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Elliptic quantum groups U, ,(gly) and E,,(aln)

Hitoshi Konno

Abstract.

We reformulate a central extension of Felder’s elliptic quantum
group in the FRST formulation as a topological algebra Eq,p(gA[N) over
the ring of formal power series in p. We then discuss the isomorphism
between E, ,(gly) and the elliptic algebra U, ,(gly) of the Drinfeld re-
alization. An evaluation H-algebra homomorphism from U, ,(gly) to a
dynamical extension of the quantum affine algebra Uq(E[N) resolves the
problem into the one discussed by Ding and Frenkel in the trigonomet-
ric case. We also provide some useful formulas for the elliptic quantum
determinants.

81. Introduction

An elliptic quantum algebra is an associative algebra related to an
elliptic solution to the Yang-Baxter equation (YBE) or the dynamical
Yang-Baxter equation (DYBE). Equipped with a co-algebra structure
it is called the elliptic quantum group (EQG). Depending on YBE or
DYBE, the corresponding EQG is called the vertex type or the face
type, respectively[26, 37]. Through this paper we use the terminology
DYBE[19] as an equation equivalent to the face type YBE or the star
triangle equation (see for example [33]).

Let g and g denote a simple Lie algebra and an (untwisted) affine
Lie algebra, respectively. In known quantum groups, such as the Yan-
gian Y (g) (or its double DY (g)) associated to the rational solutions to
the YBE and the affine quantum group U, (g) associated to the trigono-
metric solutions there are some different formulations depending on the
types of the generators. In particular for U,(g) they are the Drinfeld-
Jimbo formulation[10, 32] in terms of an analogue of the Chevalley
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generators, Drinfeld’s new realization[11] whose generators, called the
Drinfeld generators, are natural analogues of those in the the loop al-
gebras g[t,t!], and the Faddeev-Reshetikhin-Semenov-Tian-Shansky-
Takhtadjan (FRST) formulation [16, 59] in terms of the L operators
satisfying the RLL relations associated with the R matrix, a solution to
the YBE. The isomorphisms among these three have been discussed by
several authors[11, 4, 39, 9, 30, 31].

Correspondingly there are three different formulations of EQGs:
A, p(sly) and B, A(8)[37] in terms of the Chevalley type generators,
U, p(9)[47, 36] and E- ,(g)[13, 14] in terms of the Drinfeld generators
and A, ,(slo)[24] and E., (gly)[15, 19, 21, 41] in terms of the L oper-
ators. Here only Aq,p(;[N) is the vertex type EQG, which is related to
Baxter-Belavin’s elliptic R matrix[3, 5]. The others are the face type
which are related to the elliptic solutions to the face type YBE, for ex-
ample [33]. These have their own co-algebra structures: the quasi-Hopf
algebra structure[12] for A, ,(slx), B, (8)[37] and E, ,(slo)[14], and the
Hopf algebroid structure[15, 40] for E. , (gl))[21, 41, 28] and U, ,(g)[50].

As like the cases in Y(g), DY (g) and U,(g), each formulation has
both advantages and disadvantages. The quasi-Hopf algebra formula-
tions Ay, (sly) and B, (§)[37] are suitable for studying formal algebraic
structures such as the universal elliptic dynamical R matrices, the uni-
versal form of the dynamical RLL relations etc., but it is hard to derive
concrete representations due to the complexity of the quasi-Hopf twist
operation.

The Drinfeld realization U, ,(g) is suitable for studying both finite
and infinite dimensional representations[36, 43, 44, 46, 50, 49, 52] due
to the nature of the Drinfeld generators. Recent developments include
a characterization of the finite dimensional representations in terms of a
theta function analogue[50] of the Drinfeld polynomials[11, 8] and a clar-
ification of the quantum Z-algebra structures of the infinite dimensional
representations[17]. An application to the algebraic analysis of the solv-
able lattice models[35] also have made a great success[36, 38, 46, 49, 7].
See also rather older works [54, 1, 53] whose results, in particular the
vertex operators and the screening operators, are able to be reformu-
lated by the representation theory of U, (sl )[43, 46]. In addition there
are deep relationships between U, ,(g) and the deformed W (g) algebras:
the generating functions of the Drinfeld generators (the elliptic currents)
ej(z) and f;(z) of U, ,(g) are identified with the screening currents of
the deformed W(g) algebras of the coset type[47, 36, 45, 17].

The FRST formulation is suitable for studying finite dimensional
representations by a fusion procedure or by taking a coproduct. In this
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way finite dimensional representations of E,, (gly) have been studied
well [21, 41, 42] (see also [34]) and applied to the elliptic Ruijsenaars
models[23, 22], the elliptic hypergeometric series[41, 42, 57], the partition
function of the solvable lattice model[58, 56] and the elliptic Gaudin
model[60].

On the other hand in order to formulate infinite dimensional repre-
sentations of E; ,(gly) one needs it’s central extension. There are two
different proposals provided by [14] and [37, 36], respectively. Accord-
ingly E- ,(sl2) in [14] and Uy ,(g) in [36, 17, 47] have been the two pro-
posals for their Drinfeld realizations. However the isomorphism between
E. ,(gly) in the FRST formulation and neither of these two Drinfeld re-
alizations has been discussed precisely.

The aim of this paper is to establish the isomorphism between
U, p(gly) and a central extension of E, ,(gly) in the FRST formulation
as a Hopf algebroid. For this purpose, we first reformulate E; ,(gly) as
a topological algebra over the ring of formal power series in p and at
the same time we give a central extension of it according to the argu-
ment in [37, 36]. We denote the resultant algebra by E,,(gly), where
the generators are clear and their defining relations are well defined in
the p-adic topology as in A, ,(sl2)[24] and U, ,(3)[17]. Secondly we dis-
cuss dynamical representations of Uy, (gA[ ~)- We especially introduce an
evaluation H-algebra homomorphism from Uq,p(gA[ ~) to a dynamical ex-
tension of the quantum affine algebra Uq(a[ ~)- This allows us to obtain
the dynamical representations (of both finite and infinite dimensional)
from any representations of U, (QT[N) As a result the problem resolves
itself into the one discussed by Ding and Frenkel in the trigonometric
case [9].

A part of the results have been reported in the workshops “Recent
advances in quantum integrable systems 2012, 10-14 September 2012,
Angers, France and “Elliptic Integrable Systems and Hypergeometric
Functions”, 15-19 July 2013, Lorentz Center, Leiden, the Netherlands.

This paper is organized as follows. In Section 2 preparing notations
and conventions we introduce the elliptic dynamical R matrix. In Sec-
tion 3 we define U, ,(gly) and E, ,(gly) as topological algebras over
the ring of formal power series in p. We also give the trigonometric
(p = 0) counter parts of them. In section 4 we show that both U, ,(gly)
and E, ,(gly) are H-algebras (Proposition 4.3 and 4.4). Then we intro-
duce an H-Hopf algebroid structure to them. In Section 5 we introduce
dynamical representations of U, ,,(g) and give a construction of the eval-
uation dynamical representations from any representations of Uq(é\[N).
In Section 6 we discuss an isomorphism between U, ,,(gly) and E, ,(gly)
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as an H-Hopf algebroid. Our arguments mainly follow those by Ding
and Frenkel in the trigonometric case[9] with some additional formulas
for the lower rank subalgebras of qup(gA[ ~), which make the induction
process more transparent. In particular by making use of the evalua-
tion dynamical representations in Sec. 5 our proof on the injectivity
resolves itself into the results in [9]. Appendix A contains a definition
of the quantum affine algebra Uq(gA[N) which we use in Sec.5. In Ap-
pendix B we list the formulas necessary for discussing the evaluation
dynamical representations. In Appendix C we summarize the formulas
which identify a combination of the Gauss components of the L opera-
tor with the elliptic currents of Uy ,, (QT[ ~)- In Appendix D we summarize
some formulas on adding ‘fractional powers in z’ which clarify a con-
nection between U, ,(g) in the current paper and the previous one in
[47, 36, 43, 44, 50]. Appendix E contains some formulas for the elliptic
quantum determinants.

§2. The R-matrices

Let {¢; (1 < j < N)} be the orthonormal basis in R with the inner
- RS

product (€;,€x) = d; 5. Setting €; =¢; —¢, € = N Zej, we define the
j=1

N
weight lattice P of Ay_1 typeby P = > Z &.Let I ={1,2,--- ,N—1}.
j=1
We set a; = & — €j41, Aj =€ + -+ & (j € I) and define Q = Zay &
P Zan_1 and h* = CA1 @ --- ® CAy_1. We also define elements
he, (1 <j < N) in the dual space h by < &, he, >= (&,€;) = djx — %
Setting h; = he; — he,,, (j € I) we have < A;,h; >= §;; so that
h=Ch @ ---®Chy_y. For a = > € € h*, we define h, € b by
ha = j ajhe, and hg = 0. We also need two more elements ¢ and Ag
satisfying < Ag,c >=1,< Ag,h; >=0=< Aj,c> (1 <j<N). We
regard h @ h* as a Heisenberg algebra by

(2'1) [hgjaék} = (Ej)gk)a [h€j7h€k] =0= [gj’ Ek]'

We also introduce the dynamical parameters P, (j € I) and their
duals Q. They are the Heisenberg algebra defined by

(2.2) [P, Qe = (€, &), [Pe;; Pe,] = 0= [Qe;, Qe ]-

We set Po =3, a;P; for a =}, a;€; and Py = 0 etc. In particular
weset Pj = P,, = Pe; — P, and Q; = Qn,;, = Q¢, — Qg ,-
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For the abelian group Rqg = ) ,ZQe,, we denote by C[Rgq]| the
group algebra over C of Rg. We denote by e%= the element of C[Rg]
corresponding to @, € Rg. These eQe satisfy eQee@s = ¢QatQs and
(e9>)~! = ¢=@a_ In particular, e = 1 is the identity element.

Now let us introduce a dynamical extension of h and h*: H = b P
> CPe;+Ce=3", C(P+h)e, 43, CP;;+Ccand H* = h*+3°, CQe; +
CAo. Through this paper we often use the abbreviation (P + h)e; for
P, + he;. We have the paring: < Qn, P >= (o, 8) =< a,hg > a,B €
h*, < Ag,c >= 1, and the others vanish. Let My~ be the field of
meromorphic functions on H*. We denote by f: f(P+h, P) an element
of My, where P +h = >, a](P—i— h)e;, P = > ;b;P; € H. The
functlon f is evaluated at € H* as f( )=f(<pw,P+h><pP>)

c.. Hereafter we set F = Mpy-.

Let i and p be indeterminates. We set ¢ = . Through this paper

we also use p* = pg—2¢. The following notations are often used.

¢ —q"
[n]q = = 0p(2) = (25000 (P/ 2 P) o (D3 P) oo
oo
(@012 @) = [ (L—zaiad® - qp*),
ny,na, - ,nEp=0

{2} = (20, q )007

l

(@1, 2, G142, 5 Gk)oo = | (#4301, G20+ Gk
i=1

2.1. The elliptic dynamical R-matrices
Let V = @i]\il((:vi, E;jvi, = 65 ,v;. We consider the following elliptic
dynamical R-matrices R*(z,s) € End(V®V) of type Ag\})_l. For s € H,

(23) R*(2,5) = p*(2)R(zs),

R(z,s) = > Ej;®Ej;

+ Z (Zng VEj; @ Ey +b(2)Ey ® Ej;

1<j<I<N

+ (2, 850) Ej @ Eiy + ¢(2,85,1) By ® Ejl> )

where 5;; = 8¢, —s5¢ (1 <j <1< N)and
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_vo {2 HePN e /2 H e / 2}

(24) Pz = CHEY 02 2 22}
(2.7) B(z) = qe%’
(2.8) ez, s) = O, (4*)Oyp(4*2) e(z.5) = oz, —3).

