · · · · (c29 · · · Cg+zCg+I) (W := (c1c2 · · · c9)-(9+1l); 

Q' := (c1c2 · · · c29+1) 9+1 ·did~· w 1 (c9+I) · w 2 (cg+2) · · · · · W 9 +1 (cz9+I); 

R' := did~· w 1 (c9+I) · w2 (c9+z) · · · · · W9 + 1 (C2g+I) · (c29+1· · ·c2ci)9+1 

(Wi := (ci+g-1 · · · ci+1ci)- 1 (i = 1, ... ,g + 1)), 

which are not in FH. The words P, Q, and R in Fare positive words 
representing L, 1, and L in M 9 , respectively. 
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§4. Generalized Chakiris fibrations 

In this section we study various properties of hyperelliptic Lefschetz 
fibrations arising from hyperelliptic Chakiris relations given in the pre
vious section. 

We denote the signature and the Euler characteristic of a compact 
oriented smooth 4-manifold M by a = Sign(M) and e, respectively. It is 
easily seen that e = -4(g - 1) + n for a Lefschetz fibration f : M -+ 5 2 

of genus g with n singular fibers. We often denote by n 0 (resp. n+) 
the number of non-separating (resp. separating) singular fibers of f: 

n =no +n+· 
Let ( c1, ... , c29+1) be a chain of length 2g + 1 on ~9 . Suppose that 

each ci is invariant under the hyperelliptic involution L Hence the right
handed Dehn twists tc,, ... , tc29+1 belong to 1i9 . 

Three hyperelliptic Lefschetz fibrations Mp, Men and Men = Mp 
without separating singular fibers have been studied from various points 
of view (see [25], [26], [34], [14], [32], [33], [2], [30], [7], and [8]). For 
example, the number n of singular fibers, and the values of signature a 
and the Euler characteristic e for these manifolds are calculated as in 
the following table. 

LF n =no a e 
Mp 4(2g + 1) -4(g + 1) 4(g + 2) 
1Vle1 2(g + 1)(2g + 1) -2(g + 1):1 2(2g:l + g + 3) 

Men 4g(2g + 1) -4g(g + 1) 4(2g:l + 1) 

MJ2, Me" and Afen = MJ2 are known to be simply-connected, non
spin, and have a ( -1 )-section. lt1p and Me, have transitive monodromy, 
whereas Men has intransitive monodromy. 

Lemma 4.1 (cf. Wajnryb [42], Lemma 21, Auroux [2], Lemma 3.4). 
Three fiber sums Me2 = #p2A1e" Mpg+2 = #F(g+ 1)Mp, and A1enf2 

I 

= Men#FMJ2 are isomorphic as Lefschetz fibrations. 

Proof. Using Corollary A.3 and applying elementary transforma
tions repeatedly, we have 

Cl rv (clc2 ... C2g+l) 49+4 rv (c1C2 ... C2g+1) 29 +2 . (c2g+l ... C2c1) 29+2 

(c1c2 · · · c29+1) 29+ 1 ·I· (c2g+l · · · c2c1) 29+1 

(c1c2 · · · c2g+1) 29+ 1 · I(c2g+l · · · c2c1) 29+1 ·I 

(c1c2 · · · c29+1) 29+ 1 · (c2g+l · · · c2c1) 29+ 1 ·I 

• • • • • • rv I2g+2' 
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where we use I(ci) = L(ci) = Ci (i = 1, ... , 2g + 1). 
We apply elementary transformations and Lemma 2.4 to obtain 

JI"' C1: 

JI 

J · C1 C2 · · · C2gC~g+l C2g · · · C2C1 rv J( C1 C2 · · · C2g+l) · J · C2g+l · · · C2C1 

C1C2 · .. C2g+l. J · C2g+l · · · C2C1 rv C1C2 · · · C2g+l · (c1C2 · · · C2g+I) 2g+l 

CJ. 

From this equivalence, we have 

as claimed. Q.E.D. 

4.1. Even genus 

Suppose that g 2': 2 and g is even. Let dE SH be the boundary curve 
of a regular neighborhood of c1 U · · · U c9 . We obtain positive relators 
P 2 , Q, R 2 , P R, PI, P J, RI, RJ E R H and corresponding hyperelliptic 
Lefschetz fibrations 

]\i[p2, MQ, MR2, MpR, A1pJ, Mp.], MRJ, A1R.J 

of genus g over S2 from Corollary 3.3. These are non-spin 4-manifolds 
because a component of a separating singular fiber represents a homol
ogy class of square -1. Each of Afp2, MQ, A1PI, and Mp.J, which does 
not include the word R in its monodromy, has a smooth ( -1 )-section 
which naturally comes from Cu or C1 rv J I ( cf. Smith [36], Lemma 
2.3). MQ, MR2, A1pR, MpJ, MRI, and MRJ have transitive monodromy, 
whereas Afp2 and MpJ have intransitive monodromy. 

We first examine the fundamental groups of these manifolds. 

Proposition 4.2. The fundamental group 1r1 (Mp2) of Mp2 is iso
morphic to Z2 , while the manifolds A1Q, MR2, A1PR, A1PI, MpJ, A1RJ, 
NIRJ are simply connected. 

Proof. We orient c 1 , c 2 , ... , c 29+ 1 so that ci · ci+ 1 = +1 (i = 1, ... , 
2g) and take oriented simple closed curves e1 ,e2 , .. . ,e9 so that {c2 ,c4 , 

... , c29 , e1, e2, ... , e9 } is a symplectic basis of H 1 ('E9 ; Z) (i.e. c 2i · e1 = 

r5ij, c2; · c2j = e; · e1 = O(i,j = 1, ... ,g)). Connecting these curves 
to a base point * of 'E9 by appropriate arcs, we consider them also 
to be elements of 1r1 ('E 9 , *) which satisfy [c2, e 1][c4, e 2]· · · [c29 , e 9 ] = 1. 
Namely, 

1r1('E9 , *) = (c2, C4, ... , c29 , e1, e2, ... , e9 I [c2, e1][c4, e2]· · · [c29 , e9 ]). 
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Let i : ~9 '-+ Me be the inclusion map from a general fiber into the 
total space Me, where(!= P 2 ,Q,R2 ,PR,PI,PJ,RI,RJ. The induced 
homomorphism i#: 1r 1 (~9 )----+ 7r1(Me) is surjective and the kernel of i# 
includes the normal subgroup N of 1rl(Me) generated by the vanishing 
cycles of Me ( cf. Amoros et al. [ 1], Lemma 3. 2). 

