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Deformation of morphisms onto Fano manifolds of
Picard number 1 with linear varieties of minimal
rational tangents

Jun-Muk Hwang

Abstract.

Let X be a Fano manifold of Picard number 1, different from pro-
jective space. We study the question whether the space Hom* (Y, X)
of surjective morphisms from a projective manifold ¥ to X is homoge-
neous under the automorphism group Aut,(X). An affirmative answer
is given in [4] under the assumption that X has a minimal dominating
family K of rational curves whose variety of minimal rational tangents
C, at a general point € X is non-linear or finite. In this paper, we
study the case where C, is linear of arbitrary dimension, which covers
the cases unsettled in [4]. In this case, we will define a reduced divisor
BF C X and an irreducible subvariety M* C Chow(X) naturally as-
sociated to K. We give a sufficient condition in terms of B and M*
for the homogeneity of Hom®(Y, X'). This condition is satisfied if C, is
finite and our result generalizes [4]. A new ingredient, which is of in-
dependent interest, is a similar rigidity result for surjective morphisms
to projective space in logarithmic setting.

§1. Introduction

Convention

1. We work over the complex numbers. We will use both Euclid-
ean topology and Zariski topology. We will specify which one
we are using at each occasion.

2. All manifolds are connected, but a variety may have finitely
many irreducible components.
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3. For a vector space V, its projectivization PV is the set of 1-
dimensional subspaces of V.

4. Given a morphism f : Y’ — Y between nonsingular varieties,
we say that f is unramified at a point y € Y if the derivative
dfy : Ty(Y') = Ty (Y) is injective. The ramification set of f
is the set of points y € Y’ where f is not unramified. When f
is surjective and generically finite, the branch divisor of f is the
reduced divisor in Y consisting of codimension-1 components
of f(R) where R C Y’ is the ramification set of f.

Throughout this paper, X denotes a Fano manifold of Picard num-
ber 1. Recall that an irreducible component K of the space of rational
curves on X is a minimal dominating component (or a minimal dominat-
ing family of rational curves) if for a general point 2 € X, the subscheme
IC. of K consisting of members passing through z is non-empty and com-
plete. For such a choice of IC, the variety of minimal rational tangents
at x is the subvariety C, of the projectivized tangent space PT,(X) con-
sisting of the tangent directions at x of members of IC,.

Let Aut,(X) be the identity component of the automorphism group
of X. For a projective manifold Y, denote by Hom®(Y, X) the space of
surjective morphisms Y — X. We are mainly interested in understand-
ing the geometry of Hom®(Y, X) using K. See Section 1 of [4] for the
history of previous works and also Section 9 of [2] for the background
and related results.

In Theorem 1.3 of [4], the following result was proved.

Theorem 1. Given (X, K), suppose the variety of minimal rational
tangents associated to KC at a general point of X is non-linear or finite.
Then for any projective manifold Y and any [f : Y — X] € Hom*(Y, X),

HO(Y, fT(X)) = f*H(X,T(X)).

In particular, all deformations of a surjective morphism Y — X are
unobstructed and each component of Hom®(Y, X)) is a reduced principal
homogeneous space of the affine algebraic group Aut,(X).

How restrictive is the assumption in Theorem 1 on the variety of
minimal rational tangents? In Conjecture 1.2 of [4], the author naively
conjectured that if this assumption is violated, then X must be pro-
jective space. An analogue of Theorem 1 is certainly not true if X is
projective space. Thus if this conjecture had been verified, Theorem 1
would give a satisfactory description of Hom®*(Y, X) for all X different
from projective space.
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Recently, Munoz, Occhetta and Sola Conde (Appendix of [6]) have
pointed out that the varieties Y,,a = 2,4,8, of reductions of Severi
varieties discovered by Iliev and Manivel in [5] are counterexamples to
Conjecture 1.2 of [4]. In fact, the variety of minimal rational tangents
associated to the family of lines on Y, is a linear subspace of dimension
a — 1. This counterexample prompts us to question whether an analog
of Theorem 1 holds when the variety of minimal rational tangents is
linear and of positive dimension. Since this question is the main concern
of the current paper, it will be convenient to formulate the following
assumption.

Assumption 1. X is a Fano manifold of Picard number 1 and K
18 a minimal dominating family of rational curves on X such that the
associated variety of minimal rational tangents at a general point of X
1s linear and of dimension k — 1,k > 1.

Under Assumption 1, we will see in Definition 4.1 and Proposition
4.3 that K determines

1. a reduced divisor BX ¢ X and
2. an irreducible subvariety M* C Chow(X) such that for a gen-
eral point w € MX there exists an immersion, that is, an
unramified generically injective morphism, of projective space
Ve : P¥ — X whose image v,,(P¥) C X is the cycle correspond-
ing to w € Chow(X).
Our main result can be stated in terms of BX and M* as follows.

Theorem 2. Under Assumption 1, suppose that for a general w €
MX | the dual variety of the set-theoretic inverse image v, (B*) C P¥,
as a hypersurface in projective space P*, is linearly nondegenerate. Then
for any projective manifold Y and any [f : Y — X] € Hom*(Y, X),

HO(Y, f*T(X)) = f*H*(X,T(X)).

In particular, all deformations of a surjective morphism Y — X are
unobstructed and each component of Hom®*(Y, X) is a reduced principal
homogeneous space of the affine algebraic group Aut,(X).

One can check that the condition on v, !(B*) in Theorem 2 holds
if K = 1. In this sense, Theorem 2 is a generalization of Theorem 1.
As such, its proof, to a certain extent, follows the line of arguments
of the proof of Theorem 1. But there is one crucial new ingredient, a
logarithmic version of Theorem 2 for the pair (P*, v;1(BX)), which will
be explained in Section 2. Our Sections 3-7 generalize the arguments in
Sections 3-5 of [4]. The final section, Section 8, however, follows a course
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different from Section 6 of [4]. A new argument incorporating the result
of Section 2 is given to finish the proof of Theorem 2. We believe that
this new argument is more transparent, even when k = 1, than the one
given in Section 6 of [4].

It is natural to ask whether the condition on v;'(B*) in Theorem
2 is satisfied by all (X, K) satisfying Assumption 1. In particular, it
would be interesting to check whether this condition holds for the variety
Ya,a = 2,4,8, of [5]. Tt is also natural to ask whether this condition
is removable in Theorem 2. Although this condition is essential for
our argument, I guess that it should be removable. In this regard, we
would like to point out that all of our arguments in Sections 3-8, up to
Proposition 8.4, do not need this condition.

82. A logarithmic version of Theorem 2 for projective space

Notation 2.1. Let V be a complex vector space and let T' C PVV
be a subvariety with finitely many irreducible components in the dual
projective space, parametrizing a finite union of families of hyperplanes
in PV. Denote by |I'| C PV the linear span of T', which defines a linear
system of hyperplanes in PV. Let Bs|T'| be the base locus of |T|, i.e., the
common intersection of members of I'. For a point x € PV \ Bs|I'|, let
Join(x, Bs|T'|) be the linear space spanned by x and Bs|T|. Denote its
tangent space by

NI =T, (Join(z, Bs|T'])) C T(PV).
We will skip the proof of the next lemma, which is straight forward.