0,(¢4%)0p(¢?2)’

We also denote by R**(z,s) the R matrices obtained from R*(z,s) by
replacing p with p*. Note that

_oN-—-1 _
(2.9) pt(zp) = a2 p(2).
In particular,
2.10 R (z,5)”' = PRT (27}, s5)P.
(
Furthermore if we set

—+*

P (2)
2.11 p(z) =
(2.11) &) =255
where p**(2) = p*(2)|p—p+, we have

p~"(2)

(2.12) o) =p(="Y),  p(z) =

Proposition 2.1. [19] The R*(z,s) satisfies the following dynam-
ical Yang-Bazter equation.
(213)RTID (2 /2o, P + 7wy (R) ) RTID (21, PYRYP3) (29, P + 7y (R) D)
= RT3 (29, PYRT¥) (21, P+ 7y () P)RT(D (2 /25, P),

where wy () = 7y (h) ®1® 1 and wy (b)) = 1y (he,) V) — 7y (he, )
with my (he,) = Ej; — +1 etc.. Here 1 denotes the N x N unit matriz.

Remark 1. The elliptic dynamical R-matrix (2.3) is gauge equivalent to

the Ag\l,)_l type face weight obtained by Jimbo, Miwa and Okado[33].
See Appendix D.
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Remark 2. The R-matrix preserves the weights
(2.14) [RE(z,8),my(h) @7y (h)] =0  Vheh.

Now let us set

o (¢22; qu)oo(qu—%,; q2N)oo
(2: V) oo (®N 262N ) o 7

_ Ap?sHp* 22 {p/ 2 Hpd®" )2}
{p2Hpa*N 2}{pg?/ 2 }{pg*N 2/ 2}
(2.17) Ep(2) = (p25P) oo (P/ 2 D) 0o

Then we have

(2.15) po(2) =q

(2.16) a(z)

1 (L= (")) (A = (¢*¢*)*™)

(2.18) p™(2)b(z,5) = ¢= po(z*")

(1 _ qi2$)2
o Lo B TE) S
1= (g%2)*! Ep(g>)? Ep(q?z)’

7 1 1y 1—2H =p(2)
(219) P5E0() = 0 o) T a)g
_ T2 1 (g25)E!
20) p*eJelers) =l =~ lp T

= 2\ = 2s
« a(z):P(quH—p(q QZ)_
Ep(a%)Zp(¢%2)
In [24] a similar expression was obtained for Baxter’s elliptic R matrix.
. _ L *1 (25 E1
In R*(z,s), we specify the factors lf(qiz)il and 117((‘{12;)21 in (2.18)-

(2.20) to be power series in z*!. We then treat R*(z,s) as formal
Laurent series in z
(2.21) R*(z,s) = ZRi(s)nz”
ne”Z
whose coefficients are in the ring F[[p]] of formal power series in p. Note
— =(g2%id 2 . .
that a(z), = (2) and “éq(qzi)) are well defined formal Laurent series in

0
z with coefficients in F[[p]]. Then the matrices R*(z,s) satisfy

(2.22) R*¥(s), =0  mod p™>*FOF[[p)]  VneZ

In particular, at p = 0 R (z,s) (reps. R~ (z,s)) contains only non-
negative (reps. non-positive) powers in z. Explicitly we have R(jf (2,8) =

Ri<z,s>\ ,

p=0



354 H. Konno
—+

(223) Ry (z,s)=py (z5)F'R; (2, 5),

N

—+

(224) Ry (z,8) =Y Ej; ® By

j=1

+ > <b§(2a s51)Ej; © Ey + by (2) By @ Ej;
1<j<I<N

+ Cg: (Z, Sj’l)Ejl ® Elj + 53:(,2’7 Sjyl)Elj & Ejl>,

where

py(z) =po(2),  p(2) =po(z"")7",

(1— 26 D)1— 26ty | 1 —*

+ _
W= e T T g
- 1— 2%t

+ _ *1
by (2) =¢ W7

+ 71—q282 1—q*? 1 for +
CO (sz) - 1— qgs 1— (qu)il Z—l fOI‘ 0
+ 1= ¢zt 1 —¢*? z for +
G (2,8) = 1— ¢ 1— (g22)*! 1 for —

Hence one can regard the matrix element Ry(z, s)fjl as a formal power
series in the (multiplicative) dynamical variables ¢?*ii. The 0-th or-
der term in ¢2% coincides with the corresponding component of the

standard trigonometric R matrix

(2.25) Ro(z) = po(2)Ro(2),
N
Ro(2) = Y E;;®E);
j=1
+ Y ql;z(E"@)Eu-FEll@E--)
‘ 1= 2z i 33
1<j<I<N

1—¢? 1—¢?
+ ?Eﬂ ® By + ZmEU ® B,
Note that one can parametrize the elliptic dynamical R matrices associ-
ated with the other types of affine Lie algebras, at least g = B](\}), C](\}), DJ(\})
[33, 48], in a similar way to (2.18)-(2.20) so that they have the same
property at p = 0.
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§3. The Elliptic Quantum Algebras U, ,(gly) and E,,(gly)

In this section we define two elliptic algebras U, ,(gly) and E,_,(gly)
as topological algebras over F[[p]].

3.1. U,,(aly)

Definition 3.1. The elliptic algebra U, ,(sly) is a topological al-
gebra over F([p]] generated by € m, fim,kim, (1 <j<N—-11<1<
N,m € Z), d and the central element g2, We set

(3.1) ej(z) = Z eimz ", fi(z) = Z fimz™™",
meZ meZ

(3.2) kP2 = > kiomz™ 4 Y kump™z™,
mEZZO meEZxso

(3.3) ki (2) = ¢k (2p* ).

The defining relations are as follows. For g(P),g(P+h) € F
(3.4) 9(P + h)ej(z) = e;(2)g(P + h),
9(P)ej(z) = €;(2)9(P— < Qa,, P >),
(3.5) g(P+h)fi(z) = f;(2)g(P+h— < aj,P+h>),
9(P)fi(z) = fi(2)g(P),

(P
(3.6)  g(P)kf(2) = kf (2)g(P— < Qe P >),
g(P + )k (2) = ki (2)g(P + h— < Qe , P >),
(3.7)  [d,g(P+h)]=0=][dg(P)],
0

(38) DRG] = 2ok () [Des(2)] = 2 es(2),
@ 15N = —= o J5(2),
(3:9)  pi(z2/20)k (20K (22) = pL(21/22)k (22)k] (21),

(0 /s (P 22/21:0%) oo (Pq222/21§) +Z +( 5
(3-10) p+( 2/ 1)(17*(1222/21;]3) (pz2/21:P) o0 g (1)k (2)

_ 2 /2 (q7221/227p )oo(zl/zzap)oo + 5 + .
_Pi( 1/ 2)(21/22;]9*)00(61_221/22;]9)00 kl ( 2)]41] ( 1)

(1<j<I<N),
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(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

H. Konno

(P ¢ 2 /2130 oo , 4
- kT (z1)ei(z
(P*q“722/21;P" )0’ (21)e;(z2)
—ctj © ¥
—1 (q 21/22,]7 )oo +
1 (q*6*2+ﬂz1/zz;P*)ooe](Z2) i (1),
(P* ¢ % 23/2130 )00 , 4
(p*q¢~I22/21;P%) oo i (21)e(z2)
(21 /22, p")
gtz /291D ) o
k(z)ej(z)kf (z1) 7 =ej(z2)  (1#4,5+1),
(pqijZQ/zl;p)oo +
. k] ;
(Pg* T 22/213D)00 (21)f3(z2)
(q72+j21/22;p)00

= (%2 —“rzla
=g i )

= q( ej(ZQ)k;r+1(Zl)7

i )

245 .
= o )
KSR ()7 = fi(z) (A5, + 1),

) (P22/7150") oo
(p*q=222/21: D" )0
(q221/22;]9*)
- (p*q_231/z2'p:§ es(z2)es(21),
b) oo
(a7 22/2150" )0
21— €5121)€; z
' (p*qz2/21; 0" ) oo s(@)es(z2)
(g 21/ 225 p%)
2 (p*qzl/ZZ.pT)oo€j+1(22)€j(Z1)7
b o0

ej(z1)ei(z2) = ei(22)e;(21) (li=1>1)

ej(z1)ej(22)

(¢ 222/215P)0 oV E (s
A o o p) fi(z1)fi(z2)

(¢ %21/22:p)o0 V(s
(g [ D)oo 10 DTS 1)

lgz/2ip)se o
1(pq_12’2/21;p)00f]( 1)fj+1( 2)

, (q21/72;D) o0
(pg='z1/22;P) oo

fir1(z2) fi(21),
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(3.22) [i(z1) fi(z2) = fi(22) fi(21) (l7=11>1)
(3.23) lei(21), fi(22)]
5i7jli

= PR (6((]*021/22)1%_ (qi%zl)k;+1(q*521)fl

—0(q°21/2)k) (¢ 2 2)kf 1 (g7 222)7"),

(P*¢*22/ 215" )0
(P*q=222/215; 0" ) oo
{(p*q121/w;p*)oo (p*q ‘22 /wip")oo
(P*qz1/wip*)oe  (P*q22/W;P*)oo
) (p*qa 'w/z1;p oo (P*q 22/ Wi D" ) o
(prqw/z1:0%)oe  (P*q22/Ww;P* )0
* —1 * x —1 *
P g w/z1 0" oo (g W/ 2230 ) oo
W o (P ) e a)es )|
(Prqw/z150%) e (P*qw/22; ") oo
+ (21 < 22) =0,

(3.24)

ej(w)ei(z1)ei(22)

ei(z1)ej(w)ei(22)

(pq222/715p)

(Pg?22/215P)o0

(pgz1/wip)oc  (Pa22/WiP)oo o ve o ypo

. {(pqlz1/w;p)oo (qulzz/w;p)oof]( Milz1)fi(z2)
(pqw/z15p)oc _(Pa22/WiP)oo ¢ \p e
Pq w/215p)oe (P4 22/ W3 D)oo fiz)f5(w) (=)
(pgw/z1:p)00  (PW/22iP)oc o oo e
(pg—w/ 215 p)oo (qulw/zzp)oofl( Dfilz2)f5( )}
+(z1 4 22) =0 |i—j|=1.

(3.25)

- [2]11(

where 6(2) = Y, o, 2", p(2) is given in (2.11),

_ {qQZ}*{q_2q2Nz}*{Z}{q2NZ}
{3V {2 Ha 2N 2}

(320) )
and k s given by
(3 P)oo (P 0% ") o

(P*;P* )0 (4% P) oo

We call e;(2), f;(2),kf(2) the elliptic currents. We also denote by

Ué’p(gA[N) the subalgebra obtained by removing d.

(3.27) K=

We treat these relations as formal Laurent series in z,w and z;’s. In
each term of (3.10)-(3.22) and (3.24)-(3.25), the expansion direction of
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the structure function given by a ratio of infinite products is chosen ac-
cording to the order of the accompanied product of the elliptic currents.

For example, in the L.h.s of (3.17), m% should be expanded

m% should be expanded in

z1/72. All the coefficients in z;’s are well defined in the p-adic topology.
For a practical use, we remark that in the sense of analytic contin-
uation (3.9)-(3.15) and (3.17)-(3.21) can be rewritten as follows.

in z9/z1, whereas in the r.h.s

(3:28) K (20)k] (22) = p(z1/22)k] (22)k (1), (L <I<N),
e o 2 4T
(1<j<I<N),

_1 O (g7 21/ 29)
Op+ (¢~ 221 /29) 7

_ @ *(q C+J,21/22)

1 _

(331) ki i(z1)ej(22)k] (21) *q@pp(q H2HZ) [ 2) j(22),

Op(q 21 /2)

(3.30) ]{7+(Zl)€J(22)k+(21) L=y ej(z2),

(332) k‘;—(zl)f](ZQ)k;_(Zﬁil =q ®p(qul/22) fj(ZQ)a
2tz /2
I e e Y ER
p* 9231/752)

B31)  eylealeslen) = - 2 QLI e ()

p-(q222/21)
(3.35)  ej(m1)esm () = —jjmejH(zQ)ej(zl),
22 Op (¢ %21/ 22)
z1 @p( 222/2:1)

(337)  fi(z)fi+1(z2) = _2 (m

Proposition 3.2. Let us set
K(2) =k (2)k3 (g7%2) - k(a2 2).