If (! =f. P 2, then Me has vanishing cycles c1, c2, ... , Cz9 . We can 
choose arcs connecting c1, c3 , ... , c29 _ 1 to the base point * such that 
c1 = e;-\ c2i-1 = ei_\c2ieic2/ (i = 2, ... ,g) as elements of 1r1(~9 , *). 
Thus we obtain a presentation 

= {1}. 

Hence we have 1r1(Me) = {1}. 
If (! = P 2 , the kernel of i# coincides with N and 1r1 ( M p2) is iso

morphic to 1r1 (~9 , *)IN because !1,1 p2 has a smooth ( -1 )-section which 
naturally comes from a chain relation C29 of length 2g ( cf. Smith [36], 
Lemma 2.3, Amoros et al. [1], Lemma 3.2). Since Mp2 has vanishing 
cycles c2, c3 , ... , c29 , we obtain a presentation 

where N' is the normal subgroup of 1r1 (~9 , *) generated by cz, c3 , ... , cz9 . 

Thus 1r1 (Me) is cyclic because there is a natural surjective homomor
phism 1r1 (~9 , *)IN' ----+ 1r1(~9 , *)IN ~ 1r1(Me)· The first homology 
group H 1(Mp2;Z) is isomorphic to H1 (~9 ;Z)IN0 , where No:= NDIN 
and D := [1r1 (~9 ), 1r1 (~9 )]. Since c2i-1 = ei- ei-1 (i = 2, ... ,g), 
w(ci) = -ci(i = 2, ... , g), w(ci) = ci(i = g + 2, ... , 2g), w(c9+1) 
e 9 + eg-1 in H1 (~9 ; Z), we have 

Hence 1r1 (!vlp2) is isomorphic to Z2. Q.E.D. 

We next mention other invariants for our examples. The numbers 
n 0 , n+ of singular fibers, and the values of signature O" and the Euler 
characteristic e for the manifolds above are calculated as in the following 
table. (By virtue of Proposition 4.2, these manifolds satisfy bt = (e + 
0")12- 1 and b2, = (e- 0")12- 1.) 
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LF no n+ a e 
Mp2 4g:,i 2 -2(g"2 + 1) 2(2g"2 - 2g + 3) 
MQ 2(9 + 1y 1 -(g"2 + 2g + 3) 2g"2 + 7 
MR2 4(g + 1)"2 2 -2(g"2 + 2g + 3) 2(2g4 + 2g + 5) 
MpR 2(2g"2 + 2g + 1) 2 -2(g2 +g+2) 4(g4 + 2) 
MPI 2(g + 1)4 1 -(g4 +2g+3) 2g"2 + 7 
MpJ 2g(3g + 1) 1 -(3g4 + 2g + 1) 6g"2- 2g + 5 

MRI 2(g"2 + 4g + 2) 1 -(g"2 + 4g + 5) 2g"2 + 4g + 9 

MRJ 2(3g"2 + 3g + 1) 1 -(3g"2 + 4g + 3) 6g"2 + 2g + 7 

bi is always odd for these manifolds and it is greater than 1 except in 
the case of fvfp2,MQ, and MPI for g = 2. 

Remark 4.3. The values of signature of hyperelliptic Lefschetz fi
brations in the table above are calculated by using the local signature 
formula [27], [7] or by computing signature contributions of relators in 
their monodromies [8]. Ozbagci's signature formula [29] and these meth
ods are suited for explicit computation of signature of Lefschetz fibra
tions. For example, Hasegawa [17] and Yun [43] independently computed 
signatures of Gurtas' fibrations [15], [16] by using these formulae. 

Remark 4.4. It is likely that MQ and MPI are isomorphic as Lef
schetz fibrations although the author could not relate them by elemen
tary transformations. 

We recall a theorem of Chakiris [5]. 

Theorem 4.5 (Chakiris' 1/19-theorem [5], Theorem 4.9). Let M-+ 
CIP'1 be a holomorphic Lefschetz fibration of genus 2 with n ~ 19n+. 

(1) If the monodromy is transitive, then M is isomorphic to Mw, 
where W = IP RqQrq (p, q, r, s ~ 0, p = q (mod 2)). In particular, M 
is a fiber sum of copies of M 12,A1cl'A1Q,A1R2, and Mm. 

(2) If the monodromy is intransitive, then A1 is isomorphic to Mw, 
where W = pk J 1 (k, l ~ 0, k = l (mod 2)). In particular, M is a fiber 
sum of copies of fv1cu,MP2, and A1pJ. 

Although we do not give any proof of this theorem, we generalize 
some lemmas in [5] which were used to prove the theorem. 

We define an element of :FH by 

It immediately follows from the proofs of Lemma 3.1 for Q0 E RH and 
Theorem 3.2 for Q E RH that K is a positive relator for H 9 . 
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Proposition 4.6 (cf. Chakiris [5], 'the second' Lemma 4.8). Both 
of the hyperelliptic Lefschetz jibrations MQ2 = MQ#FMQ and MR2 are 
isomorphic to a fiber sum MK#FMc1 = MKcr of MK and Mer· 

Proof. We apply elementary transformations to Q2 as follows. 

Q2 "' (d. W1 (cg+l) · W2 (cg+2) · · · · · W9+1 (c2g+I) · (c1c2 · · · C2g+I)9+1? 
(d · W1 (c9+1) · w2 (c9+2) · · · · · W 9 +1 (c2g+1))2 

· (c1c2 · · · c29+1)9+1 · (u(c1) · u(c2) · · · · · u(c29+1))9+1 

(U := ( d · W1 ( Cg+l) · W 2 ( Cg+2) · · · · · W 9+1 ( C2g+I) · ( C1C2 · · · C2g+l)9+1 )-1) 

(d · W1 (c9+1) · w2 (c9+2) · · · · · W9 +1 (c29+1))2 · (c1c2 · · · c29+1)29+2 

= K·Cr, 

where we use u(ci) = U(ci) = ci (i = g + 1, ... , 2g + 1) because U is 
conjugate to Q-1 and then U = 1 in 7t9 . 

We apply similar elementary transformations to R2 as follows. 