Lemma 2.1. (i) Let ¢jp| : PV \ Bs|T'| — |T|Y be the natural mor-
phism into the dual projective space of the linear system |T|. Then the
closure of the fiber of ¢|p| through a point x € PV \Bs|I'| is Join(x, Bs|T'|).

(i) Let T'1,Ts,...,I'y C PVY be a finite collection of subvarieties
and let T' C PVY be their union. Then Bs|['| = Bs|T'y| N --- N Bs|T'y|.

Lemma 2.2. Let I’ C PVV be the union of d > 2 distinct points
corresponding to hyperplanes G1,...,Gq C PV. For any point x € PV '\
G4, we have

Ny ={veT,(PV), (dlog %)(U) =0, forall2 <i<d}
1

where G; /G denotes a choice of a rational function on PV with zero at

G, and pole at Gy and log g; is a choice of the logarithm of G;/G1 at

the germ of x. It is clear that the germ of 1-form dlog C% at x does not
depend on the choices.
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Proof. The set on the right side of the equality is equal to

G
{v e T,(PV),(dlog G—)(v) =0, for all G € [T'|}.
1
This is the set of vectors tangent to the intersection of the level sets
through = of the rational functions G%,G € |T'|. This intersection is

exactly the fibers of ¢p| whose tangent space at x is NT by Lemma 2.1
(1). Q.E.D.

Notation 2.2. Let V be a complex vector space and let D C PV
be a reduced divisor on its projectivization. Let T := DY C PVV be its
dual variety. We set NP := NT for x & Bs|TU|. In particular, if DV is
linearly nondegenerate, then Bs|T| = 0 and NP =0 for all z € PV.

Notation 2.3. Let M be a complex manifold and D C M be a
reduced divisor. We denote by Q},(log D) the locally free sheaf of loga-
rithmic 1-forms defined on M \ Sing(D) and by Th(—log D) C T(M)
the coherent sheaf of vector fields tangent to D. On M \ Sing(D), the
sheaf Ty (—log D) is locally free, dual to Q};(log D).

Remark 2.1. Throughout this paper, we use T(M) to denote the
tangent bundle of M. The notation Ty will be used only in Ty (—log D)
of Notation 2.3.

Proposition 2.1. Write PV = P* dimV =k + 1. Let D C P* be
a reduced divisor and let NP be as in Notation 2.2. Let J C PV be a
subvariety with diim J < k—2. For a point x € P\ (DU J) and a vector
52 € U (log D) = Q. , let sy C Ty(P*) be the annihilator of s,.
Denote by Linef"] the set of all lines £ C P\ J through = that intersect
D transversally. In particular, members of LinezD’J are disjoint from

Sing(D). Then

ﬂ st o= m st = NP.

general £ € Linef"] le LinezD"]
s € HO(¢, Qy, (log D)) s € HO(¢, Qy (log D))
Proof. Given { € Linef’“’, let x1,...,24 be the intersection ¢ N D

where d is the degree of the divisor D. The conormal bundle N’ C Ql%,k e
of 1-forms annihilating T'(¢) gives an exact sequence

0 — N/ — Qp(log D) — (21 + -+ 24) — 0.
Since N,/ = O(—1)k1 we have H*(¢, N)/) = 0 and

(1) dim H°(¢, Qg (log D)) = d—1.



242 J.-M. Hwang

In particular, the proposition is trivially true when d = 1. So we will
assume that d > 2.

Let G; C P¥,1 <4 < d, be the tangent hyperplane to D at 2;. Then
G; # Gy if i # j. In fact, if G; = G; for ¢ # j, then the line £ must
be contained in G; = G so it is not transversal to D. By the same
argument, we know = & G; for all 1 <4 < d. Let G[{] be the reduced
divisor G1+- - -+G4. We have a canonical isomorphism of vector bundles
on £

(2) Qpi(log D)e = Qi (log Gl

For each 2 < i < d, the meromorphic form dlog g—l on P* defines an
element of

HO (P* \ Sing(G[€]), Q4 (log G[1])) .

From equations 1 and 2, the restriction of dlog gl for 2 <i < d gives a

basis of H"(¢, 1, (log D)). It follows that

G
ﬂ st {UETw(Pk),dlogG—(v):Ofor all 2 < i <d}
sEHO(£,0) (log D)) !

— wa
where the last equality is from Lemma 2.2.

Let G[¢]Y be the finite subset of PV, dual to G[f]. The closure of
the union of G[¢]Y as we vary £ € Line?"” is exactly DV. Tt follows that

Bs|DV|= () Bs|G[].
¢€Linel-”
Thus
(N N = () Tu(Join(z,Bs|G[(]])
éeLineRJ ZELinef*J
T, (Join(z, Bs| D))
= NP.
This proves the proposition. Q.E.D.

Theorem 3. Let f: Y — PF be a surjective generically finite mor-
phism from a projective manifold Y. Let D C P* be a reduced divisor
and let J C P* be a subvariety satisfying

dim J < k — 2 and Sing(D) C J.
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For each section
ve HO (V' f~1(J), f*Toe(~ log D))

and two points y1,ys € f~(x) over a general point x € P¥, the difference
Uy, — Uy, € T(P*) is contained in N'P. In particular, if the dual variety
DV is linearly nondegenerate,

HY (Y \ f71(J), f*Tpe (= log D)) = f*H® (P*, Tpe (— log D)) .

Proof. For a general ¢ € Line?"’, the inverse image f~!(¢) is
a connected curve containing both y; and yo by Bertini’s theorem.
Choose an element s € H(¢,Qg, (log D)) and pull it back to f*s €
HO(f=1(0), f*Ql. (log D)). The pairing (s,v) is a holomorphic function
on f~1(¢) and must be a constant. It follows that v,, —v,, € s+. By
Proposition 2.1, we see that v, —v,, € N.P.

If DV is linearly nondegenerate, then N.° = 0 as we mentioned in
Notation 2.2. Thus

v e f*H (PP \ J,Tpe (—log D)) = f*H° (P*, Tpr (— log D))

where the equality is from dim J < k — 2. Q.E.D.

§3. Effective étale family of immersed submanifolds

Definition 3.1. Let Y be a projective manifold. Let P and W
be two monsingular algebraic varieties satisfying dimP > dim W and
equipped with morphisms ¢ : P — Y and ¢ : P — W. The morphism
(g, 0) : P =Y X W is an étale family of immersed submanifolds in Y
parametrized by W if the following conditions are satisfied.

(i) W is a smooth projective morphism with connected fibers.
(i) dimP =dimY and ¢ is unramified at every point of P.
(iii) For each w € W, the restriction ©|y-1(,) @ ¥~ (w) = Y is
generically injective.
For such a pair (p,1), write Py, := o(¢p " (w)) for w € W. The normal
bundle of P, is the vector bundle Ny-1(yyy = ©*T(Y)/T(p (w))
on Y~ Y(w). For any w € W, the normal bundle of P, is naturally
isomorphic to the trivial bundle *T,,(W).
Denote by Y™ C Y the subvariety defined by the closure of the
union of the singular points of Py, for allw € W. In other words, Y™
is the closure of the set of points y € Y such that

y = @0(p1) = p(p2) for some py # pa € P satisfying 1 (p1) = ¥(p2).
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We say that (p, 1) is an effective étale family of immersed subman-
ifolds if Py, # Py, if w1 #ws € W.
Lemma 3.1. In Definition 3.1, the dimension of Y™ is strictly

smaller than dimY. As a consequence, Y\ Y™t is o nonempty Zariski
open subset of Y.