(3-36) fj(Zl)fj(ZQ) = f (ZQ)fJ(Zl)

fiv1(22) fj(21).

Then K (z) belongs to the center of Uém(gA[N).

Proof. Direct calculation using (3.6), (3.13), (3.16), (3.28)-(3.33) shows
that K (z) commutes with F and all of the elliptic currents of U, ,(gly)-
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In particular, [K(z), k" (w)] =0 (1 <1 < N) follows from the identity

—2(] 1, _ O (2)Op(q~ (V=1 z)
T 0, (" 2)0,(2)

u::]z

Q.E.D.

Remark. In Appendix E we identify K (z) with the ¢-determinant of the
L-operator.

The elliptic algebra Uy , (sly) is identified with the quotient algebra
U(;p(g[N)/ < K(2) —1 >. More explicitly, one can realize k;"(2) (1 <
I < N) satistying (3.6), (3.9)-(3.10) and K(z) = 1 as follows. Let
A = (aij)ijerugoy be the AS\})_l type generalized Cartan matrix. Let
Qi (i € I,m € Z4o) be the Heisenberg algebra satisfying

[aijm]q[cm]q 1 _pm —cm
m 1— prm '

(338) [Oéi,mvaj,n] - 6m+n,0

Let us consider the following & (1 <1 < N,m € Zg), which we call
the elliptic bosons of the orthonormal basis type[17]. For 1 <[ < N —1

lm
5+l _

" (g =g Y mzNm,

-1 N—-1
y (_q_Nm S lkml g m + Z (V- k)m]qak,m> ,
=l

N
E;N:f kaqakm
(¢—q- ) mlq =

They satisfy
[em]g[(N —1)m]g  1—p™

(3.39)  [EFLEM = Smino e,
| F= om0 = P Nl 1=
(3.40) [, EF = —bmynoqenmIN M

[em]q L—pm™

“ g —q P mENml, T—p
[Cm]q
m(qm _ q—m)

1 _pm —Ccm —m
X _p*mq (g™ 051 — dii—1)-

(3.41)  [@ims T = Gmtno
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Let ng satisfies for g(P),g(P + h) € F

(3.42) 9(P)K} = KX g(P— < Qe;, P >),
(3.43) g(P+REKS = KX g(P+h— < Qe P >).

Then the following k;" () satisfy the desired relations.
m _ —m\2,m
Bat) k) = K e d 3 T ety
m#0

Furthermore if we further require that «; ,, and K g" satisfy

(3.45) [9(P), aiym] = [g(P + h), o n] = 0,

(3.46) [(i7 Qjn] =najn,

(3.47) iy (2] = ST LZ T e e ),
(3.48) i ()] = — 25 m )

(3.49) Klej(z) = ¢ ~*MZe;(2) K,

K fi(2) = ¢~ f(2) K2,
then k' (2) satisfy the remaining relations (3.8), (3.11)-(3.16).
Now let us define z/leL(z) (1<j<N-1) by

wj'(qfc/ijz) = /-@k;'(z)k;;l(z)*l,

vy (a7 2) = w5 (ki ()"
We have

_c _ i _p n

(3.50) ¥ (g7 22) = K exp (—(q > 1i—pnz )

n>0

_ P, _
><exr><(q—q DT ")
n>0 p

and ¢} (2) = qghfw;r(zpq_c) where we set KJr KJFKJr L

€i+1

Lour 1,/)Ji(z) are ¢ 7 (2) in [36, 43].
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Proposition 3.3. The elliptic algebra Uq,p(sAlN) 1s characterized by
(3.45)-(3.48) and the following relations. For g(P),g(P + h) € T,
(3.51) g(P+h)ej(z) = e;(z)g(P + h),
9(P)e;j(z) = e;(z)g(P— < QOWP >),

(3.52) g(P+h)f(z ) = fi(2)9(P + h— < aj, P+ h>),
9(P)f;(z) = f;(2)g(P),

(3.53) [d,g(P +h,P)] =0,

(354) Do) = 20 es(2) (S5 = 2 (2,

(q%922/21;0") oo

(3:55) = (p*q=%iz9/21; 0" ) oo eilz)e;(z)
_ (" 21/22;p )0 _
e (p*q=%iz1/22; 0" ) oo ei(z2)eilz),
(3.56) 2\ IR i )

 (paqiza/z1; p)oo
= (quZl/Z% ) = fi(z2) fi(z1),

(3.57) [ei(z1), fj(22)]

_%(5( ‘z1/z2)Y; (g2 22) — 5(‘1021/22)@/1;((1_522)),

358 > ]I (P*‘{Za<k)/zo(m);p*)m

€8, 1<m<k<a (p*q QZU(k)/ZU(m);p*)OO

S [s] 1 g

41<m<s (P*q "W/ 25 (m); P*) oo

" H (P* 4" 2o (m) /W5 P*) o

s TSmea PHT 20 (m) /W3 D)oo

X ei(Zo(l)) T ei(zo(s))ej (w)ei(za(s+1)) ce ei(za(a)) = 07
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(pq7220 k /Za m ;p)oo
(3.59) Z H (k)/ Zo(m)

S5 1emeica (PO 2o(R)/Zo(m)i D)oo

eSer [ 0] 1 G

q1<m<s (pqai’j’lU/Zo.(m) ; p)oo

11 (P4~ Zo(m) /15 P) oo
s+1<m<a (PG 2 (m) [ W5 P) oo
X fi(zo1)) * fi(2o()) i (W) fiZo(s1))  + fi(Zo(a) =0
(i # j,a =1~ as),
Proposition 3.4. In the sense of analytic continuation, we have

@p* (qaij 21/22)61)((]7&” 21/22) . .
Oy (qfa”'Zl/Zz)@p(qaijzl/z2)1/}47‘ (22)¢;" (21),

Oy (gl?
(361 U7 (e () = a7 S A )i (),

O, (g7 221 [ 2) . n
@p(qa'ij+0/221/z2) f](z2)¢i (Zl)

X

(3.60) 7/’?(21)1?;}(22) =

(3:62) ¥ (1) (22) = 4

Let U4(g) be the quantum affine algebra over C associated with
the untwisted affine Lie algebra g in the Drinfeld realization[11] and

:cj[(z),koil(z) be the Drinfeld currents. See Appendix A for the giy

case. The other cases can be found, for example in [17]. Then U, ,(g) is
a natural face type (i.e. dynamical) elliptic deformation of U,(g) in the
following sense.

Theorem 3.5. [17]

Uqp(8)/pUqp(8) = (F @c Uy (9))1C[Rq)
by the following identification at p = 0.

ej(z) =af(2)e %, fi(2) =27 (2), K (2) = ki, (2)e 9.

Here the smash product § is defined as follows.
g(P,P +h)a®e? - f(P,P+ h)b® e
=g(P,P+h)f(P— <Qua P >P+h—<Qu+wt(a),P+h>)ab
®€QL¥+QB

where wt(a) € b* s.t. ¢"ag™" = ¢=" "> a fora,b € Uy(q), f(P), 9(P) €
I, e@a s e@s ¢ C[RQ]
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Definition 3.6. Let us introduce the multiplicative dynamical pa-
rameters v = (x1,- -+ ,an),v; = ¢*F5. We set U, . (8) = Uy p(8)/pUq »(9)
and call it the dynamical quantum affine algebra in the Drinfeld realiza-
tion.

3.2. E,,(aly)
Let Eij,n (n € Z,1 < i,7 < N) be abstract symbols. We define
Lt(z) = Z1§i,j§N EZJL;;(Z) by

(363) L;’; (Z) = Z Lijmz*", Lij,n = pmax(n,O)Eijyn.
neZ

Definition 3.7. Let R (z,s) be the same R matriz as in Sec.2.1.

The elliptic algebra qup(gA[N) is a topological algebra over F[[p]] gener-

+c/2

ated by Lj’n, d and the central element q satisfying the following

relations.
(3.64) R+(12)(z1/22, P+ h)L+(1)(21)L+(2)(22)

= L+(2) (ZQ)L+(1)(21>R+*(12) (2’1/2’2, P),
(365) g(P + h)-iij,n = Eij,n g(P +h— < Qgﬂp +h >),
(3.66) 9(P)Lijn = Lijn g(P— < Qe;, P >),
(367 LM = 2o L)

where g(P + h),g(P) € F and
LW =LY () @id, LT®(2) =id® L*(2).

We regard L*(z) € EndV ® E,,(gly). We treat (3.64) as a formal
Laurent series in z; and 2. Then the coefficients of z1,z, are well
defined in the p-adic topology. See [24] for a similar formulation for the
vertex type elliptic quantum algebra A, , (;[2) Note also that due to the
RLL-relation (3.64) the L-operator LT (z) is invertible. See Appendix
E.

For later convenience we define L™ (2) = >, o, <y EijL;;(2) by[37]

(3.68) L7(2) = (Ad(g*" ) @id) (¢ LF (zp"¢)
N—1 1 ' '
(3.69) Oy (P) = — Z <§7rv(h]—)7rv(h3) + ijv(hj)> 7
Jj=1
N-1
(370) TV = Z Wv(hj) ® hj.

j=1
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_ ii — Eiti
and my (h?) = >°)_, mv(he;) (j € I). Then one can verify the following.

Proposition 3.8. The L operators L*(z) and L™ (z) satisfy the
following relations.

Here (AdX)Y = XY X~ 1/ =hg, (j€I), my(h;) = E

(3.71) R0z )29, P+ )L™ (21) L~ ()
= L_(Q) (ZQ)L_(I)(Zl)R_*(12) (21/227 P)a
(3.72) RE(12) (qic21/227p + h)Li(U(zl)Li(Q) (22)

= LT () L*D (21) R0 (702, )25, P)

proof) Replace z; with z;p*¢® (i = 1,2) in (3.64). Note that (3.65),
(3.66) and (3.68) yields

N—1 _ . - _
LJr(p*ch) _ q2 = Zq 2(P+h)e, q2I:’<J EijLij(z)-
1,J

By a componentwise comparison we obtain
Rt (Zl /Zg, P+ h)L_ (Zl)L_ (2’2) =L (ZQ)L_ (21)R+* (Zl /227 P)

Then noting (2.9) and (2.12), we obtain (3.71).
Similarly let us replace z1 by z1p*¢° in (3.64). Noting p*¢® = pq~¢,
the components of RT are changed as

e _oN-1 _ ., .
p*(2pq )—q N pT (2070,
(3.73) b(zpg~¢,s) =q b(zq €. s), b(zpg~©) = qu(zq_c)7

c(zpg™© is) qT2 1 2c(2q7¢, +5)

and similarly for R™*. Then from (2.3) and (2.9), we obtain the second
(lower sign) relation in (3.72). Note that a factor arising from the action
of Ad(q=?v(")) @ id on the L-operators cancels the extra factors in
(3.73).

To obtain the first relation in (3.72), exchange z; and zy in the
second relation of (3.72). Then we have

R™ (¢ “22/=, P—l—h)*lLJr(zl)L* (22) = L™ (22) LT (21) R *(q22/ 21, P) L.

Using (2.10), we obtain the desired result. Q.E.D.

Remark. We can expand (3.64) and (3.71) in both z = z;/z9 and
271 = 29/21. However (3.72) admits an expansion only in z (resp. z7!)
for the upper (resp. lower) sign case for the sake of the well-definedness
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in the p-adic topology. It is instructive to compare this with the trigono-
metric case [9].
In the component form, (3.64), (3.71) and (3.72) are

(3.74) Z R*(z )z, P + h)l J Lﬁ,,(zl)Lji,j,,(zQ)
i3’
- ZL Zl)Ri*(zl/Z27 )2’_]?; )
(3.75) ZR* (¢*°21/22, P+ h)}; I LE (2 VL0 (22)
i3’
= Z LT Zl)Ri*(q:FCZH/ZQ, );”jj;”,

We call (3.74) the (7,7), (i, ") component of (3.64), etc.

