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Abstract.

This is an enlarged and revised version of the slides presented in
a series of survey lectures given by the present author at MSJ SI 2015
in Osaka. The goal is to introduce an algorithm for computing a holo-
nomic system of linear (ordinary or partial) differential equations for
the integral of a holonomic function over the domain defined by polyno-
mial inequalities. It applies to the cumulative function of a polynomial
of several independent random variables with e.g., a normal distribution
or a gamma distribution. Our method consists in Grébner basis com-
putation in the Weyl algebra, i.e., the ring of differential operators with
polynomial coefficients. In the algorithm, generalized functions are in-
evitably involved even if the integrand is a usual function. Hence we
need to make sure to what extent purely algebraic method of Grobner
basis applies to generalized functions which are based on real analysis.
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§1. Introduction: aim and an example from statistics

A univariate function is called holonomic if it satisfies a (non-trivial)
linear ordinary differential equation. Special functions such as the hy-
pergeometric function or the Bessel function are holonomic, as well as ra-
tional functions and their exponential and logarithm. As is well-known,
the solutions of a linear ordinary differential equation constitute a finite
dimensional vector space.

A D-module is a system of linear (partial or ordinary) differential
equations with polynomial (or analytic function) coefficients. There is
a special class of D-modules which are called holonomic, the solution
spaces of which are finite dimensional vector spaces. This notion was
introduced by Mikio Sato and J. Bernstein independently. Bernstein
[2], [3] introduced a special class of linear partial differential equations
with polynomial coefficients which was called the Bernstein class in [4].
On the other hand, Sato and his collaborators M. Kashiwara, T. Kawai
[31] introduced the notion of a holonomic system, which was called at
first a maximally overdetermined system, in the category of differential
operators with analytic coefficients.

A holonomic function is a differentiable or a generalized function
which is a solution of a holonomic system. For example, exp(f) = ef is
a holonomic function for any polynomial f = f(z1,...,2,). In statis-
tics, most of important probability density functions, such as those of the
multivariate normal distribution and the gamma distribution are holo-
nomic. Our aim is to find a holonomic system which is satisfied by the
integral of a holonomic function over the domain defined by polynomial
inequalities.

As an example, let us consider the integral

1

F(t)= —
(t) =5 .

exp(f%(x2+y2)) dzdy, D(t) = {(x,y) € R* | zy < t}.
It can be regarded as the cumulative distribution function of xy with
(z,y) being a random vector with the two dimensional standard normal
(Gaussian) distribution. Let us introduce the Heaviside function Y (¢)
such that Y(¢t) = 1 for ¢ > 0 and Y (¢) = 0 for t < 0. (One does not
need to mind the value at ¢ = 0.) Y(¢) is discontinuous at ¢ = 0 and
its derivative Y (t) as a generalized function coincides with Dirac’s delta
function §(t). As a generalized function, §(¢) vanishes outside of t = 0
and t§(t) = 0 holds everywhere in R.
By using the Heaviside function, we rewrite F(t) as

1

F(t) = o o exp(fl(x2 + y2))Y(t — zy) daedy.

2
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Differentiation under the integral sign yields

1

o) =F0=5- |

1
exp(—§(x2 + y2))6(t — zy) dady.

1
The integrand u(zx,y,t) := e><p<—§(x2 + y2)>5(t — zy) satisfies a holo-

nomic system
(Oy + 20, +yY)u= (0 +yo, + x)u=(t —zy)u=0

with 9, = 0/0x, 0, = 0/0y, 0y = 0/0t as is easily checked. The
integration algorithm for D-modules (see 5.2) outputs an answer

(1) (t0? + 0, — t)u(t) = 0.

In fact, we have an equality

YO0y + 0; +y) — y(0s + Y0y + x) + (07 — 1)(t — xy)
= —0,y + 0yy0; +t07 + 0y — t

in the ring of differential operators. Since the differential operator on
the left-hand side annihilates u(z,y,t), we get

(t0} + 0, — t)u(t) = % / (t0? + 0, — t)u(x,y,t) dedy
R2

1 1
= = | Ou(yu(z,y,t) dedy — — | 8, (ydsu(x,y,t)) dedy = 0.
37 e (yu(z, y, 1)) dedy — o . y (yOru(z, y, t)) dedy
The integrals on the last line vanish since yu(x,y,t) and yoyu(x,y,t) are
‘rapidly decreasing’ in x,y; this reasoning shall be made precise in 4.3.
It follows that w(z) := v(—iz) satisfies the Bessel differential equa-
tion )
d*w dw
2 2, _
z 2 + ZE +z7w = 0.
Together with the property that v(t) — 0 as t — +o00 and v(—t) = v(¢),
this implies

o(t) = CHM Gl (t#£0)

with some constant C', where H, él) (z) is a Hankel function. This fact was
observed, for example, by Wishart and Bartlett [36] as a special case.
Note that v(t) is discontinuous at ¢ = 0 but is integrable and satisfies
(1) in the sense of generalized functions on the whole real line R.
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It also follows from (1) that the characteristic function, i.e., the
Fourier transform

0 1
(1) = / e"Tu(t) dt = / exp (iTxy — (2% + y2)) dxdy
- 2

— 00

satisfies a differential equation

(7% 4+ 1)—=0(7) + 70(1) = 0.

d
dr
Together with ©(0) = 1, this implies 4(7) = (72 + 1)~/2. Thus we get
an alternative expression

v(t) = Vi (t +140) + V_(t — i0) = 6l_i>13rr10(V+(t +ig) + V_(t —ig))

as a hyperfunction of Mikio Sato ([30]) with

. 10 —i(t+1i
s, [0 S

d
2m g

L (il
V_(t+is) = 2_/ exp(~ilt +is)7) Z(;:S)T) dr,
i 0 T

where V, (t+is) and V_(t+1is) are holomorphic functions of ¢+is on the
upper half plane s > 0 and on the lower half plane s < 0 respectively.

In general, for a holonomic function w(z,y) with x = (x1,...,2,)
and y = (y1,...,Yd), let us consider the integral

v(y) :/D( )u(m,y)dw1~-~dxn,
D(y)={z eR" | fj(z,y) 20 (1<j<m)}

with real polynomials fi,..., f, in (z,y). We rewrite it as

o) = [ wle )Y (@)Y ) dan - da,

and apply the D-module theoretic integration algorithm to obtain a
holonomic system for v(y), assuming that the integrand and its deriva-
tives are ‘rapidly decreasing’ with respect to the integration variables x.
In the process, we also need an algorithm to compute a holonomic sys-
tem for the product uY (f1)---Y(fm) as a generalized function. Then
the D-module theory assures us that the obtained system of differential
equations for v(y) is holonomic.
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Finally, let us remark that we cannot use differential operators with
rational function coefficients since generalized functions are involved in
the computation. For example, x9,Y (z) = 0 does not imply 9,Y (z) =
d(z) = 0; we cannot factor out x.

The organization of this article is as follows:

Section 2 is a hopefully concise exposition on the very beginning of
the D-module theory; the central subject is holonomic D-modules. More
advanced topics such as D-modules with regular singularities are not
treated. The presentation is almost self-contained with some arguments
and examples supplied in the next section after armed with Grébner
bases.

In Section 3, we introduce Grobner bases over the ring of differential
operators. One point is that we can compute Grobner bases with respect
to arbitrary monomial orders that are not necessarily well-orders, which
will be needed in the integration algorithm. We also describe first ap-
plications of Grobner bases to D-module theory: computation of the
characteristic variety, and a proof of the equivalence of the two defini-
tions of holonomicity introduced in the previous section.

In Section 4, we briefly review the theory of distributions in the sense
of generalized functions from our viewpoint, with mention of the relation
with statistical distributions. Especially, we introduce some classes of
distributions which are adapted to our integration algorithm developed
in the following sections.

Section 5 is a review on the integration of D-modules both from
theoretical and algorithmic viewpoints; the material should be more or
less standard by now.

In the first subsection of Section 6, we give some examples of inte-
grals which correspond to random variables with respect to the multi-
variate standard normal distribution such as the example above. In a
somewhat technical subsection 6.2, we introduce an algorithm to com-
pute a holonomic system for the product of complex powers of polyno-
mials and a holonomic function. This enables us to compute, in 6.3,
a holonomic system for the integral of a holonomic function over the
domain defined by arbitrary polynomial inequalities. Finally in 6.4, we
treat the integral of a function with some auxiliary parameters which
satisfies a holonomic difference-differential system.

The author would like to express his deepest gratitude to the orga-
nizers of MSJ SI 2015, especially to Takayuki Hibi, for the invitation and
the encouragement. At the same time, the author is grateful to Akimichi
Takemura and Nobuki Takayama also for drawing his attention to statis-
tics; their influence is reflected in the appended last phrase of the title.
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§2. Basics of D-module theory

We review the theory of D-modules, more precisely, of modules over
the Weyl algebra, which was initiated by J. Bernstein [2], [3]. A stan-
dard reference is the first chapter of [4]. A D-module corresponds to a
system of linear (ordinary or partial) differential equations with poly-
nomial coefficients. The notion of holonomic modules, also called the
Bernstein class of modules, and its characterizations are most essential.
We remark that the notion of holonomic modules over the ring of dif-
ferential operators with complex analytic coefficients was independently
introduced by M. Sato, T. Kawai, and M. Kashiwara [31].

2.1. The ring of differential operators

Let K be an arbitrary field of characteristic zero. We denote by
Klz] := K[z1,...,2,] the ring of polynomials in indeterminates
x = (x1,...,2,) with coefficients in K. A derivation 6 : K[z] — K[z] is
a K-linear map that satisfies

0(fg) =0(f)g+ fo(g)  (Vf, g € Kz]).

The set DergK[z] of the derivations constitutes a K[z]-module. For
i=1,...,n, define a derivation 9; = 0., by the partial derivative

of
Bxi

Then 04,...,0, are a K[z]-basis of DergK[z]. In fact, if § € DergK[z],
then it is easy to see that

0; + Klz]> fr— € Klz].

Let EndgK|z] be the K-algebra consisting of the K-linear endo-
morphisms of K[z]. The ring D,, is defined to be the K-subalgebra of
EndxK]z] that is generated by K[z] and DerxK[z], or equivalently, by
T1,...,T, and Oy,...,0,. This ring D, is called the ring of differential
operators in the variables x = (21, ..., 2,) with polynomial coefficients,
or, more simply, the n-th Weyl algebra over K.

An element a = a(z) of K[z] is regarded as an element of D,, as the
multiplication operator f +— af for f € K[z]. With this identification,
D,, contains K[z] as a subring. The ring D,, is a non-commutative K-
algebra. In fact, for a € K[z] regarded as an element of D,,, the product
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in D,, satisfies

da

0;a = ad; + 0;(a) = ad; + — ,=1,...,n).
a=ad; +0i(a) =a +[“)xi (i n)

For a multi-index o = (a1,...,a,) € N* with N = {0,1,2,...},
we use the notation z® = z{*---z0», 9% = 0% = 9O --- 09", and

|| = a1 + -+ 4 a,. Then an element P of D,, is uniquely written in a
finite sum

P =P(z,0) = Z o p2°0” = Z ag(x)d?

Oé,ﬁGN" ,BGN”

with aq 3 € K and ag(z) = Y, aa,pz®, which is called the normal form
of P. In fact, ag(z) are uniquely determined by the action of P on K[z]
as follows: First we have a(,...0)(z) = P1. Next, we have

a(1,0,...,0) (z) = Pxy — a(o,..., o)(fc)fh

and so on. Here we need the assumption that the characteristic of K is
zZero.

Introducing commutative indeterminates £ = (&1, ..., &,) which cor-
responds to 0, we associate with this P a polynomial

P(z,) = Y aapz®e €K, =Kz, ., 20,0 6]

a,BeN™

and call it the total symbol of P. Note that P must be in the normal form
when ¢ is substituted for 0. By this correspondence, D, is isomorphic
to K[z, £] as a K-vector space but not as a ring.

The product R = PQ in D,, can be effectively computed by using
the Leibniz formula

®  Reo-Y (%) Peo(5) Qwo

veNn
in terms of total symbols, where we use the notation v! = v4!---v,! for
v=(v1,...,v,) € N"

Example 2.1. Set n = 1 and write x = x; and 0 = 0,. Consider
the product R := 0™x™ with a non-negative integer m. Since the total
symbols of 0" and z" are £™ and x™ respectively, the Leibniz formula
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(2) gives the total symbol R(z,§) as

R@o-3 L <§§)”5m- @)xm

v=0
1 2 em—v, m—v
:§:ﬁ{mW%7D~(mfy+D}f amv.
v=0 '
This implies
m,.m S 1 m—v am—v
omx zzom{m(m—l)--~(m—u+1)}2x amTr.

Exercise 1. Show that an element P =35 ap(x)0® of D,, with
ag(x) € K[z] defines the zero endomorphism of K[z] if and only if
ag(xz) = 0 for any .

Exercise 2. Prove the Leibniz formula (2).

Exercise 3. Set n = 1 and z = z1, 0 = 0;. For a positive integer
m, prove the formulae

2O = xd(xd—1) -+ (xd—m+1), I"z™ = dx(0x+1)--- (Ox+m—1).

2.2. The D-module formalism

Given Py, ..., P. € D,, let us consider a system of linear (partial or
ordinary) differential equations

(3) Pu=---=Pu=0

for an unknown function uw. Let I := D, P; +---+ D, P, be the left ideal
of D,, generated by Pi,..., P.. Then (3) is equivalent to

Pu=0 (YPeI).

Here we suppose that the unknown function u belongs to some ‘function
space’ F which is a left D,,-module.

For F to be a left D,-module, it is necessary that any function
f belonging to F be infinitely differentiable and multiplication ah by
an arbitrary polynomial a € K[x] make sense. Here are examples of
‘function spaces’:

Example 2.2. By the definition, K[z] has a natural structure of
left D,-module since D, is a subalgebra of EndgK][z]. So K[z] has two
structures: a subring of D,, and a left D,-module. Hence for f € K][z]
and P € D,,, Pf has two meanings:
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e Pf asthe product in D,, with f regarded as an element of the
subring K] of D,,.

e Pf as the action of P on the element f of the left D,-module
K[z]. In other words, we regard f as a function subject to
derivations.

This might cause some confusion. In [29], the action of P on an element
f of a left D,-module is conspicuously denoted P e f for distinction.
We shall denote, if needed, Pf = P(f) to clarify the action of P on f,
and Pf = P - f to emphasize that it is the product in D,,, following the
traditional notation in D-module theory.

Example 2.3. The field K(z) = K(z1,...,,) of rational functions
has a natural structure of left D,,-module. For a point a = (ay,...,a,)
of the affine space K", the set K[x], of regular functions at a, i.e., the
elements of K(x) whose denominators do not vanish at a, also has a nat-
ural structure of D,-module. More generally, the localization K[z][S™!]
by a multiplicative subset S of K[z] is also a left D,,-module.

Example 2.4. Set K = C. Let C*(U) be the set of the complex-
valued C*° functions on an open set U of the n-dimensional real Euclid-
ean space R"™. Then each 0; acts on C*°(U) as differentiation and z; as
multiplication. This makes C°°(U) a left D,-module. Let C5°(U) be
the set of C*° functions on U with compact support. More precisely,
f € C=(U) belongs to C5°(U) if and only if there is a compact subset
K of U such that f(z) =0 for any z € U \ K. Then C3°(U) is a left
D,,-submodule of C*(U).

Other examples of such F with K = C are the set O(2) of holomor-
phic functions on an open subset € of C", the set D’(U) of the Schwartz
distributions on an open subset U of R™, and the set S"(R™) of tempered
distributions, which shall be introduced later, as well as the set B(U) of
the hyperfunctions (of Mikio Sato) on an open subset U of R™.

Now for a left ideal I of D,, consider the residue module
M := D, /I, which is a left D,,-module generated by the residue class 1
of 1 € K[z] C D,,. Fix a left D,-module F as your favorite function
space. A map ¢ : M — F is D,-linear, or a D,,-homomorphism, if

pu+v)=eu)+ o), @Pu)=Pp(u) (Vu,ve M, VP € D,).

Let Homp, (M,F) be the set of the D,-homomorphisms of M to F,
which is a K-vector space. Since M is generated by 1 as left D,,-module,

¢ € Homp, (M, F) is uniquely determined by ¢(1) € F. On the other

hand, for ¢ to be well-defined, it is necessary and sufficient that (1) be
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annihilated by I, i.e., Pp(1) = 0 for any P € I. In conclusion, we have
a K-isomorphism

Homp, (M,F)3>¢p+-— o) e {f € F|Pf=0 (VPeI)}.

For an element u of a left D,,-module F, we define the annihilator
of u in D,, to be the left ideal

Amp u={P €D, | Pu=0}.
Then we have
I=Amp 1={PeD,|Pl=0e M}

by the definition.

We started with a left ideal I of D,, generated by given Py,..., P, €
D,, and considered a left D,,-module M = D,,/I. We can argue in the
reverse order: Let M be a finitely generated left D,,-module and let
Uy, ..., U,y € M be generators of M, i.e., assume that for any u € M,
there exist P, ..., P, € D,, such that u = Piuj + --- + Ppu,,. Set

N:{(Pl”Pm)e(Dn)m|P1u1++Pmum:0},

which is a left D,,-submodule of the free module (D,,)™.

Since D,, is a left (and right) Noetherian ring (this can be proved
by using a Grébner basis in D,,), N is also finitely generated over D,,.
Hence there exist

Qi=(Qi,---,Qim) € (Dn)™  (i=1,....7)

which generate N as left D,-module. Then we have an exact sequence
of left D,,-modules

(4) (Do) -2 (D)™ 25 M — 0,

which is called a presentation of M. Here ¢ and v are homomorphisms
of left D,-modules defined by, for P; € D,,,

o((Pry...,Py)) = Pius + -+ + Ppup,
Qi - Qum
V(P B))= (P P | :
Qri -+ Qrm
and N = ker ¢ = im ) holds.
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From (4) we get an exact sequence

0 — Homp, (M, F) 2= Homp, (Dn)™, F) 5 Homp, ((Dy)", F).

Since Homp, ((D,)™,F) is isomorphic to F™, this yields

0 —s Homp, (M, F) 2 Fm Y5 Fr.

Regarding the elements of F™ as column vectors, we have, for
h € Homp, (M, F) and fi,..., fm € F,
h(u1) bil Qu - Qum bil
e h)y=1 =+ |, ¥ : =1 : : :
h(um) fm er e Qrm fm

Hence we have an isomorphism

HOHan (M, ]:)

%Kerw*:{t(f1,...,fm)€fm|ZQijfj=0 (izl,...,r)}
j=1

as K-vector space. Note that the generators uy, ..., u,, of M also satisfy
the same equations

m
ZQU‘U]‘:O (7::1,...,7")
j=1

in M. In this way, we can regard a finitely generated left D,,-module M
as a system of linear differential equations for unknown functions in a
function space which correspond to generators of M.

Example 2.5. Let us consider K[z] as a left D,,-module. Since D,
contains K[z] as a subring, K[z] is generated by 1 as a left D,-module.
For P € D,,, there exist Q1,...,Q, € D, and r(z) € K[z] such that

Then the action of P on 1is P(1) = r(z), which vanishes if and only if
r(z) = 0. This implies K[z] = D,,/(D,01 + - - - + D,,0,) and a presenta-
tion of K[z] is given by

n H(01,...,0n)

(Dy) D, % Klz] — 0
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with ¢(P) = P(1). In the same way we can show
Homp, (Kjz], F)={feF|of=-=0,f =0} =K
for F = Klz], K(z), K[z]gs, or for F = C*°(U) with an open connected
set U of R" if K = C.
Exercise 4. Confirm the formulae above for % and ™.

~

Exercise 5. Construct a C-isomorphism Homp, (Clz],C>®(U)) =
C for an open connected set U of R™, where D,, is the n-th Weyl algebra
over C. What happens if U is not connected?

2.3. Weight vector and filtration
A weight vector w for D,, is an integer vector
W= (W1,...,Wp;Wpy1," " , W) € z*"

with the conditions w; + w,4; > 0 for ¢« = 1,...,n, which are necessary
in view of the commutation relation 0;x; = x;0;+1 in D,,. For a nonzero
differential operator P of the form P =37 5 yn Ao, pr*0P we define its
w-order to be

ord, (P) = max{(w, (, B)) | aa,s # 0}
with
(w, (a, B)) := wia1 + -+ + WnOn + Wns1 1 + -+ + wanfn.
We set ord,, (0) := —oco. A weight vector w induces the w-filtration
FY (D) :={P € D, |ord,(P) <k} (keZ)

on the ring D,,. In general, for two K-subspaces V, W of D,,, we denote
by VW the K-subspace of D,, spanned by products PQ with P € V and
QeWw.

The w-filtration satisfies the properties:

FI:}(D”) CFé”+1(Dn)7 UFlév(Dn):Dm
keZ
L€ F’(Dn),  FP(Dn)F(Dn) C Fy(Dy), ) F¥(Dy) = {0}.
kEZ

The w-graded ring associated with this filtration is defined to be

gt (Dn) == @gr%}(l)n), gty (Dn) == (Dy)/ F_1 (D).
keZ
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Let P be a nonzero element of D,, with m := ord,,(P). Then we
denote by ¢ (P) the residue class of P in gr{(D,,) C gr*(D,,). We set
o™ (0) = 0. It is easy to see that o*(PQ) = c¥(P)oc*(Q) holds for any
P,Q € D,, by using the Leibniz formula.

If w; + wyys > 0, then the w-order of 0;x; — x;0; = 1 is zero while
that of x;0; is positive. Hence % (x;) and ¢ (9;) commute in gr*’(D,,).
In this case, we denote o®(x;) and o®(9;) simply by z; and &; regarding
these as commutative indeterminates.

On the other hand, if w; + wy4; = 0, then we have

o (0;)0" (x;) — o™ ()0 (0;) =1
in gr*(D,,), the same commutation relation as that for z; and 9; in D,,.
Hence we will denote 0% (z;) and ¢ (9;) by x; and 0; for simplicity.

Lemma 2.6. Assume that w; > 0 holds for i = 1,...,2n, or else
|wi| <1 and w; + wpt; = 0 hold for i =1,...,n. Then F}*(D,) is a
finitely generated left (and right) F}'(Dy,)-module for each integer k.

Proof. First, suppose w; > 0 for all i. Then for any positive integer
k, F}(D,,) is generated over F§’(D,,) by the finite set

{z20P | (w, (o, B)) =k, a; =0 if w; = 0, B; = 0 if wpy; = O}.

Now suppose |w;] < 1 and w; + wp4; = 0 for i = 1,...,n. We
may assume w; > 0 for 1 < i < n by exchanging z; and 0; if necessary.
Each element of D,, is expressed as a linear combination of a finite set of
‘monomials’ of the form z®9%. If ((wy,...,wy),a) > ((wy,...,wy,),3),
then there exists v € N™ such that o« —y € N” and

((wyy. . wn),a—7) = (wi,...,wy), ).

Then the w-order of 29% = x72*=79% is ((wy,...,w,),7) > 0 and
279" belongs to F’(D,,). Hence F{*(D,,) is generated by a finite set

{xfy | <(w17"'vwn)77> =k, v=0if w; = 0}
over F'(D,,) if k > 0. Likewise, F{*(D,,) is generated by a finite set
{a’y | <(wn+17 cee 7w2n)77> = k7 Vi = 0 if W44 = 0}

over F*(D,,) if k < 0 since D,, is spanned by 9°z. Q.E.D.

