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A fixed-point property of finitely generated groups 
and an energy of equivariant maps 

Hiroyasu Izeki 

Abstract. 

The purpose of this article is to present sufficient conditions for an 
isometric action of a finitely generated group to have a fixed point in 
terms of an energy of equivariant maps (Proposition 2.1 and Theorem 
3.1), which turn out to be useful in proving that groups with fixed-point 
property form a large family in the set of finitely presented groups. 
Most of the results are included in [7] and [8]. 

§1. Fixed-point property of finitely generated groups 

Let r be a finitely generated group, and Y a metric space. We say r 
has fixed-point property for Y, abbreviated as r has F(Y), if every 
isometric action of r on Y admits a fixed point. In other words, r has 
F(Y) if, for every homomorphism p : r ---+ Isom(Y), there is a point 
p E Y such that p( 'Y )p = p for all 'Y E r. In what follows we assume that 
a metric space Y to be complete. 

As we will see in the following subsections, fixed-point property of a 
finitely generated group is related to other interesting properties of the 
group. 

1.1. Fixed-point property for Hilbert spaces 

Take Y to be a Hilbert space 1i. According to theorems due to 
Delorme and Guichardet, r has F(1i) if and only if r has Kazhdan's 
property (T), which means that the trivial representation is isolated 
in the space of irreducible unitary representations of r. For a good 
reference on this subject, we refer the reader to [2]. 
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Example 1. Let r be a finite group and p : r __. Isom(H) a ho
momorphism. Here Isom(H) is the group of affine isometry of 1-l. Take 
any point v E 1-l, and let v0 be the barycenter of the p(f)-orbit of v: 
vo = ('£7 a P(l)v)/#f. Since the orbit is obviously invariant under the 
action of p(f) and the action is isometric, v0 must be fixed by the action. 
This shows that any finite group r has F(H). 

Example 2. On the other hand, infinite amenable groups, including 
abelian, nilpotent, and solvable groups, do not have F(H). 

Example 3. Lattices in noncompact, simple Lie groups with rank 
greater than 1 are known to have F(H). As for rank 1 case, lattices in 
Sp(n, 1) (n > 1) and F4- 20 have F(H). 

Until recently, known examples of an infinite group with F(H) other 
than that in Example 3 were quite few. However, in the last decade, 
several results as in [1] and [22] came up and suggested that the class of 
discrete groups with F(H) might be rich. As a matter of fact, it has been 
shown that such groups are "generic" among a certain class of groups, 
that is, certain random groups have property F(H) with overwhelming 
probability. See [5], [23], [19], and [17]. 

1.2. Fixed-point property for a family of metric spaces 

Take Y to be a family of metric spaces consisting of Hilbert spaces, 
Riemannian symmetric spaces SL(n, ~)/SO(n), and Bruhat-Tits build
ings PGL(n, Qp)/PGL(n, Zp) (for all n E N and all prime numbers p). 
Suppose that r has F(Y), namely, r has F(Y) for all Y E Y. Then 
r has an interesting property: for any m E N and homomorphism 
p : r --> GL(m, C), p(f) is a finite group. This fact follows from a 
modification of a part of a proof of Margulis' arithmeticity theorem via 
superrigidity theorem (cf. [21, Chapter 6]). Note that, if an infinite 
group r has this property, then r cannot be a subgroup of GL(m, C) for 
any mEN. 

Example 4. For any finitely generated infinite simple group r and 
any m E N, p : r --> GL(m, C) has trivial image; such r has the 
property derived from F(Y). This follows from the fact that any finitely 
generated subgroup of GL(m, C) is residually finite, in particular, such 
a group has a lot of normal subgroups. 

One might expect that certain random groups have F(Y), which 
is a very strong fixed- point property; if such random groups are also 
infinite groups, then this implies that certain random groups cannot be 
subgroups of GL( m, C) for any m E N. In order to prove this, one needs 
good sufficient conditions for a given action to have a fixed point. We 



A fixed-point property of finitely generated groups 173 

will give a basic criterion in terms of the energy of equivariant maps 
(Proposition 2.1) in the next section, and will give an application of this 
criterion (Theorem 3.1). Proposition 2.1 is expected to be useful, since 
it is close to a necessary condition for an action to have a fixed point 
(see Theorem 4.1). 