Remark. In order to obtain a ‘fully’ dynamical RLL-relations used in
[19, 21] with a central extension one may introduce the L-operators
L*(z, P) related to our L*(z) by[36, 43]

(3.76) LE(z, P) = L¥(z)eZitr mv (he)8Qe,

where my (he,) = E; ;. In fact from (3.65) and (3.66) we have
+ —

(3.77) [Ly;(z, P), f(P)] =0,

(3.78) g(h)L3;(z, P) = Lj(z, P)g(h— < & — &, h >),

(3.79) @15 () = —2 0 L*(2).

(3.77) indicates that LT (z, P) is independent of C[Rg|. Furthermore
from (2.2), (3.64) (3.71) and (3.72), L*(z, P) satisfy the following full
dynamical RL L-relations
(3.80) RT1) (21 /29, P 4+ h) LEM (2, P)LT® (25, P + 7wy (b))

= L*®) (25, P)L*W (21, P + 7y (h )<2>)Ri*<12><z1 /72, P)
(3.81) RTI2) (¢F¢2y /20, P+ B) LTV (2, P)LT (2’2 P —I— v (h)M)

= L¥® (2, P)LEW (2, P + 1y (h) @) RE 1D (¢F°2, /25, P).

Here the generators are clear. If we set L¥(z,P) = Y, - E y (z P)
with Li (2, P) = ez Lli] o (P)z~™, then from (3.63) we have in] o (P)
=L e 9

ij, n€ :

Remark. The dynamical RLL relations (3.80)-(3.81) coincides with those
derived from the universal DYBE for B, \(g) in [37, 36].
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3.3. Reflection equations
Following [59], let us set

L(z) = LT (2¢°)L™(2)~ 1.
Then using (3.64), (3.71)-(3.72), one can show the following relations.
Proposition 3.9.
RT2 (21 /29, P+ h) LD (2) RTV (%29 /21, P + h) LP) (29)
= LP (29) RT3 (¢%21 /20, P+ h) LY (2))RT Y (25 /21, P + h),
RY2) (2 /20, P+ h) LYW (21¢°)LP) ()
_ £(2) (22)R+(12) (q2621/22, P+ h)L-‘r(l) (Zqu)-

3.4. The trigonometric limit

Let us consider the trigonometric counterpart of E, ,(g) according
to an idea described in [50]. Set Loi”( )= Liij(z)|p:0. From (3.63) and
(3.68), we have

Ly (2)= > Liyjzms™ (1<, j<N)

mEZZO
where for m € Z>,
—+ T — _ 2(P+h)e. T —2Pz. cm
LO i, — Lij,—m|p=0a LO;ij,m =q ( ) lLij,m|p=0q iqT.

Let Roi(z, s) be the trigonometric dynamical R matrix in (2.23). From
(3.64), (3.71) and (3.72), Lg (2) = Y1, ;< EijLg.i;(2) satisfy for
g(P+h),g(P)eF
(3.82)  RE"V(z1/29, P+ B)LEW (1) LE® (29)

=Ly (z)L &>@0RJ”Naw%Px
(3.83)  REMV(¢*°z /20, P+ B)LEM (21)LT® (20)

= Lg P () Ly M (21) Ry "2 (qF¢21 /22, P).

(384)  g(P+h)Li;;(2) = Li;(2)9(P + h— < Qe P+ 1 >),
(385)  g(P)LE,(2) = LE, (2)9(P— < Qs P >),
(356) (@ L) = 2o LE(2)

Definition 3.10. Let x = (21, ,zn),z; = ¢4 as before. We
denote by U(fl.(g[N) the unital associative algebra over F generated by
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L(f” +m (M € Z>0), d and the central element ¢=</2 subject to (3.82)-

(3.86). We call UR (g[N) the dynamical quantum affine algebra in the
FRST formulatwn

Hence we have

Proposition 3.11.
Eqp(aln) /pEqp(aly) = UL, (gly)-

In order to clarify a relation between the dynamical U, R (g[ ~) and
the usual quantum affine algebra U, qR (gly) in the FRST formulat10n[59],
one needs to further remove the C[R] dependence from U, R (gly). This
can be done by considering the algebra generated by the trlgonometric
limit LE(z, P) of L*¥(z, P) in (3.76). Then LT (z, P) satisfy the same
relations as (3.77)-(3.79) as well as the trigonometric limit of the dy-
namical RLL-relations (3.80)-(3.81), where R*(z,s) and R*i(z s) are
replaced by RE(z,s) and R;*(z,s), respectively. We set LT, (2, P) =
> mezso Liyijm (P)2™ and denote by U[,(aly) the unital associative

P). Then we have

0335

algebra over F generated by LO id, m(

UR L (oly) = UR (G[N)ﬁC[RQ]

Recall that R (z, P)kl can be expanded to a formal power series in

;vl = ¢*7ii and the 0-th order term gives the trigonometric R matrix

n (2.25). We assume the same property for LE(z, P). Let LE(z, P) =
Zr;:\:o kNN L(j)c(z? k)a®, LSE(ZU k) = Zlgi,j<N EZJLEJtij(Z7 k), where
k= (ki kn),|k| = ks + - + kN and zF = 2 ... 2k~ Then
L%(% 0) = Zlgi,jgN E; Ltij(z 0) 0; zg(z§ 0) = Zmezzﬂ LOi;ij,:Fm(O)Zim
satisfy the same RLL-relations as the quantum affine algebra Uf(g[ N)
over C in the FRST formulation[59]. Hence

2 (gly) (sz 7 (aly ) = U (aly)-

84. Hopf Algebroid Structure

In this section, we introduce an H-Hopf algebroid structure[15, 40,
50] into the elliptic algebras E, ,, (gl ) and Uy ,(gly), and formulate them
as elliptic quantum groups.
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4.1. U,,(gly) and E, ,(gly) as H-Algebras

Let A be an associative algebra, H be a commutative subalgebra
of A, and My be the field of meromorphic functions on H* the dual
space of H.

Definition 4.1. An associative algebra A with 1 is said to be an
H-algebra, if it is bigraded over H*, A= @ Aup, and equipped with

a,BEH*
two algebra embeddings py, p - My — Ago (the left and right moment
maps), such that

/’Ll(‘f/\)a:aul(TafA)7 MT(}l\)a’:aMT(Tﬁf)a U/GAQB, .]?EM'H’W

~ ~

where T, denotes the automorphism (T, f)(A) = f(A+ @) of My

Definition 4.2. An H-algebra homomorphism is an algebra homo-
morphism m : A — B between two H-algebras A and B preserving the
bigrading and the moment maps, i.e. w(Ang) C Bag for all o, 5 € H*

and 7 (' () = uf (), 7w () = uE(F).
Let A and B be two H-algebras. The tensor product A®B is the
‘H*-bigraded vector space with
(ABB)ap = P (Aay @ty Byp),
yEH*

where ®aq,,. denotes the usual tensor product modulo the following
relation.

(41) pr(Pawb=aul(f)b, acAbeB,fe My-.

The tensor product A®B is again an H-algebra with the multiplication
(a®b)(c®d) =ac® bd and the moment maps
P F =t @1, P =10 48

Let D be the algebra of automorphisms Mg« — My«
D = { Z };Tﬂi

Equipped with the bigrading Dy, = { T . | fe My, a€H }
Dop = 0 (a # B) and the moment maps p, u2 : My« — Dyo defined
by pP (f) = ,u?(f) = fTy, D is an H-algebra. For any H-algebra A, we
have the canonical isomorphism as an H-algebra

(4.2) A= ASD = DDA

ﬁ-GMH*, Bi € H* }
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by a = ag@T,g ~ T ,®a for all a € Aap.
Now let H be the same as defined in Sec.2 and take H = H.
Proposition 4.3. Theld = U“,(ETIN) is an H-algebra by

43) U= P Uap

a,BEH*

P+h, —(P+h) _ ,<a,P+h> P, —P _ <B,P>
uaﬂ:{aeu‘q ag q a, ¢"ag™F =¢ a,}

VP+h,PeH
and puy, pir 2 F — Uy o defined by [50]

w(f)=f(P+hp) €Flpll,  w(f)=f(Pp*) €Fp].

Proposition 4.4. The & = E, ,(gly) is an H-algebra by

(44) €=D. pen €aps

e _ s & qP+haq’(P+h) _ q<a,P+h>a7 anqu _ q<B,P>a7
@B VP+h,PcH

and i, pr 2 B — &0 defined by the same p, p, as in U. Note that
Lijn € E-Qe,~qe, -
We regard T,, = e~ 9= € C[Rq] as the shift operator F[[p]] — F|[p]]

o~

(Tapr(£)) = e f(Pp")e? = f(P+ < Qa, P >,p%),

(Tapu(f)) = e~ f(P + h,p)e?> = f(P + h+ < Qa, P +h >,p).
Then D = F®¢ C[Rq] becomes the H-algebra having the property (4.2)
for A=U,E.

Hereafter we abbreviate f(P + h,p) and f(P,p*) as f(P + h) and
f*(P), respectively.

4.2. H-Hopf algebroids E, ,(gly) and U, ,(gly)
Let us first recall the H-Hopf algebroid following [15, 40].

Definition 4.5. An H-bialgebroid is an H-algebra A equipped with
two H-algebra homomorphisms A : A — ARA (the comultiplication)
and € : A — D (the counit) such that

(A®id) o A = (id®A) o A,
(e®id) 0 A = id = (id®e) 0 A,

under the identification (4.2).
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Definition 4.6. An H-Hopf algebroid is an H-bialgebroid A equipped
with a C-linear map S : A — A (the antipode), such that

S(ur(fa) = S(@m(f), Sam(f)) = pr(F)S(a), Va €A Je My,
mo (id®8S) o A(a) = w(e(a)l), VYa € A,
m o (S®id) o A(a) = - (Ta(e(a)l)), Va € Aap,

where m : A®A — A denotes the multiplication and (a)1 is the result of
applying the difference operator e(a) to the constant function 1 € My .

Remark. [40] Definition 4.6 yields that the antipode of an H-Hopf alge-
broid uniquely exists and gives the algebra antihomomorphism.

The H-algebra D is an H-Hopf algebroid with Ap : D — DRD, ep :
D — D, Sp : D — D defined by

AD(.fT—a) = fT—aéT—om
ep = id, Sp(fT-0) = Taf = (To f)Ta

Now let us consider the H-algebras £ and U. Let us first consider the
H-Hopf algebroid structure on £. We define two H-algebra homomor-
phisms, the co-unit ¢ : £ — D and the co-multiplication A : £ — ERE
by

(4.5) e(Lijn) = 0;j0noTe, (n€Z), e(e?) = ¢9,
(4.6) d @D—dw(ﬁ=ﬁm
(4.7) ij (2)) = ZLik 2)®
k
(4.8) A(e?) = e9%e?,  A(d) =d &1+ 1&d,
(4.9) Am(H) = m(HBL,  Alur(f)) = 18pu(f).

One can check that A preserves the relation in Definition 3.7.

Lemma 4.7. The maps € and A satisfy

(4.10) (A®id) o A = (id®A) o A,
(4.11) (e®id) 0 A = id = (id®e) o A.
Proof. Straightforward. Q.E.D.

We also have the following formulae.
Proposition 4.8.

f(P>p*) _ f(Pvp*) o f(P>p*)
(4.12) A(ﬂP+mm>‘fw+mm TP+ hp)
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Hence (£, A, M+, pu, jir, €) is a H-bialgebroid.
We define an algebra antihomomorphism (the antipode) S : & — &
by

(413)  S(L(2)) = (LF (=) i

(414) S =e9  Su(f)=m(f), SGu(f)) = p(f)

The explicit formula for (4.13) in terms of the components of the L-
operator is given in Appendix E. Then S preserves the RLL relation
(3.64) and satisfies the antipode axioms. We hence obtain

Theorem 4.9. The H-algebra £ equipped with (A,e,S) is an H-
Hopf algebroid.

Definition 4.10. We call the H-Hopf algebroid (€, H, Mg+, puy, for-,
A, e, S) the elliptic quantum group Eq,p(a[N)'

Remark. The coproduct for LT (z, P) used in [19, 21] is essentially ob-
tained from (4.7) via (3.76):

A(L*(z,P)) = LY (2, P) @ L*(z, P + (V).