R2 rv (d. wl (cg+I). w2(cg+2) ..... Wg+l (c2g+I))2 

· (c2g+1" · ·c2c1)9+1 · (R-1(C2g+l) · · · · · R-1(C2) · R-1(cl))9+1 

(d · wAc9+I) · W 2 (c9+2) · · · · · w9 +1 (c29+I))2 · (c2g+1 · · · c2cl)29+2 

(d · W1 (c9+d · W 2 (c9+2) · · · · · w9+1 (c29+I))2 · (c1c2 · · · c29+1)29+2 

K·Cr, 

--1 
where we use R-1 (ci) = R (ci) = t(ci) = Ci (i = g + 1, ... , 2g + 1) and 

Corollary A.3. Q.E.D. 

Remark 4. 7. It is not difficult to show that MK is isomorphic to 
Cadavid-Korkmaz' generalization, which we denote by McK in [8], of 

Matsumoto's genus 2 Lefschetz fibration on 8 2 x T 2 #4CJP2 (see [25], 
Example B). Hirose told the author a combinatorial proof of this fact. 
It is known that no = 2g + 2, n+ = 2, a = -4, and e = 8 - 2g for MK 
(see [4], [21], and [8]). 

Both of the hyperelliptic Lefschetz fibrations MpJ and MRI•-1 have 
6g2 + 2g non-separating singular fibers and one separating singular fiber. 
From the local signature formula [27], [7], they have the same signature 
a = - (3g2 + 2g + 1) and the same Euler characteristic e = 6g2 - 2g + 5. 
They are simply-connected and non-spin. It follows from Freedman's 
classification theorem that both MpJ and MRJ.-1 are homeomorphic to 

(3g2 /2- 2g + 1)CJP2#(9g2 /2 + 2)CJP2. However they are not isomorphic 
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as Lefschetz fibrations because the monodromy of .Mmg-1 is transitive 
while that of MpJ is intransitive. 

Theorem 4.8. If g 2: 4 and g is even, then MpJ, A1mg-1, and 

(3g2 /2- 2g + 1)ClP'2 #(9g2 /2 + 2)ClP'2 are mutually non-diffeomorphic. 

Proof. We first note that bi = 3g2 /2 - 2g + 1 > 1 and odd for 
these manifolds. If g 2: 4, MR1g-1 is isomorphic to a non-trivial fiber 
sum Mm#F(g/2- 1)Mp. It follows from a theorem of Usher [41] that 
Mm9 -1 is a minimal symplectic 4-manifold. Since bi > 1, A1mg-1 does 
not contain any smooth ( -1 )-sphere as a consequence of Seiberg-Witten 
theory [39], [40], [22] (cf. [14], Remark 10.2.4(a)). On the other hand, 
M p J has a smooth ( -1 )-section which naturally comes from a chain 
relation C29 of length 2g (cf. Smith [36], Lemma 2.3). Hence MPJ and 
Mmg-1 can not be diffeomorphic. 

By Gompf's theorem ([14], Theorem 10.2.18) Mp.J (resp. MR1g-1) 

admits a symplectic structure WpJ (resp. wR1g-1 ). It follows from results 
ofTaubes [38] (cf. [14], Theorem 10.1.11) that the classes ±c1 (MpJ, WpJ) 

(resp. ±cl(Mmg-1, WRJg-1)) are Seiberg-Witten basic classes. On the 

other hand, the 4-manifold (3g2 /2- 2g + 1)ClP'2#(9g2 /2 + 2)ClP'2 has 
vanishing Seiberg-Witten invariants because it decomposes as the con-

nected sum of (3g2 /2- 2g)ClP'2 and ClP'2#(9g2 /2 + 2)ClP'2 [23] (cf. [14], 
Theorem 2.4.6). Hence MpJ (resp. Mmg-1) is not diffeomorphic to 

(3g2 /2- 2g + 1)ClP'2#(9g2 /2 + 2)ClP'2 . Q.E.D. 

Remark 4.9. Theorem 4.8 is a variant of Fuller's theorem [11], 
which states that #FgMp,Mc11 , and (2g2 - 2g + 1)ClP'2#(6g2 + 2g + 
1 )ClP'2 are homeomorphic but mutually non-diffeomorphic for every g 2: 
2 (see also [25], [13], and [7]). Fuller's theorem can be reproved by the 
same method as the proof of Theorem 4.8 without using Kirby calculus. 

In contrast to Theorem 4.8 we show the following theorem about 
fiber sums. 

Theorem 4.10 (cf. Chakiris [5], 'the first' Lemma 4.8). The fiber 
sum MpJJ2 = MPJ#FM12 is isomorphic to the fiber sum A1mg+1 = 

Mmg-1#FMJ2 as Lefschetz fibrations for every even g 2: 2. In particu
lar, these manifolds are diffeomorphic to each other. 

We postpone the proof of this theorem to Appendix B. 

Remark 4.11. Theorem 4.10 is a variant of Lemma 4.1. Such kinds 
of stability for hyperelliptic Lefschetz fibrations under taking fiber sums 
with copies of Mp were formulated by Auroux [2] and Kharlamov and 
Kulikov [20]. 
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-2 
If g = 2, the manifolds MpJ, MRI, and K3#CW' are homeomor-

phic to 3CW'2 #20CW'2 by Freedman's classification theorem. The next 
theorem was suggested by the referee. 

Theorem 4.12. If g = 2, then MPJ, K3#CW'2 , and 3CW'2 #20CW'2 

are mutually non-diffeomorphic. 

Proof. 0 E H 2 (K3; Z) is the only Seiberg-Witten basic class of K3 
[10] (cf. [14], Corollary 3.1.15). The blowup formula for Seiberg-Witten 
invariants [9] (cf. [14], Theorem 2.4.9) tells us that the only basic classes 

of K3#CW'2 are ±E, where E E H 2 (K3#CW'2 ; Z) is the Poincare dual 
of the homology class of the exceptional sphere. On the other hand, 
consider A1pJ and its symplectic structure WpJ. The classical adjunc
tion formula implies that the canonical class KpJ = -c1 (MpJ,WPJ) 
of the symplectic manifold (MPJ, Wp.J) satisfies Kp.J · F = 2, where 
FE H 2 (Mp.J; Z) is the Poincare dual of the homology class of the fiber. 
Moreover, as observed in the proof of Theorem 4.8, Mp.J has a smooth 
(-I)-section and we haveS· F = 1, where S E H 2 (MPJ;Z) is the 
Poincare dual of the homology class of the section. Taubes' result [38] 
(cf. [14], Theorem 10.1.11) shows that ±Kp.J are basic classes for Mp.J. 
But the blowup formula shows that there must be other basic classes 
±(Kp.J - 2S) which are distinct from ±Kp.J since they pair trivially 
with F (see [14], Exercise 10.1.20). Therefore Mp.J is not diffeomorphic 

-2 
to K3#CW' . 