Lemma 2.7. Assume |w;| < 1 for 1 < i < 2n. Then for integers
J,k one has F}*(Dy)Fyf(Dy) = F4 . (Dy) if § > 0, k >0 or else j <0,
k <O0.
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Proof. The statement is easily shown if each component of w is 1
or 0. We can argue componentwise. Assume w; = —1, and consequently
Wp4+; = 1. Suppose the w-order of xf‘@f is 7 + k with 5,k > 0. This
means 3; — a; = j + k and consequently k < $;. Then 0¥ belongs to
Fy(D,,) and x;’iazﬁi*k to Fj(Dy). The case j,k <0 is similar. Q.E.D.

Note that the lemma above does not hold in general without the
assumption on w. For example, if n = 1 and w = (1;2), then 9; belongs
to Fy(D) but does not belong to Fy(Dy)Fy(Dy).

The Rees algebra R™(D,,) associated with the w-filtration is defined
by

R"(Dy) == @ F(D,)T* C D,[T]
kEZ

with an indeterminate 7. We have isomorphisms
(5) RY(Dn)/(T = 1)R¥(Dyn) = Dy, RY(Dyn)/TRY(Dy) = gr*(Dn)

as K-algebra. Note that D,,, gr*’(D,,), and R¥(D,,) are left (and right)
Noetherian rings. This can be proved by using Grobner bases which will
be introduced in the next section.

Let M be a left D,-module. A family {F}(M)}rez of K-subspaces
Fi, (M) of M is called a w-filtration on M if it satisfies

(1) Fu(M) C Foyr(M) for all k € Z,
2) | Fe(M) = M,

keZ
(3) FP(Dn)F(M) C Fjpx(M) for all j,k € Z.

For a w-filtration {F} (M)}, let

er(M) = Perp(M),  gry(M) := Fi(M)/Fi_1(M)
kez

be the associated graded module, which is a left gr*’(D,,)-module.

Definition 2.8. A w-filtration {F}, (M)} of a left D,,-module M is
called good if there exist a finite number of elements u; € Fy, (M) and
ki € Z (i =1,...,m) such that

Fp(M) = F . (Do)us + -+ F). (Dp)um  (Vk € Z).

It follows from the definition that a left D,-module M has a good
w-filtration if and only if M is finitely generated over D,,. The following
lemma is also an immediate consequence of the definition:
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Lemma 2.9. Let {F(M)} be a good w-filtration on a left D,,-
module M. Let N be a left D,-submodule of M. Define a w-filtration
on M/N by

Fo(M/N) = Fy(M)/(Fy(M) 0 N) € M/N.
Then {F,(M/N)} is a good w-filtration on M/N.

Lemma 2.10. Let {F} (M)} and {F] (M)} be w-filtrations on a left
D,,-module M. Assume that {F,(M)} is good. Then there exists an
integer | such that Fy(M) C Fy_ (M) for any k € Z.

Proof. There exist u; € F, (M) such that
Fp(M) = Fi  (Dp)uy + -+ + F . (D)t (Vk € Z).

There exists an integer { such that each u; belongs to Fy(M). Then we
have

Fy(M) C F (D) F/ (M) + -+ + Fpy, (Dn)F (M) C Fy_y (M)
with ko := min{k, ..., kn}. Q.E.D.

Proposition 2.11. Let {F,(M)} be a good w-filtration on a left
D,,-module M. Then

(1)  The associated graded module gr(M) is finitely generated over
gr(Dy,). In particular, each homogeneous component gr;, (M)
is a finitely generated gry (D, )-module if w satisfies the as-
sumption of Lemma 2.6.

(2) Ifw; >0 for all i, then {Fy,(M)} is bounded below; i.e., there
exists ko € Z such that F,(M) = {0} for any k < ko.

Proof. (1) By the assumption, there exist uq,...,u,, € M such
that

(6)  Fu(M) = Fy (Du)us + -+ Fiy (Da)um  (Vk € Z).

Hence for any u € Fj.(M) \ Fj.—1(M), there exist P; € Fy’, (D) such
that

u=Pius + -+ Ppup,.
Let u be the residue class of u in gry, (M) and u; be that of u; in gr, (M).
Set P; = 0% (P;) if ord,(P;) = k — k;, and P; = 0 otherwise. Then we
have

U=Pius + - + Py,
in gr(M). Hence gr(M) is generated by w; (1 <i < m) over gr*’(D,,).

(2) We have Fy,(M) =0 for k < min{kq,...,kn} in view of (6) and

F_1(D,) = {0}. QED.
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Proposition 2.12. Regard L = (D,)™ as a free left D, -module.
Fizing integers ly, ..., 1y, set

Fu(L) = F, (Dp)er + -+ F, (Doem (k€ Z)

with e; = (1,0,...,0), ..., e, = (0,...,0,1) € Z™. Let N be a left
D,,-submodule of L and assume P; = (P,...,Pyn) € L (i =1,...,q)
generate N and, at the same time, their residue classes Py, ..., Py, in

gr(L) generate the graded submodule gr(N) of gr(L), which is associated
with the induced filtration {F,(L)NN}. Suppose P; € Fy,,(L)\ Fi,—1(L).
Under these conditions,

Fi(L)NN = F 4 (Dp)Py+ -+ + F* . (Dy)Pr,

holds for any k € Z. In particular, {F(L) N N} is a good w-filtration
on N. Moreover, if w; > 0 for all i, the assumption that P; generate N
18 not necessary.

Proof. This is standard in the case w; > 0 for all ¢, which will suffice
for the application in the next subsection. In fact, for any element P of
Fy.(L) NN, there exist Q; € Fy”, (D) such that

q
P-> QP € Fy1(L)NN
i=1

by the assumption. Then we can conclude by induction on k since
Fy(L) = {0} for sufficiently small k. For the general case we need the
completion with respect to the filtration; see the proof of Theorem 10.6
in [27] for details. Q.E.D.

The following is an analogue of the Artin-Rees lemma in commuta-
tive algebra:

Proposition 2.13. Let M be a finitely generated left D,,-module
and {F(M)} be a good w-filtration on M. Let N be a left D,,-submodule
of M. Then the induced filtration {N N Fi(M)} on N is good.

Proof. By the assumption, there exist uq,...,u, € M such that
Fp(M) = Fi (Dn)uy + -+ + F . (D)t (Vk € Z).
Set L = (D,,)™ and define a D,,-homomorphism ¢ : L — M by
(A, ..., Ap) = Ajur + -+ Apu, (4; € D).
Define a w-filtration on L by
Fp(L) ={(A1,...,An) e L1 Ay € F}! ;. (Dy) (1 <i<m)}.
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Then ¢(Fy (L)) = Fi(M) holds for any k € Z by the construction. Now
N’ := p7}(N) is a left D,-submodule of L and finitely generated since
D,, is Noetherian. Hence Proposition 2.12 (or else Theorem 3.14) assures
the existence of Q1,...,Qp € N and Iy ...,l, € Z such that

F(L)NN'= K2, (Dn)Q1+ -+ Ly (Dn)Qp (VK € Z).
Set L' = (D,,)? and define a D,,-homomorphism v : L' — N’ by
Y(Bi,...,Bp) =B1Q1+ -+ BpQy (B1,...,By € Dy,).
Define a w-filtration on L’ by
Fo(L')y={(B1,...,By) € L' | Bi€ F* (D) (1<i<p)}.
Then we have
(0 0 W) (Fr(L) = p(Fy(L) N N) = Fy(M) (1 N.

In fact, if w belongs to Fi,(M)NN, then there exists @ € Fj,(L) such that
u = ¢(Q) and consequently @ belongs to F,(L)NN’. Thus {F,(M)NN}
is a good w-filtration. Q.E.D.

Exercise 6. Let w € Z>" be a weight vector for D,, and set
d = min{w; +wp4; | 1 <i<n}.

Suppose P € F}¥(D,,) and Q € F}*(D,,) and show that the commutator
[P,Q] := PQ — QP belongs to I}, _;(Dn).

Exercise 7. Set n = 1, w = (=1;1), and M = D;/I with the left
ideal I = D1 (Z‘%al — 1) of Dl. Set

Fy (M) = F (D) /(F (D) N I) - (k€ Z).

(1) Show that {Fy(M)} is a good w-filtration on M.

(2) Show that Fy,(M) = M for any k € Z and that gr(M) = {0}.

Exercise 8. Set n = 1 and regard Kz] as a left Dj-module. Define

Fr(Klz]) = {f € K[z] | deg f < 2k} for k € Z. Then prove the following:

(1) {Fe(Klz])} is a (1; 1)-filtration on K[z].

(2) The associated graded module gr(K]z]) is not finitely generated
over grlti)(Dy).

(3)  {Fr(Kz])} is not a good (1; 1)-filtration, but it is a good (2; 1)-
filtration.

Exercise 9. Prove the K-algebra isomorphisms (5).
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2.4. Holonomic D-module and characteristic variety

Following J. Bernstein [2], [3], let us define the notion of holonomic
system by using the weight vector (1;1) = (1,...,1;1,...,1) € Z".

Let M be a finitely generated left D,-module and {F} (M)} a good
(1;1)-filtration on M. Note that gr(¥V)(D,,) is isomorphic to the poly-
nomial ring Kz, £] as a graded ring in which indeterminates z1, ..., Z,,
&1, ..., &, are all of order one. By Proposition 2.11, gr(M) is a finitely
generated graded K[z, {]-module and each gr, (M) is a finite dimensional
K-vector space. Moreover, grl1)(D,,) is generated by grgl;l)(Dn) as K-
algebra.

In this situation, it is well-known in commutative algebra (see e.g.,
[5], [8]) that there exist a (Hilbert) polynomial H (k) = Z;l:o ciki € QK]
and an integer ko such that

H(k) = dimg gr;(M) = dimg Fy(M)  (Vk > ko)
J<k
and that dlcg is a positive integer.

Proposition 2.14. The leading term cqsk® of H(k) does not depend
on the choice of a good (1;1)-filtration {F,(M)}. Hence it is an invari-
ant of a finitely generated left D,,-module M. The degree d of H(k) is
called the dimension of M and denoted dim M. The multiplicity of M
1s defined to be the positive integer dlcy and denoted mult M.

Proof. Let {Fi(M)} and {F}(M)} be two good (1;1)-filtrations
on M. There exist polynomials H(k), G(k), and an integer kg such that

dimg Fp(M) = H(k), dimg FL(M)=G(z)  (Vk > ko).

On the other hand, by Lemma 2.10, there exists a non-negative integer
k1 such that

F{_. (M) C Fy(M) C Fj,,, (M) (VkeZ).

Hence we have G(k — k1) < H(k) < G(k + k1) for any k > ko. This
implies that the leading terms of H (k) and of G(k) coincide. ~ Q.E.D.

Example 2.15. Since

2n+k\ 1
2n ) (2n)!

the dimension of D,, as a left D,, module equals 2n, and the multiplicity
is one.

dimg F,El;l)(Dn) = ( E*™ 4 (lower degree terms in k),
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Theorem 2.16 (Bernstein’s inequality). If M is a finitely generated
nonzero left D,,-module, then dim M is greater than or equal to n.

Proof. We follow the argument in §30 of [12], which is based on a
lemma by A. Joseph. Let {F) (M)} be a good (1;1)-filtration on M. We
may assume Fy(M) # {0} and F_; (M) = {0} by shifting k if necessary.
Let us define a K-homomorphism

Uy, : FYY(D,) 3 P Wy (P) € Homg (Fy (M), Far(M)),

where Uy (P) denotes the natural K-homomorphism P : Fi(M) —
F,(M). Let us show that Wy is injective by induction on k. First,
U, is injective since Fél;l)(Dn) = K. Now assume U, is injective if
j < k—1. Let P be a nonzero element of F,il;l)(Dn). We may as-
sume P ¢ K since ¥y (P) # 0 otherwise. Then, we have [P, ;] # 0 or
[P, x;] # 0 with some 4. In fact, [P, d;] = PO; — 0; P vanishes if and only
if P does not contain x;, and [P, x;] vanishes if and only if P does not
contain 0.

First assume [P, ;] # 0. Since [P, ;] belongs to F,Efll)(Dn), there
exists an element u of Fj_1(M) such that [P, 9;Ju # 0 by the induction
hypothesis. Hence either PO;u # 0 or Pu # 0 holds. Since u and O;u
belong to Fj (M), this shows ¥y (P) # 0.

The case [P, z;] # 0 can be treated similarly with d; replaced by x;
in the argument above. Thus we have proved that ¥y is injective for
k > 0. From this we obtain

dimg F"V(D,,) < dimg Homg (Fy. (M), Fay,(M))

There exists a polynomial H (k) such that H (k) = dimg Fj, (M) for suf-
ficiently large k. Thus we have

2n + k

H(k)H (2k) > dimg "D (D,,) = < on

> (VE > 0).
Comparing the degrees in k, we get 2deg H(k) > 2n, consequently
dim M = deg H(k) > n. Q.E.D.

Definition 2.17. A finitely generated left D,-module M is called
holonomic or a holonomic system if dim M < n, that is if dim M = n or
else M = 0.

Example 2.18. Let us show that K[z] is a holonomic left D,,-
module. It is easy to see that

Fp(Klz]) = {f e K[z] [deg f <k}  (k€Z)
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constitute a (1;1)-filtration on K[z]. Moreover, it is a good filtration
since
Fe(Ka]) = > Ka® = FEY (D)1
lo| <k
Tt follows that dim K[x] = n since
n+ k) 1

— k™ + (lower order terms in k).

dimg Fy(K[z]) = ( p

n

Proposition 2.19. Let

0—N-2M5 L —0

be an exact sequence of finitely generated left D, -modules. Then

(1) M is holonomic if and only if both N and L are holonomic.
(2) If M is holonomic, then mult M = mult N + mult L holds,
where we define the multiplicity of the zero module to be zero.

Proof. Let {Fr(M)} be a good (1;1)-filtration on M and set
Fu(N) = o7 (Fu(M)),  Fu(L) = $(Fi(M)).

Then {Fj(N)} is a good filtration on N by Proposition 2.13 and {F} (L)}
is a good filtration on L by Lemma 2.9. Hence the assertions follow from

dimg Fy, (M) = dimg Fy(N) + dimg Fy(L).

Q.E.D.

Let us recall another characterization of a holonomic system by using
the weight vector w = (0;1) = (0,...,0;1,...,1). Let M be a finitely
generated left D,,-module and {F}(M)} be a good (0;1)-filtration on
M. Then gr(M) is a finitely generated K[z, &]-module. Let us denote
by K the algebraic closure of K. In general, for a finitely generated

K[z, &]-module M', its support is the algebraic set of K" defined by
Supp M’ := {(a,b) e K" xK" | My 4y = K[z, (a,p) Okle, M’ # 0},

where K[x,f](a,b) denotes the localization of K[z,&] at (a,b), i.e., the
localization at the maximal ideal corresponding to the point (a,b).

Proposition 2.20. The support of gr(M) does not depend on the
choice of a good (0;1)-filtration {F(M)} on M.
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Proof. We follow the argument of Kashiwara [14]. Let {Fj(M)}
and {F} (M)} be good (0; 1)-filtrations on M and gr(M) and gr'(M) be
the associated graded modules respectively. Then by Lemma 2.10 we
may assume that there exists an integer k; > 0 such that

o, (M) C FL(M) € Fu(M)  (Vk € Z)

by shifting the index of F},(M) if necessary.
Let us argue by induction on k. The case k; = 0 is trivial. Suppose
k1 = 1 and consider the following two exact sequences

0— F(M)/Fx_1(M) — Fp(M)/Fy_1(M) — F,(M)/F.(M) — 0,
0= Fyy(M)/F_, (M) — FL(M)/F{_, (M) — F{(M)/Fy_y(M) - 0.

It follows that

Supp gr(M) = Supp @ F.(M)/F.—1(M) U Supp €D Fi(M)/F{.(M),
keZ kEZ
Supp gr’ (M) = Supp @Fk )/ Fr—1(M)
kEZ
U Supp @kal(M)/Fléfl(M)
keZ

since K[m,f](a’b) is a flat module over Kz, &]. Hence Suppgr(M) and
Supp gr’ (M) coincide.
Now suppose k1 > 2 and set

F{'(M) = Fp_1(M)+ F,(M)  (keZ).

Let gr” (M) be the graded K[z, {]-module associated with the good fil-
tration {F}/(M)}. It follows from the definition

Fr_1(M) C /(M) C Fx(M), Fj_;, (M) C F.(M)cC F/(M)
for any k € Z. By the induction hypothesis, we have
Supp gr(M) = Supp gr” (M) = Supp g’ (M).

Q.E.D.

Definition 2.21. Let M be a finitely generated left D,-module
and {Fj(M)} be a good (0; 1)-filtration on M. Then the characteristic
variety Char(M) of M is defined to be the support Supp gr(M) of the
graded module gr(M) associated with {Fy(M)}.
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Since gr(M) is a graded K[z, £]-module with z, ..., 2, of order zero,
and &1, ...,&, of order one, Char(M) is a homogeneous set with respect
to &; i.e, if (a, b) belongs to Char(M), then so does (a, cb) for any ¢ € K.

The following theorem is proved, e.g., in Chapter 3 of [4] by using a
homological method based on Auslander-Buchsbaum-Serre theorem (cf.
[5], [8]). We will give a more elementary proof in 3.4.

Theorem 2.22. Let M be a finitely generated left D,,-module. Then
the dimension dim M defined through the (1;1)-filtration coincides with
the Krull dimension (not as a graded module) of the K[z, &]-module
gr(M) associated with a good (0;1)-filtration on M.

Especially, M is holonomic if and only if the dimension of the char-
acteristic variety is n or else M = 0. More strongly, it is known that the
dimension of each irreducible component of the characteristic variety is
of dimension > n. This fact was first proved by Sato-Kawai-Kashiwara
[31] in the analytic category, and by Gabber [9] in a purely algebraic
setting. See [33] for extension to general weight vectors.

Example 2.23. Let us regard K[z] as a left D,,-module. Then
Fu(Klz)) = FOY(D)1 (ke )

constitute a good (0; 1)-filtration on K[z]. It is easy to see that Fy(K[z])
= K[z] if ¥ > 0, and Fy(K[z]) = {0} if £ < —1. Hence the associated
graded module is

gr(Kla]) = D Fi(K[a])/ F-1(K(2]) = Ka].
keZ

As a K[z, £]-module, K[z] is isomorphic to K[z, &]/{&1, ..., &), where
(&1,...,&n) denotes the ideal of K[z, £] generated by &1, ...,&,. Hence
we get
—=2n
Char(M) ={(z,§) e K™ | & = -+ =& =0}
Exercise 10. Set M = D,,/D,0{" with a positive integer m and
the coeflicient field K = C.

(1) Give a presentation of the graded module gr(M) associated
with the good (1;1)-filtration

Fi(M) = F"Y(D,) /(FY(D,) N D, 05

and compute dim M.
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(2) Give a presentation of the graded module gr(M) associated
with the good (0; 1)-filtration

Fi(M) = F°M(D,) /(FV(D,) N D,d;")

and compute CharM.

83. Grobner bases in the ring of differential operators

In this section, we quickly review the theory of Grobner bases over
the Weyl algebra. In D-module theory, one often needs a Grobner basis
with respect to a monomial order which is not a well-ordering; for this
we need homogenization technique. A good reference is the first chapter
of [29]. See also [23], [27].

3.1. Definitions and basic properties

Recall that & = (&,...,&,) are the commutative variables corre-
sponding to derivations 0; = 0, (i =1,...,n). Let

M(z,€) = {2°¢" | a, f € N"}

be the set of the monomials in K[z,&]. A total order < on M(z,§) is
called a monomial order for D, if it satisfies

D u<v = ww<vw NMuv,weMx,l)),

(2) 1 <a& forany i =1,...,n.
A monomial order < is called a term order if

(3) 1 <228 for any (o, ) € N2\ {(0,0)}.
This is equivalent to the condition that the monomial order < be a
well-ordering.

Now fix a monomial order <. For a nonzero element

P = Zaaﬁxaaﬁ (aaﬁ S K)
a,f

of D,,, its initial monomial in (P) is defined to be the maximum nonzero
monomial

inS (P) = max <{2°€” | aap # 0}

of P(x, &) with respect to <. Note that in-(P) belongs to K|z, £] instead
of D,, so that monomial ideals make sense.

By using the Leibniz formula and the conditions (1) and (2), we can
verify that in4(PQ) = in<(P)ing(Q) = inc(QP) holds in K]z, &] for
nonzero P,Q € D,,.
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Definition 3.1. Let I be a left ideal of D,,. A finite subset G of
I\ {0} is called a Grébner basis of I with respect to a monomial order
=< if
(1) G generates I as a left ideal;
(2) ing(G@) := {inx(P) | P € G} generates the monomial ideal
in(I) in K[z, &] which is generated by the set {in<(P) | P €
I, P#0).

First, let us recall

Lemma 3.2 (Dickson). Every monomial ideal (i.e., an ideal gener-
ated by monomials) of K[z, &] is finitely generated.

See e.g., 2.4 of [6] for the proof.

Proposition 3.3. For any left ideal I of D,,, and any monomial
order <, there exists a Grobner basis G of I with respect to <. In
particular, D, is left Noetherian.

Proof. Let G be a finite generating set of I. Since ins(I) is a
monomial ideal of K[z, ], there exists a finite set G’ of I such that
{in<(P) | P € G’} generates in(I) by Lemma 3.2. Then GUG' is a
Grobner basis of I with respect to <. Q.E.D.

For a term order, we can compute a Grobner basis of I by using
division and Buchberger’s criterion applied to D,,.

Now let w € Z*" be a weight vector for D,, (see 2.3). A monomial
order < on M(x,€) is adapted to w if

2" <2 = (w, (0, 8)) < (w, (o, B)).

There exists a term order that is adapted to w if and only if w; > 0 for
any i = 1,...,n.

For an arbitrary monomial order < for D,,, define another monomial
order <,, by

26 <, 2" & (w, (o, B)) < (w,(,B'))
or ((w, (@, B)) = (w, (/, #')) and 2°¢° < 2*'¢%).

Then <, is adapted to w.

Recall that the residue class in grj’(D,,) of P € Fj(D,,) \ Fr—1(D,,)
is denoted by o (P) (it is denoted by in,,(P) in [29]). For a nonzero ele-
ment P of gr**(D,,) and a monomial order < for D, the initial monomial
in4(P) is defined as a monomial in K[z, £].

The following is an immediate consequence of the definitions.
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Lemma 3.4. If a monomial order < for D,, is adapted to a weight
vector w for D, then one has ing(c"(P)) = in<(P) for any nonzero
element P of D,,.

The following proposition enables us to look at w-filtrations of left
D,-modules from a computational viewpoint. Note that the weight
vector w may have negative components and hence the monomial order
< Mmay not be a term order.

Proposition 3.5. Let w be a weight vector for D,, < be a term
order, and I be a left ideal of D,,. Let G be a Grobner basis of I with re-
spect to <y,. Then gr(G) := {c™(P) | P € G} generates over gr(D,,)
the graded ideal

g (1) == DU N Y (Dw)/(I N Ly (Da))
kEZ

assoctated with the induced filtration {F}"(Dy) N1} on I.

Proof. Set G ={Py,...,P.}. We denote by (¢ (G)) the left ideal
of gr*(D,,) generated by ¢*(Py), ..., 0“(P.). Let P be a nonzero
element of I. Let m be the w-order of P. We have only to show that
o (P) belongs to (¢"(G)).