By making use of the isomorphism between ¢ and &£ given in Sec.6,
we can define the L-operators of U by identifying them with those of £
in (6.1). Then the H-Hopf algebroid structure of U/ is defined by using
the same A, e, S as €. See [50] for the sly case.

Definition 4.11. We call the H-Hopf algebroid (U, H, M g+, py, for,
A, e, S) the elliptic quantum group Uy ,(gly).

Hence the isomorphism obtained in Sec.6 can be extended to as an
H-Hopf algebroid.

Remark. Uyp,(g) admits another co-algebra structure through another
coproduct called the Drinfeld coproduct[36, 51].

§5. Dynamical Representations

5.1. Definition

We summarize some basic facts on the dynamical representation of
Uy p(gly). Most of them can be extended to the arbitrary untwisted
affine Lie algebra g case[17].
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Let us consider a vector space V over F[[p]], which is H-diagonalizable,

i.e.
V= @ Vi
ApeH™

‘7)\#: {UGV q

Pth gy — q<AP+h>y 0P gy — g <iP>y,
VP+hPeH '

Let us define the H-algebra D, o of the C-linear operators on v by

Dyv= P Dyplas
o,fEH*

(DH,V)aB
R f(P+h)X =Xf(P+h+t<oa,P+h>),
={ X € End¢V f(P)X =X[f(P+<B,P>),
X - ‘7/\,u - ‘7,\+a,u+ﬂa Vf(P), f(P+h) € F[[p]
w (P = F(<NP R >p, w " (Do = f(< P >0t
FEF, ve V.

)

Definition 5.1. We define a dynamical representation of U,M,(EIN)
on 'V to be an H-algebra homomorphism T : Uq,p(gT[N) — Dy - By the

action 7 of Uy (gly) we regard V as a U, ,(gly)-module.

Definition 5.2. For k € C, we say that a qup(gA[N)—module has
level k if ¢=¢/% acts as the scalar ¢=*/? on it.

Definition 5.3. Let $, 9, M_ be the subalgebras of Uq,p(gA[N) gen-
erated by q*/%,d,kio (1 < i < N), by ki (1 < i < N,n € Zso),
ein (J€I,n€ZL>o) fjmn (JEI,n€Zsg) and by ki —,, (1<i< N,ne
Z=0), €j,—n (j €I,n € Zso), fj—n (i € I,n € ZLxg), respectively.

Definition 5.4. For k € C, \,u € H*, a dynamical U, ,(g)-module
‘A/()\, ) is called the level-k highest weight module with the highest weight
(A 1), if there exists a vector v € V (A, ) such that

~

V(A ) =Uyp(@) - v, Ny -v =0, qic/2 i q:‘:k/Qv7
kig-v= g~ A mhe>y, f(P)-v=f(<pP >,
f(P4+h)-v=f(<KAP+h>).
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5.2. The evaluation H-algebra homomorphism
Let koil( ), x ( ) be the Drinfeld currents of the quantum affine al-
gebra U, (gly ). See Appendix A. Let us introduce the currents u7 (z,p) €

(Uq@zv)[[PH)HZ]],U; () € (Ug(atn)[[PMI[=""]] (1 <é < N) by

(5.1) U; (z,p) = H (ki_,o ’ kai(p*nqc_iz)) ,
n=1
(5.2) uz, (z,p) = [T (6o - ko0 "a" ') -
n=1
We also set
(5.3) ug (z,p) = ul (z,p)ul, (¢z,p)""  (1<j<N-1)

These are well defined elements in (U, (gly)[[p]])[[z,2"]] in the p-adic
topology.
Now let us define the ‘dressed’ currents x;t(z,p) (1<j<N-1),

F(z,p) (1<i < N) by
(5.4) o} (2,p) = uf (z,p)x} (2)e” 9,
(5.5) z; (2,p) = x; (2)u; (2,p),
(5.6) K (z,p) = ud (a2, p)kg (2)uz, (a7 2, p)e ™9,
(5.7) k5 (22) = (092, )b (i (a2, ple %

Theorem 5.5. The map R
$p : Ugp(ain)llz, 271) = (F([p]] @c Uy(al)) [z, 2 'IEC[Rq] defined by
ei(z) = af (zp),  filz) ey (zp), K (2) = K (2,p)
is an H-algebra homomorphism. We call ¢, the evaluation H-algebra
homomorphism.
Proof. Direct calculations using Lemma B.1. Q.E.D.

Let (v, V) be a representation of U,(gly). We assume V is an
b-diagonalizable vector space over C. We set Vi) = F[[p]] ®c V. Let
Vi be a vector space over C, on which an action of e® is defined appro-
priately. Two important examples of Vg are Vo = C1 and Vg = C[Rg],

where 1 denotes the vacuum state satisfying e?.1 = 1. Let us con-
sider the vector space Vg = Ve[ ®c Vg, on which the actions of

f(P, h,p) € F[[p]] and e? are defined as follows. For v® £ € V @ Vo,

f(P,h,p).(v© &) = f(P,wt(v),p)v @,
GQ(f(P, h,p)’U ®£) = f(Pi < Q,P >,h,p)’u (®GQ£7
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where h.v = wt(v)v. We extend ¢y : Uy(gly) — EndcV to a
dynamical representation ¢y : (F[[p]] ®c U,(aly))iC[Rq] — Dy .
by

[lpl]

ev(f(P)) = f(P),  pv(e?)=e% Ve €C[Rq).

Note that if we specialize p as 0, ‘A/F[[p]] becomes V¢ ® Vg, where Vi@ =
FocV.

Then from Theorem 5.5 we obtain the following.

Corollary 5.6. A map ¢}, = <pl/ o, : Aqup(gA[N) — DH’{/F[[I)”AQZ'U@S
a dynamical representation of Uy, (gly) on Ve We call (0%, Vi)

the evaluation dynamical representation.

Due to this corollary, any representation of Uq(é\[N) admits an ‘el-
liptic and dynamical deformation’ for generic p. One can easily extend
this to any untwisted affine Lie algebra case by using the evaluation
homomorphism given in Appendix A of [36] . See [50] for sly case.

§6. Isomorphism Between U, ,(gly) and E,,(gly)

We introduce the Gauss components of the L operator of £ =
E, »(gly) and the half currents of U = U, ,(gly). Then we show the
isomorphism between I/ and £.

6.1. The L-operators of &£
Let us set

& = {A(2) € E[llllz, 2] | Al2) € €[[z"1]) mod pe[p]][[z, 27 ]I} -
Then it is easy to show

Lemma 6.1. For A(z), B(z) € £, the product A(2)B(z) is a well-
defined element in EF in the p-adic topology, respectively. Conversely,
if A(2), B(z) € E[[p)][[z, 27 Y]] satisfy A(z)B(z) € £, then A(z), B(z) €
E*, respectively.

Definition 6.1. We define the Gauss components Efj(z),Fﬁ(z),
Kf(z) (1 <j<1<N,1<m< N) of the L-operator L*(z) of £ as
follows.
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(6.1)
L4(2)
1 Fi5(2) Fis(2) Fiy(2) +
: Ki(z 0 0
01 BAG) - Fi) i)
_ 0 Ky(2)
0
1 FE z
1 0 0
Ezil(z) 1
“| Eii(2) Ezs(2)
: : . 1 0
Ez%n(z) Ezz\tm(z) Ezj\:rN—l(Z) 1

In particular we call Ejﬂl’j (z),FfjH(z),Ki(z) the basic Gauss compo-
nents.

Remark. By definition the matrix elements Lf:](z) are the elements in
E¥*, respectively. Then from Lemma 6.1, the matrix elements El%j (2),
F]il(z),KfL(z) of the right hand side of (6.1) are elements in £*, re-
spectively and their products are well defined formal Laurent series
in z in the p-adic topology. In addition, since L*(z) are invertible,
KX(z) (1 < m < N) are invertible. Therefore all the components
Eli] (z),F]il(z) and K (z) are determined uniquely by ij(z), respec-
tively.

Hence we define the coefficients of the Gauss components El+] (%),
Fj'i'l (2), K} (2) as follows.

Definition 6.2.

(6:2) Blj(z)= 3 B+ D Bilup"a
n€Zx>o neElso

€ Eo- X R Y Ea
n€l>o nE€Zso

(6.4) K;(z): Z K;;nz"—l— Z K]'-fnp"z_".

TLGZZ(} n€lso
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In addition, from the definition of L~ (z) (3.68), we have

(6.5) E]_,l(z) =g E—."»(zquc)q*ngi’
6.6 F(z) = P F (2pg© g 2P
irj
. 2N-1) i o op
(6.7) K (z)=q ¥ q2(P+h)”Ki+(zpq )qg~ 2P

Hence we define

Definition 6.3.

_ 2P: —2P;. — —2(P+h)e.
(68) E]zn_q JEj—i_zn 2P’1’ szn_q(P+h) F'L+Jn ( +)J7
K = 25 O K g
forneZ.
Then we have

(6.9) Eji(z) = Z By j—np"( "t Z By jnla™2)™"
n€EZxso n€l>o

(6.10)  Fij(2) = Z Fj a0 (g %2)" Z Finla2)™"
n€Zlso n€lx>o

(6.11) - Z i 2)" Z K, -,
nelso nel>o

6.2. Subalgebras
For 1 <1 < N, let us define the reduced R-matrix and L-operators

by

(6.12) Rli(z»s) = (Ri(zaS)Z‘j/)lﬁi,j,i/,j’gN,

(6.13) Li(2) = (L35(2))i<ij<n-

Note that up to overall factors Rli(z,s) are the elliptic dynamical R
matrix of type AE\P—# Note also that if R*(z, s)i;f #0for1<i,j5<I

(resp. 1 <i,j < N), then 1 <4#', 5 <1 (resp. | <i',j’ < N). Hence we
obtain

Proposition 6.4. The reduced L-operators Lli(z) satisfy

(6.14) REM (2 /20, P + B)LED (20) LEP (20)
L P () LV (20) Ry (21 /22, P),
(6.15) REMD g%z )20, P + W)LY (20) LT P (20)

= Ll:F(2) (22) li(l)(zl)Rli*(]-Q) (q:Fczl/ZQ,P).
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Therefore LlJr(z),ci,qu/2 generate a subalgebra of Eq,p(gTIN), which is
isomorphic to Eq,p(gA[N_Hl).

Note that from (6.1) we have

(6.16)
L (2)
1 Flj,i-‘-l(z) Flj,Li+2 (z) - inN(Z) +
£ £ Ki(z) 0 0
0 1 Fl+1,z+z(3) T Fz+1,N(Z)
_ | . . . . 0 Kziﬂ(z)
. 0
1 Fi |y (2
0 0 N I,N( ) 0 0 K]ﬁ\t}(z)
1 0 0
El:il,l(z) 1
+ +
x El+2 z(z) Ez+2,z+1(z)
: : 1 0
Ezj\tll(z) Ezj\tr,z+1(z) E]%’,Nfl(z) 1
Hence
Lif(z)7"
+— +-1 5+
fl 1i—1 + _ﬂ[:(—ll 1iFl’l+1 +-1
B *Ez+1,szzl El‘}lflKli Fz,z+1j[Jr Kz+1j[_1
- (8 KT F N — B K
K;t71$l
+ +— +-1 %
£ K oy - Kl+11Fl+1,l+2
where we omitted the argument z and set
_ t + +
(6.17) T (2) = Fl,l+1(z)ﬂ+1,l+2(z) - Fz,l+2(2)’
+ + +
(6.18) yi(z) = El+2,l+1(z)El+1,l(z) — El+2’l(2).

Furthermore, for [ < m < N let us define

(6.19) R (2,5) := (Ri(7«'7S)E;jl)lgi,j,i’,j/gma

(6.20) (L (2)™H)™ o= (L (2) g i<ij<m-
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Proposition 6.5. If we set

L (2)
1Flji+1(2) Flil+2(z) in (2) +
’ ’ e K- (z 0 0
0 1 Fyge(a) o Fan) | (K70
| . . . . 0 Kﬁ1(z)
. 0
1 F‘r:r‘l:—lm(z) +
0 0 1 0 0 Kx(2)
1 0 0
Ezl:-l,z(z) 1
x EZ{EFZZ(Z) Ezjiz,url(z)
: : - 1 0
Ezj\tll(z) Ei,H—l(‘Z) E’rﬁ,mfl(z) 1

Then we have
(L ()7 = L (=)~

Note that
L7 (2) # (L5 (2)iig<m.