The manifold 3CW'2 #20CW'2 has vanishing Seiberg-Witten invariants 
for the same reason as the proof of Theorem 4.8. Hence this manifold is 

diffeomorphic neither to Mp.J nor to K3#CW'2 . Q.E.D. 

We notice that MRI for g = 2 is not diffeomorphic to 3CW'2 #20CW'2 , 

but we can not distinguish MRI from other two manifolds. 

Problem 4.13. Determine whether A1pJ and A1RI are diffeomor
-2 

phic or not when g = 2. Is MRI diffeomorphic to K3#CW' ? 

Remark 4.14. Sato [30] listed the pairs (n0 , n+) of numbers of 
singular fibers possibly realized by some genus 2 Lefschetz fibration 
with ( -1 )-sphere. Hirose [18] has constructed examples of genus 2 
Lefschetz fibrations with ( -1 )-sphere which actually realize the pairs 
(16, 2), (18, 1), and (28, 1). If g = 2, the pairs (n0 , n+) of numbers of sin
gular fibers of the Lefschetz fibrations Mp2, A1Q, MpR, MPI, Mp.J, MRI 
are (16, 2), (18, 1), (26, 2), (18, 1), (28, 1), (28, 1), respectively. Mp2, MQ, 
MPI, Mp.J also realize three pairs (no, n+) in Sato's table ([30], Table 
1) because they contain ( -1 )-spheres. M RI for g = 2 turns out to be 
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isomorphic to Auroux's fibration X 2 in [2] (see Appendix B). Sato told 
the author that x2 admits no ( -1 )-section but contains a ( -1 )-sphere 
as a 'double section'. Hence MRI also realizes the pair (28, 1). 

Remark 4.15. Usher's theorem [41], which is used in the proof of 
Theorem 4.8 and is an affirmative solution to a conjecture of Stipsicz 
[37], is proved also by Sato [31] when g = 2. 

4.2. Odd genus 
Suppose that g 2: 3 and g is odd. Let d E SH be the boundary 

curve of a regular neighborhood of c1 U · · · U c9 _ 1 . We obtain positive 
relators Q, R E RH by Theorem 3.5. We also have positive relators for 
71.9 defined by 

K1 :=(c1c2 · · · C2g+1 · d · (cg-1 · · · c2c1)2 

. W1 ( Cg) . W2 ( Cg+I) . ' . W 9 +2 ( C2g+1) )2, 

K2 :=(c1c2 · · · c29+1)2(d · (cg-1 · · · c2ci)2 

· W1 (c9 ) · w2(c9H) · · · W9 +2(c29H)) 2, 

which are constructed in the same way as K for even genus (see the 
proofs of Lemma 3.4 for Q0 E RH and Theorem 3.5 for Q E RH). 

Thus we obtain the corresponding hyperelliptic Lefschetz fibrations 

of genus g over 8 2 with transitive monodromy. These are non-spin 4-
manifolds because a component of a separating singular fiber represents 
a homology class of square -1. Each of Mq,MK1 , and MK2 has a 
smooth ( -1 )-section which naturally comes from Cr ( cf. Smith [36], 
Lemma 2.3). 

Proposition 4.16. The manifolds Mq, MR, MK11 and MK2 are 
simply connected. 

Proof. Quite similar to the proof of Proposition 4.2. Q.E.D. 

The numbers n 0 , n+ of singular fibers, and the values of signature a 
and the Euler characteristic e for the manifolds above are calculated as 
in the following table. (By virtue of Proposition 4.16, these manifolds 
satisfy bi = (e + a)/2- 1 and b2 = (e- a)/2- 1.) 

LF no n+ a e 
Mq and MR 2(g2 + 4g + 1) 1 -(g+ 2)<l 2g2 +4g+ 7 

MK1 and MK2 2(5g + 1) 2 -2(2g + 3) 2(3g + 4) 
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The values of signature of hyperelliptic Lefschetz fibrations in the 
table above are calculated by using formulae in [27], [7], or [8]. bt is 
always odd for these manifolds and it is greater than 1. 

Proposition 4.17. The four fiber sums MQ2 = MQ#FMQ, MRz = 
MR#FMR, Mxic, = Mxi#FMc, (i = 1, 2) of copies of hyperelliptic 
Lefschetz fibrations MQ, MR, Me" A1xi (i = 1, 2) are isomorphic to 
each other. 

Proof. We apply elementary transformations to Q2 as follows. 

Q2 "' (c1c2 · · · c29+1 · d · (c9-1 · · · c2c1) 2 

· w, (c9 ) · w2 (c9+I) · · · · · w9 +2 (c29+I) · (c1c2 · · · c29+1)9+1 )2 

(c1c2 · · · c29+1 · d · (c9-1 · · · c2c!)2 

· w,(c9) · w2(c9+!) · · · · · W9 +2 (c29+I)) 2 

· (c1c2 · · · c29+1)9+ 1 · (u(c!) · u(c2) · · · · · u(c29+!))9+ 1 

(U := (c1c2 · · · c29+1 · d · (c9-1 · · · c2c!)2 

· w, (c9) · w2 (c9 +I) · · · · · w9 +2 (c29+!) · (c1c2 · · · c29+1)9+1 )-1) 

(c1c2 · · · c29+1 · d · (c9-1 · · · c2c!) 2 · w, (c9) · w2 (c9+!) · · · · 

. W 9 +2 ( C29+1) )2 . ( C1 C2 · · · C29+1 )29+2 

K1 · Cr, 

where we use u(ci) = U(ci) = Ci (i = 1, ... , 2g + 1) because U is 
conjugate to Q-1 and then U = 1 in 1{9 . 