By the assumption, the monomial in(c*(P)) = in, (P) belongs
to the monomial ideal (in (G)) generated by in-, (G). Hence there
exist @1 € D,, whose total symbol is a monomial, and iy € {1,...,r}
such that

in4 (0" (P)) = inx, (Q1)inx,, () = in, (Q1F;,).

In particular, the w-order of Ry := P — Q1 F;, is < m. If ord,(R1) < m,
then 0¥ (P) = o¥(Q1)0" (FP;,) belongs to (gr*(G)) and we are done.
Assume ord,,(R1) = m. Then we have

0"(R1) =0"(P) —0"(Qu)0"(P;,),  ing,(R1) <ing,(P)

and R; belongs to I. Since the order <., restricted to {(a, ) € N7 |
(w, (v, B)) = m} coincides with <, which is a well-order, this process
terminates and we obtain finite number of operators Qi,...,Q; and
i1y...,4 € {1,...,7} such that

R :=P— Ey%Perﬂ n)s ordy(Q;) + ordy(Pi,) = m

for 1 < j <. This implies o%(P) = Zj 10%(Q;)a"(P;;) belongs to
(0“(G))- Q.ED.
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Definition 3.6. Let I be a left ideal of D,,. A finite subset G of
I'\ {0} is called a w-involutive basis of I if the following two conditions
hold:

(1) G generates I over D,,.

(2) o“(G):={c“(P) | P € G} generates gr’(I) over gr’(D,,).

Theorem 3.7. Let I be a left ideal of D,, and set M = D,, /1. Let
=< be a term order for D, and w a weight vector for D, . Suppose that
G ={Py,...,P,} is a Grobner basis of I with respect to <., and set
ki = OI‘dw(PZ‘). Then

(1) G is a w-involutive basis of 1.

(2)  Let o(P) be the residue class of P € D,, in M and : (D)™ —

D,, be the D, -homomorphism defined by

1/)(A1,--~7Am) :A1P1+"'+Ampm (A17~--7Am eDn)-

Then the exact sequence
m ¥ p
(D)™ — D, — M —0

induces, for each k € Z, the exact sequence
P E . (Da) 25 F2(Dy) 25 Fo(M) — 0
=1

with Fy(M) = F2(D,)/(F*(D,) N I).

Proof. (1) is an immediate consequence of Proposition 3.5.
(2) It follows from the definition that ¢y is surjective. Applying
Proposition 2.12 to I and G, we have

Fi(I) := F*(D)NT = F*,. (Do) Pit+F . (D)Pr  (Vk € T).
This completes the proof since ker ¢, = I N FY(D,) = F,(I). Q.E.D.

We can dispense with Proposition 2.12 if G is obtained by the ho-
mogenization introduced in the next subsection (see Theorem 3.14).

Exercise 11. Set [ = D,,04 + -+ + D, 0, and w be an arbitrary
weight vector for w. Show that G := {0y,...,0,} is a w-involutive basis
of I.

Exercise 12. Set n = 2 and P, = 0y, P» = 0 + 05. Let I be the
left ideal of Dy generated by Py and Py. Let w = (w1, wa; w3, wy) be a
weight vector for Do. Show that {P;, P»} is a w-involutive basis of I if
and only if 2ws < wy.
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3.2. Homogenization trick

For a monomial order < in which 1 is not the smallest element,
the division algorithm cannot be performed directly. To bypass this
difficulty, we introduce the (1;1)-homogenized ring. First, recall the
Rees algebra

R(l?l)(Dn) _ @Flil;l)(Dn)Tk
kEZ

of D,, with respect to the (1;1)-filtration.

Let D,(lh) be the K-vector space with the basis {z*9°h* | a, B € N”,
k € N}, where h is a new indeterminate. Define a K-isomorphism
¥ : RAD(D,) = DY by

W(220PTH) = 2297 ph-lel=181,

Note that 2*9°T* € RV (D,,) means |a| + |3| < k.

We can make Dgh) a graded K-algebra by using the graded K-algebra
structure of RY(D,,) via W. Let us call this D) the homogenized
Weyl algebra, which was introduced, in connection with Grobner bases,
by Takayama and Assi-Castro-Granger [1] independently. In fact, D)
was implemented by Takayama in his computer algebra system Kan [34]
as early as 1994.

The image of Fél;l)(Dn)Tk by ¥ consists of the elements of DM
which are homogeneous of degree k in z, 0, h. For an element P of D,

we set
PM = W(PT*) with k := ord(1,1)P,

which is called the ((1;1)-) homogenization of P. For example, since
Dix;T? = (2;0; + 0;)T? holds in R&Y(D,,), we have
@mj = \I’(&iijQ) = \Il(a:lﬁjT2) + 5ij\I/(T2) = xiéj + 51‘]'/7,2

in D). Conversely, the dehomogenization (substituting 1 for h) DM 5
P P|j—1 € D,, defines a ring homomorphism so that (P)|,—; = P
holds for P € D,,.

For elements P, Q) of D,gh), let P(x,&, h) and Q(x,&, h) be their total
symbols defined in a similar manner as in D,,. Then the total symbol of
R := PQ is given by

% (0" o\"
veN® ’

Definition 3.8. An order < on M(x,¢&,h) = {z*¢PhI | a, 8 € N™,
j € N} is called a monomial order for DI if
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1) u<v = w=<vw VYu,v,we Mz, h))

(2) h?<a& foranyi=1,...,n.
A monomial order < is called a term order if 1 < 2*¢PhJ for any o, B € N
and j € N.

Definition 3.9. Let P = Za’&j

of D%h) and < a monomial order for Dgl). Then the initial monomial
in. (P) of P is the monomial z®0¢%0 ko such that

(a07B05j0) = maX-<{(a7ﬂvj) € N2n+1 | Ca,B,j # 0}

The leading coefficient LC< (P) and the leading term LT (P) are defined
to be Cap gojo ANA Cag.f.jo TP hI0 respectively. Note that LT (P)

belongs to DI while in4 (P) belongs to Kz, &, h.

Definition 3.10. Let J be a left ideal of D%h). A finite subset G of
J\ {0} is called a Grébner basis of J with respect to a monomial order
< if
(1) G generates J as a left ideal;
(2) ing(G@) := {inx(P) | P € G} generates the monomial ideal
ing(J) in Kz, &, h] which is generated by the set {in(P) |
PeJ P#0}
Proposition 3.11 (division). Let G = {Py,..., Py} be a finite set
of nonzero elements of Dgh) and < be a term order for Dﬁlh). Then for
any P € D;h), there exist Q1,...,Qm, R € D%h) such that

P:Q1P1++Qmpm+R, 1n<(QjPJ)jln<(P) ZfQJ7£O

and that in4 (R) is not divisible by in4(P;) for 1 < j < m. Moreover, if
G is a Gréobner basis of the left ideal J generated by G with respect to
=<, then R =0 if and only if P belongs to J.

Proof. 'The existence of ¢); and R can be proved by induction in the
well-order <, in the same way as in the polynomial ring. Suppose that G
is a Grobner basis with respect to < and that P belongs to J. If R # 0,
then in_(R) must be divisible by in_(P;) for some j since R belongs to
J. This contradicts the assumption. Hence we have R = 0. Q.E.D.

Ca,p.;2*0Ph be a nonzero element

Definition 3.12. Let < be a term order for D%h). For nonzero
P,Q € DYV, write L1 (P) = az®9®hi and 114(Q) = bz® 0% h* with
a,be K\ {0}. Set

i= (min{ay, @ },...,min{B,, 8, }, min{j, k}).
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Then the S-pair of P and () with respect to < is an element of Dth)
defined by

sp_(P,Q) = ba® ~" 9% =B pk=lp _ qge—o” 98" pilQ.

Theorem 3.13 (Buchberger’s criterion in Df«bh)). Let J be a left

ideal of D;Lh) and < be a term order for Déh). Let G = {Py,...,P,}
be a finite subset of J\ {0} which generates J. Then the following two
conditions are equivalent:
(1) G is a Grobner basis of J with respect to <.
(2) IfspL(P;,Pj) #0 for 1 <i < j<m, then there exist Qi €
D,(lh) such that

spo (P, Pj) = Qij1P1 + -+ 4+ Qijm P,
in<(QijePr) = inc(sps (P, Fy)) if Qg #0 (1 <k <m).

Proof. 'We see that (1) implies (2) by division. Assume (2) and let
P be a nonzero element of I. We have only to show that in-(P) belongs
to the monomial ideal (in~(G)). Let us consider the expression of the
form

(7) P:Q1P1++Qmpm (Qlan?neD'ELh))

Since < is a well-order, we may assume that this expression is minimal
in the sense that a := max{ino(Q;P;) | @; # 0} is minimum among
such expressions. Then inL(P) < a holds. If in4(P) = a, then we are
done since a belongs to (in<(G)).

Suppose in4(P) < a. Let A be the set of i € {1,...,m} such that
ing(P;Q;) = a. We may assume A = {1,...,l}. We may also assume
that the leading coefficients of P; are all one. Set

e =L0<(Qr), Sk =y 'Lr<(Qr), Q) = Qr—LT<(Qk) = Qr—cSk

for 1 < k <. Then we have

l l m
(8) P= chSkPk + Z QP + Z QP
k=1 k=1

k=141

with the property that in.(Q).Px) < aif 1 <k <[ and Q) # 0, and
in(QrPr) < aifl <k <m and Qi # 0. This implies that the initial
monomial of 22:1 ¢Sy Py, is smaller than a in <. The first term can be
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rewritten as

l
ZCkSkPk
k=1
-1
Z ¢+ -+ (SkPk; — Sk+1Pk+1) (C1 + -+ Cl)SlPl.
k=1

Let sp_(P;, P;) be given by S;;P; — S;jP;. There exist monomials u
such that

in< (Sk)in< (Py) = in<(Sk41)in< (Prt1) = ugLCM(in< (Py), in< (Pe1))
and
in2(Sk) = ueSe+1,k(2, 6, h),  in<(Ses1) = ueSept1(7, €, 1)
for1<k<I[l-1. Take U, € Dy(lh) whose total symbol is uj and set
A =S — UrSks1k,  Br = Skg1 — UrSk 1
Then we have
SkPy — Sk+1Pry1 = Ur(Skv1,6Pe — Skk41Prt1) + AxPr — B Py

Combined with (9), this yields

-1
Z cSp P = 2(61 + -+ Ck)UkSp_< (Pk, Pk+1) + (61 +---+ Cl)SlPl

+5 (1 + - + ) (ARPy — BiPes1)
:Z (14 + ) UrQris1,; P + (c1 + -+ ¢)Si P

+ (01 + - -‘er)(AkPk — B Piy1).
k=1
Here the initial monomials of UrQp r+1,jP;, AxPr, and ByPyi1 are

smaller than a, as well as the initial monomial of 22:1 c Sk Py, while
the initial monomial of S;P; is a. It follows that ¢; + -+ ¢ = 0 and
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hence
l m -1
Z cpSp P = Z Z Cl + -+ Ck)Uka,kJrLij
k=1 Jj=1k=1

-1

+ Z(cl 4+ 4 Ck)(AkPk - BkPk-i-l)'
k=1

Substituting this for the first term of the right-hand side of (8) gives an
expression of P which contradicts the minimality of (7). Hence we must
have in(P) = a. This completes the proof. Q.E.D.

This criterion assures that the Buchberger algorithm applies to D%h).

Note also that this criterion and the proof works in D,, if < is a term
order for D,,.

Now let < be an arbitrary monomial order for D,. We define a
monomial order <, on M(x, &, h) by

zPnT <y, xo‘lﬁﬁlhk S lal+ 8l +i<||+|8+k
r (la| + ||+ 5 = || + |8'| + k and z¥€P < x“/gﬂ/).

Then <y, is a term order for D;”)

. Hence the division and the Buchberger
algorithm works with <, in D" 1f P is a nonzero homogeneous element

of Dﬁlh), then inL (Plp=1) = inx, (P)|p=1 holds.

Theorem 3.14. Let I be the left ideal of D,, generated by nonzero
elements Py, ..., P. of I, and < be an arbitrary monomial order for D,,.
Let J be a left ideal ofD,(Zh) generated by Pl(h), ey P and {Q},...,Q.}
be a Grobner basis of J with respect to <y, which can be computed by
Buchberger’s algorithm.

Set Q; = Qilp=1. Then {Q1,...,Qm} is a Grébner basis of I with
respect to <. Moreover, for any nonzero element P of I, there exist

Ui,...,Un € D, such that
P:U1Q1++UQO, 1H.<(U1Qz) lel_<(P) ’LfUZ #0

In particular, if < is adapted to w, then Q1,...,Qy are a w-involutive
basis of 1; more precisely, one has

INFY(Dn) = FiLy, (Dn)@Qu+ -+ FLy (Dn)@m  (Vk €Z)

m

with k; = ord, (Q;).
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Proof. Let P be a nonzero element of I. Then there exist Ay, ...,
A, € D, such that P = A1 P + --- + A, P,.. Homogenizing the both
sides of this equation, we obtain

hlP(h) — hllAgh)Pl(h) 4+ hlvnA’Er}ll)PTSlh)

with some 1,11,...,1, € N. Hence h' P belongs to J. Since O/
Q! are a Grobner basis of J, division algorithm in D,(Zh) produces an
expression
ntpth) — Z B;Q,
j=1
with some homogeneous elements B; of D,(Zh) such that in, (Bng) =h
ing, (W PM) if B; # 0. Dehomogenization yields

(10) P=> Bjlh=1Q;,  inx(Byj[n=1Q;) < ins(P).

Jj=1

In particular, in. (P) is divisible by in.(Q);) for some j. Hence @1, ...,
Q. are a Grobner basis of I with respect to <. The last statement of
the theorem also follows from (10) if < is adapted to w. Q.E.D.

Example 3.15. Set n = 2, w = (0,1;0,—1), and P, = x — 23,
Py, = 21901 + 0. Fix a term order < for D, which is adapted to
the weight vector (1,1;1,1) such that x1& > 2£3. Let us compute
a Grobner basis of I := DyPy + Dy P> with respect to the monomial
order<,,. Homogenization gives
Pl(h) :l'lh—l'g, Pz(h) :21'281+th

with the leading terms with respect to <5, which is the term order for
Dgh) defined by <., being underlined. Their S-pair is

Py :=sp_ (P, Py = 20, P + 2y P = 22101 + 2200 + 20,

By using the Buchberger criterion, we can check that Pl(h), Pz(h) , P} are
a Grobner basis of the left ideal J := Déh)Pl(h) + Déh)PQ(h) of Déh) with
respect to <. Hence Py, Py, and Ps := Pj|p—1 = 22101 + 2202 + 2 are
a Grobner basis of I with respect to <.

The notion and the algorithm of Grobner basis can be extended to
submodules of free modules over D,, or D,(f) of finite rank.

Exercise 13. In the example above, confirm that Pl(h)7 PQ(h)7 P
are a Grobner basis of J with respect to <.
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3.3. Computation of the characteristic variety and the sin-
gular locus
Let I be a left ideal of D, and consider the left D,-module
M = D, /I. As was seen in 2.4, the most fundamental invariants of
M are the dimension and the characteristic variety. Now let us deduce
a more concrete description of the characteristic variety. Let P be a
nonzero differential operator written in the form

P =P(z,0) = Z g, 320 (aa,p € K)
«a,BEN™

and set m := ord(g,;1)(P). Then the principal symbol of P is the poly-

nomial defined by
o(P)(x,&) = Z Zaaﬂxo‘fﬁ
|Bl=m o

It can be identified with the residue class of P in gr®Y(D,,) = K|z, &].
Note that o(P)(z,£) is homogeneous with respect to .

In general, let w be a weight vector for D,, satisfying w; > 0 for
i=1,...,2n, and w; +w,4; > 0 for i =1,...,n. Let < be an arbitrary
term order for D,. Then the Buchberger algorithm applied to I with
the term order <, yields a Grébner basis G = {Py,..., Py, } of I with
respect to <,,. Proposition 3.5 assures that G is a w-involutive basis of
I; that is, 0% (G) generates the graded ideal gr*’(I) associated with the
filtration {F}¥(D,,) NI} on I.

Let gr*(M) be the graded module associated with the good w-
filtration F* (M) := F}(D,,)/(F}*(D,)NI). Then there exists a graded
exact sequence

0— gr(I) — gr”(Dy) — g (M) — 0.

Note that gr**(D,,) can be regarded as K[z, £] by the assumption on w.
Hence one has an isomorphism

gr(M) =Kz, &]/gr (1) = Kz, ¢]/(K[z, {]o™ (P1)+- - -+ K[z, {]o™ (Pn))
as K[z, £]-module. In particular, setting w = (0;1), we obtain
Char(M) = {(2,€) € K" | o(P)(x,€) = -+ = 0(P) (w,€) = 0}.

Let7: K" 3 (, ) —x € K" be the projection. Then the singular
locus of M is defined by

Sing(M) := 7(Char(M) \ (K" x {0})).
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It is an algebraic set of K" since gr(M) is homogeneous with respect to
&. In particular, if M is holonomic, then Sing(M) is an algebraic set of
codimension > 1, or an empty set, since Char(M) is homogeneous with
respect to &.

The set Char(M) \ ({0} x K") can be regarded as the subset of
K" x P"~1(K), where P"~1(K) is the (n — 1)-dimensional projective
space over K. Thus the problem of finding Sing(M) from Char(M) is
completely solved by what is called the projective elimination theory, as
is described in Chapter 8 of [6] in detail with a complete proof.

Proposition 3.16. Assume that K is an algebraically closed field
of characteristic zero and set M = D,, /I with a left ideal I of D,,. Let
f1(x,8), ..., fm(x, &) be polynomials homogeneous in & which generate
grOV(I). Let J; be the ideal of K[z, £] generated by fi,..., fm with
the variable &; replaced by 1. Set I; = J; N K[z]. Then Sing(M) is the
algebraic subset of K™ defined as the zeros of the ideal Iy N --- N I,,.

Thus we can compute Sing(M) from Char(M) by using appropriate
Grobner bases in K|z, £]; this fact was pointed out in [21], where it is
also noticed that the characteristic variety as is defined here coincides
with the analytic definition using the differential operators with analytic
coefficients. Even if M is generated by more than one elements over D,,,
we can compute Char(M) by using a Grébner basis for a submodule of
the free module (see [21] for details).

Example 3.17. Let
P = ()0 + 1 (2)0™ - - Frap () (a;i(z) € K[z], am(x) # 0)

be a linear ordinary differential operator of order m > 1 with x =
and 0 = 0;. Set M = Dy/D;P. Then we have

Char(M) = {(2.£) €K’ | 0(P)(x,€) = an ()€™ = 0}
= {(2,6) €K | am(z) = 0} U{(,0) | = € K}.

Hence M is holonomic and Sing(M) = {z € K | a,(z) = 0}, a point of
which is called a singular point of P.

Example 3.18. Let f be an arbitrary nonzero polynomial of
z = (x1,...,2,). Foreach i = 1,...,n, 0;f = f0; + f; annihilates
the rational function 1/f, with f; := 0f/0x;. Set M = D,,/T with

I:=Dpoif+ -+ Dponf.

This is a ‘naive’ D-module for the rational function 1/f.
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For example, set n = 2 and f(x) = 2% — 23 which has a cusp

singularity at the origin. We can check that 0, f and 02 f are a (0;1)-
involutive basis of I. This gives

Char(M) = {(z,§) € K' | & f (w1, 22) = & f (1, 22) = 0}
= {(z,8) | 2} — a3} U{(,6) | £ =0},
Sing(M) = {(z1,x2) | 2§ — 23 = 0}.

Hence the dimension of Char(M) is 3, consequently M is not holo-
nomic. In fact, I is much smaller than Annp,(1/f), which is generated
by 32205 + 2220, and 2110 + 31202 + 6. There is an algorithm to com-
pute Annp_(1/f) for an arbitrary polynomial f and D,,/Annp, (1/f) is
always holonomic (see [22], [29]).

Exercise 14. In the example above with n = 2 and f = 2% — 23

(1)  Verify that 0y f and d5 f are a (0; 1)-involutive basis of the ideal
I which they generate.

(2) Verify that P := 3.13%82 + 22907 and Py := 21101 + 32202 + 6
annihilate 1/f.

(3) Find a (0;1)-involutive basis of J := Do Py + Dy P5 and verify
that Dy/J is holonomic.

(4) Find the singular locus of Dy/J.

Exercise 15. Find the characteristic variety and the singular locus
of the left D,-module M = D,,/(Dpx1 + -+ Dpap).

Exercise 16. Let K = C and let f(z) € Clz] = Clzy,..., 5]
Consider a C™ function /() on R™. Set f; = 0;(f) and M := D,,/I
with

(1) Show that I = Annp, e/®) .= {P € D, | Pe/® =0}.

(2)  Show that Homp, (M,C>(R")) = Cef(®).

(3) Find the characteristic variety and the singular locus of M.

3.4. Equivalence of two definitions of holonomicity
The purpose of this subsection is to prove Theorem 2.22 by using
only basic tools in commutative algebra and Groébner basis.

Definition 3.19 ([17]). A map ¢ from N to {t € R | ¢ > 0} is said
to be of polynomial growth if there exists v € R such that ¢(n) < n” for
n > 0. Then we define the degree of ¢ by

deg(p = inf{l/ | <p(n) < n for n > O}

We set deg p = oo if ¢ is not of polynomial growth.
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Definition 3.20 ([5]). A function ¢ : Z — R is called a quasi-
polynomial (of period r) if there exist a positive integer r and polyno-
mials H; (i=0,1,...,r — 1) such that

w(gr+1) = H;(jr + 1) VMjeZ,0<Vi<r-—1).
Then one has deg ¢ = maxo<;<,—1 deg H;.

Let w be a weight vector such that w; > 0 for 1 < ¢ < 2n. In this
case we call w positive and denote it by w > 0.

Proposition 3.21 ([33], Theorem 5.2). Let w € N?" be a positive
weight vector for D,,. Let {Fy(M)} be a good w-filtration on a left D,,-
module M. Then the degree of the function

p(k) = dimg Fj,(M)

of k > 0 does not depend either on w or on the choice of a good w-
filtration {Fy,(M)}.

Proof. For a fixed w, the fact that deg¢ does not depend on the
choice of a good w-filtration can be proved by using Lemma 2.10.
Let wy,...,u,;, be a set of generators of M. Define a good w-
filtration and a good (1;1)-filtration on M by
(M) := F? (Dp)uy + -+ + F (D) tim,

Fél;l)(M) — F]gl;l)(Dn)ul 4+ F]gl;l)(Dn)Um

respectively and gr*’ (M) and grt) (M) be associated graded modules.
Set (k) = dimg Fél;l)(M). Then there exists a polynomial G such

that ¢(k) = G(k) for all £ > 0. On the other hand, since there exists
P(T) € Z|T, T~"] such that
: P(T)
dimg gr’ (M) TF = — . —,
;Z § [, (1= Twi) (1 = Twomts)

there exists a quasi-polynomial H of some period r such that p(k) =
H(k) for all k > 0 (see e.g., Proposition 4.4.1 and Theorem 4.4.3 of [5]).
Let d be an integer not smaller than max{w; | 1 < i < 2n}. Then the
inclusion

FP(D,) ¢ F"Y(D,) € F(Dy)  (Vk > 0)

yields
Fr(M) c FYV(M) € Fg (M) (Vk > 0),
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and hence
p(k) < ¢(k) < @(dk).
This implies deg ¢ = deg . Q.E.D.
Proposition 3.22. Let w € N?" be a positive weight vector and

M = @ij’- be a finitely generated graded module over K[z, ] in which
x; 18 of order w; and &; is of order w,, ;. Then the degree of the function

(k) =" dimg M]
i<k
coincides with the Krull dimension of M’ as a (not graded) K|z, &]-
module.