Hence we have

Lemma 6.6. The restriction of the relations

(6.21) LD () L P () R (2, P+ )
= R, (2, )L (20) LY (2) 7,
(6.22) LD () LT P () R (o, Pt )

_ Rlﬂ:*(u) (Zq:FC, P)Lf(z) (22)71‘[’;‘:(1)(21)71

to the (i,7),(i",7") components with I < i,5,i",7" < m are equivalent
to

(6.23) R (5 Py h) LW () L) ()
= L () LD ) RME D) (2, P+ b),
(6.24) RO (gFe Py h) LMD () LT3 ()

= LT ) LD () R0 (247 P),

where z = 21/ 2.
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Therefore we obtain the following statement.

Theorem 6.7. le"'(z), c?, q=¢/? generate the subalgebra OfE”,(gA[N),
which is isomorphic to Eqp(gly,_141)-

From (6.23) and (6.24), we have
Proposition 6.8.

(625) m:l:(2)(22) 1Rm:|: 12)(2’ P+ h)Lm:I:(l)( )
L i(l)(zl)R;ni*(m)(z, P)L;ni( )(2’2)_1,
(20) 'L (2) T RMED (2 Py h)
= R (2, P)LTF ) (o) LW ()7,

(6.27) LT () RMEOD (gFe Py h) LMD (z)

_ L;ni(l)(zl)R;ni*(lz)(zq$c’ P)L;nq:@)(Zg)_l,
(6.28) LW ()T LT () TR (2g*, Pt )

= RO (g™, YL () L0 ()

(6.26) L7+

Lemma 6.9. For2 <[l+1<m <N, we have

(6.29) p*(z )b( )Ki(ZQ) LK (21) = " (2)b(2) Ko (21) K (22) 71
(6.30) p* (g 2)blg™ )KI(Zz)’lKi(m)

= P (q T 2)b(g T 2) Ko (21) K (22) 7
(6.31) (B (1), Kop(2)] = 0= [Ep 11 (= )K( 2)l;
(6:32) (B (22), Ko (20)] = 0 = [Ep 141 (21), K[ (22)]

where z = 21/ 2.

Proof. (6.29) and (6.30) follows from the (m,l),(m,l) component of
(6.25) and (6.27), respectvely. Similarly, (6.31) (resp. (6.32)) follows
from (6.29) and the (m,l + 1), (m,l) component of (6.25)(resp. (6.30)
and the same component of (6.27)). Q.E.D.

Other relations among the basic Gauss components are given in
Appendix C.

The following lemma indicates that the whole Gauss components of
L*(2) can be determined recursively by the basic ones.

Lemma 6.10. Let I,, ={ (j,k) |a<j<b—-1, j+1<k<b}\
{(a,b)}. For2<Il4+1<m<N, E;r”(z) (resp. Ffrm(z)) is determined
by {Ef(2) (k) € Lim, K (2) 1 < j < m} (resp. {Ff}(2) (j,k) €
Ilm7K ()l<]<m})
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Proof. Let us consider E;l(z) The 171+m(z) case is similar. From (6.29)
and the (m, !+ 1), (I 4+ 1,1) component of (6.25) we have
(6.33) _B*(Z)Eli-;-u(Zzi)Erjwzq,Hl(Zli)
= Erjri,l(zli)C* (2, Priv1) — Ei,l+1(z1i)Eli1,z(z2i)
+ 8 (2, Prrr) (L7 (22) " i K (25)
+ D B8 (2 P (L () kK (22)-
1+2<k<m-—1

Similarly, from (6.30) and the (m,l+ 1), (I 4+ 1,1) component of (6.27),
we have

(6.34) _B*(Z)Eljiu(Z;)Erjwi,ml(zli)
= Eﬁz(zf)C*(ZvPl,lH) - E$7l+1(zli)ElTl—l7l(z2$)
+ (2, Proam) (LT (23) 7 ) KT (25)
+ > EL (D) (2 Pyan) (LT () T K(25).
I4+2<k<m—1

Subtracting (6.34) with the upper and lower signs reversed from (6.33),
we have

(6.35)
Eil(zli) - E’ITLZ(Z?:)

1
- - Eﬂ: +\ E:F ¥ )Ei +
c*(z, Priv1) <( mar1 (21) = B (21) ) By (23)
BB (3 (B G — B (21))

— > (B xGE)-EL L GDE (2 Pyas) (L () K (25)-
142<k<m—1

Then due to (6.2) and (6.9), in each sign case the right hand side of
(6.35) determines both E;l(z) and E_ ,(z) uniquely as formal Laurent
series in z. Q.E.D.

Remark. The upper and the lower sign cases of (6.35) give two expres-
sions for B | (27)—E,, (27). Tt is instructive to derive their consistency
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condition. Equating them, we obtain

(E:L,l—&-l(zf—) - En_fz,l-i-l(zl_)) El—:ll(z;)
5 (B (B () = B (7))
— Y (BB, yGO)E (2 P ) (L () K ()

1+2<k<m—1
= (Bfiaa () = Bpa (40)) By (27
~ () E10(22) (Bfhaa () = Eppa (37))
- > (EBLED-E, (0))E (2 Paas) (L] (23) K] (27).

I+2<k<m-—1

Hence the consistency condition is

( m, l+1(z )—E,., l+1(zf)) (El+1 1(22 ) — Elj,-l (2 7))
—b*(2) EzJ-rH (23) — Eljrl,z(zz_)> (E:ZJH(ZT) - E:z,l-&-l(zl_))
= > (BLuGED) - B (:)E (2 o)

1+2<k<m—1
X (L7 () DK (257) = (L7 (25) " DuK; (23)) -

In particular, for m =1 + 2 we have

(6:36) (Bfias1 (1) = B (1) (B ) = B )

=b"(z) ( I+1, l(ZQ ) — El_+1 z( )) (E;Srmﬂ(zf) - El-:-2,l+1(zl_))

for 1 <[ < N — 2. In Appendix C we identify these relations with
the commutation relations of the total elliptic currents of U, ,(gly).
This provides an example suggesting the injectivity of the H-algebra
homomorphism @ : i/ — £ given in the next subsection.
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6.3. The half currents of U/

Let us define the basic half currents of U as follows. For 1 < j <
N -1

1 .
+ _ J+1] j—c\ym
eh ) = S o (247)
I (p*;p*) mzm _ g 2P Dpem
2(P _l)p*m ‘
- Z ej m (Po,—1) *1M (Zq]_c)_m ’
m>0 - / p
(024 +1@ 1 iNm
f+‘+1(z) = P fi—m . — (2¢’)
JJ (p; p ngo q2((P+ )or; 1)10m
Z _2((P+h)aj_1)pm .
- fjm — _ (qu)im )
m>0 _ q 2((P+h)a]' 1)pm
€i41,;(2) = qugj“e;rﬂ j(Zp a)a QP?’J'
—2(Pa.—1) sm
J+1] 7P iym
= €j,—m = = (2¢7)
1 .
j\—m
- Js m Po.—1) (Zq ) ) )
ngo — ¢* P Ve
- P+h)e. —c P+h)e.
fj,j+1(z) = q2( N )ijJ.,rjﬂ(qu Va- 2 )”1
2((P+h)a,.—1) m
_ au+19 ip i—evm
= (v p Zfi» — PP T m('zq )
m>0 p

1 j—c\—m
_ Z fi " AP, T (2¢7~°) ) ;

m>0
* . 3
where aj ., ; and a; ;41 are constants given by

1 () 1 (mip)so

6.37 =q ajjt1=q
630)  aj; = (P* @ P )00’ BT (Pq=2;p) oo

We then obtain
* 2

_) _ aj+1,jep* (q ) (qu_c/g)

(p*;p*)3,

ajj+10p(¢%) ,

(p; )2,

¢ (1) = e (2

fJTj-&-l(Zi) - fJTj+1(Z+) =
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Here we set 2+ = z¢g=</2.

Note that at p =0

ej++1,j(z) =aj;q,;(1— q2)<€g i T ——y ‘|‘ Z €j,—m m) )
1- q m>0
2P 1) _
€514(2) = ajy;(1— %) €50 5Py 1) > eim(za?)™™ |,
l—q ’ m>0

ffjﬂ(z) = aj+1(1 = )| fio 2((P+h)a T Z fi—m J

1 - m>0
) q 2((P+h)a; -
fie1(2) = aj541(1 —¢°) fj,o1 BN = fiml
m>0
Noting (3.1) and the expansion formula
©,(¢*°2) (P P)% 1
6.38 - "
038 @)0,) 21— g
_ Z qQSl B q—2s(l+1)pl+1/z
e, NP L=ttt/ )

for |p| < |z| < 1, one can express the basic half currents as follows.
Proposition 6.11.
i1(2) =q; f d2' O (2g7 " ) 20, (¢?)
: =aj, —e,(z
AR LI Jou 2miz' Y 0,-(247¢/2')0,- (q 2(Pa )y

dz' e} j 2((P+h)a
Fii(2) :%‘,ﬁlf{ 2 : il p20d ((P/fh)> 7(1) ),
Cc «Tz @p(zq]/z ) p(q o )

9

where C* : |¢7 2| < || < |p*~1¢?~¢2|, C: |¢?2| < || < |p~'¢?2|.
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Proposition 6.12. [36, 43] The basic half currents e;r+1,j (2),
f;fjH(z) (j € 1) and k" (2) (1 <1< N) satisfy the following relations.

(6.39) kj_ﬂ( 1)” 18j+1,j(22)kj+1(31)
1 C*(Z7P4,' 1)
= e;‘:»l,j(ZQ)W - 6j+1,j(zl)T;)J+v

(6:40) ky'yy (20) £l (22) k50 (20) 1

1 c(z, (P +h)ji+1) o4

- mf;:j-%l('z?) - b(z) fm—i-l( 1),

L + + 2 (1/2, P i1 = 2)
G40 Gy o B0 B = G B

1 c*(z,Pjj+1 —2)
+ + + 2 s g g+1
= g*(z)€j+1,j(22)ej+1,j(zl) = €jr1,5(21) T ()

(6:42) %f;jﬂ(zl)ffjﬂ(zz) - ffﬁl(zl)?dz’ (P +b2;3j+1 —2)

2 6(1/2, (P4 h)j 41 = 2)
b(1/z) ’

(11/2) Tz [ (1) = fi (z2)

(643) [efi1 5(21), £ (2)]
B k;(ZQ)k;rﬂ(@)_l%

oz, (P4 h)jjer — 1)
b(2) ’

kj-u( )_lk;('zl)
where z = 21/ 2.

Proof. Direct calculation using Proposition 6.11, the relations in Defi-
nition 3.1 and (3.28)-(3.37). Q.E.D.

For 1 < j < N — 1, let us consider the subalgebra qu)(glg) of
U generated by e;(2), fij(2), k ( ), k;‘_ﬂ( 2),qT%/?,d. Let us define the
L-operator by the associated bas1c half currents by

go = (0 )7 w0) (aie 1

_ ()fg1()]1()jc1,j(z) f”1()]1()
= (PO ).

Then comparing the relations in Proposition 6.12 and those of the ba-
sic Gauss components of L*(z) in E, ,(gl,) in Sec.C.1, we obtain the
following.
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Theorem 6.13. [36, 43] For each j, the L-operators E;*L(z) satisfy
the same RLL-relations (6.23)-(6.24) at | = j,m = j + 1 replacing
L7 (2) with Eji(z) Hence the following map gives a surjective H-
algebra homomorphism.

o) . ch,jp)(g[z) — Eq,p(é\b),

ey ()= B (), n (@) e Bl (),
k;’(z) — K;”(z) k;’+1(z) — K;r+1(z).

Now let us consider the canonical extension of the map ®) to & :
U— &by

e;r+1,j(z) = Ej++1,j(z)7 ffjﬂ(z) = FjJ,er(Z),
kf(z)HK;r(z) (jelI, 1<I<N).