Proof. Note that the singular locus of P, has dimension strictly
less than dim(P,) for each w. Thus dim(Y ™) is strictly smaller than
dim(P,) + dimW = dim P = dim Y- Q.E.D.

We have the following analogue of Proposition 3.5 in [4].

Proposition 3.1. Let (p,¢0) : P — Y X W be an étale family
of tmmersed submanifolds as in Definition 3.1. Let f : Y > Y be
a surjective generically finite morphism from a projective manifold Y.
Let Y/ C Y be the mazimal Zariski open subset such that fly—revsy
YY) = Y7 is an étale covering. For w € W with Py, N Y/ +£ 0
and an irreducible component P of f~Y(Py), denote by o : PP
the normalization of P. For y € P, NY S\ Y™ g nonsingular point
of Py in Y, let y1,y2 be two points in f~'(y) N P and V1,72 be two
points in_ P satisfying ©(y1) = y1 and @(Y2) = ya. For any element
o€ HO( ,(fo@)*T(Y)), regarding its value oy, (resp. og,) at Y1 (resp.
Y2) as a vector in Ty(Y'), we have o, — 05, € Ty(Py) C Ty(Y).

Proof. We claim that o, — 05, € T,(Y) annihilates the subspace
of the cotangent space ny spanned by the evaluation of

HOW™ (w), 9" Q)
at y. Slnce Y~ ( ) is the normalization of P,, we have an induced
morphism f : P — 9~ ( ) such that o f = fo@. For any ¢ €
Ho(zp Lw), *Ql) let ¢ € HO( fre *01) be the pull-back of ¢ to

P. From ¢ o f =fo <p, we can define the pairing <¢), o). This is a
holomorphic function on P hence is constant. It follows that

<$y’0—171> = <$y7‘7272>’

which implies that o5, — oy, annihilates the evaluation of ¢ at y.
Since P,, has trivial normal bundle,

HO(p™H(w), Ny yy) € HO(W™H(w), 9" Q)

spans the conormal space of P, at y. Thus oy, — oy, € Ty(P,) by the
claim. Q.E.D.
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Definition 3.2. Let (¢,¢) : P — Y x W be an étale family of
immersed submanifolds as in Definition 3.1. Let B C'Y be an irreducible
ample hypersurface in'Y. We say that P is univalent on B if (i) there
exists only one irreducible component E of o~ 1(B) that is dominant over
W, and (ii) the morphism p|g : E — B is birational. This is equivalent
to saying that at a general point z € B, there exists exactly one w € W
with z € P, ¢ B and this P, is non-singular at z.

The following is essentially the same as Proposition 3.2 in [3] and a
generalization of Proposition 5.1 of [4].

Proposition 3.2. Let (p,¢) : P — Y x W be an effective étale
family of immersed submanifolds as in Definition 3.1. Suppose that P is
not univalent on an ample irreducible hypersurface B C Y. Then given
a general point x € B, we can find

(1) a Euclidean open neighborhood U CY of x;

(2)  two distinct points T1 # x2 € = (z); and

(3)  Euclidean open neighborhoods Uy C P of 1 and Uy C P of

satisfying Uy NUs = ()
with the following properties.

(i) @(Ur) =U = p(Ua).

(ii) |y, and ¢|y, are biholomorphic.

(iii)  For any point z € U \ (BUY ™) set

z1 = go_l(z) NUy, 29 = (p_l(z) NUs, wy =1(z1) and we = (22).

Then wy # we and (= (wy) N Uy) and o(yp~=1(wz) N Us)
are two distinct submanifolds of U each of which intersects B
transversally.

Proof. Let £ be the union of irreducible components of ¢~!(B)
that are dominant over W. Since dim P > dim W and B is ample, & is
non-empty. By the assumption that P is not univalent on B, there exist
two distinet points z1 # w2 € ¢~ (x)NE for a general point x € B. Since
 is unramified, we have Euclidean open sets U, U and Uy satisfying (i)
and (ii) such that ENU; (resp. €N Usz) is a nonsingular hypersurface.
Furthermore, by the smoothness of v, we can choose U; and Us such
that the fibers of ¢ in Uy (resp. Us) intersect € N Uy (resp. € N Uz)
transversally. By z ¢ Y™ we have w; # ws, which implies that
e~ wy) NUL) and p(¢~1(we) N Us) are distinct by the effectiveness
of (¢, ). Q.E.D.

We will skip the proof of the following elementary lemma.
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Lemma 3.2. Let f: Y Y bea surjective generically finite mor-
phism between projective manifolds. Let R be an irreducible component
of ramification set of f such that B = f(R) is a component of the branch
divisor of f. At a general point v € B and ¥ € RN f~1(x), we have
Euclidean neighborhoods © € U and T € U such that BNU is a non-
singular hypersurface in U and f|5 : U—Uisa cyclic covering of
degree > 1 branched along BNU. Consequently, if an irreducible closed
submanifold P C U intersects BN U transversally, then f~Y(P)NU is
irreducible.

The following proposition is a generalization of Proposition 5.2 in

[4].

Proposition 3.3. Let (p,¢) : P = Y x W be an effective étale
family of immersed submanifolds as in Definition 3.1. Assume that

(1)  there exists a nonempty Zariski open subset Yans C y'\ ymult
such that if y € Y5 P, N Py, for two distinct point wy #
wy €W, then Ty (P, )OT( ,)=0inT,Y); and

(2) there exist a surjective generically finite morphism f : Y »Y
from a projective manifold Y and a section o € H® (377 f*rY))
such that for any y € Y"*SNY'T in the notation of Proposition
8.1 and y1 # y2 € ' (y), the two vectors o, € Ty(Y) and
oy, € T,(Y) are distinct.

If B C Y is an irreducible ample hypersurface contained in the branch
divisor of f, then P is univalent on B.

Proof. Suppose that P is not univalent on B. Fix a general point
z € B and let U,Uy,Uz be as in Proposition 3.2. By shrinking U if
necessary, we can use this U to find U CY as in Lemma 3.2. Choose
zeUNYY"sNYT with 2 ¢ B and let w; # wy € W be the points
determined by z as in Proposition 3.2 (iii).

Setting P, = P, (resp. P» = P,,), Lemma 3.2 shows that there
exists a unique irreducible component Py (resp. P5) of f~1(P;) (resp.
f _1(P2)) intersecting U such that an irreducible component of PNU
(resp. P, NU) contains f~1(z) N U. In particular, P; N Pg contains
f7L(z)NU. Let y; # y2 be two distinct points in f~1(z) N U. Applying
Proposition 3.1 to Py and 152,

Oy, — Oy, € T,(P1) and oy, — 0y, € T,(Pa).