Proof. Let u),...,ul, be w-homogeneous generators of M’ with

uj € My, . Then we have
Mllc = K[x’g]}cu—klull +o+ K[:E7§H€U_kmu;n7

K[z, &y = Z KaeP.
(w,(a,8))=k

Forgetting the w-graded structure of M’, set
Fe(M') = F{5) (Kl )ty + -+ B (Kl )

FOY(Kz,e) = Y Kal
la|+]8]<k

Let gr(M') = &pFr(M’')/Fy_1(M') be the associated graded module.
It is well-known in commutative algebra (e.g., Corollary 13.6 of [8]) that
the Krull dimension of M’ coincides with the degree of the function
(k) := dimg Fy,(M"), which equals a polynomial for k& > 0. (One can
dispense with the Krull dimension by adopting the degree of ¥ (k) as the
definition of the dimension as in Chapter 9 of [6].) On the other hand,
we can show that (k) is a quasi-polynomial for k£ > 0 and its degree
coincides with that of ¢ by the same argument over K|z, ] instead of
D,, as the proof of Proposition 3.21. Q.E.D.

Now let us prove Theorem 2.22. If M is generated by uq, ..., Un,
then it is easy to see that

dim M = max dim D, u;, Char(M) = U Char(D,u;)

1<i<m
- 1<i<m

hold. Hence we may assume that M is generated by a single element,
and consequently that M = D,, /I with a left ideal I of D,,.
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Let < be a term order for D,, adapted to the weight vector (1;1).
Let G = {P1,..., Py} be a Grobner basis of I with respect to the term
order <(g;1). There exist Q;jx € Dy, such that

m

SP< 0y (Fis P5) = Z Qijk P,
k=1

iz o) (QijePr) Z(051) IN< o) (SP< o, (Fis Pj))  1f Qijie # 0.

Set w = (1,...,1;d,...,d) = (d—1)(0;1) + (1;1). If we take d large
enough, then the initial monomials of P; and Q);;x with respect to <(;1)
stay unchanged with <g,1) replaced by <,, since < is adapted to (1;1).
Hence G is also a Grobner basis of I with respect to <, in view of the
Buchberger criterion in D,,.

Let gr(®Y (M) and gr**(M) be the graded modules associated with
filtrations

ESV () = B (D) /(F (Do) N 1),
(M) = B (Do) /(F(Da) N 1) (k€ Z)

respectively. Then from the argument above and Proposition 3.5 we
have

g OV (M) = K[z, &/(cOV(@)), e (M) =K[z,€/(o"(G))
and
in. (o ON(P)) = ing o, (P) = inz, () = ing(0¥(P)) (1<i<m).

Since the Hilbert polynomial of K[z, {]/(c™(G)) coincides with that of
K[z, €]/ (ins (0™(G))) (see Chapter 9 of [6]), it follows that gr(®1) (A1)
and gr* (M) have the same Krull dimension. Set

151 1;1 1;1
FD () = BY(D,) /(Y (D) 0 ).
By Propositions 3.21 and 3.22, the Krull dimension of gr*’(M) is

deg (Z dimg gry (M)) = deg dimg F}* (M) = deg dimyk F,il;l) (M),
i<k

where deg denotes the degree as a function of k. It is also equal to
dim M by the definition. This completes the proof of Theorem 2.22.
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§4. Distributions as generalized functions

We briefly review the theory of distributions (generalized functions)
introduced by L. Schwartz [32]. See also [10] for plenty of interesting
examples. The main purpose here is to introduce some classes of distri-
butions which adapt nicely to the integration algorithm based on differ-
entiation under the integral sign. The terminology coined by Schwartz
has an origin in probability theory. So we also consider probability and
cumulative distribution functions associated with the multivariate nor-
mal distribution or the gamma distribution as integrals of generalized
functions.

4.1. Definitions and basic properties

Definition 4.1. Let C5°(U) be the set of the complex-valued C*
functions on an open set U of R"™ with compact support. Here the
support of a C*° function f on U is defined to be the closure in U of
the set {x € U | f(z) # 0} and denoted by suppu. A distribution u on
U is a linear mapping

u:C?(U) 3 pr— (u,p) € C

such that lim;_,(u, ;) = 0 holds for a sequence {p;} of Cg°(U) if
there is a compact set K C U such that supp¢; C K for any j and

lim sup [0%p;(z)] =0 for any o € N”,

IR e
where = (z1,...,2,) and 0% = 97" --- 05" with 0; = 9/0x;. If this
is the case, we say that {¢;} converges to 0 in C§°(U), which makes
C§°(U) a topological vector space that is also denoted by D(U). The
set of the distributions on U is denoted by D’(U).

A Lebesgue measurable function u(x) defined on an open set U of
R™ is called locally integrable on U if it is integrable on any compact
subset of U. We can regard a locally integrable function u(z) on U as a
distribution on U through the pairing

() = /U w(@)p(x)de (Yo € CE(U)).

Identifying two locally integrable functions which are equal to each other
almost everywhere in U (i.e., outside a set of measure 0), we can regard
the set L{ (U) of the locally integrable functions on U as a subspace of
D'(U).
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Let u be a distribution on U. The derivative dpu of u with respect
to xy is defined by

(Oku, o) = —(u, Opp) for any ¢ € C5°(U).
For a C'*° function a on U, the product au is defined by
(au, p) = (u,ap) for any ¢ € C§°(U).
In particular, by these actions of the derivations and the polynomial

multiplications, D’(U) has a natural structure of left D,,-module.

Example 4.2. Set n = 1. The Heaviside function Y (x) is the
measurable function on R such that Y(x) =1 for x > 0 and Y(z) =0
for © < 0. The Dirac delta function 6(z) is a distribution on R defined
by

(O(2),0) = 90) (Vg € C(R)).

The derivative Y'(x) of Y (z) as a distribution coincides with §(z) since

(/@) (o)) =~V (@) (@) = = [ @) do = 9(0) = (3(o), )
holds for any ¢ € C§°(R). The derivative ¢'(x) of d(x) is defined by

(0 (), () = —(5(x), ¢'(2)) = —£'(0).
In the same way, the k-th derivative §*)(2) € D'(R) is defined by

(6" (2), () = (=1)*(0(x), o™ (@) = (=1)*(0).

Example 4.3. The n-dimensional delta function 6(z) is the distri-
bution defined by (§(z), ¢) = ¢(0) for any ¢ € C5°(R").

Let w € D'(U) with an open set U of R™. Let V be an open subset
of U. Then there exists a natural inclusion C§°(V) C C§°(U). The
restriction v := u|y of u to V is defined by

(v,0) = (u,0) (Vo € Cg°(V)).

Then U —— D'(U), where U are open sets of R™, constitutes a sheaf
on R™. For u € D'(U), the support suppu is defined to be the small-
est closed set Z in U such that ul[y\z = 0, ie., (u,) = 0 for any
v € C§°(U\ Z). For example, with = x1 we have supp d(x) = {0} and
suppY (z) ={z € R |z > 0}.

The set of the distributions on U whose supports are compact sets of
U is denoted by £'(U). (£'(U) means the dual space of E(U) = C=(U).)
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Let u belong to &'(U) and K := suppu be its support. Then for an
arbitrary ¢ € C°°(U), the pairing

(u, () = (u, x(2)p(2))

is well-defined with a cut-off function x € C5°(U) such that x(z) = 1 on
an open set V' C U such that K C V. This pairing does not depend on
the choice of x. In fact, assume y € C§°(U) satisfies the same condition.
Then since

supp (x — X) Nsuppu = 0,
(u, xp) = (u, Xp) holds for any ¢ € C>(U).

Definition 4.4. A C° function ¢ on R™ is called a rapidly de-
creasing function if |Py| is bounded on R™ for any differential operator
P € D,,. The set of the rapidly decreasing functions on R" is denoted
by S(R™); it contains C§°(R™) as a subspace.

Definition 4.5. A tempered distribution u on R" is a C-linear map-
ping
u:SMR") 3 o+ (u,p) € C
such that lim;_, . (u, ¢;) = 0 holds for any sequence {¢; } of S(R™) which
satisfies the condition

lim sup |Py;(z)] =0 forany P € D,.

J—00 TERM

The sequence {¢;} with this condition is said to converge to 0 in S(R™),
which makes S(R™) a topological vector space. The set of the tempered
distributions on R™ is denoted by S’'(R™), which can be regarded as a
subspace of D'(R") since C§°(R™) is dense in S(R™). Moreover, £'(R™)
is a subspace of §’(R™). Any P € D,, defines a continuous linear endo-
morphism of S(R™) and of §'(R™). Hence S'(R™) is a left D,,-submodule
of D'(R™).

Let f(z) = f(x1,...,2,) be a complex-valued locally integrable
function on R™ of polynomial growth; i.e., assume that there exists a
constant C' > 0 and a non-negative integer m such that

If(@)| <C+ |z )™ =Cl+ai+ - +22)™  (Vz€R").

Then f(z) defines a tempered distribution through the pairing

(fre) = - f@)p(x)de (Vo € S(R™)).
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Example 4.6. Let f1,...,f, be polynomials in x = (z1,...,2,)
with real coefficients. Let Aq,...,\, be complex numbers such that
ReX; >0 (j=1,...,p). Set

((f) - ()3 (@)
{ fl(:c)’\l -~-fp(a?))‘P if fi(xz)>0,..., fp(x) >0
0

otherwise

b

where we use the convention that t* = exp(\logt) with real logt for
t > 0and A € C. Then it is easy to see that (fl)j\; (fp)ip is lo-
cally integrable and of polynomial growth, thus can be regarded as
a tempered distribution. In particular, (f1)% ---(f,)% coincides with

Y(f1)--Y(fp)

Theorem 4.7 (Sato-Kawai-Kashiwara). Let M be a finitely gener-
ated left D,,-module. For a point a of R™, let us denote by D!, the stalk
of the sheaf D' at a, which is the inductive limit D), = EnD'(U) where
U are open neighborhoods of a.

(1) If M is holonomic, then Homp (M, D.) is a finite dimensional

vector space over C for any a € R™.

(2) Let U be an open set of R™. Then any distribution solution

of M is real analytic on U’ := U \ Sing(M); i.e., the natural
C-linear map

Homp, (M, A(U")) — Homp, (M, D'(U"))

is an isomorphism, where A(U’') denotes the set of complex-
valued real analytic functions on U’'.

In fact, this theorem holds in a weaker assumption that M is an
analytic D-module and with D'(U) being replaced by the set B(U) of
hyperfunctions. Under this weaker assumption, the statement (1) is due
to Kashiwara (see Theorem 5.1.7 of [14] for a more refined formulation).
The statement (2) was first noticed by M. Sato with the introduction of
the theory of microfunctions developed together with Kawai and Kashi-
wara ([31]).

Example 4.8. We have Homp, (C[z], D'(R™)) = C. In fact, C[z] =
D, /(D,01 + -+ D,9d,) and we can prove that if u € D'(R™) satisfies
Ou = -+ = 0dpu = 0, then u is a constant function (see Exercise 19).
Since Sing(C[z]) = 0, u is real analytic on R"™.
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Example 4.9. Set M := D,,/(Dpx1 + -+ + Dpx,) with K = C.
Then Homp, (M,D'(R™)) is one dimensional and spanned by the n-
dimensional delta function §(z). Since Sing(M) = {0}, u is real analytic
(zero in fact) on R™ \ {0}.

Exercise 17. Let u be a distribution on R™ satisfying zqyu =--- =
Tpu = 0.
(1) Show that the support of u is contained in {0} and hence u
belongs to &' (R™).
(2) Prove that u is a constant multiple of the n-dimensional delta
function d(x). Use the fact that for ¢ € C*°(R™), there exist
p; € C°(R™) (i =1,...,n) such that

o(x) = @(0) + z191(T) + - -+ + Tnipn(T).

Exercise 18. Set n = 1 and write x = x1, 0 = 01. Define a C-linear
map u : S(R) — C by

L p(z) —p(—2)
(u,0) = tim, | . dz (¢ € S(R)).
(1) Show that u belongs to S’'(R).
(2) Show that zu = 1, and hence dzu = 0 holds.

4.2. Product of distributions

The product of two distributions cannot be defined in general. There
are some cases where the product is well-defined:

(1) Let U be an open set of R™ and V' an open set of R™. For
u; € D'(U) and uy € D' (V), their tensor product u; ® ug, which is also
denoted by wuy(x)ua(y) with « = (z1,...,2,) and y = (y1,...,Ym), is
defined as the unique distribution on U x V such that

(u1 ® uz, p1(x)p2(y)) = (u1, 1)(u2, ¥2)
holds for any 1 € C5°(U) and ¢o € C§°(V). Then

<U1 & uz, @(x,y)) = <U1, <1L2, @(Iay)>y>

holds for ¢(z,y) € C3°(U x V), where (), denotes the pairing of D'(V)
and C§° (V') with z fixed. See Chapter 4 of [32] for details. If u; € S'(R™)
and up € §'(R™), then u; ® us belongs to S’ (R™*T™).

(2) Let U be an open set of R". For uy € C*(U) and uy € D'(U),
the product u = ujug is well-defined as an element of D'(U) and the
Leibniz rule 9;(ujus) = (0;u1)us + uy(O1uz) holds for i = 1,...,n. In
fact, the pairing

(urug, ) = (uz, urep)
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is well-defined for ¢ € C5°(U), and we have

(0i(uruz), @) = —(uruz, 9;p) = —(u2, w10;p)
= —(u2, di(u1p) — (1))
= (Qjuz, urp) + (u2, (Giu1)p)
= (u1(Qiu2) + (Qjur)uz, ¢).

(3) Let uy belong to S(R™) and us to S'(R™). Then ujug is well-
defined as an element of S’(R™) and the Leibniz rule holds.

(4) Let u; and us be measurable functions on U. Let p, ¢ be positive
real numbers or infinity such that 1/p+1/¢ = 1. If u; is locally LP and
ug is locally L7 (i.e., |u1|P and |ug|? are locally integrable if p,q > 1;
the measure of the set {x € U | |ui(z)| > a} is zero for some a € R
in case p = 00), then the product u = ujus is well-defined as a locally
integrable function. But the Leibniz rule does not make sense; in fact,
the product (91u1)us cannot be defined in general.

However, for example in one variable x = x1, the product §(z)? or
Y (2)d(x) cannot be defined as distributions. If u(x) is locally integrable,
then Y (2)u(z) is also a locally integrable function. But §(x)u(z) cannot
be defined in general. In particular, the Leibniz rule

0z (Y (z)u(x)) =Y (z)u'(x) + 0(x)u(z)

does not make sense in general because the products on the right-hand
side cannot be defined unless u is C*° while the left-hand side is well-
defined as distribution.

Proposition 4.10. Let f(x) be a real-valued C* function on an
open subset U of R™. Ifu(t) belongs to D'(R) and v(z) belongs to D'(U),
then u(t — f(z))v(x) is well-defined as an element of D'(R x U) and the
Leibniz formulae

O (ult — 1@)o(a)) =/t~ f(2)(a),
o o . of

(ult = F(a)o(a)) = ult = F@)5—v(@) = 5l (t = fla)o)

al’i

hold fori=1,...,n with u/'(t) being the derivative of u(t). Moreover, if
f(z) is a polynomial, u(t) belongs to S'(R) and v(x) belongs to S'(R™),
then u(t — f(z))v(z) belongs to S'(R™F1).

Proof.  For o(t,x) € C§(R x U), set
(u(t = f(@))v(z), ot x)) = (u(t)v(z), p(t + f(z),2)).
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Since p(t + f(x),z) belongs to C§°(R x U), this defines an element of
D'(Rx U). For ¢ € C°(R x U), we have

Ottt - f@)e(@), olta)) = — (ult = f@)o(), 2L2it,)
<5t > < ot

e
=~ (uonta). G e+ f0).))
= W (Oula), P+ f(2),2)) = Wt~ F@ol@), plt,2)

and
(gtult = F@)la)). olt.2) ) == (ult = Fote). 52 (t.0))
= (ulw) 520+ fw)a)
= (ultlo), (et f@hn) = gL Sk s 0))
= (W0 v(a). ¢+ f(2). ) = (O F o), olt+ ) 0))

of

8xi

= tu(t = f(@)0uola). ple.0) = (e = F) FE ot plt.0)).

If (¢, z) belongs to S(R™*1) and f(x) is a polynomial, then ¢(t+ f(x), )
also belongs to S(R™*1), as is seen by the inequality t? < 2((t+ f(x))? +
f(x)?). This implies the last assertion. Q.E.D.

Example 4.11. Let f(x) be a polynomial in x = (x1,...,2,) with
real coefficients and v(z) be an element of §’'(R™). Then Y (¢t — f(x))v(x)
and 6 (t — f(z))v(x) with a non-negative integer k are well-defined as
elements of §'(R"*!) and we have

0
7Y (t = f(@))v(@)) = 8t = f(2))v(z),

S0~ F@))(e)) = 5D~ f)ola)

Exercise 19. Let u be a distribution on R™ satisfying 01u = 0.

(1) Show that (u,p) =0 if p € C5°(R™) satisfies

/ o(t,xe,...,zy)dt =0.

(2) Show that there exists a distribution v on R"™! such that
u=1®w.
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4.3. Integrals of distributions

Let us consider distributions in variables (z,y) with = (z1,...,2,)
and y = (y1,...,yq4). We regard z as the integration variables and y
as parameters. Let @ : R"*? 3 (2,) — y € R? be the projection.
Let U be an open set of R and let u be a distribution defined on
o HU)=R" x U.

We would like to define the integral

/ u(z,y)de = / u(z,y)dxy - - dx,

along the fibers of w (i.e., with respect to x) as a distribution on U.
However, we need some ‘tameness’ of u with respect to x for this in-
tegral to be well-defined. Let us introduce the following two sufficient
conditions:

(1) Let u be a distribution on @ ~!(U) such that @ : suppu — R? is
proper, i.e., for any compact set K of U, @~ !(K) Nsuppu is compact.

supp u

T

U

Fig. 1. An example of the support of u € E'D’'(R, x U)

Let us denote by &'D’(R™ x U) the set of such distributions, which
constitutes a left D,,;4-submodule of D'(R™ x U). The integral of u €
E'D'(R™ x U) with respect to x is defined by

([ weman o)) = tulei) 100p)  (4l) € GO,

where 1(z) denotes the constant function with value 1. This integral
belongs to D’(U). More precisely, the pairing above is defined as follows:

Choose x(z,y) € C*®°(ww~1(U)) such that y(x,y) = 1 on an open
set W of w1 (U) which contains suppu and that @ : suppy — U is
proper, by using a partition of unity. Then we define

(u(z,y), 1(z)p(y)) = (ulz,y), x(=,9)p(y))-
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The right-hand side does not depend on such x(z,y) since supp (1—x)N
supp u = ().

(2) Let SS’'(R™ x R?) be the subspace of S’(R"*%) consisting of
distributions of the form

(11)
ZU] UJ x y (m €N, uj € ‘S'(]R’ﬂ)7 v; € S/(Rn+d)).

We also denote SS'(R7 x RY) to clarify the variables. Then SS'(R" xRR?)
is a left D, g-submodule of S’(R"*?). The integral of u(z, y) is naturally
defined as an element of S’(R) by the pairing

m

([ uteade. o)) =St o) (v € SEY)

j=1

This integral does not depend on the choice of expression (11). In fact,
assume u(z,y) = 0 in (11) and take x(z) € C5°(R™) such that x(x) =1
if |z| < 1. Then for an arbitrary constant > 0, we have an equality

o= (S utemtean (2)etn) =3 (e x(Zutretn)

for any ¢ € S(RY). Since x(z/r)u;(z)p(y) converges to u;(z)p(y) in
S(R"*) as r — oo, we get

(vj(w,y), uj(z)p(y)) = 0.
j=1

Proposition 4.12 (differentiation under the integral sign). Let
u(x,y) belong to E'D'(R™ x U) with an open subset U of RY, or else
to SS'(R™ x R%). Then

P(y,dy) /Rn u(z,y)de = /Rn P(y, 0y)u(zx,y) dz

holds for any P = P(y,0y) € Dg.
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Proof.  Let u(z,y) = > uj(x)vj(z,y) with u; € S(R") and v; €
S'(R™*4). Then for any ¢ € S(RY), we have

<ay,. [ o w(y)> -~ < / o) de. 0,000))

m

v] x,y), Ug z,Y), Oy, uj(x)go(y))}
j=1 Jj=

=3 Byt w =</ ey

3

—

m

u(z,y)dz, ¢y > (vj(z,y), yiuj(x)o(y))
7j=1

g:l yivi(z,y), ui(z)ely)) = </" yiu(z,y) de, gp(y)>,

The case u € &'D'(R™ x U) can be proved in the same manner. Q.E.D.

S
<
—

n

Example 4.13. Let 6(¢) be the univariate delta function. We have

Jp d(t)dt =1 since
/Rw) — (5(),1(1)) = 1.

More generally, let f(t,2) = f(t,x1,...,2,) be a C* function on R x U
with an open set U of R™. Since supp f(¢,2)d(t) C {(t,z) | t = 0},
f(t,2)d(t) belongs to &'D'(R x U). Note that f(¢,2)d(t) = f(0,2)d(t)
holds since there exists g € C°(R x U) such that f(¢,z) — f(0,2) =
tg(t,z). Hence we get

[ s = [ 10050 dt = £0.) [ 50)dt = 10,2,
R R R
Example 4.14. Set x = (z1,...,2,) and let a be an arbitrary posi-

tive constant. Let f(z) be a real polynomial in z. Then exp(—al|z|?)Y (t—
f(z)) belongs to SS'(R? x R;). Hence the integral

Pt) = / exp(—ale)Y (t — f(z)) da

is well-defined as an element of S’(R;). Up to a constant multiple,
F(t) is the cumulative distribution function of f(x) with = being the
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random vector with an n-dimensional normal (Gaussian) distribution.
By Proposition 4.12 the derivative F’'(t) is given by the integral

F(t) = | expl(-alaf)s(t - () da

as an element of S'(R).

Example 4.15. Let f(z) be a real polynomial in z = (z1,...,z,),
and ai,...,0an,b1,...,b, be positive real numbers. Let us consider the
integral

P = [ oy (e @) )t )y e,
which can be regarded, up to a constant multiple depending on a;, b;, as
the cumulative distribution function of f(z) with = being the random

vector with a multi-dimensional gamma distribution. Let x(¢) be a C™
function on R such that x(¢) =1 for ¢ > —1 and x(¢) = 0 for ¢t < —2.