The metric spaces in Yare CAT(O) spaces, which are metric spaces 
with nonpositive curvature in a certain sense. We will focus on fixed
point property for CAT(O) spaces in the rest of this article. A basic 
reference on CAT(O) spaces is [3). We note here that, for a CAT(O) 
space Y, the existence and the uniqueness of barycenter are known, 
and hence any finite group has F(Y) as in Example 1. Therefore, we 
have nothing to do for finite groups, and we assume that groups under 
consideration are infinite groups in what follows unless otherwise stated. 

§2. The energy of equivariant maps 

Let r be a finitely generated group, andY a CAT(O) space. Suppose 
a homomorphism p : r ~ Isom(Y) is given. We give a sufficient 
condition for p(r) to have a fixed point (i.e., there exists a point p E Y 
such that p(r)p = p) in terms of the energy functional of p-equivariant 
maps. 

We say a map f : r ~ Y is p-equivariant iff satisfies f('Y'Y') = 
p('Y)f('Y') for all"(, "(1 E r. (Here we regard r itself as a space with left 
r-action.) Let J1 be a r-invariant, irreducible, and symmetric random 
walk on r with finite-support property: 

• J.L:rxr~[o,1). 
• J.L('Y"(', "1"111 ) = J.L('Y', "(11 ) for any "(, "(1 , and "(11 E r. 
• For any "( E r, J.L('Y, 7') = 0 for all but finitely many "(1 E r . 

• For any"( E r, L J.Lb,"f') = 1. 
r'Er 

• J.L('Y,"(') = J.L('Y',"f) for any "(,"(1 E r. 
• For any "f, "(1 E r, there exists 'Yo, "11. ... , "fn E r such that 

"( = "(o, "(1 = "fn and J.L('Yi, "fi+d # 0 fori= 0, 1, ... , n- 1. 

The last condition is called the irreducibility of a random walk, and 
the third condition is referred as finite-support property in this article. 
Suppose r is a finitely generated group with a finite generating set S c r. 
We may assume that Sis symmetric, namely s E S implies s-1 E S. 
Then, with respect to S, we can define a random walk J.L by 

(2.1) 
if 3s E S such that 'Y' = "(S, 

otherwise, 
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and this turns out to be a r-invariant, irreducible, and symmetric ran
dom walk with finite-support property. A random walk fL defined by 
(2.1) is called the standard random walk with respect to a generating set 
S, which can be understood as the standard random walk on the Cayley 
graph of r with respect to S. (See Remark 4 for the definition of the 
standard random walk on a graph.) 

Given aT-invariant, irreducible, and symmetric random walk fL with 
finite-support property, we can define the energy Ep(f) of a p-equivariant 
map f by 

(2.2) Ep(f) = ~ LfL(e,"f)dy(f(e),f('y))2 , 

-yEr 

where e denotes the identity element in r. 
Note that the image of a p-equivariant map f : r --> Y is the 

p(r)-orbit of the point f(e), and f is determined by the choice of f(e). 
Therefore, the set of all p-equivariant maps from r to Y can be identified 
with Y. Then the energy functional Ep becomes a convex continuous 
function on Y. Let -gradEp(f) be the negative of the gradient of the 
energy functional Ep at f. When Y is a Riemannian manifold this should 
be understood as the negative of the ordinary gradient. In general, 
one can give a reasonable definition of -gradEp(f) as an element of 
the tangent cone of Y at a point f ([7], see also Remark 1), where 
Y is identified with the space of p-equivariant maps. The following 
proposition gives a sufficient condition for the existence of a fixed point 
of p(r) in terms of the energy functional. 

Proposition 2.1 ([7]). Let r be a finitely generated group with 
a r -invariant, irreducible, symmetric random walk with finite-support 
property. Let Y be a CAT(O) space and p : r --> Isom(Y) a homomor
phism. Suppose there is a positive constant C such that 1-gradE P (f) 12 2: 
CEp(f) holds for every p-equivariant map f. Then p(r) has a fixed 
point. 

In fact, under the assumption, 1- gradEp(ft)l decays rapidly along 
the Jost-Mayer's gradient flow ft of Ep, and ft converges to a constant 
map, which must be p-equivariant. The image of a p-equivariant con
stant map is a p(r)-orbit consisting of a single point. Thus the point is 
fixed by p(r). (See [10] and [15] for the Jost-Mayer's gradient flow.) 