Since T,(Py) NT.(P>) = 0 by y € Y™™ we obtain oy, = 0y,, a contra-
diction to the assumption on o in (2). Q.E.D.
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§4. Definitions of BX and M*

From now on, we will consider (X, ) in Assumption 1. We recall
the following from Proposition 2.2 in [4].

Proposition 4.1. Let X and K be as above. Let'Y be a projective
manifold and let f 1Y — X be a generically finite morphism of degree
> 1. Given a general member C C X of K, there exists an irreducible
component C' of f~1(C) such that the restriction f|c : C' — C is finite
of degree > 1.

The following generalizes Proposition 3.2 of [4].

Proposition 4.2. Under Assumption 1, there exists (p, 1) : P —
X xXW, an effective étale family of immersed submanifolds parametrized
by a nonsingular variety W with the following properties.
(a)  The morphism 1 : P — W is a P*-bundle and the morphism
@ has degree > 1.
(b)  Each member of I, for a general x € X is the image of a line
in the PE-fiber of 1 through a point of o~ (x). In particular,
each component of C,. is of the form PT,(P,), P = o( = (w))
for some w € W.
(c)  There exists a nonempty Zariski open subset X *#1s ¢ X'\ Xmult
such that if x € X" 0 P, N P,, for two distinct points
wy # we €W, then Tx(Pwl) n Tx(PwQ) =0.

Proof. The existence of (y,) satisfying (a) and (b) follows from
Theorem 3.1 of [1] and Proposition 2.1 in [3]. For (c), note that if
Ty (Py,) N Tp(Py,) # 0, then two distinct components of C, have non-
empty intersection, which cannot happen for a general z € X \ X™mult
by Proposition 2.2 of [3]. Q.E.D.

Definition 4.1. Viewing P,,w € W, in Proposition 4.2 as an alge-
braic cycle of X, we have a morphism W — Chow(X), which is injective
by the effectiveness on (p,v). Let M* C Chow(X) be the closure of the
image of W. From Proposition 4.2 (b), this variety M* is uniquely
determined by IC.

Proposition 4.3. In the setting of Proposition 4.2 and Definition
4.1, let Z be the normalization of M*. Replacing P and W by their
Zariski open subsets, we can find a projective manifold X' with a gener-
ically finite morphism p : X' — X of degree > 1, a proper surjective
morphism p : X' — Z and an embedding v : P — X' as a Zariski open
subset with the following properties.
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(a)  There is a natural inclusion W C Z as a Zariski open subset
of the smooth locus of Z with a commuting diagram

X &£ P B ow

l Ll N

X &£ x5 oz

(b)  For any irreducible hypersurface H C X' satisfying dim p(H) =
dim X — 1, either p(H) = Z or dimp(H) =dim Z — 1.

(¢) Let T C T(X') be the coherent subsheaf defined as the satu-
ration of the relative tangent sheaf TP on 1(P), equivalently,
the saturation of du(T¥) in T(X') where TY C T(P) is the
relative tangent bundle of . By abusing notation, we will re-
gard T as a vector subbundle of T(X') outside a subvariety of
codimension 2. Then for any irreducible hypersurface H C X’
satisfying dim p(H) = dim X — 1 and dimp(H) = dim Z — 1,
we have T, C T,(H) as subspaces of T,(X') at a general point
ze H.

(d)  The branch divisor of p, to be denoted by BX C X, is uniquely
determined by K. Note that BX is nonempty because X is
simply connected and p has degree > 1.

Proof. Let Univy — Z be the family of algebraic cycles of X
parametrized by Z, induced by the universal family of Chow(X) over
M®. There is a unique irreducible component Univ’, of Univy domi-
nant over Z. Let U be the normalization of Univ’,. Then all fibers of the
natural morphism o : Y — Z have dimension k. Note that since the nor-
malization of a general member of M is P, there exists a Zariski open
subset in Z, over which o is a P*-bundle. We choose X’ as a desingular-
ization o : X’ — U, which leaves the smooth locus of U intact. Define
p:=pooc and let p: X’ — X be the composition of o and the natural
cycle morphism U/ — X. Note that &/ — X has degree strictly bigger
than 1 because ¢ has degree strictly bigger than 1 from Proposition 4.2
(a). This implies that p has degree strictly bigger than 1.

After replacing W by its intersection with a Zariski open subset of
the smooth locus of Z over which g is a P*-bundle, we have a natural
inclusion ¢ : P — X’ satisfying the property (a).

For (b), note that dimo(H) = dimi — 1 because dimu(H) =
dimX — 1 = dimi — 1. Since all fibers of ¢ have dimension k, either
p(H) = o(o(H)) = Z, or

dimp(H) =dimg(c(H)) =dimo(H) -k =dimiU -1 -k =dimZ — 1.



Deformation of morphisms onto Fano manifolds 249

For (c), since o : U — Z is a morphism between two normal varieties
all fibers of which have dimension k, there exists a Zariski open subset
U° C U such that

(1) U° is in the smooth locus of U equipped with an isomorphism
0% U° =2 o7 U°) C X’ induced by o~ 1;

(2) dim(U \U°) < dimU — 2;

(3) the underlying reduced variety of every fiber of g0 is nonsin-
gular, defining a vector subbundle T2 C T(U°);and

(4) the derivative

do? : T(U°) = T(o~ 1 (U°))

sends Tered to Tlo—1we)-
From dimo(H) = dim# — 1 and (2), the image o(z) of a general point
z € H is contained in U°. From dimp(H) = dimZ — 1, o(H) must be
covered by components of k-dimensional fibers of p. Thus T, C T, (H)
from (4).

For (d), note that u sends the ramification locus of o to a set of
codimension > 2 in X. Thus the branch divisor of p is determined by
0. Since p is uniquely determined by M, the branch divisor of p is
uniquely determined by /C. Q.E.D.

The following proposition is immediate from Propositions 4.2 and
4.3. Tt generalizes Proposition 3.3 in [4].

Proposition 4.4. In the setting of Proposition 4.3, let C C PT(X)
be the closure of the union of C.’s for general points x € X and let
C C T(X) be the cone over C. Denote by Ox C T(X) the zero section
and by w : T(X) — X the natural projection. Then there exists a Zariski
open subset X¢ C X% X such that

() wHXC) CuP)=p7tW);

(i) plp-1(xey s pmHXC) = XC s étale;

(iii)  the restriction of m to (C\Ox)Na~Y(XC) is a smooth morphism;

(iv)  for each point x € X and u~'(z) = {z1,...,2;},j = degree of
w, the image p(u=*(xz)) consists of j distinct points in W C Z
and we have a disjoint union

7 (@) N (C\ Ox) = du(T2,\ {0}) U -+~ U du(T2,\ {0})

where T? = du(T%) on p='(X€); and
(v) we have a natural smooth morphism

X (€N 0x)Na~H(XE) — pH(XE)
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defined by x(TF \ {0}) = x;,1 < i < j, in the notation of (iv)
such that 7 = pox on (C\ 0x) Na~1(XC).