Then we have
/ x(t)
> 1

Fig. 2. The graph of x(¢) in Example 4.15

e~ b1z1— —bnan (xl)il_l o (zn)j_n—l
— e*blwlf“'*bnafnx(xl) e X(xn)(xl)il_l L) (mn)jjl_l

and e~ b1@1 = bnTny (1) ... x(x,) belongs to S(R?). Hence the inte-
grand belongs to SS’'(R” x R;) and consequently F'(t) is well-defined as
an element of §’'(R). Tts derivative is given by

Fi(t) = / Cemhmm et — f(a))(an) P () e

Example 4.16. Set z = (z1,...,z,) and let a1,...,a,,b1,...,b,
be positive real numbers. For a real polynomial f(x), set

(1)

— [y )T ) ()Y (b f () do
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The integrand is integrable and belongs to £'D’'(R? x R;) since its sup-
port is contained in the n-cube [0,1] x --- x [0,1]. Hence F(t) and its
derivatives are well-defined as elements of D’(R). (In fact, F'(¢) belongs
to §'(R) since the integrand belongs also to SS'(R? x R;) multiplied
by a suitable cut-off function.) Up to a constant multiple, F'(¢) is the
cumulative distribution function of f(x) with x regarded as the random
vector with a multivariate beta distribution.

The following proposition will play a crucial role in the integration
algorithm for holonomic distributions, which will be introduced in the
following sections.

Proposition 4.17. Let u(x,y) belong to E'D'(R™ x U) with an open
subset U of R, or else to SS'(R™ x RY). Then one has

/ Op,u(z,y)de =0 (t=1,...,n).

Proof. TFirst, let us assume that u(z,y) belongs to £'D'(R™ x U).
Let x(x,y) be an element of C*°(R™ x U) which takes the value 1 on an
open subset of R” x U containing supp v such that the projection map
supp x — U is proper. Then we have, by the definition of the integral,

</n Oz, u(z,y) dz, w(y)> = (Oz,u(z, ), x(z,9)e(y))
= —<’LL(.’L‘,y)7 amX(l',y)(P(y» =0

for any ¢ € C§°(U) since 9, x(x,y) vanishes on an open set containing
supp u.

Next, let us assume that u(z,y) belongs to SS’(R™ x RY). We
may assume, without loss of generality, that u(z,y) = v(z)w(z,y) with
v € S(R") and w € S'(R"*?). Then it follows from the definition of the
integral that

([ onto@rote.) de. o)

holds for any ¢ € S(R™). Q.E.D.
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4.4. Holonomic distributions

We assume K = C. A distribution u(z) € D(U), with an open
set U of R™, is called holonomic if there exist a finite set of differential
operators Py, ..., P, which annihilate u, i.e., P;u = 0 holds in D'(U) for
i =1,...,m such that the left D,-module D,,/(D, P, +---+ D, Py,) is
holonomic. In other words, u(z) is holonomic if and only if D, /Annp u
is a holonomic D,,-module, where

Annp u={P € D, | Pu=0}

is the annihilator (ideal) of w.
For example, the univariate delta function §(z) and the Heaviside
function Y (x) are holonomic since zd(x) = 20, Y (x) = 0.

Proposition 4.18. If elements u and v of D'(U) are holonomic,
then Ciu + Cov and Pu are also holonomic for any C1,Cy € C and
PeD,.

Proof. Set I = Annp u and J = Annp, v. Then D, /I and D,,/J
are holonomic. Since the annihilator of Cyu+Cyv contains IN.J, we have
only to show that D,,/(IN.J) is holonomic. The left D,,-homomorphism
of D, to (D,)? which sends Q € D,, to (Q,—Q) induces an injective
homomorphism

D,/(INJ) — (Dn/I)® (Dy/J).

This implies that D,,/(I N J) is holonomic since (D, /I) & (D,/J) is
holonomic.

The left ideal T : P ={Q € D,, | QP € I} coincides with Annp, Pu.
The left D,-endomorphism of D,, which sends @ € D,, to QP induces
an injective homomorphism D,, /(I : P) — D,,/I. Hence D, /(I : P) is
holonomic. Q.E.D.

Definition 4.19. Let f(z) be a real polynomial in z = (z1,...,z,).
Set 0, = (O1,...,0,) with 9; = 9/0x;. Let t be a single variable and
set 0y = 9/0t. For P = P(x,0,) € D,, define 7(P, f) € D41 by

T(P, f) =Pz, 01+ f10,...,0n + [n0)

with f; = 0f/0z;. This substitution is well-defined since z1, ..., 2, and
01+ f10:, ..., Op + frnOy satisfy the same commutation relations as x1,
ey xpand O, ..., Op.

Proposition 4.20. Let f(x) be a real polynomial in x = (21, ...,2,)
and suppose that v € D'(U) with an open set U of R™ is holonomic. Then
Y(t — f(x))v(x) is holonomic. More concretely, let I be a left ideal of
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D,, which is contained in Annp v such that D, /I is holonomic. Let J
be the left ideal of Dyy1 which is generated by {7(P, f) | P € I}. Then
left ideals

Jo:= T+ Dusa(t = f(@)0,  J1:=J + Dt~ f(2))

of Dyy1 annihilate Y (t — f(x))v(z) and §(t — f(x))v(z) respectively and
both Dy+1/Jo and Dyy1/J1 are holonomic.

Proof. We have
(0 + fi0) (Y (t = f(x))v(z)) = YV (t = f(2))dv(x),
(0 + fi00)(6(t = f(x))v(x)) = 0(t — f(x))dv(x)
for i = 1,...,n by Proposition 4.10. Hence
(P, )Y (t = f(z))o(z)) =Y (t - f(z))Po(z),
(P, f)(6(t = f(x))v(x)) = 6(t = f(x)) P (z)

hold for any P € D,,. It follows that Jy and J; annihilate Y (t— f(z))v(x)
and §(t — f(x))v(z) respectively.

Let us show that D,,11/Jp is holonomic. Since D,,/I is holonomic,
its characteristic variety Char(D,,/I) is an n-dimensional algebraic set
of C?". By the definition, we have

Char(Dy41/Jo)
- {(%ta&ﬂ e C*" ) | o(P) (@, &1+ AT, &n + faT) =0
(VP e, (t- @) =0}
= {(x,t,if,f) | (x, 61+ fi7,... én + faT) € Char(D,, /1), t = f(x)}
U {(f&t,f,r) | (z,&1,...,&,) € Char(D, /1), T = 0}.

Since the last two sets are in one-to-one correspondence with the set
Char(D,,/I) x C, the dimension of Char(D,+1/J) is n + 1, which im-
plies that D,,4+1/Jy is a holonomic module. Similarly, D,,1/J7 is also

holonomic. Q.E.D.
Example 4.21. Let f(z) be a real polynomial in x = (z1,...,2,)
and aq,...,a, be positive real numbers. Set
u(,t) = exp(—arz? — - — ana2)3(t — f(x).

Then u = u(z,t) satisfies a holonomic system

(t— f(x)u= (0 + [0y + 2a0121)u = - - = (On + fnO + 2an2,)u = 0.
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Lemma 4.22. Let a be a positive real number. Then the univariate
locally integrable function ti_l in t satisfies (t0; —a + 1)ti_1 in S'(R).

Proof. Let ¢(t) belong to S(R). Then we have
(t0its, (1)) = =5, Aulte(t)) =~ w(1) — (57, ' (1)
== /Ootaflga(t) dt — /Ootagol(t) dt
0

0

= —/ t“_lga(t)dt—l—a/ t*to(t) dt
0 0

= ((a— 15", p(t))

by integration by parts. Q.E.D.
Example 4.23. Let f(x) be a real polynomial in x = (z1,...,2,)
and ai,...,an,b1,...,b, be positive real numbers. Set
u(z,t) = exp(=bixy — -+ — by, )0(t — f(x))(xl)‘f*l e (mn)i"fl.

Then u = u(z,t) satisfies a holonomic system
(t = flx))u=(2;(0; + fiO +b;) —a; + u=0 (i=1,...,n).

Exercise 20. Set n = 1, x = x1, 0 = 0y and M := D;/D;z0.
Show that Homp, (M, D’(R)) is two dimensional and spanned by Y (x)
and Y(—zx).

Exercise 21. Let A\{, ..., A, be complex numbers such that
Re A; > —1fori=1,...,n. Set f(z) = (xl)il (xn)i"

(1) Show that f(z) is locally integrable on R™ and belongs to

S'(R™).
(2) Show that f(x) satisfies linear differential equations
(101 = M) f(x) = = (xn0n — M) f(z) = 0.

(3) Find the characteristic variety and the singular locus of the left
D,-module

4.5. Distributions with smooth parameters

Let © be an open set of R?. Introducing parameters a = (a1, ..., ap),
let us define the space £S(2 x R™) of rapidly decreasing functions with
smooth parameters as the set of p(a,z) € C*(Q x R?) such that

sup |229%07 (a,z)| < oo
K xR"
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for any a, 8 € N”, v € NP and any compact subset K of . It is easy
to see that £S(Q x R™) is a left D, ,-submodule of C*°(Q2 x R™). For
example, e~ belongs to £ES(Q x R) with @ = {a € R | a > 0}.

Let £88'(Q2 x R™ x R?) be the set of u € D'(Q x R} x RY) which
can be written as

u(a,z,y) Zujaxvj z,y)

with uJ € ES(QxR™), v; € S'(R™ x R?), and m € N. Then the integral
fR,L u(a, x,y) dx of u with respect to z is defined by

</ ula, z.y) de, wy> Z/wy (0, 2)(a, ) 2.y) da

as an element of D'(Q x RY) for ¢ € C§°(Q x RY), where (, )(,,,) denotes
the pairing of D'(R7 x RY) and C§°(R} x RY) with a fixed, which is C>
with respect to a. The well-definedness of the integal can be proved by
using a suitable cut-off function in the same way as in the case without
parameters. For example, e‘”Q(S(y — %) belongs to E8S8’(Q x R, x Ry)
with @ ={a € R|a > 0}.

We can also consider the case d = 0, which we denote ESS’(Q2 xR™).
For example, e“*‘ﬁY(x) = e“f‘*wsx(x)Y(x) belongs to ESS' (R, X R,),
where x(z) is the same cut-off function as in Example 4.15. If u(a, z)
belongs to ESS'(Q x R™), then [, u(a, x) dx belongs to C>(Q).

Proposition 4.24. Let Q) be an open set of RE and let u belong to
ESS' (2 x Ry x RY).
(1) P [, u(a,z,y)de = [;, Pu(a,z,y)dz holds for any differen-

tial operator P € D14 in the variables (a,y).
(2)  Jgn Oz u(a,z,y) dz =0 holds for anyi=1,...,n

The proof is similar to the case without parameters.

Example 4.25. Set @ = (z1,...,2,) and let a > 0 and b =
(b1,...,b,) € R™ Let f(z) be a real polynomial in z and set

u(z,t,a,b) = (%) H exp(—a(z — b)Y (t — f(x))

with (z —b)? = Y"_, (z; — bj)%. Then u(z,t,a,b) belongs to ESS’(§2 x

Jj=1

R? x Ry) with Q = {(a,b) € R xR" | a > 0}. Moreover, u(x,t,a,b)
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satisfies a holonomic system in the whole variables (z,t, a,b). Hence the
integral

F(t,a,b):/ u(zx,t,a,b)dx

is well-defined and holonomic as an element of D'(R; x Q).

Example 4.26. Set = (z1,...,2,) and let a;; (1 <¢,7 <n) and
b (1 < j < n) be real parameters such that a;; = a;;. Set A = (a;;)
and b= (by,...,b,). Let f(x) be a real polynomial in 2. Then

u(x,t, A,b) = exp Z a;jT;x; + Z bizi | Y(t - f(x))
ij=1 i=1
belongs to ESS' (2 x R? x R;), where ) is the set of (A, b) with b € R™
and a negative definite n by n symmetric matrix A = (a;5), i.e.,

a11 a1k
(=1)%det | : Dl >0 (1<k<n).
(2075 ALk

The integral
F(t,Ab) :/ u(z,t, A, b) dx

is well-defined and holonomic as an element of D’ (R; x §2) since the inte-
grand u(x,t, A, b) satisfies a holonomic system including the parameters.

§5. D-module theoretic integration algorithm

We first recall the notion of integration of D-modules, which is
purely algebraic. The most crucial fact is that the integration preserves
holonomicity. Then we recall an algorithm for precisely computing the
D-module theoretic integration, which was first introduced in [26] and
[27]. See also Chapter 5 of [29].

5.1. Integration as an operation on D-modules

Set © = (x1,...,2,) and y = (y1,...,yq). In this section we set
X =K and Y = K? to simplify the notation. Let @ : X > (2,y) —
y € Y be the projection. We denote by Dx = D, 14 the ring of dif-
ferential operators in the variables (z,y), and by Dy = Dy the ring of
differential operators in the variables y.

The module

Dy, x :=Dx/(0s,Dx + -+ 0,Dx)
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has a structure of (Dy-, Dx)-bimodule. The integral of a left Dx-module
M along the fibers of w, or the direct image by w is defined to be

W*M = DY(—X ®DX M = M/(@wlM—i— +6wnM)

This is a left Dy-module since any element of Dy commutes with d,,.
For an element u of M, let [u] be its residue class in w,M. If M is
generated by ui,...,u, over Dx, then w,M is generated by the set
{z%u;] |1 <j<r, aeN"}over Dy.

Now assume K = C and let ¢ be a Dx-homomorphism from M to
E'D'(R™ x U) with an open set U C R?, or else to SS'(R™ x R?). Let
us define a C-linear map ¢’ from M to D'(U) or to S'(R?) by

)= [ pluyde  (ue ),

which is Dy-linear by Proposition 4.12. Moreover, Proposition 4.17
implies
Opy M + -+ 0, M C Kery'.

Hence ¢’ induces a Dy-homomorphism
@ (@) : M — D'(U) or w.(p):w.M — S'(RY).

The generators 2*[u;]| of w,M with 1 < j <r and o € N" are sent by
@ () to

n

() al) = [ 2l da.
In conclusion, we have defined C-linear maps

@, : Homp, (M,E'D'(R" x U)) — Homp,, (w.M,D'(U)),
w, : Homp, (M,SS'(R" x R?)) — Homp, (w,M,S’(R%)).

Theorem 5.1 (Bernstein, Kashiwara). If M is a holonomic Dx-
module, then w,M is a holonomic Dy -module.

Proof. 'We follow the argument in Chapter 1 of [4]. By induction
on n, we have only to prove the holonomicity of w,M in case n = 1.
We may assume M # 0. First assume 0., : M — M is injective. Let
{Fr(M)} be a good (1;1)-filtration on M. There exists a polynomial
H(k) of degree d + 1 such that dimg Fj (M) = H (k) for any k > 0. Set

Fu(w, M) = Fo(M)/(Fe(M) N 9, M) (k € Z).
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Since Fy,(M)NO,, M contains 0., Fy—1(M) and 9,,, : M — M is injective,
we have

dimg Fk(w*M) = dimg Fk(M) — dlmK(Fk(M) N o, M)

1

S dimK Fk(M) — dimK Fk_l(M) = H(k}) — H(k — 1)

for sufficiently large k.

Let N be a finitely generated nonzero left Dy -submodule of w, M.
Then Fy(N) := Fy(w.M)NN constitute a (1, 1)-filtration on N. There
exists a good (1, 1)-filtration {F(N)} on N since it is finitely generated.
Let H'(k) be the associated Hilbert polynomial. Then by Lemma 2.10
there exists kg € N such that

Hl(k) = dlmKF]g(N) S dimKFk+k0(N) S H(k+ko) 7H(k+k0 - 1)

holds if k is sufficiently large. Let cqk? be the leading term of H (k) —
H(k —1). Then the inequality above implies that N is holonomic with
mult N < dleg. Hence we are done if w, M is finitely generated over Dy .

Otherwise, there exist finitely generated nonzero Dy-submodules
N; (j € N) of w, M such that N; C N,;;. This implies that N; are
holonomic and mult V; < mult V;4; holds in view of Proposition 2.19.
This contradicts the inequality mult N; < dlcg. Thus w.M must be
finitely generated over Dy and hence holonomic.

In general case, set

N ={ue M |09, u=0 for some v € N}.
Then N is a left Dy-module since d; u = 0 implies
Ort (zqu) = 2104 u+ (v +1)0% u=0.

Let us show that 0,, : N — N is surjective. Suppose u € N satisfies
Oz, v = 0. Then we have 0,, z1u = u. Hence u belongs to d,, M. Now
assume that for any v € N, v belongs to d,, M if J7 v = 0. Suppose
u € N satisfies 94w = 0. Then we have

0y (Op,z1u — (v + 1u) = xlﬁgfrlu =0.
By the induction hypothesis, there exists v € N such that
Oz, x1u — (Vv + Du = 0, v.

This implies that u belongs to 0,, N.
From the exact sequence

0—N-—M-— M/N —0,
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we get an exact sequence
wiN — w, M — w,(M/N) — 0

of left Dy-modules. Here w, N = 0 holds since N = 0,, N. Hence w,M
is isomorphic to w, (M/N), which is holonomic since 0, : M/N — M/N
is injective. Q.E.D.

In particular, if a holonomic Dyx-module M is generated by a single
element u, then w, M is generated by a finite number of residue classes
2*[u] with @ € N™. In general, let M be a left Dx-module generated by
u. Setting I = Annp, u, we have an isomorphism

W*M = DX/(&“DX + - +8ITLDX +I)

From a computational viewpoint, we are mainly interested in the sub-
module Dy [u] of @, M. The isomorphism above induces

Dy[u} = Dy/(DY N (8I1DX + -+ 5IHDX + I))
The map w, and the inclusion Dy [u] — 7, M induces C-linear maps

@, : Homp, (M,E'D'(R" x U)) — Homp,, (Dy[u], D'(U))
w, : Homp, (M,SS'(R" x R%)) — Homp,, (Dy[u],S’'(R?)).
This means that for a solution in £&D'(R" x U) or in SS'(R™ x R%) of

a system M of differential equations, its integral with respect to x is a
solution of Dy [u].

Example 5.2. The integral of the holonomic D,,4-module K]z, y]
along the fibers of the projection @ : K"t? 3 (z,79) — y € K% is {0} as
a Dg-module because 0, : K[z, y] — K[z, y] is surjective for 1 < j <n.

Example 5.3. Set
M = Dpya/(Dnyary + -+ Dpta®n + Dpgayy + -+ + Dntaya)

and @ : K" 3 (z,y) — y € K¢ be the projection. Then there exists a
natural isomorphism

@M = Dg/(Day1 + - - - + Daya)-

In fact, by the definition we can write w,M = D,,;4/N with

N :=Dpiqx1 4+ + Dptya®n + Dpgayn + - + Dytaya
40, Do+ + 0y, Dora.
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The ring extension Dy — D, 44 induces a homomorphism
¢ :Da/(Dayr + -+ + Daya) — Dnya/N

of left Dg-modules. Every element of Dy/(Dgy1+- - -+ Dgyq) is uniquely
written as a linear combination of the residue classes [0)] with v € N4,
It follows that ¢ is injective. Every element of D, 4 is uniquely written
as a linear combination of 82‘%58;3/5 with a, 3 € N” and ~,5 € N%.
It belongs to N unless « = f = 0 and § = 0. This implies that ¢ is
surjective.

Exercise 22. Set n = d =1 and write v = z1, 0, = 02y, ¥ = Y1,
0y = 0y,. Compute the integral of

M := Dy/(D30, + Dyz?)

along the fibers of the projection @ : K? > (z,y) — y € K. Note
that .M is generated by [1] and [z]. Deduce a presentation of the
submodule D4 [u] of w, M.

Exercise 23. Let (a,z,y) = (a1,...,0p,Z1,...,Zn,Y1,-..,Yd) €
Q x R" x R? with an open set Q of RP. Let D,y,+q and D, 4 be the
ring of differential operators in the variables (a,x,y) and that in the
variables (a,y) respectively. Let w : CP*"*4 5 (a,z,y) — (a,y) € CPH4
be the projection. Let M be a finitely generated left D), 4q4-module.
Construct a C-linear map

w, : Homp M, ESS'(QxR"xR%)) — Homp . ,(w.M, D' (QxR?))

p+n+d ( p+d

in terms of the integration.

5.2. An algorithm for integration

In what follows, we assume that a left module M over Dx = D, 14
is generated by a single element u for the sake of simplicity; it is easy
to extend the following arguments so as to work in the case where M
is generated by several elements and as well to yield the torsion groups
associated with the integration, which are nothing but the relative de
Rham cohomology groups of M along the fibers of w (see [26]).

Now let us fix the weight vector

w:=(1,...,1,0,...,0;—1,...,—-1,0,...,0) € z>+d
——— —— — — ——
n d n d

for D,,4+q and set

0:=—(0p, 01+ + 0y, p) = =210z, —+ — X0y, — N.
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That is, we define the weights of x; and of 0., to be 1 and —1 respectively,
and the weights of y; and d,, to be 0. In fact, we could work with a
more general weight vector

w= (Wi,...,wn,0,...,0; —wy,...,—wy,0,...,0)

with positive integers wy,...,w, as in Chapter 5 of [29] by modifying
the following arguments accordingly. Set

Fr(M) := F’(Dx)u, gr, (M) := Fy(M)/Fyr_1(M) (keZ).
Then {F} (M)} is a good w-filtration on M.

Theorem 5.4. If M is a holonomic Dx-module, then there exists
a nonzero polynomial b(s) € K[s] in s such that b(0)gry(M) = 0. Such
b(s) of minimum degree is called the b-function of M with respect to
the weight vector w and the filtration {Fy(M)}, or the b-function for
integration along the fibers of w. Moreover, b(0 + k)gr,. (M) = 0 holds
for any k € Z.

Proof. The graded module gr(M) = @, ., gry(M) is also a holo-
nomic module over gr*(D,,+q) = D, 14 by Theorem 2.2.1 of [29]. From
(0 + 1)y = 230 and (0 — 1)0,, = 0,0 it follows that (0 + k)P = P0
holds if P is homogeneous of order k& with respect to w. Hence the
sum of 0 + k : gr, (M) — gr, (M) for each k € Z defines an endomor-
phism of the left gr*(D,,4)-module gr(M). There exists the minimal
polynomial b(s) € K[s| of this endomorphism since the space of the en-
domorphisms of a holonomic D-module is finite dimensional as was first
shown by Kashiwara. A direct statement of this fact is found e.g., as
Theorem 4.45 of [15]; this also follows from Theorem 6.6 in Chapter 1
of [4] combined with Lemma 7.14 and Theorem 7.15 in Chapter 2 of
[4]. Q.E.D.

Note that a non-holonomic D,,4-module can have a b-function in
the above sense. The following arguments only rely on the existence of
the b-function hence applies also to such non-holonomic modules.

Let us begin with an algorithm for computing the intersection of
a left ideal I of D,,44 with the subring D4[x104,,...,2,0,,] by using
multi-homogenization (Proposition 4.3 of [27]). Let us set 6; = x;0,,
for 1 <j<n.

Algorithm 5.5. Input: A set Gy of generators of a left ideal I of

Dn_;,_d.
Output: A set G of generators of the left ideal T N Dy[fy,...,0,] of
Dy[b1,...,0,).
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Introducing new variables uj, v; for j = 1,...,n, let h(P) €
Dy, 4q[u] be the multi-homogenization of P € D,,1g4; i.e., for
each j = 1,...,n, h(P) is homogeneous with respect to the
weight in which z; and u; are of order —1, 0., is of order 1,
while x;,0,, for i # j and y;, 0, for all i are of order zero.
Let J be the left ideal of D, 4[u,v] generated by the set

{R(P)| P € GoyU{l —uv; | j=1,...,n}.

Compute a set G of generators of the ideal J N D, 4 by elim-
inating u,v via an appropriate Grobner basis.