Q2 "' (d · (c9-1 · · · c2c!) 2 

. W, ( C9) . W2 ( C9+1) ..... Wg+2 ( C29+!) · ( C1 C2 · · · c29+1 )9+2)2 

(d · (c9-1 · · · c2c1) 2 · w, (c9 ) · w2 (c9 +I) · · · · · w 9 +2 (c29+1))2 

· (c1c2 · · · c29+!)9+2 · (v(c1) · v(c2) · · · · · v(c29+1))9+2 

(V := (d · (c9-1 · · · c2c1)2 

. W, ( C9) . W2 ( C9+I) ..... W 9 +2 ( C29+1) · ( C1 C2 · · · C29+1 )9+2) - 1) 

(d · (c9-1 · · · c2c1)2 · w, (c9) · W 2 (c9+I) · · · · · W9 +2 (c29+1))2 

· (c1c2 · · · c29+1) 29+4 

K2 · Cr, 

where we use v(ci) = V(ci) = ci (i = 1, ... , 2g + 1) because V is 
conjugate to Q- 1 and then V = 1 in 1{9 . 
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We apply similar elementary transformations to R 2 as follows. 

R2 = (c1c2 · · · C2g+l · d · (cg-1 · · · c2c1)2 

· w1 ( c9 ) · w2 ( c9+1) · · · · · w 9+2 (c29+1) · ( c2g+1 · · · c2cl)9+ 1 )2 

(c1c2 · · · c29+1 · d · (cg-1 · · · c2cl) 2 

· W1 (c9 ) · W2 ( c9+1)) · · · · · w 9+2 ( c2g+1 ))2 

· (c2g+l" · ·c2c1)g+l · (R-l(C2g+1) · ··· · R-l(c2) · R-l(cl))9+ 1 

(c1c2 · · · C2g+1 · d · (cg-1 · · · c2cl)2 

. W1 ( Cg) . W 2 ( Cg+1)) · · · · · W 9 +2 ( C2g+I) )2 · ( C2g+1 · · · C2cl)29+2 

(c1c2 · · · C2g+1 · d · (cg-1 · · · c2c1? 

. W1 (cg). W2 (Cg+1)) · · · · · W9 +2 (C2g+I))2 · (c1c2 · · · C2g+I)29+2 

K1·C1, 

--1 
where we use R-1 ( ci) = R ( ci) = Ci ( i = 1, ... , 2g + 1) and Corollary 

A.3. Q.E.D. 

Remark 4.18. The author does not know any explicit examples of 
hyperelliptic Lefschetz fibrations of odd genus with separating singular 
fibers other than Mq, MR, MK11 ~MK2 , and fiber sums of their copies. 
Mq (resp. MKJ might not be isomorphic to MR (resp. MK2 ) although 
the author does not know any invariants which distinguish these fibra
tions. 

Let d1, d2 E sH be the boundary curves of a regular neighborhood 
of C1 U · · · U c9 . 

Remark 4.19. Substituting the same word as Q0 for even genus 
by the inverse c;1 of a chain relator C9 twice, we have the following 
positive word for odd genus: 

K' := (did~· w1(c9+1) · w 2 (c9+2) · · · · · w 9 +1(C2g+I)) 2 

which is not in :FH (see Remark 3.6). This is a positive relator in M 9 

and the corresponding Lefschetz fibration MK' is nothing but Cadavid
Korkmaz' fibration for odd genus, which we denote by McK in [8]. It is 
known that no = 2g + 10, n+ = 0, a= -8, and e = 14- 2g for MK (see 
[4], [21], and [8]). 

§5. Concluding remarks 

Hyperelliptic Lefschetz fibrations form a very special and beautiful 
class of Lefschetz fibrations. But it seems that there is much room to 
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be studied. For example, a famous conjecture of Siebert and Tian [32] 
for hyperelliptic Lefschetz fibrations without separating singular fibers is 
only partially solved in genus 2 case. Moreover it is not clear whether all 
hyperelliptic Lefschetz fibrations over the 2-sphere have been discovered. 

On the other hand, hyperelliptic Lefschetz fibrations are rich enough 
to include many explicit examples with interesting properties. For ex
ample, generalizations of Matsumoto's fibrations [25] and Chakiris' fi
brations [5] give examples of homeomorphic but non-diffeomorphic 4-
manifolds which become diffeomorphic after taking fiber sums with only 
one copy of Mp (see Remark 4.9, Remark 4.11, Theorem 4.8, and The
orem 4.10). These examples together with stabilization theorems of 
Auroux [2] and Kharlamov and Kulikov [20] seem to be 'fiber sum ana
logues' of 4-manifolds which dissolve after taking connected sums with 
only one copy of 5 2 x S2 together with Wall's stabilization theorem for 
connected sums of simply-connected 4-manifolds with copies of S 2 x S 2 . 

If hyperelliptic Lefschetz fibrations are investigated very well, they 
would be recognized as new fundamental 4-manifolds and might play 
interesting roles such as elliptic surfaces in 4-manifold topology. 

§Appendix A. A reversing lemma 

Let ( C1' C2' ... ' Cn) be a chain of length n on :E g and w1' w2 positive 
words in the generators c1, c2, ... 'Cn E S. We write w1 ~ w2 if w1 can 
be transformed into W2 by replacing Ci Ci+l Ci with Ci+l Ci Ci+ 1 1 Ci+ 1 Ci Ci+l 

with cici+ 1ci for i = 1, ... , n- 1, and CiCj with CjCi for li - Jl > 1 
repeatedly. This relation is an equivalence relation on the set of positive 
words in the generators c1 , c2 , ... , en. It is not difficult to verify that 
Lemma 2.4 is true even if we replace = (mod T0 , T1 ) with~-

Lemma A.l (Chakiris [5], Lemma 3.5). The following equivalence 
holds. 

Proof. We set w1 := (c1C2 ... Cn)n+ 1 and w2 := (en ... c2cl)n+ 1 

for n = 1, ... , 2g. We prove W1 ~ W2 by induction on n. 
If n = 2, then w1 is transformed into w2 as follows: 

Suppose that W1 ~ W2 is valid for n- 1: 
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We consider W1 and W2 for n. Applying Lemma 2.4 for ~ and using 
the assumption, we have 

W1 = (e1e2 · · · ent+1 = (e1e2 · · · en)n · e1e2 ···en 

~ (e1e2 · · · en_I)n ·en··· e2e1 · e1e2 ···en 

~ (en-1 · · · e2el)n ·en··· e2e1 · e1e2 ···en. 