§5. Decomposition of ! (BY)

Throughout this section, we work in the setting of Section 4. We
will consider the following condition on X and K, formulated in terms
of Proposition 4.3.

Condition 5.1. The étale family P constructed in Proposition 4.2
is univalent on each irreducible component of BX in the sense of Def-
inition 3.2. In other words, for each irreducible component B of BX,
we have a unique irreducible component B’ of p=1(B) that is dominant
over both Z and B.

The following is a generalization of Proposition 5.3 in [4].

Proposition 5.1. In the setting of Proposition 4.3, assume that
Condition 5.1 holds. Then for a general w € W, any component P! of
u=Y(Py) which is of degree > 1 over P, is disjoint from B'.

Proof. Suppose not. Then for a general point 2’ of B’, we have
wy; € W and an irreducible component P, of ~*(P,,) that contains
2’ and is of degree > 1 over P,,. Let wy = p(z') € W. Then p~1(wq) =
LY~ (wy)) is different from P), . So wy # wy. Since z = p(z') €
P,, N P,, is a general point of B, we conclude that P is not univalent
on B from Definition 3.2, a contradiction. Q.E.D.

Proposition 5.2. In the setting of Proposition 4.3, assume that
Condition 5.1 holds. Then we can write the set-theoretical inverse image
p~Y(BX) € X' as the union of three reduced divisors without common
components

lJJfl(BIC) — Bexc |y Bhor U BYer
where
(a) dimp(B) < dim X — 2 for each component B of B*;
(b) dimu(B)=dim X —1 and p(B) = Z for each component B of
Bhor; and
(¢) dimpu(B) = dimX — 1 and dimp(B) = dimZ — 1 for each
component B of BV".
Furthermore, for a general w € W, any component P!, of u=*(P,) which
is of degree > 1 over P, is disjoint from BT,

Proof. The only nontrivial part in the decomposition of u~*(BX)
into the three parts is to show that if a component B of u~!(B*) sat-
isfies dim p(B) = dim X — 1, then dim p(B) > dim Z — 1. This follows
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from Proposition 4.3 (b). The statement about P/ is immediate from
Proposition 5.1. Q.E.D.

Proposition 5.3. In Proposition 5.2, let z be a general point of
any irreducible component of BY*. Then we have T, C T,(BY") where
T C T(X') is the subsheaf from Proposition 4.3. In other words, T C
Tx:(—log BY") as sheaves in a neighborhood of z. In particular, du :
T(X') — p*T(X) injects T into p*Tx(—1log BX) in a neighborhood of
z.

Proof. The inclusion 7, C T,(BY") follows from Proposition 4.3

(¢) with H an irreducible component of B¥®". The homomorphism du
induces an isomorphism

Tx:(—log B¥") — 1" Tx (—log BX)

in a neighborhood of a general point z of BY*". Thus it injects 7 into
p*Tx (—log BY) in that neighborhood. Q.E.D.

Proposition 5.4. In the setting of Proposition 5.3, there exists a
subvariety E C X' with the following properties.
(1)  wp(E) has codimension > 1 in X ;
(2) E=p(u(E);
(3)  plxng: X'\ E = X\ u(E) is finite;
(4) B C E;
(5) BN\ w(E) and p='(BX)\ E are nonsingular; and
(6)  when we put O := X"\ (EUB), the image of dulo : T|o —
wT(X)|o defines a vector subbundle, to be denoted by V C
wT(X)|o. Furthermore, V C u*Tx(—log BY)|o as sheaves.

Proof. Let E1 C X’ be the locus where pu is not finite. By the
definition of B®*¢ in Proposition 5.2, F; contains B*°. From Proposition
5.3, there exists a subvariety s C BY®" of codimension > 2 in X’ such
that the du-image of T defines a vector subbundle of p*T(X) and a
locally free subsheaf of p*T'x (—log B) in a neighborhood of every point
outside B"r UB®*c U F,. Set

B = u~" (u(By) U p(Ez) U Sing(BX) U u(Sing(u~ (BX))))
It clearly satisfies (1)-(6). Q.E.D.

Proposition 5.5. In the setting of Proposition 5.4, let o : P — X
and 1 : P — W be as in Proposition 4.3. Write E := p~1(u(E)) C P:

P 5 X &£ox
U U U
E — ulFE) +— E
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Then for a general point w € W, the following holds.
(a) dim(y~Hw)NE) <k—2.
(b)  The intersection = (w) N p~H(BX) is a reduced divisor on
Y~ (w) and its singular loci Sing (¢~ (w) N~ (BX)) is con-
tained in =1 (w) N E.

Proof. The subvariety E C P has codimension > 1 because ¢ is
unramified and p(E) C X has codimension > 1 from Proposition 5.4
(1). Thus (a) holds for a general w € W.

Since BX \ p(E) is nonsingular from Proposition 5.4 (5), the divisor
@ 1(B"X) on P is nonsingular outside E. Thus (b) holds for a general
w e W. Q.E.D.

§6. Pulling back étale families

We have the following general construction.

Proposition 6.1. Let Y be a projective manifold and let (o, ) :
P =Y x W be an étale family of immersed submanifolds parametrized
by W. Let f:Y' —Y be a surjective generically finite morphism from a
projective manifold Y'. Choose an irreducible component PT of Y/ xy P
which is dominant over Y’'. Then, replacing W and P by their Zariski
open subsets if necessary, we can find morphisms of nonsingular varieties
(depending on the choice of P)

LW =W, P =P, ¢ P =Y and ' : P - W

with the following properties.
(1)  The following diagram commutes.
wo L e Ly
fo d fed i

wo&Lop 2y

(2)  The morphism (¢’ ,¢") : P = Y' x W' defines an étale family
of immersed submanifolds in'Y' parametrized by W'.

(3)  The morphisms f, and fy are proper, surjective and generically
finite.

(4) P’ is a Zariski open subset of Pt and the morphisms ¢’ and
f4 are induced from the natural projections of P C Y’ xy P
to each factor.
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Proof. Since ¢ : P — Y is unramified, the natural morphism ¢ :
Pt — Y’ is unramified by base change and P is nonsingular. Let

+ -+
Pt o Loy

be the Stein factorization of the composition P+ — P % W. Since P+ is
nonsingular, we can choose a Zariski open subset W, C W such that ¢+
is a smooth morphism with connected fibers over W' := (f,")7'(W,).
Set P’ = ()71 (W) and define ¢’ (resp. ¢’) as the restriction of ¢
(resp. ¢). Setting f, and f; as the natural morphisms induced by f and
replacing W (resp. P) by W, (resp. ¥»~1(W,)), we have the properties
(1)-(4). Q.E.D.

We will apply Proposition 6.1 to the morphism x4 : X’ — X in
Proposition 4.3.

Proposition 6.2. In the setting of Proposition 4.3, replacing W
and P by their Zariski open subsets if necessary, we have (¢';¢") : P' —
X' x W', an étale family of immersed submanifolds in X' parametrized
by a nonsingular variety W', together with a commuting diagram

w2y
U g pd
w &L op 5 X
where g and py are surjective proper generically finite morphisms. Fur-
thermore, we can assume that for any w € W and w' € /,Lb_l(w)7 the
morphism
(1)l vy 1wy @) 7Hw') = 7 Hw)

s generically finite of degree m for some integer m > 2.