Since each element P of G is multi-homogeneous and free of
u,v, there exist unique vy,...,v, € Z and Q(0:,...,0,) €
Dylby,...,0,] such that

SI,V1 te Sn,VnP = Q(alv cee 7071)7

. — AYi ; . . Y .
where we set S;,, = 0x; if v; >0 and S;,, =z, 7 otherwise.

Let G be the set of such Q(0y,...,0,) for each P € G;.

See the proof of Proposition 4.3 of [27] for the correctness of this
algorithm. The following algorithm was also presented in [27] (Algorithm

4.6):

Algorithm 5.6 (b(s) with respect to w). Input: [ := Annp

n+du'

Output: The b-function b(s) of M = D,,4qu with respect to w if it
exists. ‘None’ if it does not.

(1)

Compute a Grobner basis G = {Py,..., P} of I with respect
to a monomial order which is adapted to the weight vector w
defined above.

Set 0¥ (G) = {o"(Py),...,0"(P,)} and let gr**(I) be the left
ideal of D, 4 generated by ¢ (G).

Compute a set of generators of gr*’(I) N Dy[b1,...,0,] by Al-
gorithm 5.5.

Compute the intersection

grw(I) m]:K[01770n] = (gr’lU(I) de[glvaan]) QK[QL ;071]

(5)

by using a Grobner basis.
Setting § = —6; — --- — 6,, — n, compute

B :=gr(I)NK[by,...,0,] NK[f]

by using a Grobner basis. If B # {0}, let b(f) be a generator
of B. If B = {0}, then there exists no b-function of M with
respect to w.
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If M is holonomic, or more generally if we know that there exists
a (nonzero) b-function in advance, then we can employ more efficient
algorithm by Noro [19] which calculates b(s) directly as the minimal
polynomial of § with modular computation; this algorithm is available as
a function named ‘generic_bfct’ in a computer algebra system Risa/Asir
[20].

Proposition 5.7. Suppose that a left Dx-module M = Dxu =
Dx /I has a b-function b(s) with respect to the weight vector w as above
and the good w-filtration Fy(M) := F¥(Dx)u. Let k1 be the largest
integer root, if any, of b(s). Let k1 be an arbitrary integer if b(s) has no
integral root. Then the exvact sequence

(CR—
—

M"™ M — w.M — 0

induces an exact sequence

Oy 5es02,)
—

Fy, 41 (M)" Fr, (M) — w,M —> 0.

To prove this proposition we need a lemma on the Koszul complex.
In general, let L = @®rez Ly be a graded module over gr¥(Dx) = Dy4q
with Ly being the homogeneous part of order k. For any integer k, let
us define the Koszul complex KC®(L[k], Oy, , ..., 0y, ) to be the complex
S
0 — Lipn ®2 A’Z" 2% Ly 1 @2 A'Z 25 -0 2 Ly @ AT
Here A!Z is the free Z-module spanned by e;, A -+ A e; with the unit
vectors ey, . . ., e, of Z" satisfying e;Ae;+ejAe; = 0. The homomorphism
d; is defined by

n
o(v@ey N Ney,) = Z(@x].v)ej ANei, N+ Nej,.

Jj=1

For example, we have Ly ®y A"Z"™ = Lrey N -+ Ne, = Ly,
n
L1 @ A"'Z" = @ Lisae; = (Liyr)™

Jj=1
L2 @20 = @) Luvacy = (L) 0"
1<i<j<n

with

€5 =er N ANej_1 ANejpr A--- Nep,

€35 =er N Nejr Neggpr Ao Nej1 ANejpr A Ney,
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and
n n
j—1
01 Zvjej 22(—1)7 (Oz;v5)er A=+ Aey,
Jj=1 Jj=1
n i—1
1
LD SRR IS S1 D DTN YA Pt
1<i<j<n i=1 \j=1 Jj=i+1

Lemma 5.8. Assume that there exists a nonzero polynomial b(s) €
K[s] such that b(8 + j)L; = 0 for any j € Z. If b(k) # 0 holds for an
integer k, then the Koszul complex K®(L[k], Oy, , ..., 0y, ) is exact.

Proof. We argue by induction on n. First let us prove the lemma
for n = 1; i.e., that the homomorphism

61 : Lyt @z AYZ 30— (0,,0)e1 € Ly @z A'Z

is an isomorphism. Let v be an element of L. Then b(0+k)v = 0 holds.
There exists a polynomial ¢(6) € K[f] such that b(6 + k) — b(k) = 0c(0).
This implies

b(k)v = —0c(0)v = Oy, x1¢(— 0, 21 ).

It follows that d; is surjective. Next suppose v € L1 satisfies 0,,,v = 0
in L. Then we get

=00+ k+ 1)v=>0b(—210,, + k)v = b(k)v,

and consequently v = 0 since b(k) # 0.
Now suppose n > 2 and that the lemma has been proved with n re-
placed by n—1. The Koszul complex K®(L[k], Oz, ..., Oz, ) is isomorphic

to the total complex associated with the double complex

’

§
(12) I Lk+2 Xz NG/l . Lk+1 7 An—lgn-1 0

l/ 8"“ n l 8"“ n
5

e Ly @ A2 s @y APl )

where the two horizontal sequences are K®(L[k + 1], 04, ,...,0%,_,) and
K*(L[k], Oz .., Ox,_,) respectively. In fact, there is an isomorphism

(Lipt ®z A2 @ (Lot @z APTH1ZMTY) 2 Ly @, A2
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for 0 < 1 < n (with the convention AVZ" = 0 if j < 0 or j > n) defined
by the one-to-one correspondence

E Uiy €in N N €ipy s
1<ip << <n—1

E : Viq.iip—1—16iq TARRRNA einflfl>

1<igr < <ip—j—1<n—1

— E Uiy €iy N Ny,
1<iy < <in_1<n—1

+ E : Viyoip_ 1€y N Neiy  y Nenp,
1<i1 < <ip—1—1<n—1

in which the homomorphism 0,, is given by

8%( Z Uiyt €y N /\ein,L)

1<ip < <ip—1<n—1

= Z O, Viy iy €y N Nei,_ N en.
1<i1 <<y <n—1

Hence the homomorphism
(Lt @z A2 @ (L @z AVH12Z77Y)
— (Lo @z A2 @ (Lggioa @2 A2

defined by (6 ® (—=1)"7'9,,) ® 4, , corresponds to 4.

Let L; and L be the kernel and the cokernel of 0., : Lj+1 — L;
respectively and set L' := @;ez L) and L" 1= @;ez L}, which are graded
Dy, y4—1-modules. For any v € L;. we have

b(=0p, 21—+ — Opp_T1 + J)V

=b(=0p, 1 — = Onp, 1 Tpn-1 — Tp0s, +j)v =00+ j+1)v=0

by the assumption on L since L’ is a subset of L 1.

Now let v be an element of L; and ¥ be its residue class in L;-’ . Then
we have b(6 + j)v = 0 and

b(=0p, 21—+ — O0p, T—1+J)v—b(0 + j)v € 0y, Ljt1.
This implies

b(—@mh — = (95;”7133‘”_1 —l—])@ =0.
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Hence K*(L'[k], Ozyy- -+, 0x,_,) and K*(L"[K],0z,,...,0x,_,) are both
exact by the induction hypothesis if b(k) # 0.
We have an exact sequence

0= K (LK, Bays 00 ) — KLk 4+ 1], 851, 0p )
Geny K (LK), Bays vy Do) = KO (LK), Bays oD ) =5 0

of chain maps. Here the central chain map defined by 9, is a quasi-
isomorphism, i.e., induces isomorphisms of the homology groups since
the leftmost and the rightmost complexes are exact. This implies that
the total complex associated with the double complex (12) is exact,
which can be verified by diagram chasing. Summing up, we have shown
that K*(L[k], 0z, , ..., 0., ) is exact. Q.E.D.

Now let us prove Proposition 5.7. First let us show that Fj, (M) —
w, M is surjective. Let v be an element of Fj (M) with k > k;. Applying
Lemma 5.8 to gr(M), we get v1,...,v, € Frp1(M) such that

V—0p 1 — = Op, Up € Fr_q (M)

since b(k) # 0. By induction, we see that there exist vf,...,v], €
Fj41(M) such that

v — O, V) — -+ — Oy, v, € Fy, (M).

Thus Fy, (M) — w.M is surjective.

Next, suppose the residue class [v] in @, (M) of v € Fy, (M) vanishes.
Then there exist vi,...,v, € Frpy1(M) with some k such that
U =0y, V1 + -+ + O, Vp. Assume k > kq. Let v; be the residue class of
vj in gry, 1 (M). Then we have 0,,01 + -+ + 0,,0, = 0 in gr, (M). By
Lemma 5.8, there exist v;; € Fyy2(M) such that their residue classes
Uij in gry,, o (M) satisfy

n
v = Z(—l)”j‘laxjmj, Vi; +05 = 0.
j=1
Hence v} := v; — E?Zl(—l)“‘j_laﬁvij belongs to Fj(M) and we get a
new expression
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Proceeding inductively, we can show that v belongs to 0y, Fi,+1(M) +
v+ 4 0y, Fiy+1(M). This completes the proof of Proposition 5.7.
Now let
(Dx)ri)DXi)M%O

be a presentation of M with
p(P)=Pu (VP € Dx),
w((leanr)) :lel ++QT’P’F (VQlw"vQT € DX)

Here we assume that P, ..., P, are a w-involutive basis of I = Annp, u
with ord,, (P;) = m,. This implies that the sequence

& Foem.(Dx) -2 Fy(Dx) 25 Fu(M) — 0

is exact for any k£ € Z. Set Fi[m|((Dy«—x)") := &1 Frem, Dy—x)
with m = (my,...,m,), and so on, where {Fy(Dy. x)} denotes the
filtration induced by {F¥(Dx)}. Then ¢ induces homomorphisms

Y : (Dye—x)" — Dyx, ¢ Fy[m]((Dy—x)") — Fp(Dyx).

Let k1 be an integer as in Proposition 5.7. Then we have a commu-
tative diagram

(yeestp) (@5--r0)
Fiy 1 [m]((Dx)")" =5 Fiy 1 (Dx)" 228 By (M) ——0

(01 --02y,) (O 5eees0z,,)
P
Fi, [m)((Dx)") —— Fy,,(Dx) —— Fj,, (M) ——0

Fry [m]((Dy  x)") > Fi, (Dy+x) @ M 0

0 0 0

where the upper leftmost homomorphisms send

Qu - Qur
: | € Frya[m]((Dx)")"
in e Qnr
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to

Qll T er Pl

: : D] € Fiy1(Dx)"

Qn1 - Qur) \DPr
Qll T er

(O = Ow) | t | € B, (m]((Dx)")
Qni - Qur

respectively. In the commutative diagram, the three vertical sequences
and the two horizontal sequences except the one at the bottom are exact
in view of Proposition 5.7. This implies that the horizontal sequence at
the bottom is also exact; i.e.,

wyM = coker (w : Fkl [m]((DyeX)T) — Fkl (Dyex))

Note that

Fy,(Dy.x) = @ z“Dy, Fip,m]((Dyx)" @ @ x* Dy

|| <k =1 |a|<ki—m;

as left Dy-modules. Hence 1) is a homomorphism of free left Dy-modules
of finite rank so that coker ¢ can be explicitly computed by linear algebra
over Dy. This gives the relations among the generators {z®[u] | |a| < k1}
of w, M. In particular, we get

Proposition 5.9. One has w,M = 0 if b(k) # 0 for any non-
negative integer k.

By elimination, we obtain Annp, [u] so that Dy [u] & Dy /Annp,, [u]
is a left Dy-submodule of w, M. It is easy to see by the construction
that

Annp, [u] = Dy N (04, Dx + -+ 4+ 0,, Dx + Annp, u)

holds; the right-hand side is called the integration ideal of I = Annp, u.
Summing up we have obtained

Algorithm 5.10 (integration ideal). Input: A set Gy of
generators of I := Annp, u.
Output: A set G of generators of the integration ideal Annp, [u] of I.
(1) Compute a Grébner basis Gy = {P,..., P.} of I with respect
to a monomial order which is adapted to the weight vector w.
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(2) Using G1, compute the b-function b(s) of M = Dy /I with
respect to w by steps (2)—(5) of Algorithm 5.6.

(3) If b(s) has no non-negative integer root, then [u] = 0; quit.
Otherwise let k1 be the largest integral root of b(s).

(4) Set m = (my,...,m,) with m; = ord,,(P;).

(5) Express the homomorphism

(Dy) 2 Fy, [m]((Dy x)") ~% Fy, (Dy« x) = (Dy)'®

of free Dy-modules, which is induced by *(Py,..., P,.), as an
ll X lo matrix A = (A”) with

- n—i—kl—mi Tl+k1
llZ( " >, lo< " )7 Aj; € Dy.

i=1

(6) Compute a set G of generators of the submodule

I
Dye; N { D Qi(Ai, -, Auy) | Qi € DY}
i=1

of Dg? with e; = (1,0,...,0) € Z' . which corresponds to
1 € Fy,(Dy.x), by a Grébner basis with respect to what
is called a ‘position-over-term’ order. Let G be the set of the
first elements of Gs.

For practical computation of integration, computer algebra systems
such as Risa/Asir [20], Macaulay2 [11], and SINGULAR [7] are available.
An implementation of the D-module theoretic integration algorithm was
first supplied with Kan/sm1 [34] (see [26]). We make use of a Risa/Asir
library ‘nk restriction.rr’ by Hiromasa Nakayama for computing various
examples in the next section. One can also use a Macaulay?2 package
‘Dmodules’ by Anton Leykin and Harrison Tsai, or a SINGULAR library
‘dmodapp_lib’ by Viktor Levandovskyy and Daniel Andres.

Example 5.11. Set © = 21, 0, = 0,, and so on withn =d =1 and
w = (1,0,;—1,0). Let I be the left ideal of Dy generated by P, = y— a2,
P, = 220, + 0, and set M = D5/I. We denote by u the residue class
of 1 in M. It is easy to see that P; and P, annihilate §(y — 22), which
belongs to £'D'(R, x R,).

From Example 3.15, Pi, P, and P3 = 2yd, + x0, + 2 are a w-
involutive basis of I. The b-function b(s) of M = D/I with respect to w
divides s(s — 1) since 0% (P;) = —? and hence 9222 = 9,2(d,x + 1) an-
nihilates gro(M) = Fo(M)/F_1(M) with Fj,(M) := F*(Dy)/(F(Ds)
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I). Let w: X =C? 3 (z,y) = o € C =Y be the projection. Since the
w-orders of Py, Py, P3 are 2, 1,0 respectively, we have an exact sequence

F_1(Dyx) & Fo(Dyx)® Fi(Dyx) % Fi(Dy—x) = @w.M — 0,

where ¢ is induced by *(Py, Py, P3). With F_y(Dy x) = {0} omitted,
1 is explicitly given by

P((Q1,Q2 + Q3x)) = [Q1 P2 + (Q2 + Q31) P3]
= [Q1(220, + 0,) + (Q2 + Q3x)(2y0y + O + 1)]
= [Q2(2yd, + 1) + 2(Q19, + Q3yd, )]

for Q1,Q2,Q3 € Dy = D1, where the bracket denotes the residue class
in Dy, x. Hence the homomorphism % is represented by the matrix

0 20,
A=1|2y0,+1 0
0 2y0,

Thus w, M is isomorphic to the direct sum

This implies that fo(y) := ffooo Sy — 2?)dz and fi(y) == [*_zd(y —
1?) dx satisfies
(2y0y + 1) fo(y) = 9y f1(y) = 0.

Noticing fo(y) = fi(y) = 0 for y < 0, we get fo(y) = C'y_‘__l/2 and
f1(y) = 0 (naturally!) with a constant C. We can use the formula

51— 22) = 8((z — 1)(z + 1)) = %5(:5 14 %5(:5 +1)

to obtain C' = fy(1) = 1. We conclude that the distribution fy(y)

coincides with the locally integrable function yll/ ? on whole R because
the differential equation (2ydy, + 1) f(y) = 0 has no distribution solution
f(y) whose support is {0}. See Proposition 6.1 in the next subsection.

Exercise 24. Find a differential equation for
90(y) :=/ Y(y—a*)dx

by using the integration algorithm and determine go(y) as a distribution
on R explicitly.
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Exercise 25. For a positive integer n, find a differential equation
for v(y) = ffcoo 0(y — ™) do and determine v(y) explicitly.

Exercise 26. Set u(x,t) = em_st(x), which belongs to the space
ESS'(Ry x R,) introduced in 4.5.
(1) Find a holonomic system for u(x,t); confirm that it is holo-
nomic.
(2) Find a holonomic system, i.e., a linear ordinary differential
equation for

v(t) ::/ el dx:/ etI*ﬁY(x) dzx.
0 —o0

§6. Integration of holonomic distributions

We first apply the integration algorithm in 5.2 and classes of dis-
tributions introduced in 4.3 to the integral of a holonomic distribution
over the whole space. For integrals over domains defined by arbitrary
polynomial inequalities, we need more sophisticated method in order to
compute a holonomic system for the product of Heaviside functions and
the given integrand, which will be introduced in 6.2 with correctness
proofs. This method also provides us with an integration algorithm for
functions satisfying difference-differential holonomic systems, which will
be explained in 6.4. Algorithms in this section complement the ones
introduced in [24] with more detailed arguments.

6.1. Integrals of holonomic distributions over the whole
space

We assume K = C. Let u(x,y) = u(xy,...,2n,91,...,y4) be a
distribution in £&D’(R"™ x U) with an open set U of R?, or in SS'(R" x
R4). Suppose that u(x,y) is holonomic and that we have a left ideal T
of D,,+4 which annihilates u(z, y) such that D,, 4/ is holonomic. Then
the integral w.M = M/(0py M + -+ + 0., M) of M gives a holonomic
system of linear differential equations for

o) = | uey)da,

which belongs to D'(U) or to S'(R?), as was explained so far.

Let us first consider the standard normal distribution whose density
function is given by (27)~"/? exp(—|z|?/2). Let f(z) be an arbitrary
real polynomial in # = (1,...,2,). Then the cumulative function

F(t) = (2n)F [ e~ o) Y (- f@)do

n



Algorithms for D-modules with applications to statistics 323

of the random variable f(z) is well-defined as an element of S'(R) since
the integrand belongs to SS'(R” x R;). It is also a continuous function if
f(zx) is non-constant. The density function F’(t) is given by the integral

F'(t) = (2m)" % /

as an element of S'(R).

Since the integrands of F(t) and of F'(t) are holonomic by Propo-
sition 4.20 and belong to SS'(RY x R¢), we obtain linear ordinary dif-
ferential equations which F'(t) and F’(¢) satisfy as elements of S’(R) by
the integration algorithm.

The characteristic function of v(t) := F’(¢) is the tempered distri-
bution v on R defined by

exp((—gl?)8(t  f(x)) o

n

o) =(0d) b= [ e
for p € S(R) with ¢ = v/—1. Let us show that o(7) is given by

ﬁ(T):(zw)—%/ exp(i7f(m)—%|x|2> dz.

n

1
Set (z) = (2m)~"/? exp<—§|x\2>. (Indeed v can be an arbitrary ele-
ment of S(R™).) Then by the definition of the integral of an element of

SS'(R” x R;) and Proposition 4.10, we get, for any x € S(R),
020 = { [ vt~ o) do, 3 = 60 - @) ()

= (L(x)8(t), p(x)x(t+ f(2))) = - ()X (f(x)) dz

= [ vt ([ ) ao

— /_ Z( . (z)e't/ @) dm) x(t) dt.

This means the identity above. Moreover, 9(7) belongs also to C*°(R)
1
since exp(in(x) - §|a:|2> belongs to ES(R, x RY).
If v(t) satisfies a differential equation Pv = 0 with P = P(t,0;) =
>0 aj(t)d;" 7, then © satisfies Pi = 0, where

P = P(~id,,—it) = > a;(—id,)(—iT)" .
j=0
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Now let
(13) P =ag)o" + a1 ()" + -+ am(t)

be a linear ordinary differential operator with analytic functions a;(z)
defined on a neighborhood of ty € R. In general, for an analytic function
f(t) near to, the order ordy, f(¢) of f(t) at tg is defined to be the smallest
non-negative integer k such that f(k)(to) # 0. The point tg is called a
regular singular point of P if ordy,a;(t) > ordy,ao(t)—jforj =1,...,m.
Set k = ordy,ap(t). With P being multiplied by a power of ¢ or of 9; on
the left, we may assume k = m. Then the indicial polynomial of P at a
regular singular point ¢y is defined to be

m
=N (s — 1) (s —m 4 1 O
b(s) := jgocjs(s 1)---(s—m+j+1), cj = tllglo T to)m7"
This is nothing but the b-function with respect to the weight vector
(=1;1). The roots of b(s) = 0 are called the characteristic exponents of
P at to.
The following well-known facts often provide us with information on
the behavior of the distribution solutions near a singular point:

Proposition 6.1. Let ty € R be a regular singular point of an
ordinary differential operator (13).

(1) If P has no negative integer as a characteristic exponent, then
P has no distribution (or even hyperfunction) solution whose
support is {to} on a neighborhood of ty.

(2) If the real part of each characteristic exponent of P at to is
greater than —1, then any distribution (or even hyperfunction)
solution of the differential equation Pu = 0 coincides with a
Lebesgue integrable function on a neighborhood of tq.

The simplest proof of this proposition would be to consider a dis-
tribution as a hyperfunction, which is defined as the boundary value of
a complex analytic function to the real line (see [30]), and employ the
theory of ordinary differential equations with regular singularities in the
complex domain.

As a first example, let us deduce the density function of the 2
distribution in statistics.

Example 6.2 (x? distribution). Set

(e, t) = (2r)"% exp(—%|x|2)5(t —z)?), () = / u(z, t) dz
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with |z|?> = 22 + -+ + 22. Then u(z,t) belongs to SS'(R? x R;) and
thus v(t) is well-defined as a tempered distribution on R. Note that v(t)
is the density function of the y? distribution. By Example 4.21, u(x,t)
satisfies a holonomic system

(t — |z[*)u = (0; + 22:0; + 2;)u =0 (i=1,...,n).
Since
sz(& + 2x;0; + l‘l) + (1 + 26t)(t — |$|2)
i=1
= in@- +2|z|?0; + |x|* + (1 +20,)(t — |z|?)

i=1

n

i=1 i=1
we know that v(t) satisfies
(2t0y +t —n+2)v(t) = 0.

This differential equation has 0 as a regular singular point with the
characteristic exponent n/2 — 1, which is greater than —1. Hence v(t)
is integrable on R. Solving this equation by quadrature and noting that
v(t) =0 for t < 0, we conclude that

v(t) = C'e_t/ztim_1

with some constant C', which can be determined by

-1
> 1
oo ([Teera) = 1
n/2 =
0 2 F(Q)

The characteristic function 9(7) = [~°_e'™v(t) dt satisfies

(27 4+ )0 + n)o(1) = 0.
Together with ©(0) = 1, this implies
o(r) = (1 — 2i7) /2.

The following example was proposed by A. Takemura (see [18]):
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Example 6.3 (sum of cubes of standard normal random variables).
Set

|

o) = ) [ .

If n = 2, v(t) satisfies the ordinary differential equation Pv(t) = 0 with

exp(— )5(t—x?—---—xi)dx.

n

P =729¢39,° + 6561t%0,° + 12555t0,*
+ (8112 + 3240)0, + 243t0;,* + 600, + 2t.

The origin is a regular singular point of P with the indicial polynomial
b(s) =s(s —1)%(s — 2)(3s + 1)(3s — 7) up to a constant multiple.