Theorem 6.14. ¢ gives an isomorphism as a topological H-algebra
over F[[p]].

Proof. 1) Surjectivity: From Theorem 6.7 with | = j,m = j + 1 the
basic Gauss com;ionents Eﬁrl,j(z), Fj"j“(z), Kj(z) and d generate the
subalgebra E, ,(gly). From Lemma 6.10 the RLL relations allows us to
construct the other Gauss components E,ifj(z), Fjik (2) B3<j+2<k<
N) recursively from the basic ones Eﬁl’j(z), Fjj’[jﬂ(z)7 K]i (2), Kﬁrl (2).
Then the surjectivity follows from Theorem 6.13.

2) Injectivity: Let (¢ ;,V) be a highest weight representation of U, =
U, (gly) with the highest weight A and the level k. We extend @} 1 to the
dynamical representation (0§ = ¢ ; © ¢p, ‘A/IFHp”) of U as in Corollary
5.6. Then we define g1} : € — EnchA/]FHpH by ¢35.(4) = ¢i7.(a) for
A=®(a),a €U. Let m, : U — U /pU be the canonical projection. From
the remark above Corollary 5.6, we also have the corresponding canonical
projection 7, : Endc Vi — Ende(Ve ® V). We then consider the
following diagram.

U — & —_— DHxGJF[[p]]
bp oSk
LR N\
Uu/p . (Fllpl] ®c uq)ﬁC[RQ] mp
2 /

0%k
(F @c Ug)§C[Rg] — Dy v,
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Lemma 6.15.
(i) mpogy=m
(ii)  mpowl =% om on (Fpl] ®c Uy)iCIRq)
Proof. (i) follows from (z p)=1atp=0.
(ii) follows from (i) and V]F[[p]] = (F[[p]] ®c V) ® Vg. Q.E.D.
Lemma 6.16. Ker ® C pl/.

Proof. Assume Ker ® ¢ plUd. Then there exists a non zero element
a € Ker @ such that m,(a) # 0. Then from Lemma 6.15 for any level-k
highest weight representation ¢f , of Uy, we have

(6.44) 0 = 7,0 @Fh 0 ®(a) =m0 ¢S, 0 dpla) = ¢ 4 0 mp(a).
This contradicts the fact 1, , Ker ¢f , = 0 given in [9)]. Q.E.D.

Proof of the injectivity. Let us assume Ker ® # 0. Let a # 0 € Ker O.
Then from Lemma 6.16 there exists a € U such that a = p™a for some
positive integer n and m,(a) # 0 € U,. Then the same argument as
(6.44) yields for any ¢ ,

0 = mo gpg\’f]’c o®(a) = p”(p'i’k ompy(a).

This again contradicts [, , Ker @g\,k =0.
Q.ED.
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§Appendix A. Quantum Affine Algebra Uq(a[N)

Definition A.1. The quantum affine algebra Uq(gT[N) is a topolog-
ical algebra over C generated by klm, j[n,d (1<i<N, 1<j5<
N —1, m € Z>g, n € Z) and the central element qt¢/?. The defining
relations are conveniently written in terms of the generating functions

called the Drinfeld currents :

k()iz Z ki :I:m

mEZzo

_ + _—n
—E xi,2 "

ne”Z
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The relations are given by
0
[d. k5 (2)] = iza—kit(Z% [, (2)] = —27-27 (),
z
kfokio = 1= ki ki,

ko (210)kg, (22) = kg (z2)kg 5 (1),

k&j(zl)kaﬁj(zg)

_ (qc+22’2/217q2NqC_2Z2/Z1,quq_CZ2/Z1,q_CZ2/Z1§QQN)oo k+»(z Ve (21)
(q=t220 /21, PN g~ 220 21, PN q°22 f21, 422 215 4PN ) o 270D

ko (z1)kg (22)

(N g2 /21.q z2/21, N q 2 /21, PN 22/ 215 2N ) o

C(@PNg 22 2, PN 22 2, PN 20 21, PN 022/ 215 PN ) o

x kg (z2)kg (1) (G <),

2N c—2
q

k&j(zl)ké’:l(@)
_ (220 /21,4 220 21,4 C22 /21,4 22 /215 ¢*N ) oo ke (so)k (21) (5> 1)
(4= F a1, ¢ 2en o, o fon, Fma o N oo 01 20N D
o =gz

kg (z0)af (z2)kg ;(21) 7 = ¢ TR z ] (22),

1 1—q Mz /z

+ + + -1 _
ko jr1(z)z] (22)kg 41 (1) = 9= g2z 2 z; (22),

1—q 2z /2

+ - + -1 _ -
ko,j(zl)l'j (ZQ)kO,j(Zl) =4q 1~ qiz1 /2 T (22),
_ _ 1=z
+ -+ 1 _ 1
ko,j+1(21)37j (22)k0,j+1(zl) =q m%— (22),

kp(z0)ay (kg ()7 =2 () (£ 4,5+1),
- - - a1l =¢* T2/
1.+ _ 1 +
kohj(zl) $j (Zz)ko’j(zq) =4q m:ﬂj (22),
1 g2
q 4 22/211'+(22),
l—qiz/n 7
_ 1 _ 1—q“I29/z1  _
1 _
kO,j(zl) Ly (ZZ)ko,j(Zl) = QW% (22),
TR S L Ve R
L—q 2 iz/zn

koy(z1) 7 'aT (22)kg (21) =23 () (L#4,5+1),

ko jaa(21) 7 haf (z2)kg 4 (21) = ¢

ko i1 (z1) ) (z0)kg 40 (21) = ¢ (z2),
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(1= gz /z)e; (21)7) (22) = —22(1 — 21/ 20)a] (22)7) (21),
21— g a/z)a; ()25, (22) = =22 (1 — ¢ o/ 2)afi, (22) 25 (21),
+ +

ol (2)af (z2) = 2 (22)27 (1) (L#4,5+1),
[ (21), 25 (22)]

5i j —c — —c — —c -
:7’]_1@(4 31/32)k0,¢(q /QZl)ko,iH(q /221) !

qa—q
— (a1 22) k(4 2 g (4 222) 7).

{7 ()27 (z2)27 (w) = (g+q™ e (21)75 (w)a (2) +a5 (W) (21)a7 (22))
+ (21 ¢ 22) =0, li —j| = 1.

§Appendix B. Relations Among uZ (z,p) and uji(z,p)

From the relations in Definition A.1 the following commutation re-
lations hold.

Lemma B.1. Let us set z = z1/z9.

kg (21)uz, (¢ 22, p)
Pz N a2z, p?N 2, pzip, 612N)oo
 (pg?2,pg?N g2z, p*q*N 2, p* 2 p, N ) o
kg i (z1)uz, (¢' 22, p)
_ Pz p a2 02,020, )
(%2, pg=22,p* 2, 0* 2, 4*N ) oo
(0 *N ¢z, p**N g 22, p*N 2, p*N 2 p, ¢*V ) o
(PN 2, pg®N 22, p* PN 2, p* N 2 p, ¢V ) o
x usl (q Z2ap)k0](zl) (] > l)a
(Pq22;D) o0 (P25 D) e
(P*q722;D) 00 (D% D) 0o
(Pg?2;P)oo (P* 23 D)
(P*¢%2; D)oo (P23 D) 0o
kg (z0uy (@7 22,p) = uy (22, kg (21)  (L#4,5+1),
ul (¢ 21, p)kg ;(22)
_ a0 Va2 pa® N 2, p2ipt Y ) k= (z2)ut (@21, p)
T (a2, paPN g2, pr PN 2, prayp*, PN ) o O TE D

Ue, -, (g7 2, p)ko](21)

uz,(¢'22, 0k (1) (5 <),

kg (z1)ug, (q'z2,p) =

kg:j(zl)u;(q]ZQJD) = u;(qu27p)k6i:](zl)7

kafj+1(21)uj_(qj22,p) = u;(qu27p)kg:j+1(zl)a
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) = (0**N ¢z, p* *N g 22, pg*N 2, pa*N 2 p*, P ) o

(Pe*N 4?2z, pg*N =22, p*¢*N 2, p* *N 2 p*, 2N ) o
x ko i (z2)ud (d'z,0) (G <),

u;(qlzl,p)ka,j(@)
(p*¢*z,p"q 22, 02,02 0", ¢*N ) o (o )
= (pq22’,pq_22’ p*z p*zp* qu)oo kO,](’ZQ) El(q Zlvp) (J > Z)v
(P* 250" )00 (P25 D" ) oo
(Pg?2; D" ) oo (P* 25 D% ) oo
(P4 220" )00 (P25 9" ) o
(Pg™22;p*) oo (P25 P* ) oo

uf (¢’ 21, p)kg ;(22) = ko (z2)u; (¢’ 21, p),

(q 21,p) 0]+1<Z2) k&jﬂ(zg)u;r(qul’p),

uf (¢ 21, p)kg (22) = kg (2)uf (P z1,p)  (L# 4,5+ 1),
uZ (21, p)uz; (22, p) = uZ (22, p)uZ (21,p)  (V4,1),
ul (¢’ 21, p)uz, (¢ 22, p)
_ q°+2z A pp*qQNq %P 020" Y )
(pp*q 22, pp*¢*N q°=22,p*2¢*N q°2, p*2q°2; p, p*, ¢*N ) oo

X u (q ZQ,Z))(ZQ)U: (qulap)7

J

u;(ql’zl,p)u; (quQap)
(p*2q2N ¢z, p 2N o2 pp*qu q“z pp*q2N ¢z, 0", * ) oo
~ (pp*?N g2z, ppr?N g 22, p*2?N ¢°z, p*2?N g2 p, p*, 2N ) oo

X ’LL (q ZQap)u:l(quhp) (J < l)7

uZ (¢'z1,p)u, (¢" 22, p)
(P2 p 2 2 pp 2, " 2, 0 Y ) oo
 (pp*qct3z, pp*q22, p*2qC 2, p*2q% 2 p, p*, 2N ) o

xuZ (¢ 2z, p)ud (q'21,p) (5> 1),

ul (¢ 21, p)uz, (¢ 22, p)
_ (P2 p*) oo (P¥ 021 p) o
(P p) e (P10 P )0
ul (¢’ 21, p)u E]H(qj“z%p)
_ ez ) (P02 D)o - (¢
(P*¢°7223p) o (P* @ 25 P oo 7 H
uf (¢ 21, p)ug, (¢ 20, p) = u, (¢ 22, p)uf (P z1,p)  (L# 4,5+ 1),
ul (@721, p)uj (¢’ 22, p)
_ ("¢ %21p) o (P02 0" )0
(P*q°223p%) o0 (P*4°%3 D)o

uz, (¢’ 20, p)uj (¢’ 21,p),

ZQap)u;r(qulap)?

u_]_(quQap)u;: (qulap),
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Jj+1

ul (@2, p)ui (¢ 22, p) =

U’; (qj227p)u:;+1 (qj+121 3 p>7

(P*a°"223p)oc (P*4°21 " ) o
(pqc“zp) (p*q°z;p)

uZ (¢'z1,p)uj (@7 22,p) = uj (¢ 22, p)ul (¢ z1,0)  (L# 4,5+ 1),

(Pg“223P)o0 (P7¢°?20") oo

(Pg="?2p)oc (P*¢°7%2,P")oo

(pg— T2 p)oe (P"0° ' 230%) o0

(Pg=¢7"'2P)oo (P*4°F1 20" )0

ul (z1,p)u; (22,p) =y (z2,p)uf (21,p) (L # 5,5 +1),

(oo}

uf (z1,p)uj (22,p) = uj (22, p)uf (21,p),

U;_(Zl,p)uj_+1(22,p) = uj_+1(227p)u;r(zl7p)a

—ctj (p*q”“H2pY) et
u:] (g c+]Zlap)5Ej+(z2) = (p*q_c_2+jZ;P*3oooxj+(Z2)u; (q C'H,zhp)7