Proof. Let us apply Proposition 6.1 to the generically finite mor-
phism g : X’ — X of Proposition 4.3 with Y = X, Y’ = X’ and [ = pu.
Proposition 4.1 implies that for a general w € W, there exists an ir-
reducible component of p~!(P,) that is generically finite over P, of
degree m for some integer m > 2. Thus we can find an irreducible com-
ponent P+ of X’ x x P such that, when (¢’,4") : P’ — X' x W' is the
étale family of immersed submanifolds determined by PT in the sense
of Proposition 6.1,

(1) (pry=1(wry + (@) 7H(w') = &7 (w)

is generically finite of degree m for a general w € W and any w' €
1y Y(w). After replacing W by a Zariski open subset, we can assume
that this holds for any w € W. Q.E.D.
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Proposition 6.3. In the setting of Proposition 6.2, we have two
fibration structures on P’ given by

P2 X
Yl Lo
W’ Z.

Then there exists a Zariski open subset P}, .. C P’ such that

(l) 50/|Pt’mns : 7)érams - (pl(Pt/rans) is étale;

(ii) po@'lp, _is a smooth morphism and the relative tangent
bundle TP*%" C T(Pl,...) corresponds, via the étale morphism
¢'lps . in (i), to the subsheaf T C T(X') defined in Proposi-
tion 4.3; and

(i) T NTP¥ =0 in T.(P') for each z € P,

Proof. Let X! C «(P) C X' be a Zariski open subset such that
¢ len-1x1) 1 (@) THX]) = X,
is étale. Put P{

frams = ()7 (X5) 1 (1 0 @)L (X"%) where X0 iy
from Proposition 4.2 (c¢). Then it satisfies (i) from the choice of X and
(ii) from X! C 1(P).

To see (iii), pick @ € P{,ns and let Fy (resp. F») be the fiber of ¢/
(resp. po¢') through x. Then po¢'(Fy) (resp. po¢'(Fy))is of the form
P,, (resp. P,,) for some wy,ws € W, in the notation of Definition 3.1,
such that

rans -’

Rul ﬂP?UQ 3 o QDI(I’) c Xtrans.

The morphism ¢'(F») — P,, is birational by the definition of p. On
the other hand, the morphism ¢'(Fy) — P,, has degree m > 2 by
Proposition 6.2. Since ¢'(z) € ¢'(F1) N ¢'(Fz), we have Py, # Py,.
From Proposition 4.2 (c), we see that Fy and F are transversal at x.

Q.E.D.

Proposition 6.4. In the setting of Proposition 6.2, assume that
Condition 5.1 is satisfied so that we can use Proposition 5.4 and Proposi-
tion 5.5. Write E' = uﬁ_l(E) where E = o~ (u(E)) is as in Proposition
5.5:

P op 5 x & X
U U U U
E — E — uE) + E.

Then there exists a Zariski open subset Wa C W such that for every
w € Wa, (a) and (b) of Proposition 5.5 hold and, moreover, for each
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w' €y H(w) e W,
@) W) N (@) THO0) = ()T (W) \ B
where O = X'\ (E UB"") is as in Proposition 5.4.

Proof. We have already seen that a general w € W satisfies (a) and
(b) of Proposition 5.5. It remains to check

@) Hw) N () HO) = ()W) \ B
for a general w € W and any w’ € ub_l(w).

From Proposition 6.2, for any w € W and w’ € u;l(w), the variety
Py = ¢'((¢')71(w')) in X’ is an irreducible component of u~!(P,) that
is of degree m > 1 over P,. By the last sentence in the statement of
Proposition 5.2, we see that P, N B"" = () for a general w € W and
any w’ € u;l(w). Thus, for a general w € W and any w’ € u;l(w), we
have ¢~ (w') N (¢’)~H(B"") = (. By E = p~1(u(E)) of Proposition 5.4
(2), we have

@) w) N (@) TH0) =

Il
TeTe
$3333
TEEE A
o=

¢ ((E))
= @) o ) "M ((E))
— n—1 / ,uu_l(E)
This completes the proof. Q.E.D.

§7. Consequence of a hypothetical condition

Let X and K be as in Assumption 1. To prove Theorem 2, we may
assume that X satisfies the following additional condition.

Condition 7.1. There exist a projective manifold Y, a morphism
[f:Y — X] € Hom*(Y, X) and an element

o HY, f*T(X))\ f*H*(X,T(X)).

The goal of this section is to show that if X satisfies Condition 7.1,
then we may choose f:Y — X and

o € HOY, f*T(X))\ f*H(X,T(X))

such that they have very special properties with respect to p: X’ — X
of Proposition 4.3 and X¢ of Proposition 4.4. More precisely, we will
prove the following generalization of Proposition 4.3 of [4].
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Proposition 7.1. Under Assumption 1, suppose that X satisfies
Condition 7.1. Then we have a projective manifold X" equipped with
a surjective generically finite morphism 3 : X" = X, an element 0 €
HO(X",B*T(X))\ B*H(X,T(X)) and a Zariski open subset X® C X
with the following properties.

(1)  The morphism 8 factors through p : X' — X of Proposition

4.8, i.e., there exists a surjective generically finite morphism
'y:X” — X such that B = po~:

g x" Loxr A X,
2)  In the notation of Proposition 4.4, X C X¢ and
(

B|ﬁ*1(X9) : B_I(X‘g) — X"9

is an étale morphism.

(3)  For any point x € XY, if y1 # y» are two distinct points
in B~Y(x), then the values of 6 at these points are distinct,
namely, 0y, # 0,, as vectors in T,(X).

(4)  For a general point x € X% and any y € B~(x), the value 0,
of 0 at y regarded as a vector in T, (X')(= Tx(X)), belongs

to Tj(y) where p: X' — Z is as in Proposition 4.3.

Note that o € H(Y, f*T(X)) in Condition 7.1 defines an irreducible
projective variety in 7'(X) dominant over X given by the subset {o, €
Tt(y),y € Y}. Thus Condition 7.1 implies (in fact, equivalent to) the
following.

Condition 7.2. There exists an irreducible projective subvariety in
Y C T(X) of degree > 1 over X. The natural projection ¥ — X is
necessarily finite.

To find 5 : X " X of Proposition 7.1, we will make some interme-
diate constructions using ¥ in Condition 7.2 in the next two propositions,
which generalize Propositions 4.1 and 4.2 of [4].

Proposition 7.2. In the setting of Proposition 4.3, assume that
Condition 7.2 holds. Let T(X) xx T(X) be the fiber product of two
copies of the projection m: T(X) — X and let

Y xx B CT(X)xx T(X)

be the fiber product of two copies of w|s : ¥ — X. Then there exists at
least one irreducible component X of ¥ x x ¥ with the following property:
for a general w € W and a general point x € P,, some irreducible
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component of 7= (Py,)NY contains two distinct points 11 # xo, 7(x1) =
m(xy) = x, such that (x1,22) € X xx ¥ is contained in LF.