Manipulating braid relations as Lemma 2.1 of [21], we transform the 
right-hand side as follows: 

(en-1 · · · e2el)n ·en··· e2e1 · e1e2 ···en 

~en··· e2e1 ·(en··· e3e2)n · e1e2 ···en 

( )n-1 = en · · · e2e1 · en · · · e3e2 · en · · · e2e1 · e2 · · · en 

~en··· e2e1 ·(en··· e3e2t-2 ·(en··· e2e1) 2 · e3 ···en 
;:::::::j •••••• 

~en·.· e2e1 ·en··· e3e2 ·(en··· e2el)n- 1 ·en 

~ (en··· e2er)n+l = W2. 

We have thus shown W1 ~ W 2 as claimed. Q.E.D. 

Let(] E R be a relator including w1 = (e1e2 ... en)n+1 as a subword: 
f2 = UW1 V (U, V E :F). We put f2' := UW2V E :F, where W2 = 
(en · · · e2er)n+1. 

Corollary A.2. The word f2' is also a relator in R and f2 = (]1 

(mod To, T1). 

Proof. It immediately follows from the definition of ~ that W1 ~ 
W2 implies f2 = f2' (mod To, T1) and then f2' E R. Q.E.D. 

We set w1 = (e1e2 ... en)n+1 and w2 = (en ... e2el)n+1 for n = 
1, ... , 2g again. Let f2 E R be a positive relator including W1 as a 
subword: f2 = UW1 V (U, V E :F and U, V are positive). We put f21 := 
uw2v E :F. 

Corollary A.3. The word f2' is also a positive relator in R and 
{] rv {]/ • 

Proof. The word (]1 is obviously positive. From Corollary A.2, f2 = 
(]1 (mod To, T1) and then f2 1 E R. We can show that W1 ~ W2 implies 
(] rv (]1 because 

· · · · e; · ei+1 · e; · · · ·"' · · · · e; · ci+ 1 (e;) · ei+1 · · · · 

"'""" "c1 ci+l (e;). e; "ei+1 ... "= .. ". ei+1. e;. ei+1. "". 
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for i = 1, ... , n - 1 and 

.... Ci . Cj .... rv ...• cj ( Ci) . Ci .... = .... Cj . C; .... 

for li - j I > 1 by braid relations. Q.E.D. 

§Appendix B. Proof of Theorem 4.10 

It is easy to see that the image of 

under w represents the hyperelliptic involution L 

We need the following lemma to show that P J ! 2 "' RJ9+ 1 . 

Lemma B.l (cf. Chakiris [5], Lemma 4.7). The equivalence 

P · -r J"' RH9~ 1 
Cz 9 +1 

holds for every even g :2: 2. 

Proof. We first notice that P · c-' J and RH9~ 1 belong to RH 
2g+l 

because w(P · -r J) = d;: 1 dc2 +r = 1 and w(RH9~ 1 ) = [9 = 1. 
c2g+I 2g+l g 

We use such elementary transformations as in the proof of Corollary 
A.3 and cyclic permutations, which are expressed as compositions of ele
mentary transformations, repeatedly in this proof. Using Corollary A.3, 
Lemma 2.4, and manipulation of braid relations as Lemma 2.1 of [21], 
we obtain the following long sequence of elementary transformations. 

p. -1 J 
czg+I 

rv -1 J 0 p = -1 (c1c2 0 0 0 c2 )29+1 0 p rv -1 (c2 0 0 0 c2cl)29+1 0 p 
c2g+I c2g+I 9 c2g+1 9 

rv -1 ((c2 · · ·c2c1)9 · (c C ~1· "C2 )· c 29+1 9 9 9 9 

.... (c1c2 ... c9+1). (c9 ... c2c1)9+1). p 

= -r ((c2 · · ·c2c1)9 · (c c ~1· · ·c2 )· c29+1 9 9 9 9 

.... (c1c2 ... c9+1)). (c9 ... c2cl)9+1. p 

rv _ 1 ((c2 ... c2c1)9. (c c ~ 1 ... c2 ) ..... (c1c2 ... C +1)). W~1 . p 
c 29+ 1 9 9 9 9 9 

= -I ((c2 ... c2c1)9. (c c ~ 1 ... c2 ) ..... (c1c2 ... c +d). W~ 1 
c29 +1 9 9 9 9 9 

. d. w(c9+ 1 ... c3c2 ) ..... w(c29 ... c9+ 2 c9 +1) 

. (c9 +1 ... c3c2 ) ....• (c29 ... c9 + 2 c9+ 1 ) 

rv _ 1 ((cz ... c2c1)9. (c C ~ 1 ... c2 ) ..... (c1c2 ... C +1)). W~ 1 
c 29+1 9 9 9 9 9 
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· w(cg+l" · ·c3c2) · · · · · w(cz9 · · ·c9+zc9+I) 

· (cg+l · · · c3cz) · · · · · (cz9 · · · Cg+2Cg+l) · (d-1?)-1 (d) 

rv -1 ((c2 · · ·c2c1)9 · (c C -1· · ·Cz) · · · · · (c1c2 · · ·C +I)) 
c2g+1 9 9 9 9 9 

· (cg+l · · · C3C2) · · · · · (Czg · · · Cg+2Cg+l) · w-l 

· (cg+l · · · c3c2) · · · · · (c29 · · · c9+zc9+I) · d 

rv (c29 C2g+IC2g-l · · · C2CI)9 

· (c9c9-1 · · · c2g-lc29 Czg+I) · (c9-lcg-2 · · · c29) · · · · · (c1c2 · · · c9+I) 

· (cg+l · · · c3c2) · · · · · (cz9 · · · c9+2c9+I) · (c1c2 · · · c9 ) 9+1 

· (cg+l · · · c3c2) · · · · · (c29 · · · c9+2c9+I) · d 

(n.b. -1 c29 = c2 Czg+l) 
c2g+l 9 

rv (cz 9 C2g+lC2g-l .. · C2ci)9 

· (c9cg-l · · · C2g-lc29 C2g+I) · (cg-lCg-2 · · · c29) · · · · · (c1c2 · · · c9+I) 

· ( Cg+l · · · C2CI) · ( Cg+2 · · · CzCI) · · · · · ( Czg · · · C2ci) 

· c9 · (c9_1c9) · (c9-zc9-lc9) · · · · · (c1c2 · · · c9) 