A useful tool to show the existence of a positive constant C in Propo
sition 2.1 is so-called Bochner technique for our discrete setting. Let us 
briefly recall corresponding argument in smooth case. 
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Let X be the universal covering space of a compact manifold M 
with 1r1(M) ~ r. Suppose a homomorphism p: r---+ lR is given. Then 
p gives the action of r on lR by translations. Note that, in this case, 
having a fixed point means that the action is trivial. 

Take any equivariant map f : X ---+ R Since the action of p(r) is 
by translations, we have f('-y(x)) = f(x)+p('-y) for any x EX and 1' E r. 
Thus the difference f('-y(x))- f(x) = p('-y) E lR is constant and this makes 
a 1-form df on X to be r-invariant. Hence df descends to a 1-form at 
on M. It is easy to see that, once a homomorphism pis fixed, the de 
Rham cohomology class [at] E H 1(M) defined by a p-equivariant map 
f is independent of the choice of a map f. Therefore one obtains a map 
which assigns a cohomology class [at] E H 1(M) to p. This map turns 
out to be a bijection between Hom(r,JR) and H 1 (M), where Hom(r,IR) 
denotes the set of homomorphisms from r to R 

Take any Riemannian metric g on M, and denote its volume form by 
dv9 • Recalling the definition of the energy of an equivariant map from 
r, one sees that the energy E(f) for a p-equivariant map f :X ---+ lR 
should be defined as 

E(f) = ~llatlli2 = ~ JMg(at,at) dv9, 

where we use the same symbol g for the metric on the space of 1-forms. 
One easily sees that the gradient of the energy functional defined in this 
way can be written as 

1-gradE(fW = JMg(D.at,at) dv9 , 

where D. denotes the Laplacian acting on the space of 1-forms. Thus an 
inequality corresponding to that in Proposition 2.1 takes the following 
form: 

JMg(D.af>at) dv9 ~ Cllatlli2· 

Thus the existence of a positive constant C implies the vanishing of 
H 1(M), since any harmonic 1-form must be trivial. Equivalently, it 
implies that, for any homomorphism p: r---+ IR, the action of p(r) on 
lR has a fixed point. 

To show the existence of C > 0, differential geometers often rely 
on so-called Bochner technique, where the local structure, actually the 
curvature, of M is involved. For example, a well-known theorem due to 
Bochner says that if the Ricci curvature of M is everywhere positive, 
then we can take C > 0, and hence H 1(M) = 0. Another impor
tant result along this line is due to Matsushima ([14]), which says that 
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H 1(M) = 0 for a compact, irreducible locally symmetric space M with 
rank greater than 1 and with nonpositive sectional curvature. (See also 
[18] for a comprehensible proof.) 

It is possible, in principle, to apply the argument above to a homo
morphism p : r ~ Isom(Y), where Y is a Riemannian manifold; in
deed, some superrigidity theorems were obtained in this way by Corlette 
([4]), Mok-Siu-Yeung ([16]) and Jost-Yau ([11], [12]). In particular, a 
theorem due to Mok-Siu-Yeung and Jost-Yau can be regarded as a non
linear version of the Matsushima's theorem above. Also Gromov-Schoen 
extended this technique to maps between a manifold and a certain sin
gular space ([6]). Moreover, a similar argument also works even when 
we consider an equivariant map from a discrete space, such as a finitely 
generated group, to a CAT(O) space .. Here, instead of the curvature, 
a local invariant of a discrete space, Wang's invariant of a link, is in
volved. (The definition of Wang's invariant can be found in [9] and [20]. 
See also Remark 4.) Here a link is a finite graph describing the shape 
(the adjacency relation) of a neighborhood of a point of a discrete space. 
Fixed-point theorems for CAT(O) spaces obtained by such a method can 
be seen, fcir example, in [20], [5], [9], and [7]. These results tells us 
that the approach described as above is so efficient that, for example, 
a fixed-point theorem for random groups given by the triangular model 
can be shown ([7], see also [13]); in the triangular model, all relators 
have length three and hence appear as edges in the link of the identity 
element in the Cayley graph. 