Fig. 3. Curves a3 + 23 =t with t = —4,-1,-1/8,0,1/8,1,4

If n = 3, v(t) satisfies the ordinary differential equation Pv(t) = 0
with
P = 6561140, + 118098%9,° + 607257t%0," + (1458t> 4 944055¢)9,°
+ (13122t% 4 280665)0, + 25920t0,* + (99t + 8100)8,> + 297td,>
+900; + 2t.
Its indicial polynomial at 0 is
b(s) = s*(s —1)(s — 2)(s — 3)(s — 4)*(35s — 4)(35 — 8)

up to a constant multiple. Hence in both cases, v(t) is Lebesgue in-
tegrable on R and real analytic on R\ {0}. In [18] it is proved that
v(t) satisfies a linear differential equation of order 3n with a regular
singularity at the origin.

Example 6.4. Let us consider

2
v(t) = (%)*?/ exp(f%>5(tfx‘f S
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If n = 2, then v(t) is annihilated by
12838, + 768120, + (—2412 + 8641)9,> + (—48t + 96)d; + t — 6,

which has a regular singularity at 0 with the indicial polynomial b(s) =
s2(2s—1)(2s+1) up to a constant multiple. If n = 3, v(t) is annihilated
by
2048t40,° + 24576t%9,° + (—768t> + 77568t%)0,*

+ (—4608t% + 64512t)9,” + (88> — 5328t + 7560)0;>

+ (176t — 720)0; — 3t + 27,
which has a regular singular point at 0 with the indicial polynomial

b(s) =s(s—1)(4s+1)(4s — 1)(4s — 3)(4s — 5)

up to a constant multiple.

Example 6.5. Let us consider

o(t) = (2m)3 /

If n = 2, then v(¢) is annihilated by td,°> + 0, — t, which has 0 as a
regular singular point with the indicial polynomial b(s) = s2. If n = 3,
then v(t) is annihilated by 29, 4 3t0, + 0, +t, which has 0 as a regular
singular point with the indicial polynomial b(s) = s3. If n = 4, then
v(t) is annihilated by 30,4 + 6t20,% + Tt0,> + 8, — t with the indicial
polynomial b(s) = s at 0.

2
exp(—%)&(t — T Xy) dT.

n

Example 6.6. Introducing parameters a = (a1, as), let us consider
the density function

ot a) = (2#)_1/

1
. exp(—g(x% + x%))é(t — (21 + a1) (22 + az)) dzydzs.

The integrand belongs to SS'(R2 x (R; x R?)), hence v(t,a) to S'(R; x
R?). Integrating the holonomic module over Dj for the integrand shows
that v(t, a) satisfies a holonomic system P;v(t,a) =0 (1 < j < 6) with

Py = —A4t0,, 4+ 02, + 4a207, + (4a2® + 4)0q, + 4az,

Py = (8a2 + 2a2)6a1 + 2a18a2 — 4t + 4daqaq,

Py =20, + 02, + 20204, +2, Py = (04, + 2a1)0; + 20,,,

Ps = (0, + 2a2)t0; + 20,,, Py =02 +2a104, — 0

as 2(12(9,12 .
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The characteristic variety of M := D3/(D3Py + - -+ + D3Ps) is
{(t,a1,a0;7,61,6) € C°| & = &€ =16 =& = 7& =tr° = 0}
={t=4=&6&=0U{r=6=6=0}

The singular locus of M is {t = 0}. By elimination we obtain an operator

P =td} + 30} 4+ (=2t — a1a2)0? + (a3 + a3 — 3)0; +t — ayaz

in ¢ with parameters aq, as which annihilates v(¢,a). The indicial poly-
nomial of P at t = 0 is s>(s — 1)(s — 2). The Fourier transform gives us
a differential equation

d
((7‘2 + 1)25 + 7% +iaras® 4 (a2 +ad + 1)1 — ialag)ﬁ(r) =0

for the characteristic function (7). By quadrature we obtain

1 <2ia1a27' +a?+add 1

S(7) — _l2, 2
o(r) = == &P 321 1) 2(a1 + a2)>.

Exercise 27. Compute a differential equation for

2 2 2
v(t) = / exp(—%)é(t — 2% 4 22 + 22) dar dasdas
R3

and one for its characteristic function 9(7). Give an explicit formula for
o(T).

Exercise 28. Set u(z,t,a,b) = e!”2% (1 —2)5"! with positive real
parameters a,b. We regard it as an element of £'D’(R,, x R;) with a and
b fixed. Deduce a linear differential equation (in ¢) for

1 e}
v(t,a,b) = / 711 —2)’ "t de = / u(z,t,a,b)dz
0

— 00
regarding a, b as parameters.

6.2. Powers of polynomials times a holonomic function

Let us begin with the simplest example: For a complex number A
with non-negative real part, the distribution xi on R satisfies a holo-
nomic system (zd, — M)z} = 0. In particular, we have z0,Y (z) = 0.
This amounts to introducing the differential equation (xd; — s)z® = 0
for a formal function z*®, which corresponds to xj\r, and specializing the
parameter s to A\. We cannot regard ° = 1 because z° does not corre-
spond to the constant function 1 but to Y (z) = 2.
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Now let fi(x),..., fp(x) be non-constant real polynomials in the
variables = (x1,...,2,). Let v(x) be a holonomic locally integrable
function on U. Then

o(z) = (f)2 - ()2 v(a)

is also locally integrable on U for complex numbers Ay, ..., A, with non-
negative real parts. Especially, we have o(z) = Y (f1)---Y(fp)v(z) if
Aj=0(j=1,...,p). Our purpose is to compute a holonomic system
for o(x).

Our strategy is as follows: First we work in a purely algebraic
setting and consider the D-module generated by the tensor product
U ® ffl pr 7. we show that this D-module is holonomic and intro-
duce an algorithm to compute its structure. Then we ‘realize’ these
arguments and apply to the corresponding distribution (), which lives
in the ‘real world’.

Let K be a field of characteristic zero and fi,...,f, € Kz] =
K[z, ..., x,] be non-constant polynomials. Let us consider a ‘function’

7t fp? with indeterminates (as parameters) s = (s1,...,5,). More
precisely, set

L= K[l‘, (.fl"'fp)ilvs] fl .,,f;p’

which is regarded as a free K[z, (f1 -+ f,) !, s]-module generated by the
‘symbol’ f{*--- fy*. Then L is a left D,[s]-module with the natural
derlvatlonb

Lof
0u, (f} fSP:Z S =1,

In what follows we denote f* = f{'--- f,* for the sake of simplicity
when there is no fear of confusion.

Let M = Dju = M/I be a holonomic left D,-module generated
by an element u € M with the left ideal I = Annp,u. Let us consider
the tensor product M ®k[,) £ as K[z]-module, which has also a natural
structure of left D, [s]-module induced by the derivations

O, (0 @0) = (Op,0) @v+u' @ (Op,v) (W EM,veEL i=1,...,n).

Our aim is to compute the annihilator (in Dy [s]) of u® f* € M ®k[, L.
For this purpose, define shift (difference) operators E; by

Ei:L3a(x,s1,...,8)f —ralz,s1,...,8;+1,...,8,)f; f° €L

for j =1,...,p, which are bijective with the inverse shifts E;l L — L.
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Let D, (s, E, E7') be the D, -algebra generated by s = (s1,...,5p),

E = (Ey,...,E,),and E7' = (E['},... ,E,;1). We introduce new vari-

ables t = (t1,...,t,) and the associated derivations 0; = (0,,...,0;,).
Let D1, be the ring of differential operators with respect to the vari-
ables (z,t) = (21,...,&n,t1,...,tp).

Let o : Dytp — Dy(s, E,E~') be the D,-algebra homomorphism
(Mellin transform) of D,, defined by

p(ty) = Ej, p(0) = —s; B
This homomorphism is well-defined since
(O t; —t50r;) = (0, )u(ty) — pu(t;)pu(0r;)
= —s;E;'E; — E, (—s;)E; ! =
It can be extended to an isomorphism
f: Dryp[(ty - "tp)il] = Dy(s, B, E™")

such that ,u(t;l) = E{l. Hence we can regard D,,1, as a subring of

E{s, E, E~') through yu. With this identification, we have
t] = E]) 8t,

J

= —SjEjil, Sj = —8tjtj = —tj(’)tj -1
Thus we have inclusions
Dy[s] C Du(s,E) C Dynyp C Dyp{(s,E,E™Y) = Dy [(t1 - t,) 7]

of rings. Note that M ®g,) £ has a structure of left D, (s, E, E~1)-
module with s and E acting only on L.

Lemma 6.7. The submodule D,1,f° of L is a free K[z]-module
generated by Oy f° with v € NP,

Proof. Let J be the left ideal of D), generated by

o
P —811+Z ffat Gi=1,...n), t;—f; (G=1....p)

It is easy to see that J annihilates f*°. In order to show that J coincides
with Annp,, f*, let < be a lexicographic term order for D,,, such that
Op; = Oz, j < Oy, and w; <t for 1 <i<nand 1< j<p. Then by
division with respect to <, every element P of D, , is written in the

form ,
P = Z U; P, + Z‘/j(tj - f]) + Z TV(I)a;j
i=1 j=1

veNP
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with U;, Vj € Dy1p and 7, (2) € K[z]. This implies

Pre="r(@oyf = > (~D)"[slr, (@) "

veNP veENP

with

(8], = [s1]v, -+~ [Sp}up

=si1(s1—1)---(s1—v1+1)--sp(sp—1)---(sp —1vp +1).

Hence Pf* = 0 holds if and only if r,(x) = 0 for each v since L is a free
K[s]-module. This also implies that an element of D,,1, f* is uniquely
written in the form ), 7, (2)07 f* with r,(z) € K[z]. This completes
the proof. Q.E.D.

Our primary purpose in the following algebraic arguments is to com-
pute the D, [s]-submodule D,,[s](u® f*) of M ®x, L. With this purpose
in mind, we consider the following modules:

The D, yp-submodule N := Dy, (u® f*) of M @y L,

The D, [s]-submodule Ny := D,[s](u ® f*) of N,

The Dy, yp-submodule N’ := Dy, 4, (u® f*) of M ®x[g) Drypf?,
The D, [s]-submodule N! := D,[s](u® f*) of N’.

We will see that N’ coincides with M ®g ;) Dy 1pf* in fact. The inclusion
Dy, f° C L induces a natural homomorphism

L M ®g) Dngpf® — M Qxpz) £

such that +«(N') = N and ¢(N]) = N;. Let us first determine the struc-
ture of N’.

Algorithm 6.8 (N’ = M ®g[y) Dnypf*®). Input: A set Gy of
generators of I with M = D,,/I and non-constant polynomials
f17. .. ,fp S K[!L‘]

For P = P(x,04,,...,0z,) € Gp, set

9
(P, fiy.oos fp) = P $3m1+zaf78m- %+Z f78t

following [35]. This substitution is well-defined in the ring D,,1, since
the operators which are substituted for d,,,...,0,, commute with one
another.

Output: G :={7(P, f1,...,fp) | P € Go} U{t; — fi(z) | j=1,...,p}
generates J := Annp, (v ® f°) and M ®[z) Dypypf® = N' = Dpyp/J
is holonomic.
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Proof. 1In view of the equality

all+zaf’atj (u® f*)

= (Opu)® f*+u® 8IZ+Z fjatJ e

Jj= 1

= Oo) © f +u® o+ Y (-

j=1

—10fi ) s s
)fjlajvi 7= (0zu)® f

in M ®g[,) £, we have, for any P € D, and j =1,...,p,

(P, f1,.. fp)u@ f°) = (Pu)@f°, (t;j—f;)(uf*) =u@(t;— f;)f°.

Hence J annihilates u @ f* in M ®g,) £. These relations also imply
that M ®gy] Dntpf® is generated by u® f* over Dy, since Dy ypf° is
generated by 9f f* (v € NP) over Klx].

Conversely, suppose that P € D, , annihilates v @ f°. We can
rewrite P in the form

P a . a
P= ¥ pa,y(x)ag(aﬁza—ﬁatj)
aeN" peNP j=1
d an &
(amz 20,)" + 300 15— y(a)
j=1

with pa,, () € K[z] and Q; € Dyyp. Setting P, := > cyn Pa,w ()05,
we get

0=Pu®f)=> 1P fr,.... f)u® )= > Puxdf.
veENP veNP

It follows in view of Lemma 6.7 that each P, belongs to I. Hence we
have

P
P=> r(Py, fr, - fp) + Qs (t; — [;(x) €
j=1

veNP
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Finally, let us show that D,,y,/J is holonomic. Since D,,/I is holo-
nomic, its characteristic variety Char(D,,/I) is an n-dimensional alge-

braic set of K. By the definition, we have

Char(D,,4p/J)
P
—on of;
c {(m,g,T) e K2 |a(P)(x,£1+;a—£Tj,...) —0(YPel),
t=fi(2) 1<j<p)}
- {(x t &) e (x ¢ +§p:%7- ) € Char(D,/I)
IASASE) 5 Q1 j:1ax1 IR n )

ti=fi@) 1< i <)},

Since the set on the last line is in one-to-one correspondence with the
set, Char(D,,/I) x K', the dimension of Char(D,,;,/J) is n + p, which
implies that D,,1,/J is a holonomic module. This proves the correctness
of the algorithm. Q.E.D.

Now that we have a set of generators of J = Annp,, (u® f*), we
can compute Annp (v ® f*) = J N Dy[s] by using Algorithm 5.5.
Thus we get an explicit presentation of the D,[s]-submodule N! =
Dy [s](u® f*) of M ®g(3) Dnypf°. Finally let us specialize the parameters
s=(S1,...,8n) to A= (A1,..., ) € KP. Set

N'(A) = N/((s1 = AM)Ng+ -+ (sp = Ap)NY),
N(A) = Ns/((s1 = AM)Ns + -+ (8p — Ap)Ns),

which are left D,,-modules.

Proposition 6.9. Set f = fi--- f,. The homomorphism
v N'= M @gpa) Dnipfi* - fpr — M @k L

1s injective if and only if M is f-saturated, or f-torsion free, i.e., f :
M — M is injective. In particular, ¢ induces isomorphisms N' = N and
N! = Ny if M is f-saturated

Proof. By Lemma 6.7, an arbitrary element w of M @[y Dptp f*
is uniquely written in a finite sum

w = Zuy@@t” fl...f;p

veNP
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with u,, € M. Then we have

(w) = Z (—1)‘V|[s]yu,, ® fon _..f;pfup.

veNP

Since £ is isomorphic to K[z, s, f~!] with f = fi--- f, as a K[z, s]-
module, M @, £ is isomorphic to the localization M([s, f~1] of M[s] :=
M ®k K[s] with respect to f as a Kz, s]-module. Hence ¢(w) vanishes
if and only if

> (DMl

veNP
vanishes in M[s, f~!]. This amounts to the condition u, = 0 in M[f~1]
for all v. Finally, u, vanishes in M[f~!] if and only if f™ u, = 0 holds in
M with a non-negative integer m,,. This implies the assertion. Q.E.D.

The following theorem was proved in case p = 1 by Kashiwara [13]
in the analytic setting.

Theorem 6.10. For any A € KP, N()) is a holonomic D, -module.

Proof. TFirst, let us show that N’()\) is holonomic if either no com-
ponent of A belongs to N or M is f-saturated with f = f1--- fp.

We may assume M # {0}. Set Fy(N') = Fél;l)(Dner)(u ® f*) for
k € Z. Since N’ is holonomic, there exists a polynomial Hy(k) of degree
n + p such that

dimg Fk(N/) = Ho(k‘) (Vk‘ > 0)

We define a filtration Fj(D,[s]) on the ring D,,[s] by

F(Dals)) = { D aap00°08s7 | [a] + |8l + 21y < k}.
a,Byy

Then Fi(N!) := Fr(Dy[s])(u ® f*) defines a good filtration on N/ as
a filtered module over the filtered ring D,[s]. The associated graded
module gr(N)) is a graded module over the graded ring K|z, &, s] in
which z;, & are of order one, and s; are of order two. Hence (see e.g.,
[5], [8], [12]) there exists Q(T) € Z[T,T~'] such that

> dimg gr, (N)T* = Y (dimg Fi(N}) — dimg Fy_y (N]))T*
k=—oc0 k=—oc0
Q(T)
(L=T)"(1-T1?)
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holds as a formal Laurent series in an indeterminate T'. It follows that
there exists a polynomial H; (k) € Q[k] such that

dimyg ng(N;) = Hl(k) (Vk‘ > 0)

The degree of Hy(k) is at most n + p since Fj,(N]) C Fi,(N').

Now, let us consider the D,,[s]-endomorphism of N/ defined by s, —
Ap = =04, t, — Ap. Let v be an element of N such that (s, — A,)v = 0.
As an element of N’, v is written uniquely in the form

v= Zv,,@@ffs

veNP

with v, € M. Then (s, — A\p)v = 0 is equivalent to
(14) (Vp — Ap)vy — fpUy—e, =0 (Vv =(11,...,1p) € NP)
with e, = (0,...,0,1) € N since

sp0l = =0y tp0] = =0, +j0l . tpf* = fuf’.

First let us assume that A\, # 0,1,2,.... Then from (14) we deduce
v, = 0 for any v € N? by induction on v,. Hence s, — A, : N, — N/ is
injective.

Next, assume that A\, € N and that M is f-saturated. There exists d
such that v, = 0if 1, > d. Then from (14), it follows that fjv(u/vd_j) =0
for all 0 < j < d and v/ € NP~! by induction on j. Hence we have v,, = 0
for all v € NP if M is f-saturated.

Hereafter we suppose that s, — A, defines an injective endomorphism
of N.. Then we have an exact sequence

0 — N! 23 NT—5 N /(s — Ap)N. — 0

of left D, [s']-modules with s’ = (s1,...,8,-1). Let us regard N :=
N'/(sp—Ap)N’ as afiltered module over the filtered ring Dy, [s1, . .., $p—1]
and define a good filtration on N”' by

Fi(N") = Fp(N)/(Fx (N N (sp — Ap) N).

Since (s, — Ap)Far—2(N]) is contained in For(N.) N (s, — Ap)NL, we
have
dimg ng(NH) = dimg ng(N;) — dim]K(FQk(Né) N (Sp — )‘p)Nbl)
S dimK ng-(N;) — dimK FQk_Q(N;) = Hl(k}) — Hl(k} — 1)
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for sufficiently large k. Note that Hy (k) — Hy(k — 1) is a polynomial of
degree at most n+p—1. Proceeding inductively, we obtain a polynomial
H, (k) of degree at most n such that

dimg For(N'(N)) = H,(k) (Vk > 0)
with a good (1;1)-filtration
Fo(N'(N) = FW(N2)/(F(N) 0 (51 = AN+ -+ (55— Ap) L))
on N’(X). On the other hand, there exists a polynomial G(k) such that
dimg Fi.(N'()\)) = G(k) (VE > 0).
Hence H,(k) = G(2Pk) holds for sufficiently large k. This implies
dim N'(\) = deg G(k) = deg H,(k) < n.

Thus N'()) is a holonomic D,,-module under the assumption above.

Finally, let us show N () is holonomic. The localization M|[f~!] has
a natural structure of left D,,-module and is holonomic as such ([13],
[4]; see also Theorem 2.14 in [25] for a constructive proof). Moreover,
M([f~1] is f-saturated by the definition. Let p: M > Pu+s Pu®1 €
M[f~1] be the canonical homomorphism. Then by Proposition 6.9, the
canonical homomorphism

L p(M) ®xla] Dripf* — p(M) kg £

is injective. Hence the submodule N, := Dy, [s](p(u)® f*) of p(M) Oz £
is isomorphic to the submodule N! := D, [s](p(u) ®@ f*) of p(M) @l
Dyypf?. On the other hand, p induces an isomorphism M ®g,) £ —
p(M) @x[g) L by the definition. This induces an isomorphism N, = N;.
Summing up, we obtain an isomorphism

N(A) = N'(N) == No/((s1 = M)NL+ -+ (55 = Ap) V).

The module of the right-hand side is holonomic by the argument above.
This completes the proof. Q.E.D.

Note that if K is algebraically closed then Theorem 6.10 holds under
a weaker assumption that M be holonomic on {z € K" | fi(x)--- fy(x) #
0} since it implies that M|[f~!] is a holonomic D,,-module ([13]; see also
Theorem 3.14 of [25] for an elementary proof). We do not know if N'()\),
which can be computed directly, is always holonomic; the proof of Theo-
rem 4 in [24] is insufficient. In general, N(\) is stronger and more suited
to our application below than N’()). Summing up we have obtained
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Algorithm 6.11 (N()\)). Input: A set Gy of generators of I with
M = D,,/I = D,u, non-constant polynomials f1,..., f, € K[z], and
A e KP.
Output: N(\) =D,/ J.

(1) Compute the D,-submodule p(M) = D,p(u) of the localiza-
tion M[(f1--- fp) "] with p(u) = u®1 by using the localization
algorithm of [25], which is a modification of the one in [28].

(2) Compute a set G of generators of the annihilator of p(u) ® f*
in p(M) @x[y] Dnypf® by Algorithm 6.8.

(3) Compute generators P;(s),..., P.(s) of the annihilator

Annp, 5)(p(u) ® f*) = Dn[s] N Annp, ., (p(u) ® f°)

by using G; and Algorithm 5.5.
(4) Let J be the left ideal of D,, generated by Pi(\), ..., P.(A).

In practice, we can skip step (1) and proceed to steps (2),(3),(4)
with p(M) replaced by M. This gives us N’(\) which might be weaker
than N ().

Now let us return to the ‘real world’. Assume that fi,..., f, € R[z]
and let v(z) be a locally integrable holonomic function on an open set
U of R™. Then

B(a, A) = o) (f)Y - )y

is well-defined as a locally integrable function on U if the real parts of
A1, ..., A\p are non-negative. More precisely, 0(z, A) belongs to the space
O(CE,D'(U)) of D'(U)-valued holomorphic functions on

Ci:{)\:()\l,,)\p)G(CP|Re)\]>O(].§j§p)}’

that is, (9(x, A), ¢(x)) is a holomorphic function of A = (A1,..., ;) on
C%_ for any ¢ € C3°(U). Moreover, (0(x, \), ¢(x)) is continuous on the
closure C%..

Let I be a left ideal of D, which annihilates v(z) such that
M := D,/I is holonomic. Set M = D, /I = D,u with v = 1 and
L=Klz,(f1-f,)" ', s]f* with K= C. In order to apply the algebraic
arguments so far to o(x, \), we need the following fact:

Theorem 6.12. Suppose that P(s) € D, [s] annihilates u @ f* in
M ®c[y) £ and that the real parts of the components of A\ € CP are
non-negative. Then P(N)0(x, \) vanishes as a distribution on U. Hence
0(x, \) is a solution of the holonomic system N(\).

Before proving this theorem, let us begin with
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Lemma 6.13. Suppose that P(s) € D,[s] annihilates u ® f* in
M ®cjy) L. Then P(N)0(x, X) vanishes as a distribution on Uy := {x €

Ul f(z) #0} with f = fi--- fp for any A € C%_.