· (cg+l · · · c;3c2) · · · · · (cz9 · · · c9+2cg+I) · d 

rv (cz 9 C2g+lC2g-l · · · Czci) 9 

· (c9cg-l · · · c2g-lc29 C2g+I) · (c9-ICg-2 · · · c29) · · · · · (c1c2 · · · c9+I) 

· (cg+l" · ·c2ci) · (cg+2 ·· ·c2ci) · · · · · (cz9 · · ·c2c1) 

· c9 · (c9-1c9) · · · · · (c2c3 · · · c9) · (c1c2 · · · c9) 

· ( Cg+l Cg+2 · · · C2g) · · · · · ( C3C4 · · · Cg+2) · ( CzC3 · · · Cg+I) · d 

rv (c29 C2g+IC2g-1 .. · C2c1)9 

· (c9cg-l · · · C2g-lc29 C2g+I) · (c9-lcg-2 · · · c29) · · · · · (c1c2 · · · Cg+l) 

· (cg+l · · · c2ci) · (cg+2 · · · c2ci) · · · · · (c29 · · · czci) 

· (c1c2 · · · Cz9) · · · · · (c1c2 · · · c9+z) · (c1c2 · · · cg+I) · d 

rv (c29 C2g+IC2g-1 · · · C2ci)9 

· (c9cg-1 · · · C2g-lc29 C2g+I) · (cg-lCg-2 · · · c29) · · · · · (c1c2 · · · Cg+l) 

· (c29 · · · c2cic2 · · · c29) · · · · · (c9+2 · · · c2cic1 · · · c9+2) 

· (c9+1 · · · c2cic1 · · · c9+I) · d 

rv (c29 C2g+lC2g-l · · · C2ci)9 

· (c9Cg-l · · · C2g-lc29 C2g+I) · (cg-lCg-2 · · · c29) · · · · · (c1c2 · · · Cg+2) 

· c9 +1 · · · c2cicz · · · c29 · (czg-1 · · · c2cicz · · · Czg-1) 
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· · · · · (cg+2 · · · c2cic1 · · · Cg+2) · (cg+l · · · C2CIC1 · · · c9+1) · d 

""'(c29 C2g+1C2g-1 · · · C2c1) 9 

· (cgCg-1 · · · C2g-1c29 C2g+1C2g) · (cg-1Cg-2 · · · C2g) · · · · · (c1c2 · · · Cg+2) 

· c9 · • · c2cic2 · · · c29 · (c29-1 · · · c2cic2 · · · c29-1) 

· · · · · (cg+2 · · · c2cic1 · · · cg+2) · (c9 +1 · · · c2cic1 · · · c9+1) · d 

""'(c29 C2g+1C2g-1 · · · C2cl)9 · (cgCg-1 · · · C2gC2g+1) · (cg-1Cg-2 · · · C2g) 

· · · · · (c1c2 · · · c9+2) · c9 • · · c2cic2 · · · c29 · (c29-1 · · · c2cic2 · · · c29-1) 

· · · · · (c9+2 · · · c2cic1 · · · cg+2) · (cg+1 · · · c2cic1 · · · c9+1) · d 

""'(c29 C2g+1C2g-1 · · · C2c1) 9 · C2g · · · Cg+2Cg+1 · (cgCg~1 · · · C2g+1) 

· (c9-1cg-2 · · · c29 ) · · · · · (c1c2 · · · cg+2) · c1c2 · · · c29 

· (c2g-1 · · · c2cic2 · · · C2g-1) · · · · · (c9+1 · · · c2cic1 · · · c9+1) · d 

""'(c29 C2g+lC2g-l · · · C2cl)9 · C2g · · · C2C1 · (cg+1Cg+2 · · · C2g+1) 

· (c9 Cg-1 · · · C2g) · · · · · (c2C3 · · · Cg+2) · C1C2 · · · C2g 

· (c29-1 · · · c2cic2 · · · c29-1) · · · · · (cg+1 · · · c2cic1 · · · cg+1) · d 

""'C2g · · · C2C1 · (c2g+lC2g · · · C3C2) 9 · (cg+1Cg+2 · · · C2g+l) 

· (c9 Cg-l · · · C2g) · · · · · (c2C3 · · · Cg+2) · C1C2 · · · C2g 

· (c2g-l · · · C2CIC2 · · · C2g-1) · · · · · (c9 +1 · · · c2cic1 · · · c9+1) · d 

""'Cg+1 · · · C2C1 · (c2g+1C2g · · · C3C2) 9 · (cg+1Cg+2 · · · C2g+l) 

· (cgCg-1 · · · C2g) · · · · · (c2C3 · · · Cg+2) · C1C2 · · · C2g 

· (c2g-1 · · · c2cic2 · · · c29-d · · · · · (cg+l · · · c2cic1 · · · c9+1) 

· C2g · · · · · Cg+3Cg+2 · d 

""'Cg+1 · · · C2C1 · (c2g+1C2g · · · C3C2)9 · (cg+1Cg+2 · · · C2g+l) 

· (cgCg-1 · · · C2g) · · · · · (c2C3 · · · Cg+2) · (c1c2 · · · Cg+l) 

· (c29 · · · c2cic2 · · · c29 ) · · · · · (c9+2 · · · c2cic1 · · · c9+2) · d 

"-' (c2g+l · · · Cg+4Cg+3) · · · · · (c2g+lC2g) · C2g+1 

· (cg+1 · · · c2cl) · (c9+2 · · · c3c2) · · · · · (c2g+1 · · · c3c2) 

· (cg+1Cg+2 · · · C2g+l) · · · · · (c2C3 · '· Cg+2) · (c1C2 · · · Cg+l) 

· (c29 · · · c2cic2 · · · c29 ) · · · · · (cg+2 · · · C2CIC1 · · · Cg+2) · d 

""'(cg+1 · · · C2c1) · (cg+2 · · · C3C2) · · · · · (c2g+1 · · · C3C2) 

· (cg+1Cg+2 · · · C2g+l) · · · · · (c2C3 · · · Cg+2) · (c1c2 · · · Cg+1) 

· (c29 · · · c2cic2 · · · c29 ) · · · · · (c9+2 · · · c2cic1 · · · Cg+2) 
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· (c2g+l · · · Cg+4Cg+3) · · · · · (c2g+1C2g) · C2g+l · d 

"'(cg+l · · · C2C1) · (cg+2 · · · C3C2) · · · · · (c2g+l · · · Cg+2Cg+l) 

· c2 · (c3c2) · · · · · (c9 • · · c3c2) 