Proof. For a general w € W, there exists an irreducible component
P! of 771(P,) N such that the projection P, — P, is finite of degree
> 1 by Proposition 4.1. Thus for a general point « € P,,, we can choose
two distinct points z1 # 29 € P!, w(x1) = 7(z2) = . As we vary w and
x, the point (x1,z2) € ¥ X x 3 covers a subset of dimension > dim X in
Y X xX. Since dim XX x ¥ = dim X, there exits an irreducible component
»# satisfying the required property. Q.E.D.

Proposition 7.3. In the situation of Proposition 7.2, let
0:T(X)xxT(X)—=T(X)
be the difference morphism defined by
0(vi,v9) == w1 — v for vi,ve € Tp(X) forx e X.

Then in terms of C C T(X) and the morphism x : (C\0x)Na~1(X) —
=Y (XC) in Proposition 4.4,

§(2%) cC, (%) ¢ 0x

and the dominant rational map x* : §(X%) -+ X' induced by x is gener-
ically finite.

Proof. We will use the tautological section o' € H(Z, 7*T(X))
defined by
0q =a € T,(X) for each a € X NT,(X).

For a general w € W and a general z € P, let (11,22) € X%, 11 # x9,
be as in Proposition 7.2 and let P be the irreducible component of
7-Y(P,) N'Y containing x; and z». Applying Proposition 3.1 with the
substitution of X, ¥, 7r|s and the pull-back of '3 to the normalization
of P in place of Y, Y, f and o, we see that

0 7é Tl — T2 S Tr(Pw) (- é

As w varies over general points of W, the element x; — x5 varies over
a Zariski open subset in the irreducible variety 6(X#). It follows that
§(2%) ¢ € and 6(2%) ¢ 0x. The dominant rational map x* is generically
finite because the natural projection §(X#) — X is finite. Q.E.D.

Now we are ready to prove Proposition 7.1.
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Proof of Proposition 7.1. Choose a desingularization « : X" o
§(2*) which eliminates the indeterminacy of the generically finite ra-
tional map x* in Proposition 7.3 such that x* o o defines a generically
finite morphism v : X " 5 X’'. Denote by 7 the natural projection
§(2*) — X to have the commuting diagram

X' s
v i7
X A x

From §(2%) C T(X), there exists a tautological section
gtaut ¢ HO(5(2%), 7 T(X))

defined by 6**"(a) = a € Ty(4)(X) for each a € §(3*). Put f = po~y
and let
0 HY X", B"T(X)) = H' (X", (1 0 )" T (X))

be the pull-back of #'34 by . We can choose a Zariski open subset
X% C X satisfying the property (2) because « is birational and the
property (3) because 0'"" is the tautological section. The property (4)
follows from §(2%) c € in Proposition 7.3 and the relation between C
and T” in Proposition 4.4 (iv). Q.E.D.

68. Completion of the proof of Theorem 2

In this section, we will prove Theorem 2. Let X and K be as in
Assumption 1. As mentioned before, we may assume that X satisfies the
condition 7.2, hence Proposition 7.1. We want to derive a contradiction
from Proposition 7.1 and the assumptions in Theorem 2. For this, we
want to descend 0 € HO(X", 3*T(X)) in Proposition 7.1 to some 9 €
HO(X', u*T(X)). This is obviously not possible because the morphism
v : X" — X’ may have degree > 2. As we will see in Proposition
8.2 below, however, we can achieve this if we restrict to a Euclidean
neighborhood of a subvariety in X', i.e., a Euclidean neighborhood of
a general member of P’ in Proposition 6.2. To make this precise, we
consider the following setting.

Notation 8.1. In the setting of Proposition 7.1, pick an irreducible
component dominant over X" in X" xx P’ the fiber product of 7 :
X" = X’ of Proposition 7.1 and ¢’ : P' — X'. Applying Proposition
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6.1 to this component of X" xx P, we have a commuting diagram

"
"

we & f x

Y 4 74 74
wooEp Sy
My 4 gt pd

wo & op 5 X

where the second and the third lows are from Proposition 6.2 and (<p”, w”)
is an étale family of immersed submanifolds in X parametrized by W' .
We may assume that vy, and -y are proper surjective generically finite
morphisms.

Since W' B W' B8 W are generically finite morphisms, a general
point of W has a Fuclidean neighborhood M C W such that there are

Euclidean open subsets M’ C W' and M" Cc W" which are biholomor-
phic to M by p, and p, o~y,, respectively. Write

Q=y7'M), @ =@)'M), Q" =@ ) I M)

and denote by 11 : @ — Q and 7 : Q" = Q' the natural morphisms to
obtain the following diagram.

"
7" 1" "

w5 M & 9 c Py X

M4 0 74 Ve v
w oo M &9 P S X
s 22 wd g pd

W o> M &9 c P & X

Remark 8.1. From our choice of P’ in Proposition 6.2, the mor-
phism o has degree m > 2. On the other hand, we have not made any
special choice in the definition of P" in Notation 8.1. The next propo-
sition shows that the morphism 75 becomes bimeromorphic, if we choose
sufficiently small M.

Proposition 8.1. In Notation 8.1, let w' € W’ be a general point
and set

Py = ¢' (W) Hw) € X".
For each irreducible component P of v~ Y(Py) dominant over Py, the
restriction y|pr : P" = P, is birational. In particular, we can assume
that 5 : Q" — Q' is bimeromorphic in Notation 8.1 by choosing M, M’
and M" suitably.
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Proof. This follows from the special property of 6 in Proposition
7.1, combined with Proposition 3.1. To be pre01se we will apply Propo-
sition 3.1 with the substitution of X', X", P, v, P for Y,Y,P,f, P
respectively. From the generality of w’ € W', we may assume that

P“’/ N sﬁ,(,Ptlrans) n Xe N (X’)’Y 7é @

where P/, . is from Proposition 6.3, X% is from Proposition 7.1 and
(X")Y € X' is the Zariski open subset corresponding to Y/ in Proposi-
tion 3.1.

Suppose 7| p~ is not birational. For a general point
2 € Py N (Plans) N XN (X)),

let 21 # 3 be two distinct points in y~1(z) N P". By the substitution
of x,x1, 22,0 for y,y1,y2, 0, respectively, Proposition 3.1 says that 6, —
0z, € Tp(Py). But 0,,,0,, € TP by Proposition 7.1 (3), while T, (P,) N
TP = 0 by Proposition 6.3 (iii). Thus 6,, = 0,,, a contradiction to
Proposition 7.1 (2). Q.E.D.

Notation 8.2. Let f : Y — Y be a proper surjective generically
finite morphism of degree m between two complex manifolds. Let V be
a vector bundle on' Y. We denote by Normy : HO(Y', f*V) — H°(Y,V)
the norm homomorphism of f. Recall that for a section o of f*V and a
point y € Y where f~1(y) consists of m distinct points y1, . .. Ym,

Normy (o Z oy, €V

In particular, if for a generaly € Y and f~(y) = {y1,...,Ym}, we have
oy, = oy, for all pairs (i, j), then o = f*Normy (o).