If one wishes to obtain a fixed-point theorem for random groups 
given by another model, one needs a sufficient condition for the existence 
of C > 0 described in terms of a large scale (not local) structure of 
discrete spaces in order to handle long loops in the Cayley graph of a 
group arising from long relators. We will introduce such a condition in 
the next section. 

§3. The n-step energy of equivariant maps 

Let r be a finitely generated group with a r-invariant, symmetric, 
and irreducible random walk f-L with finite-support property. Suppose 
that Y is a CAT(O) space, and that a homomorphism p : r ~ Isom(Y) 
is given. Denote by f-Ln the nth convolution of f-L: 

f-Ln('y,"f') = L ··· L f-L('y,"fl) ... f-L('yn-1,"/ 1)· 

1'1 Er 'Yn-1 Er 
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We. define n-step energy Ep,n(f) of a p-equivariant map f by 

Then we can show 

Theorem 3.1 ([5], [19], [8]). Let r be a finitely generated group with 
a r -invariant, irreducible, symmetric random walk with finite-support 
property, andY a CAT(O) space. Suppose that p: r ---+ Isom(Y) is a 
homomorphism, and that, for some n, there exists a positive constant 
c such that Ep,n(f) :::; (n _:_ c)Ep(f) holds for every p-equivariant map 
f. Then there exists a positive constant C as in Proposition 2.1. In 
particular, p(r) has a fixed point in Y. 

This claim was first pointed out by Gromov in [5]. In [19], a simi
lar result was proved for the case Y = 1-l by using a discrete heat flow 
introduced by Gromov in [5]. In the next subsection, we present a de
tailed proof of Theorem 3.1, in which we use Proposition 2.1, for the 
caseY= 1-l. 

3.1. The caseY= 1-l 
Let r be a finitely generated group and p : r ---+ Isom(H) a homo

morphism, where 1-l is a Hilbert space. Define -Llf('y) by 

-llf('y) = I: J.tb,'Y')Ub')- f('y)). 
"Y'Er 

Thus -Llf('y) is the average of f('y') - f('y) with respect to fl· In this 
subsection, we denote the energy by Ell-, dropping p and indicating the 
random walk J.l chosen to define the energy. 

Remark 1. Using the notion of the barycenter, we can define 
-llf('y) for a map from r to a general CAT(O) spaceY as an element of 
TCt("Y)Y, the tangent cone ofY at f('y) (see [9, Definition 2.6]). It turns 
out that -gradE(!)= 2(-Llf(e)) E Tf(e)Y holds, where we regard the 
set of all equivariant maps as Y by the identification f f-+ f (e) E Y. 
According to a result of Mayer together with [7, Proposition 4.2], we 
see that f minimizes the energy Ell- among all p-equivariant maps if and 
only if -llf(e) = 0. We call a map minimizing the energy Ell- to be a 
(J.t-) harmonic map. 

Let U(H) denote the group of unitary transformations on 1-l. Then 
any homomorphism p: r---+ Isom(H) is decomposed as p('y) = po('y) + 
b('y) according to the semi-direct product decomposition of Isom(H), 
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where Po : r ----t U(1i) is a homomorphism and b : r ----t 1i is a map 
(actually a cocycle). We note that -L::..f : r ----t 1i is po-equivariant, in 
fact, 

- L::..f('y''Y) 

= :L 11-b''Y,'Y")Ub")- fb''Y)) 

=po('Y')( -L::..f('y)). 

Note that we have used the r-invariance of p, and the linearity of p0 ('Y'). 

Proposition 3.2. Let p, and p,' be r -invariant, irreducible, and 
symmetric random walks with finite-support property on r. Then, for 
any p-equivariant map f, 

holds, where p, * p,' denotes the convolution of p, and p,'. 

Proof. By a straightforward computation 

(3.2) 

EP-*P-'(f) 
1 =2 LJ-t'(e,"f)p,('Y,'Y')if(e)- f('Y'W 

"(,"(' 

1 =2 LJ-t'(e,"f)p,('Y,'Y')(If(e)- f('YW + lf('Y') -f('YW 
"(,"(' 

- 2(f(e)- f('Y), f('Y')- f('Y))) 
1 

=2 LJ-t'(e,'Y)if(e)- f('Y)I 2 

"' 1 
+2 LM'(e,'Y) LJ-tb,'Y')If('Y')- f('YW 

"' "'' 
- L p,'(e, 'Y)p,('y, 'Y')(f(e)- f('Y), f('Y')- f('y)). 