· (cg+lCg+2 · · · C2g+l} · · · · · (c2C3 · · · Cg+2) · (c1C2 · · · Cg+l) 

· (c29 · · · c2cic2 · · · c29) · · · · · (cg+2 · · · c2cic1 · · · c9+2) 

· (c2g+l · · · Cg+4Cg+3) · · · · · (c2g+1C2g) · C2g+l · d 

"'(cg+l · · · c2cl) · (cg+2 · · · c3c2) · · · · · (c2g+l · · · c9+2c9+l) 

· c9 • (c9-1c9) · · · · · (c2c3 · · · c9) 

· (cg+lCg+2 · · · C2g+l) · · · · · (c2C3 · · · Cg+2) · (c1c2 · · · Cg+l) 

· (c29 · · · c2cic2 · · · c29) · · · · · (cg+2 · · · c2cic1 · · · c9+2) 

· (c2g+l · · · Cg+4Cg+3) · · · · · (c2g+lC2g) · C2g+l · d 

"'(cg+l' · ·c2cl) · (c9+2 · ··c3c2) · ··· · (c2g+l'' ·cg+2Cg+l) 

· Cg · (cg-lCg) · · · · · (c2C3 · · · c9) 

· (c9 +1 · · · c2cl) · (cg+2 · · · c3c2) · · · · · (c2g+l · · · c9+2cg+l) 

· (c29 · · · c2cic2 · · · c29) · · · · · (cg+2 · · · c2cic1 · · · Cg+2) 

· (c2g+l '· 'Cg+4Cg+3)' ·'' · (c2g+1C2g) · C2g+l · d 

"'(cg+l · · · C2Cl) · (cg+2 · · · C3C2) · · · · · (c2g+l · · · Cg+2Cg+l} 

· (cg+l · · · c2cl) · (cg+2 · · · c3c2) · · · · · (c29+1 · · · c9+2Cg+l) 

· C2g+l · (c2gC2g+l) · · · · · (cg+3Cg+4 · · · C2g+l) 

· (c29 · · · c2cic2 · · · c29) · · · · · (cg+2 · · · c2cic1 · · · Cg+2) 

· (c2g+l · · · Cg+4Cg+3) · · · · · (c2g+1C2g) · C2g+l · d 

"'(c9+l · · · c2c1) · (c9+2 · · · c3c2) · · · · · (c2g+l · · · cg+2cg+l} 

· (cg+l · · · c2c1) · (c9+2 · · · c3c2) · · · · · (c29+1 · · · Cg+2cg+l) 

· (c2g+l · · · c2cic2 · · · c29+1)9- 1 · d 

"'(cg+l · · · c2c1) · (c9+2 · · · c3c2) · · · · · (c2g+l · · · cg+2cg+l} 

· (cg+lcg+2 · · · c29+1) · · · · · (c2c3 · · · c9) · (c1c2 · · · c9+l) · H 9- 1 · d 

"'(c9 · · • c2c1)9+ 1 · w1 (c9+1) · w2 (c9+2) · · · · · w 9+1 (c29+1) 

· (cg+lcg+2 · · · c29+1) · · · · · (c2c3 · · · c9) · (c1c2 · · · c9+l) · H 9- 1 · d 

"' W1 ( Cg+l} · W2 ( Cg+2) · · · · · W9+1 ( C2g+l) 

· (cg+lCg+2 · · · C2g+l} · · · · · (c2C3 · · · c9) · (c1c2 · · · Cg+l} 

· (c9 · • • c2c1)9+ 1 · H 9 - 1 · d (n.b. m-1 (ci) = ci (i = 1, ... , g)) 
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"'W1 (c9+1) · W2 (cg+2) · · · · · W 9 +1 (c29+1) · (c2g+1 · · · c2c1)9+ 1 · H 9- 1 · d 

"'d · W1 (c9+1) · W2 (cg+2) · · · · · w9 +1 (c2g+l) · (c29 +1 · · · c2c1)9+ 1 · H 9- 1 

=R·H9- 1 

Thus the proof is completed. Q.E.D. 

By virtue of Lemma 4.1, Corollary A.3, and Lemma B.1, we can 
show the equivalence P J I 2 "' RJ9+1 as follows. 

PJI2 = p. JI. I= p. c,. C1C2 ... C2gC~g+1C2g ... C2C1 

"' PCr ( c1 c2 · · · c2g+1) · PC, · c2g+1 · · · c2c1 "' H · PC, 

"' H · P · ( C2g+1 · · · c2c1) 29+ 2 

"'c29 · · · c2c1 · H P · C2g+1 · (c29 · · · c2c1c29+1) 29+ 1 

"' H P · (H P)-1 ( c29 · · · c2cl) · c2g+1 · ( c29 · · · c2c1 c29+1) 29+1 

"'HP· (c29c29+1c29 _ 1 ···c2c1) 29+2 

"' H P · (c2 +1 · -1 (c2 ) · c2 -1 · · · c2c1) 29+ 2 
9 c2g+1 9 9 

"'HP · -1 (c2 +1 · · · c2c1) 29+ 2 "'HP · -1 C, 
Cz 9 + 1 g Cz9 + 1 

"'HP· -1 (JH)"'HP· -1 J. -1 H 
Cz 9 +t c2 9 +I Cz 9 +t 

"' H · RH9- 1 · -1 H "' RH9- 1 · -1 H · H 
Cz 9 +1 Cz9 +1 

= RH9 - 1 · c2 +1 · -1 (c2 ) · c2 -1 · · · c2c1 
g c2 9 +1 9 9 

· c1 c2 · .. c2 -1 · -1 (c2 ) · c2 + 1 · H g c2g+1 9 g 

"'RH9- 1 · c29c2g-1 · · · c2cic2 · · · c29 -1c29 c~9+ 1 · H 

"'c2g+1 · H · RH9- 1 · c29 · · · c2cic2 · · · c29c2g+1 

"'H · RH9- 1 · (HRHg-1 )-1 (c29+1) · c29 · · · c2cic2 · · · c29c2g+1 

=H. RH9- 1 . H"' RH9+1 "'C1C2 ... C2g+l . RH9 . C2g+1 ... C2C1 

"'R · R-1 (c1c2 · · · c29+1) · H 9 · c29+1 · · · c2c1 

= RJg+1 

This completes the proof of Theorem 4.10. 
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