Proposition 8.2. Consider the setting of Notation 8.1, with the
additional property that” : @ — Q' is bimeromorphic from Proposition
8.1. Using § € H*(X ,B*T(X)) of Proposition 7.1, set

0:= ()0 e B (P, (8¢ ) T(X)) = B (P", (1o ¢ 0) T(X))
and define
9 = Norms (Blgn) € HUQ', (o @) T(X)) = HUQ', (p o i) T(X)).

Then
i) v#£0;
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(ii) ¥ takes values in the image of (¢")*T in (po @' )*T(X) where
T C T(X') is the subsheaf defined in Proposition 6.2 (c) ; and
(iii) when we regard TV C T(P) as a subbundle of p*T(X) via the
isomorphism dy : T(P) = ¢*T(X), the difference
¥ — [i"Normy (9) € HY(Q', (¢ 0 i) T(X))
belongs to HO(Q', i*TY).

Proof. (i) follows from the fact that 6 +# 0 and 7 is bimeromorphic.

Since 6, belongs to 17 ) for general y € X by Proposition 7.1 (3),
9 takes values in the image of T in (uo ¢ ) T(X), proving (ii).

For a general point w € M, set w' = M’ N “b Y(w). We use
Proposition 3.1 with the substitution of X, X', u, (¢/)~(w"), Py, ¥ for
Y, }7, 1, ﬁ, ﬁ, o, respectively. For a general point z € ¢~ (w) and

N x) ={z1, ..., xm},
Proposition 3.1 with y = ¢(z),y1 = ¢'(21) and yo = ¢'(z;) says that
Vo = Vo +v5, 2 <0 <m, for some v; € Ty (Pow) = de(TY).

This implies that Normg(d), = ¥,, + v for some v € dp(T¥). Thus

(9 — *Notmz(9))s, € (BT,
By the same reasoning,

(9 — " Normz(9).., € (7%,
for any ¢, which implies that

¥ — i*Normg (¥) € H(Q, " T?).

This proves (iii). Q.E.D.

Remark 8.2. To appreciate the geometry behind Proposition 8.2,
it is worth interpreting it in the context of Proposition 6.3, namely, in
terms of the two transversal fibrations TV and T*°?" on a Zariski open
subset Plians C P’. On the open set Q' N Plians, (ii) says that O takes
values in TP°?", while (iii) says that ¥ — p*Normg (9) takes values in
TV

We need to use ¥ in Proposition 8.2 together with the results in
Section 5 to prove Theorem 2. The results in Section 5 are available in
our setting by the following.
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Proposition 8.3. Under Assumption 1, if X satisfies Condition
7.2, then it satisfies also Condition 5.1. In particular, all the results
from Section 5 hold if X satisfies Condition 7.1.

Proof. We will apply Proposition 3.3 with ¥ = X, Y = X" and
f = 3 using the terminology of Proposition 7.1. Setting Ytans — Xxtrans
from Proposition 4.2 (c), the condition (1) of Proposition 3.3 holds.
Setting o = 6 from Proposition 7.1, the condition (2) of Proposition 3.3
holds, too. Since any hypersurface in X is ample and B is contained
in the branch divisor of f = 3, we conclude that P in Proposition 4.2 is
univalent on each irreducible component of BX. Q.E.D.

Proposition 8.4. By Proposition 8.3, we can apply Proposition 5./
in the setting of Notation 8.1. Let

EcCcX,0=X\(EUB") andV c u*Tx|o

be as in Proposition 5.4. In Notation 8.1, choose M such that M C Wa
where Wa is as in Proposition 6.4. Then

(1) 9'N()H0)=Q\(¢) " (E) and

(2) ¥ in Proposition 8.2 satisfies

I (on-100) € H*(Q' N (¢")7H0), (¢")*V).

Proof. (1) is immediate from Proposition 6.4. (2) follows from
Proposition 5.4 (6) and Proposition 8.2 (ii). Q.E.D.

Completion of the proof of Theorem 2. Suppose that the theorem
does not hold. Then we can assume that X satisfies Condition 7.1 and
use Propositions 8.2 and Proposition 8.4. The assumption on BX in The-
orem 2 means that the intersection of =1 (BX) and a general P¥-fiber of
1 is a hypersurface in P¥ whose dual variety is linearly nondegenerate.

Pick any v’ € M’ and write w = p,(w’) € M C Wa. Using the
terminology of Proposition 6.4, let

F=v¢ Y w), Fl:=)"'W), J:=FNE, J:=FnNE, f:=lm

to obtain ,
J=FNE c F c o % Xx
1 fl pl w
J=FNE c F c Q % X.

By Proposition 8.4 (1),

F'n(e) H0)=F"\J.
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Note that
()Y C (@)1 Tx (—log B)
= ;" Tx (—log BY) = p; Tp(—log ™' (BY)).

Since 9 of Proposition 8.1 takes values in (¢')*V on (¢’)~1(O) by Propo-
sition 8.4 (2), its restriction to F' N (¢’)~1(0O) belongs to

HY (F'\ J', [*To(~log o~ (B"))) .
It follows that
(9 — i*Normg (9)) [pry e € H (F'\ J', f*To(—1log ' (BX))).

By Proposition 8.2 (iii), this takes values in f*T%|p = f*T(F). Thus,
after setting D := F' N ¢~ (BX), we have

v = (9 — g*Normy (9)) |pr g € H(F'\ J', f*Tr(—log D)).

From the properties of Wa in Proposition 6.4, we see that J, D,v and
F = P*F with F’ in place of Y satisfy the conditions of Theorem 3. It
follows that

(¥ — i*Normy (9)) |7 = f*Ap for some A\p € H(F, Tr(—1log D)).
Since the above works for any w’ € M’, the section
¥ — *Normy () € H°(Q',£*TY)
can be written as 1*\ for some A € H°(Q,T(Q)). It follows that
¥ = fi*(Normg (9) + A) where Normy (9) + A € H°(Q,T(Q)).

Pick a general point z € Q with p(z) € X¢, where XC is as in
Proposition 4.4, such that ¢ o i = p1 0 ¢'|g/ is unramified at the points
() and (p o ¢)(n~t(x)) consists of m distinct points in W C Z.
Pick two distinct points x1 # x2 € g~ (z) such that wy := p(¢'(21)) #
ws = pl¢/(22)).

Since o is unramified at x; and z2, we can regard the section ¥ of
(pom)*T(X) as a vector field in a Euclidean neighborhood of 2 (resp.
x2). Let Cy (resp. C3) be the local analytic curve through x; (resp. z2)
integrating the vector field induced by 9 in this Euclidean neighborhood.
Then fi(Cy) (resp. 1(Cs3)) is the analytic curve through z integrating
the vector field induced by Normy () + A in a neighborhood of = in P.
It follows that u(Cy) = p(Cs).
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Since ¥ is a section of (¢’)*V, we have

¢'(C1) C p~(wy) and ¢'(C2) C p~*(ws),

and consequently,

p(1(C1)) C Pu, and o(1i(C2)) C P,

This implies that P,, and P,, share a common analytic curve through
o(z) € XC C XS Since w # ws, this is a contradiction to Proposi-
tion 4.2 (c). Q.E.D.
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