"(,"(' 
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Since J-L is f-invariant, we can rewrite 

(the 1st and 2nd terms in the last expression in (3.2)) 

=~ Lf-L'(e,'Y)If('y)- f(e)l 2 
'Y 

1 + 2 Lf-L'(e,'Y) LJ-L(e,'Y-l'Y')If('y-l'Y')- f(e)l2 
'Y 'Y' 

On the other hand, we see 

(the 3rd terms in the last expression in (3.2)) 

=- L M'(e, 'Y)(f(e)- f('y), -D..,_.j('y)) 

This completes the proof. Q.E.D. 

Corollary 3.3. For any r -invariant, irreducible, symmetric ran
dom walk J-L with finite-support property, p-equivariant map f, and an 
integer n ~ 2, 

n-1 

E,_.n(j) = nE,_.(j)- L(-b..d(e), -b..j(e)) 
i=l 

holds, where - b..d (e) denotes the average of {f ('y) - f (e) I 'Y E r} with 
respect to J-L i. 
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Proof. When n = 2, this follows from the proposition above. Sup
pose this is true for n - 1. Then 

E~n(f) 

=E~n-1(!) + E~(f)- (-b.n-d(e), -b.J(e)) 
n-2 

=(n- l)E~(f)- L (-b.d(e), -b.f(e)) 
i=l 

n-1 

=nE~(f)- L (-b.d(e), -b.f(e)), 
i=l 

where the first equality follows from the proposition above, and the 
second follows from the assumption of the induction. Q.E.D. 

Let Mpo denote the set of p0-equivariant maps from r to H. As in 
the case of p, the correspondence Mpo 3 tp f--+ tp(e) E H allows us to 
identify Mpo with H. Then an inner product on Mpo can be defined in 
a natural way: 

We define an averaging operator M by 

Mtp(J) = L jt(J,I')tp(J'), tp E Mpa-
-y'Er 

Since Po ( 1) is linear, we see that M tp E M Po: 

Mtp(J"I) = L Mb"1,1')tf!(1"1) = L J.t(l,l11- 11')po(J")tf!(l) 

= Po(I")Mtp(J). 

Again by the linearity of Po ( 1), M becomes linear, and hence M is 
a linear operator acting on MPo ~ H. Since J.t is symmetric and r
invariant, M is selfadjoint: 



A fixed-point property of finitely generated groups 181 

Also note that, for any '(J E Mpo, 

(3.4) 

I(M'fJ(e),'fJ(e))l = ~~JL(e,l)(po(l)'fJ(e),'fJ(e))l 
:S LJL(e,!)lpo(I)'P(e)li'P(e)l 

holds, since Po(!) E U(1i). Using this operator M, we can rewrite -~nf 
as follows. 

/'1 

=M( -~n-d)(!) + ( -~f)(r). 

Since 1 E r is arbitrary, we obtain 

Proceeding inductively, we see that 

-~nf =M(-~n-d) + (-~f) 
=M (M(- ~n-2f) + (-~f))+(-~!) 
=M2 ( -~n-2f) + M (-~f)+ ( -ilf) 

(3.5) =M2 (M ( -~n-3f) + (-~f)) + M (-~!) + (-~f) 

=(Mn-1 + Mn-2 + ... + M +I)(-~!). 

In particular, we see that if f is JL-harmonic, then f must be JLn_ 
harmonic. 