Proof. We denote f2 = ( fl)il e fp)i”. The C-bilinear homomor-
phism

®: M x L3> (Pu,alx,s, f1)f)
— a(x, A\, fH) A Pu(z) € O(CL, D' (Uy))

with P € D, a € Clz, s,t] is well-defined since f1,..., f, do not vanish
on Uy. Moreover, ® is C[z]-balanced in the sense that

®(c(z)Pu, a(x,s, f1)) = ®(Pu, c(x)a(z,s, f1)) (Ve(x) € Clz]).
Hence ® induces a C[z]-homomorphism
U M @cp) £ — O(CL,D'(Uy))
such that

V((Pu) @ alz,s, f1)f°) = ®(Pu, a(z,s, f71)f*) = a(z, X, f1) f2 P

because of the universality of the tensor product. It is easy to see that

U((Pu) @ sja(z,s, f~1) ) = \U((Pu) @ a(z,s, [~ %) (1< <p),

and

V(0 ((Pu) @ alz,s, f71) %)) = ¥((0:Pu) @ alw,s, f71) f7)
+¥((Pu) ® (Bia(w, s, f~1))f7))

+\11<Pu ®Z Jf‘1 f] (x,s,f_l)fs)
=a(z,\ f~ )f+aipv(x)+aia(z,A,f*1)fin(x)
p
+ 0 0  aleA S P Pu()
j=1

=0 (a(z,\, ffl)f_’th(x)) (1<i<n)

hold as distributions on Uy since ffr‘ is real analytic in x there. This
implies that

U(P(s)(u® f) = POT(u® f*) = P)(fo(@))
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holds for any P(s) € D,[s]. Hence the right-hand side vanishes as an
element of O(CY,D'(Uy)) if P(s)(u® f*) =0in M ®¢p;) L. Q.E.D.

Next we generalize a lemma by Kashiwara and Kawai [16], which
corresponds to the case p = 1:

Proposition 6.14. Let U be an open set of R™ and let fi,..., fp
be real-valued real analytic functions on U such that {z € U | f1(z) >
0,...,fp(z) > 0} is not empty. Let v(z) be a locally integrable func-
tion on U. Set f = f1---fp and Uy = {& € U | f(x) # 0}. Let
S1,...,5p be indeterminates and A\i,..., A, be complex variables. As-
sume that P(s1,...,8p) € Dy[s1,...,sp] satisfies

POy M) ((FO)Y - (f)270) =0 in D' (Uy)

ifRe \j (j =1,...,p) are sufficiently large. Then one has

P, M) (A2 (f)Pv) =0 in D'(U)
forany Aj e CwithRe \; >0 (j=1,...,p).

Proof. We argue by induction on p. First let us set p = 1 and
recall the proof of Lemma 2.9 in [16]. We denote s = s1, f = f1, and
A = A1. Let ¢ be an element of C§°(U). Then its support K = supp ¢
is a compact subset of U. Let x(¢) be a C*° function of a variable ¢ such
that x(¢t) = 1 for |[t| < 1/2 and x(t) = 0 for |t| > 1. Let 7 be a real
number with 0 < 7 < 1. Since the support of (1 — X({))gp is contained
in Uy, we have by the assumption that

(PO ) = (P20, x(D)e)

f
:/ PO (x(2)e) (f}0) da,
K T
where ‘P(\) denotes the adjoint operator of P()\). Let m be the order
of P(s) and d be the degree of P(s) in s. Then there exists a constant
C > 0 such that

sup ['P(X) (X(f(f”))@(x))’ SCEA+AYIT™  (0<¥r<1).

zeK T
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Assume Re A > m and 0 < 7 < 1. Then we have
tpo) (L ) d
[ po (Do) 2oy aa
<C(1+ |A|)d7—m/ |fiv(z)| dz
{zeK[0< f(z)<T}

gc<1+|x|)dfm+Re*/ lo(z)| da.
K

This implies

(PO (f2v), @) = lim [ *P()) (x(g)v)(fiv) dz = 0.

T—=+0 i
By the uniqueness of analytic continuation with respect to A, we know
that P(A)(f2v) =0in D'(U) if Re A > 0.
Now suppose that the assertion of the proposition is proved with p

replaced by p — 1. We use the notation s = (s1,...,s,) and
A= (A,... ). Set

V={eeU|filz)= = f,(z) =0}.

With the assumption of the proposition, we have

Ap
PO ((J1)3 - (fp)370) =0
on U\V if ReA; > 0 for j = 1,...,p. In fact, for a point zy of
U\ V, we may assume f,(x9) > 0. Then replacing v by f;"’v and U

by a neighborhood U,, of g, we conclude that P(/\)((fl)i‘r1 e (fp)i"v)
vanishes as an element of D'(U,,) if Re A; > 0 (1 < j < p) by the
induction hypothesis.

Since the support of (1 — X(%) X(f—:))ga is contained in U \ V,
we have

(PO (5) o), )
_ <P(A)(f1)il - (f)300), X(é) “'X(%>‘P>
= [Py o) v
U

Let m be the order of P(s) and d be the total degree of P(s) in s. Then
there exists a constant C' > 0 such that

sup ') (22 (22D ot))| < €1 Il )

reK T T
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holds if 0 < V7 < 1. Set K(7) :={x e K |0 < fj(z) <7 (j=1,...,p)}
with K = supp ¢. Then we have

(PO (5)0), )|
<O+ Ml 4+ Pyt /K G (ot da

CL+ ] -+ [Ag|)drTie AutRe Ap—M/ lo(2)| da
K

if 0 < V7 < 1. This implies that <P()\)((f1)j\‘_1 (fp)ipu), <p> vanishes

if Re A\; >0 (1 <j <p)and Re Ay +---+Re A\, > m, and hence only
if Re \; > 0 (1 < j < p) by the uniqueness of analytic continuation.
Q.E.D.

Proof of Theorem 6.12: The first statement follows from Lemma
6.13 and Proposition 6.14. Let us fix A\ = (A}, ..., )\g) € (Cﬁ. Suppose
P € D,, annihilates the residue class (u® f*)|s—xo0 in N(A\°) of u® f* €
M ®g(z) L. Then there exist P(s),Q;(s) € Dy[s] such that

P =P(s)+(s1=A)Qu(s)+- -+ (sp = A)Qp(s),  Pls)(udf*) =

It follows from the first statement that
Pi(z,A) = (A = ADQ1(N)o(2, A) + -+ (A — A))Qp (N5, A)

for A € (C_ﬁ, and hence Po(x,\°) = 0. This implies that there exists
a D,-linear map from N(A°) to D'(U) which sends (u ® f%)]s=x, to
9(z,A\°). This completes the proof of Theorem 6.12.

6.3. Integrals over the domain defined by polynomial in-
equalities
We assume K = C. As in 4.3, set © = (21,...,2,) and y =
(y1,.-.,Ya). Assume that f1,..., f, are real polynomials in (z,y) and
let v(z,y) be a holonomic locally integrable function on an open set
of R"*4 and let Ay,..., Ap be complex numbers with non-negative real
parts. We assume that

5(2,y) == v(@,y)(f)2 - ()"

belongs to £'D'(R} x U) with an open set U of RY, or to S§'(R x RY).
Let I be a left ideal of D,44 which anmhﬂates v(z,y) such that
M := D,,14/I is holonomic. Set M = M/I = D, qu with v = 1 and
L= Clz,y,(fr - fp)~', s]f*. Then Algorithm 6.11 yields a holonomic



342 T. Oaku

system for o(x,y) by virtue of Theorem 6.12. Thus by the integration
algorithm, we get a holonomic system for

wly) = [ o) ()Y de,

In particular, setting A\; = --- = A, = 0, we obtain a holonomic system
for

w@) = [ vepde= [ @)Y () e ) b

with
D(y) ={z eR"| fi(z,y) 20 (1 <j <p)}.

As examples, let us consider truncated multi-dimensional normal
distributions: Let f1,..., f, be real polynomials in = (z1,...,2,) and
set

D={zeR"| fi(x)>0(1<j<p}

2
Then exp (— %) Y (f1)...Y(fp) is, up to a constant multiple, the prob-

ability density function of the standard normal distribution truncated
by D. Let f(z) be a real polynomial, which we regard as a random vari-
able. Then the cumulative and the density functions of f(x) are given
by

F(t)= /DeXP(*%>Y(t — f(2))dx
= / exp(—@)}/(t — @)Y (fi(z)) - Y (fpla)) da
and

2

()= [ ewp(~550)a( = SV (hla)) Y (fy(a) de

respectively up to constant multiples. The integrands belong to the
space SS'(R? x Ry).

Example 6.15. Setting f(x) = |z|? and
D={z=(z1,...,2,) ER" |2, >0 (1 <i<n), a1+ -+ x, <1}

let us consider the density function

o(t) = / exp(fg)é(t C2P)Y (1) Y (@)Y (L =2y — - — ) da
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(up to a constant multiple) of the random variable |z|?. If n = 2, then
v(t) satisfies a differential equation

{4t(t—1)(2t —1)0,> +4(—2t3 +6t> — 5t +1)9, +2t° — 9> + 9t — 2} (L) = 0.

Its indicial polynomials at 0, 1, and 1/2 are s2, s(s — 1), and s(2s — 1)
respectively. It can be verified that 1 is an apparent singular point e.g.,
by an algorithm described in Chapter 1 of [23]. Hence v(t) belongs to
L'(R) and real analytic on R\ {0,1/2}.
If n = 3, v(t) is annihilated by

8t(t —1)(2t — 1)(3t — 1)9,> + (—72t* + 276t> — 308> + 116t — 12)9,”
+ (36t — 210t% 4 308t% — 162t + 28)9; — 6t* + 47t> — 83t? + 53t — 11.
Its indicial polynomials at 0,1,1/2,1/3 are s(s—1)(2s—1), s(s—1)(s—2),

s(s —1)(2s — 3), s(s — 1)? respectively up to constant multiples. The
point 1 is an apparent singular point.

Example 6.16. Set n = 2 and
|z[? 2 2
v(t) = / exp(——)§(t —x1 —22)Y(1 — af — 23) dx.
22 2
Then v(t) is annihilated by two operators
Py = 2t(t? — 2)8,% + (—t* + 22 + 4)0, — 3,
Py = 4(t? — 2)0;> + 12t0, + (—t* — 8t> +12)0; — t> — 6t,

neither of which is a multiple of the other. The singular locus of the
Di-module Dy /(D1 Py + D1 Py) is {t | t* —2 =0} = {V/2, —V/2}.

Example 6.17. Set n = 2, D = {z = (z1,22) | 23 — 23 > 0} and
consider
— ey s - 3_ 2
u(t) = exp 5 o(t — f(x)Y (a7 — x5) dxydxs
R2
for a real polynomial f(z). If f(z) = x1, then v(t) is annihilated by
20,% + (=3t> — 4t> — 1)0, + 3t* + 26> — t;

Tts indicial polynomial at 0 is s(2s — 3).
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If f(z) = 2% + 22, then v(t) is annihilated by

1613 (27t — 4)0,* + (—864t* + 3368t> — 320t%)9,>
+ (648t* — 495613 + 5724¢% — 268t)0;
+ (=216t* + 2462t% — 5484t + 1654t — 12),
+ 27t — 409t + 1351t — 760t + 6.
The indicial polynomials at 0 and 27/4 are s%(4s—1)(4s—3) and s(s—1)

(s —2)(s — 3) respectively up to constant multiples. The point 27/4 is
an apparent singular point.

Example 6.18. Set

1 2 2
v(t) = 5 /]Rz exp(—aCl ;xQ)é(t — x122) drides.

This is the density function of the random variable x1x5 with the stan-
dard normal distribution (2, x9) and satisfies (t0? + 9; — t)v(t) = 0.
Consider the density function

w(t) = §5(t — 2t — a3)v(z1)v(x2) doids
Rn

of ¥2 + 3, where (x1,22) is the random vector with the probability
density function v(x1)v(xs). The integrand belongs to £'D'(R2 x R;), a
holonomic system for which can be computed by using Algorithm 6.11.
The integration algorithm gives

(8t30,* + 48120, — (61> — 56t)0,> — (12t — 8)9, +t — 2)w(t) = 0.
The indicial equation at 0 is s*.

6.4. Integrals with auxiliary difference parameters
Let us take as an example the integral

1

v(t;a,b) = Blab)

(o)
/ 8t —x+ a2 (1 —2)i de

—0
for positive real numbers a,b. The integrand is holonomic in z and ¢,
but not in (z,t,a,b) if we regard a,b as variables. Let us apply the

algorithm of the preceding sections: first,

u(z,t;a,b) =

§(t—z+a?)2% M (1 - x)l_’fl

B(a,b)
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is annihilated by two operators
(15) t—x+2%,  (—2?+2)0 + (223 - 32> +2)0, + (a+b—2)x —a+1.

Since the initial part of t — 2 4+ 22 with respect to the weight vector
(1,0; —1,0) for (x,t,0,,0;) is 22 and §%2* = O,x(0,x + 1), we know
that the b-function b(s) with respect to this weight vector divides, in fact
equals, s(s — 1), which does not depend on a,b. Hence the integration
algorithm can be safely applied although the integrand is not holonomic
in the variables (z,t,a,b) and produces a differential equation

(16)  (t*(1 — 4t)9,> + ((4a + 4b — 18)t> + (—a — b + 3)t)0;
+(—a? +(=20+T)a—b> +7b—12)t + (b — 1)a — b+ 1)v(t; a,b) = 0.

It has regular singularities at ¢ = 0 and ¢ = 1/4. The characteristic
exponents at 0 are a — 1 and b — 1; those at 1/4 are 0 and —1/2. Note
that v(t;a,b) vanishes if ¢t < 0 or ¢ > 1/4 and its explicit formula for
0 <t < 1/4 can be obtained directly. The computation above assures
us that v(t; a,b) satisfies (16) on the whole R as a distribution in ¢.

In what follows we treat the case where the integrand has some
auxiliary parameters with respect to which the integrand satisfies differ-
ence equations. In general, let D,, be the ring of differential operators
defined over K = C. As in 6.2 define the D,-algebra homomorphism
t: Dytp — Dypla, B, EZY) by

p(t;) = Ea,, p(dy) = —a;E; (1<j<p),

where E,; denotes the shift operator a; — a; +1. Conversely, we define
a Dy-algebra homomorhphism f : Dy {a, E,) = Dp4p by

fi(aj) = =0 tj, fi(Ea;) =t;  (1<j<p).
Then poji coincides with the inclusion map D,,(a, E,) C Dy{a, E,, E;1).
Definition 6.19. A left ideal I of D, {(a, E,) is called a holonomic
D, (a, E,)-ideal if
J =y~ (Dnla, Ea, E')I) = {P € Dyyp | u(P) € Dnla, Ea, EZ 1)1}
is a holonomic ideal of D,,4p, i.e., Dy4,/J is a holonomic D,,4,-module.

Definition 6.20. A subset € of CP is said to be shift-invariant if
a € Q implies that a + (1,0,...,0), ..., a4+ (0,...,0,1) also belong to
Q.
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Definition 6.21. Let €2 be a shift-invariant subset of CP. We define
a pair of classes (Fy, 4(€2), Fo,4(€2)) as one which satisfies the following
properties:
(1) Any element v = u(z,y,a) of F, () is a map from Q to
D'(R} x RY); any element v = v(y, a) of Fo 4(€) is a map from
Q to D'(RY).
(2) Fna(Q) is a left Dy 44(a, E,)-module and Fp 4(2) is a left
Dg(a, E,)-module.
(3) Letu = u(z,y,a) be an arbitrary element of F,, 4(€2). Then the
integral fRn u(z, y, a) dz is well-defined and belongs to Fy 4(12).
Moreover,

P/ u(z,y,a) dx:/ Pu(z,y,a)dz, Oz, u(x,y,a)dx =0
n n RTL

hold for any u € F,, 4(Q), P € Dy{a,E,), and i =1,...,n.
(4)  Eq; : Fo,a(2) — Fo,a(Q2) defines an injective C-linear map for
each j =1,...,p.

As the first examle, let 2 be a shift-invariant open subset of CP and
define the space O(£, S'(R%)) to be the set of S’(R?)-valued holomorphic
functions:

0(Q,8'(RY))
={u: Q= S'RY) | (uly,a), o(y))y € O(Q) (Vv € SRY))}.

Let O(Q,SS'(R™ x R?)) be the set of functions from € to S'(R™ x R?)

of the form .

U(l‘, Y, CL) = Z Uj (1‘)Uj (‘T7 Y, a)

j=1

with m € N, u; € S(R"), v; € O(Q, 8 (R"*?)). Then the integral of
u(x,y,a) with respect to x is defined by

m

</n u(z,y,a)d, <p(y)> = Z(vj(x,y,a)7 ui (2)0(Y)) (o.9)

Jj=1

for any ¢ € S(R?), which is well-defined as an element of O(Q, S’ (R%))
independent of the expression of u(x,y,a) above. Thus the pair

Fna(@) = O(Q,SS'(R" x RY)),  Foa(Q) = O(Q,S'(R))

satisfies the conditions of Definition 6.21.
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The second example is the pair
Fna(Q) ={u:Q— SS'R" xRY}, Foa(Q) ={u:Q— SR}

with a subset Q of C? such that a €  implies (a1,...,a;£1,...,a,) € Q
forj=1,...,p

Algorithm 6.22 (difference-differential equations for an integral).
Input: A set G of generators of a holonomic ideal I of D,,14(a, E,)
which annihilates u(z,y,a) € F,, 4(2) with a shift-invariant subset 2 of
Cr.

Output: A set G of generators of a holonomic ideal of Dy(a, E,) which
annihilates v(y, a) = [z, u(z,y,a

(1) LetJ be the left ideal of Dn+d+p generated by [i(Go).

(2) Compute J := {P € Dyyasp | t'P € J (3v € NP)} as the

annihilator of T ® 1 in the localization

(Datatp/ Nt tp) 1 = (Dnpasp/ ) Oy Kz, 9, L, (8- 1) 71,

where 1 is the residue class of 1 in D1 44,/J, by using the
localization algorithm of [25].
(3) Compute a set G of generators of the integration ideal

N :=DgipN (aarl Dyptavp+--+ a:zann—s-dﬂJ + j)

of J by Algorithm 5.10.

(4) Let P be an element of G;. Then there exists a (componen-
twise) minimal v = (v1,...,v,) € ZP such that Q := EYu(P)
belongs to Dg(a, E,). (Set v; = 0 if p(P) does not con-
tain E,,;.) Let us denote this @ by nm(u(P)). Set G :=
{nm(u(P)) | P € Gh}.

Proof. First, let us prove that Dy, 1 g1,/ J is holonomic. It suffices

to show that J contains =" (D, ya(a, Eq, E; 1)), which is a holonomic

ideal by the assumption. Let P be an element of this set. Then there
exist @ € I and v € NP such that

p(t"P) = Equ(P) = Q = p(il(Q))-

Hence t¥ P = [i(Q) belongs to J. This implies P € J.

Next let us prove that each element P of G annihilates v(y,a). By
the definition of G, there exist Q; € Dytq4p, R € J and v € NP such
that

(17) E{P =" 0,,(Q:) + n(R).
i=1
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Taking the components of v large enough, we may also assume that
w(Q;) belong to Dy(a, E,) and p(R) belongs to I so that p(Q;)u €
Fn,a(2) and p(R)u = 0. Thus (17) implies

EaVPv(y,a):/ EYPu(x,y,a) da?fZ/ Op, 1(Qi)u(z,y,a)de =0
Rr n
by (2) and (3) of Definition 6.21, and hence Pv = 0 by (4).

Finally, let us show the ideal I of Dy(a, E,) generated by G is holo-
nomic. Theorem 5.1 assures that Dgy,/N is holonomic. Hence it suffices
to show that = (Dgy(a, Eq, E;1)I) contains N, which is easy to see by
the definition of I. This completes the correctness proof of the algo-
rithm. Q.E.D.

In practice we can skip step (2) if J of step (1) is already holonomic.

Example 6.23. Let us come back to the example given at the
beginning of this subsection. First note that the integrand

u(:v,t;a,b) = 6(f—$+.’li ) i 1(1_‘%)?%717

o
B(a,b)
which belongs to O(Q, £'D' (R, x R;)) with Q = {(a,b) € C?> | Re a >
0, Re b > 0}, satisfies difference equations

(aE, — (a+b)x)u(z, t;a,b) =0, (bEp, — (a+b)(1 — 2))u(x,t;a,b) =

with the shift operators E, : a +— a+ 1 and E} : b — b+ 1, in addition

o (15). With these inputs, Algorithm 6.22 returns a set of generators
of a holonomic ideal of D;(a,b, E,, E}) which annihilates v(t;a,b) =
ffooo u(x, t;a,b) dz. For example, v(t; a,b) is annihilated by

(AByEot? — EyEot)0; + {(b(—2E, + 1) + 2B, + 1)E,
a(—FEy +1) + b(2E? — 2E, + 1) + 2E? — Ey}t.
Computing the intersection with the subring D1 [a, b], we get (16) again.

If only differential equations in ¢ is needed, we could have ignored the
factor, i.e, the reciprocal of B(a,b) at first.

Finally, let us consider the multivariate gamma distribution with
the density function

Up(z;a) = w(z1,...,Tp;a1,...,a05)
1 a1—1 a 1 —pq—eei—
= _— 1 T Tn
D(a) - T{an) “V* (en)i e
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with = (z1,...,2,) and @ = (a1,...,a,). It is annihilated by
TiOp, + i —a; + 1, ;B —x; (1<i<n)

which generate a holonomic D, (a, E,)-ideal. Hence Algorithm 6.22 pro-
duces a holonomic ideal of D1 {a, F,) which annihilates the density func-
tion

v(t;a) == o(t — f(x)un(x;a)de

Rn

for an arbitrary real polynomial f(z) as a random variable. Here we can
regard the integrand as an element of O(€Q, SS’ (R} x R;)) with

Q={aeC"|Rea; >0 (1<j<n)}

Example 6.24. Set

v(t;ay,a9) == 0(t — 1) us(x; a1, az) drydes.
RQ

By Algorithm 6.22 we know that it is annihilated by the differential
operator

t20,% + (—ay —ag + 3)t0, —t+ajas —a; —as + 1

whose indicial polynomial at 0 is (s — a3 + 1)(s — az + 1), as well as by
difference-differential operators

O+ a1(Eq, — 1)+ 1, L0y + ag(Eq, — 1) + 1.

These three operators generate a holonomic ideal of Dy {a1, as, Eq,, Eq,)-

Example 6.25. Set

v(t;ar,ag) == (5(t—x% —x%)ul(x;al,ag)dxldxg.
]RQ
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It is annihilated by the differential operator

P = 32t*9,% + (—64a; — 64ay + 480)t39,°
+ {3213 + (48a? + (96ay — 624)a; + 48a3 — 624ay + 2040)t>10,*
+ {(40a; + 40agy — 256)t* + (—16a; + (—48az + 264)a;

+ (—48a2 + 528ay — 1448)a; — 1643 + 26443 — 1448ay + 2640)t}0,
+ {10t* + (—16a7 + (—32az + 172)a; — 16a3 + 172a5 — 456)t

+ 2a} + (8az — 36)a’ + (12a3 — 108ay + 238)a?

+ (8a3 — 108a3 + 476ay — 684)a;

+ 2a3 — 36a3 + 23842 — 684ay + 720}0,>
+ {(=6a; — 6ay + 30)t + 24> + (6ay — 26)a?

+ (6a3 — 52as + 108)a; + 2a3 — 26a3 + 108ay — 144}0;
—t+a} —5a; + a3 — 5az + 10.

The indicial polynomial of P at 0 is
b(s) = s(s—1)(2s—a1—a2)(2s—a;—azs—1)(2s—a;—as+1)(2s—a; —as+2)

up to a constant multiple.
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