Corollary 3.4. For any r -invariant, irreducible, symmetric ran
dom walk JL with finite-support property, p-equivariant map f, and an 
integer n, 

E~-'n (f) :::; nE~-'(f) 

holds. The equality holds if and only iff is harmonic. 
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Proof. By Corollary 3.3, it suffices to show (-D..d(e), -D..f(e)) 2: 0 
for each i in order to prove the inequality. When i = 1, this is obvious, 
since -D..d = -D..f. Suppose i = 2n + 2, n 2: 0. By the expression of 
-D..d('r) above, we get 

( -D..d(e), -D..f(e)) 
n 

= L ((M2k + M2k+l )( -D..f)(e), -D..f(e)) 
k=O 

(3.6) 
n 

= L((Mk + Mk+l)( -D..f)(e), Mk( -D..f)(e)) 
k=O 

n 

= L ((I+ M)Mk( -D..!)( e), Mk( -D..f)(e)), 
k=O 

since M is selfadjoint. Recalling (3.4), we see that the operator I+ M 
is nonnegative: 

((I+ M)cp, VJ)MPo = L tt(e,Ji)(cp(e) + Po(Ji)cp(e), cp(e)) 2: 0. 
7 Er 

Applying this to (3.6), we obtain (-D..d(e), -D..f(e)) 2: 0. 
Suppose i = 2n + 3, n 2: 0. Then, by the computation above, 

(-D..d(e), -D..f(e)) 
n 

= L((I + M)Mk( -D..f(e)), Mk( -D..f(e))) 
k=O 

+ (M2n+2 ( -D..f(e)), -D..f(e)) 
n 

= L((I + M)Mk( -D..f(e)), Mk( -D..f(e))) 
k=O 

2:0. 

Now suppose EJ-Ln(f) = nEJ-L(f). Then (-D..f(e), -D..f(e)) = 0, and 
hence f is harmonic. The converse is obvious. Q.E.D. 

Corollary 3.5. For any r -invariant, irreducible, symmetric ran
dom walk tt with finite-support property, p-equivariant map f, and an 
integer n, 

holds. 
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Proof. By Corollary 3.3, (3.5), and (3.4), we obtain 

n-1 

E/1-n(f) =nEll-(!)- L(-~d(e), -~f(e)) 
i=1 

n-1 

2: nEll-(!)- L il- ~f(e)l2 

i=1 

Q.E.D. 

This implies Theorem 3.1 for a Hilbert space as follows. 

Proof of Theorem 3.1 for a Hilbert space. Suppose there is an 
integer n and a positive real number c: such that, for any p-equivariant 
map f, 

holds. Then, by Corollary 3.5, we obtain 

which implies 

Recalling Remark 1 and applying Proposition 2.1, we get the desired 
result. Q.E.D. 

3.2. General case. 

Though the discussion in the preceding subsection cannot be applied 
directly to a general CAT(O) space Y, it is still possible to show the 
following inequality. 

Proposition 3.6 ([8]). Let r be a finitely generated group with a 
r -invariant, irreducible, symmetric random walk J-L with finite-support 
property, and Y a CAT(O) space. Suppose that p : r ---+ Isom(Y) is a 
homomorphism, and that f is a p-equivariant map. Then 

holds. 



184 H. lzeki 

Inequality (3. 7) is different from the one in Corollary 3.5, which we 
have used to prove Theorem 3.1 for a Hilbert space. However, this is 
sufficient for proving Theorem 3.1. 

Proof of Theorem 3.1. Suppose there is an integer nand a positive 
real number c such that, for any p-equivariant map f 

holds. We may assume EJ.L(f) =f. 0. By Proposition 3.6, we see 

and hence 
V2c r;;-;;:._ 

n(n- 1) V EJ.L(f) :::; 1- ~J.Lf(e)l 

holds. Therefore, for any p-equivariant map f, we get 

Theorem 3.1 follows from this inequality and Proposition 2.1. Q.E.D. 

Remark 2. As we have seen in Corollary 3.4, for a Hilbert space, 
the ratio EJ.Ln (f) j EJ.L (f) is at most n, and equal to n if and only if f is 
harmonic. In other words, an equivariant map is harmonic if and only if 
its image spreads in the most efficient way. Expressing in this way, one 
might expect the same is true also for a general CAT(O) space, although 
it is not clear from inequality (3.7). 

Remark 3. When Y is not so singular, then, for a given homo
morphism p: r --+ Isom(Y), the condition in Theorem 3.1 becomes a 
necessary condition for p to have a fixed point as Proposition 3. 7 below 
claims. This suggests that the condition should be useful in detecting 
finitely generated groups with fixed-point property. 

Proposition 3. 7 ([8]). Let Y be either a CAT(O) Riemannian man
ifold or an ~-tree, and p : r --+ Isom(Y) a homomorphism. Suppose 
p(r) admits a fixed point. Then there exists a positive constant Cp such 
that EJ.Ln(f) :::; CpEJ.L(f) for any n E N and p-equivariant map f. In 
particular, taking n > Cp, we obtain n, c in Theorem 3.1. 

Remark 4. Let G be a finite graph. We denote by G(O) the set of 
vertices of G and G(1) the set of (unoriented) edges of G. The degree 
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of x E G(O), denoted by deg(x), is the number of edges one of whose 
vertices is x. Consider a random walk 1-l defined as follows: 

( ) {
0 if{x,y}\l'G(1), 

1-l x,y = 1 . 
deg(x) If {X, y} E G(1 ). 

The random walk J.L defined in this way is called the standard random 
walk of G. Although J.l is not symmetric in general, it is symmetric with 
respect to a measure v on G(O) defined by v(x) = deg(x)/(2#G(1)), 
which means that 

v(x)J.L(x, y) = v(y)J.L(y, x). 

Using the standard random walk J.L, we can define the energy Ep,(f) of 
a map f: G(O)--+ Y, where Y is a CAT(O) space: 

1 
Ep,(f) = 2 L v(x) L tAx, y)dy(f(x), f(y)) 2 , 

xEG(O) yEG(O) 

where dy(·, ·) denotes the metric of Y. In the same way, by using 
nth convolution J.Ln of J.L, we can define then-step energyEMn(f). Let 
>.1(G, Y) be the Wang's invariant of G with respect toY, namely, 

>. (G Y) = inf EM(!) 
1 ' 'L-xEG(O) dy(f(u), !)2' 

where} denotes the barycenter of f(G(O)) C Y with respect to a mea
sure f*v on f(G(O)) and the infimum is taken over all nonconstant map 
f: G(O) --+ Y. Then one can show that, for any map f : G(O) --+ Y, 

2 
Ell-n(f):::; >.I(G,Y)Eil-(f) 

holds. Therefore, one could expect that if a finite graph G with large 
>.1 (G, Y) is embedded nicely in the Cayley graph of a finitely generated 
group r, then it implies the inequality in Theorem 3.1. In fact, this 
observation leads us to a fixed-point theorem for random groups given 
by the graph model ([8]), which is a generalization of a result proved in 
[19]. See also [13]. 

§4. Constant Cas a Kazhdan's constant 

If we consider a family of CAT(O) spaces satisfying a certain as
sumption, then the existence of a positive constant C as in Proposition 
2.1 turns out to be equivalent to fixed-point property for such a family. 
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In this section, we denote the energy of p-equivariant map f : r -----+ Y 
by Ev,p(f). 

Theorem 4.1 (I-Kondo-Nayatani [7]). Let r be a finitely generated 
group equipped with a r -invariant, irreducible, symmetric random walk 
with finite-support property. Let Y be a family of CAT(O) spaces such 
that, for any {(Yn,dn) In EN} C Y, {onE Yn In EN}, and {rn > 
0 I n E N}, there exists a non-principal ultrafilter w on N such that 
w-lim (Yn, rndn, On) belongs to Y. Then r has the fixed-point property 

n 
for all Y E Y if and only if there exists a positive constant C such that 

(4.1) 

holds for any Y E Y, p: r-----+ Isom(Y), and p-equivariant map f. The 
constant C should be independent of Y, p and f. 

If we take Y to be a family consisting of the Hilbert spaces, then 
the constant C in (4.1), which depends only on the presentation P of 
r = r(P), is closely related to the so-called Kazhdan constant of a 
finitely generated group r. The Kazhdan constant of a finitely generated 
group r is defined in terms of unitary representations of r and depends 
on the choice of a generator set of r. It becomes positive if and only 
if r has property (T). In [23], Zuk defined a geometric constant that 
bounds our C from below, and obtained Kazhdan constants for certain 
groups. These facts suggest that we may regard the constant C in (4.1) 
as a Kazhdan constant of r for the family Y of CAT(O) spaces. The 
existence of a finitely generated group having the fixed-point property 
for a family Y of certain CAT(O) spaces has been shown in [9] and 
[7]; while an example of such a family Y can be given by bounding an 
invariant 8(Y) of a CAT(O) spaceY. For the definition of 8(Y), see [9]. 
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