L (pg—“"7/z:p) —
ug, (@' 21,0)75 (22) = ¢ Ty () (67 21,),
b) o0
et (p*q=“Mz;p*) et
u:J'Jrl (q P+]+121,p)$;_(22) = (p*q76+2+jz;p*jooo .’IZ‘;_(ZQ)U;+1 (q (‘+]+1Z17p)7
o pq— /2 -
T (0 e ) () = (LT s (g )

(pg=¢7277/z;p)oo
uZ (21,p)7] (22) = o (22)uZ, (21, ) (L#7,7+1),

uf (1, p)t () = mw+(22)Uj(Z1,p),
sl (o) = 2 s, o),
)] aa) = PP s ey,
W7 (2, p)a (22) = H() w5 (21,1,

up (21, 0)2f (22) = af ()up (210)  (L# 5,5 +1),

—etj - (P*q Mz p oo
u:] (q C+]Zl7p)xj (22) = (p*qup*) Oox‘ 2 +J
) o0
(pa* ™7 /2:p)c

uz (¢ 21, p)a (22) = 5 (22)u, (¢’ 21,p),

(Pg77/2;p)oo
o (P P2 p ) —etj
U (0 P () = S = (el (T ),
o (g *7/%p)0e o
Uz, (@ e ) (22) = PP s oy (7 ),

(g~ /2p) oo



Elliptic quantum groups U, ,(alx) and E, ,(gly) 391

(P*q %2 %) oo
(p*q2+cz.p*)oo
(P*q" T2 p )

W—Cz?%x;(@)“jﬂ(zhp)a
b

uj (z1,p)75 (22) = &5 (z2)ut (21,p),

ul (21,p)x (22) =

- - (P2 P)oo

U (Zlap)xj (22) = (pq_QZ;p)ooxj (ZQ)Uj (Zlvp)a
- - (Pg'2P)oo /| _

U Z21,P)T; (22) = —F————~ . (Z2)U; Z21,P),
j+1( 1 ) J ( 2) (pqz7p)oo J ( 2) ]+1( 1 )

up (21,p)75 (22) = 25 ()0 (21,0)  (L# 5.5 +1).
§Appendix C. From the Basic Gauss Components to the

Elliptic Currents

C.1. Relations among the basic Gauss components
Let us consider the m = j + 1,1 = j case of the L;”i(z) and the
subalgebra E, ,(gl,) generated by them.

LI (z) = ((1) Ff]?( )) (Kjio(z) Kio( )) (Ei 1 . (1)>

Jj+1 +1,5
Kf( )+ Fi ()G (2)Ef (2) Fiy ()KL (2)
- (O RS ).

L§+1i(z)71

:< Kj(2)! —KG(2) 7 F (2) >
]+1J( DK ()7 Byl )Ki( )RS L () + K ()7 )

From (j,7), (4,7) of (6.26) and (j + 1,54+ 1),(j + 1,5+ 2) of (6.23)
(C.1) K (1)K (22) = p(2) K} (22) K[ (1) (1=, + 1),

where z = z1 /2. Similarly, from (4, j), (4,7) of (6.28) and (j + 1,7+ 1),
(j+ 1,7+ 1) of (6.24)

+x P c
(C2) K (2)KF () = %Kﬂmmzo, (I=5j+1).

From (j+1,7),(j +1,7) of (6.25)

b(2) pox

(C3) K7 ()R (1) = p(2) [ S K () K5 ()
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Inparticular, in the limit z; — 29, we have

(PiP)3e Op-(a?) s +
)= it o) 1 TG

From (j+1,7),(j +1,j) of (6.27)

P (2q¢) b (2g7°)
p:t(zq:tc) b(Zqu)
From (7 +1,5+1),(j +1,J) of (6.23), we obtain

(C.6) Kﬁﬂ( )_1Eji+1,j(z2)Kji+1(Z1)

(C4)  Kf(=)KE, (2

(C5)  Kiy(21)Kf (22) = KT (2)K5, (21).

1 (2, Pjj+1)
Ej: E:t ) 1,41
j15(22) b*(2) 14 (21) 5*(;)7 .

From (7 +1,7+1),(j +1,7) of (6.24), we obtain

(C.7) Kﬁrl( )_1E;F+1,j(z2)K;t+1(21)
1 " c*(zqT°, Pj j11)
=Ef, ,( 2)@ - EjJrl,j(Zl)—B*(ZqﬂFc)] :
Similarly, from (j 4+ 1,7),(j + 1,7 + 1) of (6.23),
(C.8) K (20)F e (22) K (1) 7
Lo (2, (P +h)jje1) n
= 50y P (22) = ) a0
From (7 +1,7),(j + 1,7 + 1) of (6.24),
(C.O)  Kipy(210)Ff  (22) Ky (21) 7!
1 E( a(P+h)JJ+1) +
= WFJ':!}+1(’22) - b(2q=) Fj,jﬂ(zl)

From (j +1,5), (4,7) of (6.26)
(C.10) Ki(2)” 1Eﬁlj( K (22)
Ei ( ) *(Z7Pj7j+1)Ej: ( )
b*( ) 41,5 \F1 b*(2) 41,5172
From (5 +1,5), (j,7) of (6.28)
(C11) K (22)'Efy (21K (22)
1 ¢ (zqT°, P;

=———Ff (z)-—

7J+1) T
b*(zquc) J+1y E

b*(zq¥6) J+1, J(z2>‘
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From (4,7),(j + 1,4) of (6.26)

(C.12) K (2)F} 1 (20) K (20) 7
1

c(z, (P hj,j 1
:FJ§+1(21)ﬂ_FE+1(Z2) (= b—é_z)) - )

From (5 + 1,54+ 1),(j,4) of (6.23), we obtain

(C.13) Ky (22) "B () K (22) By (22)

= K;t-‘rl(zl)_lE;t-‘rl,j (ZQ)K;‘:—‘,-l(Zl)E;‘:-{—l,j (21).

From (C.6) and (C.13), we obtain

NS BTy
(C14) Ej+1,j(zl)Ej+1vj(Z2)m - Ej+1,j(«32)2 5*(5;2)

26*(2’7 Pj,j+1 — 2)

= E* z + Zl—L + Z1 =
= By (o) By ()~ B0 30

J+1,7 J+1.4 b*(2) T L
From (j+ 1,5+ 1),(j,7) of (6.24), we obtain

(C.15) Kf+1(z2)_1Ef+1,j (ZI)KJ:'F+1(22)E;'F+1,]‘ (22)
= K (o) T B () K () B (1),

From (C.7) and (C.15), we obtain

(C.16)
1 ' (1/(24%€), Pjji1 = 2)
Ef  (z2)EF, (2)—— — EF., (22)? v ]
rs 0B ) gy — P B )
+ + (27, Pjj1 — 2)
= Eﬁl,j(@)Eﬂl,j(“)B*(zqﬂFc) ~ B (=) B*(zcj;c)

In a similar way, we obtain

(C.17)
1 c(z,(P+h)jje1—2
Fj:f:j—f—l(zl)FjZS_,'_l(ZQ)% —F o (a)? (2 ( l_)(,z; 1= 2)

1 c(1 zZ, P h 4,9+1 — 2
= Fa(a) (1) g 5 — iy T et =2
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(C.18)
é(zq*e -
FJ%J'H(Zl)FJEH(Z?)W + FJ§+1(21)2 (g 7(5:(:;]2;’]+ 2)
1
= Fln a0 )
2 &(1/(2¢7¢), (P + h)jj+1—2)
" e

From (j +1,7), (4,5 + 1) of (6.23),

Pi(z) {E(Z)K;:-i-l(Zl)Eﬁ-Lj(Zl)Fjﬂ,Ej-;-1(22)K]i+1(22)

+&(z, (P +h)jj+1) (Kgi(zl) + Fjj,[jJrl(Zl)Kﬁrl('zl)E;il,j(zl)) Kf+1(z2)}
= P (K} (22)+F;5 41 (22) K1 (22) By (22)) Ky (21) (2, P )
+ P (22) K5 (22) Ky (21) By (2007 (2, Prjs) -

Using (j+1,7), (j+1,j+1) and (j+1,5+1),(j,j+1) of (6.23), we get

(C.19) [E0,(21), F oy (22)]
_ gt + 18 (2, P — 1)
= K (22) K51 (22) #
B &z, (P + 1) 41 — 1
_Ka‘iﬂ(zl) 1K;t(21)c(z ( = )il )-

b(z)
Similarly, from (5 + 1,7), (j,7 + 1) of (6.24),

pi(zqu) (B(Zqic)Kﬁ-l(zl)E]i-q-l,j (21)F33+1(22)Kf+1(22)
+2(zq" (P4 h)j ) (K (1) + o (20K (20) By (20)) B (22))
= " (2q7) (K] (22) + FJj 11 (22) Ky (22) By j(22))
K1 (2 (247, P j4)
+ FF o (22) KT (20) K3y (21) By (20)b (267, Py ) -
Using (+1,7),(j+1,j+1) and (j+1,5+1),(j,5+1) of (6.24), we get

(020) [E;t+17j(zl)7Fj:!:j+l(Z2)]
18 (2¢7¢, Pyjia — 1)

= K (22) K ()" b* (2q7°)
_ é(zqT¢,(P+h); 11 — 1
_ K;t+1(z1) IKJ:I:(zl) ( q (7 )],j+1 )

b(zq*c)
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C.2. Identification with the elliptic currents

In this section we demonstrate an identification of a combination of
the basic Gauss components with the elliptic currents of Uy ,(glx)-
Let us define the total current by E;(2¢?~%/?) = p (E;q_l]( ) -

EJ_+1J( 27)) with p* = %. Then we obtain from (C.6) and
(C.7)
(C21) K} (1) " Ej(22q’/*) K}, (21)

Kj—‘,—l( ) (E;—-H J( +) - Ej+1,j(z2_)) Kj+1(zl)
1 c*(zq —¢/2 p. )
R + + Jyj+1
=p (Ej+173( )g “(2q—2) — B (=) b*(2q—</?)

- - L (247, Pjjy1)
L + ¢ 32
EJ+1,J( )E*(zq—c/Q) +EJ+1,J(21) b*(2q—</?)

, 1
— B, J—c/2y_ .
](ZQQ )b*(zq_c/Q)
Comparing this with (3.31), we identify E;(z), Kj'-" (z) with e;(z), k‘j‘(z),
respectively.
Next, inserting (C.14) and (C.16) into (E;L_H (2 2F) = Ejv1(27))
X (B, ;(25) = Ej11,4(23)), we obtain

1900 g (),

Ej(z1)Ej(22) = ;W

This is consistent to (3.34).
To obtain (3.35) we use (6.36), which is derived from (6.27) with
m=10+2.

Similarly, if we define Fj(2¢7~/2) = u(F;t, ; (2-) = F; ;1 (24)) with

w= % we recover the relations (3.36)-(3.37) from (C.8)-(C.9),
(C.17)-(C.18) and the F* counterpart of (6.36). Hence we identify Fj(z)
with f;(2).

Finally let us check the relation (3.23). From (C.19) and (C.20), we
have

(C.22) (ﬂu*)‘l[E(zth(zz)]
[ g+1 j(ZT> j+1 J( 7)’ FJZ+1(25) - FJT]-&-l(z;)]
= (B (), Filya ()] + (B (20, Fy i (22)]

_[E;'r-i-l,j(zfr)aFJ ]+1( )] [E;H ]( 21 ), FJZ+1(25)]
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Let us substitute (C.19) and (C.20) into this. Noting the remark below
Proposition 3.8, one finds that the terms containing K- (zé")K]_H (z5)7!
from the 2nd and 3rd terms in (C.22) cancel out each other and the same
is true for the terms containing K +1(Zl )~ 1K;r(zl ) from the 1st and
the 3rd terms in (C.22). We obtaln

(1) E; (21), Fj(22)]

= K;_(ZQ_)KJ—‘:l(ZQ_)_lq_l@p* (¢*)

y O, (q—Q(Pj,Hl—l)ch)
O+ (q*2(Pj,j+1*1))@p* (2q°)

K (20) UK (27)a710,(0%)

O, (g~ 2((P+h)is11=1) g=cz)
8,418, G ),

O, (q—Q(Pj,Hl _l)ch)
L Op (¢ P m )0, (20°)

)

0, (g~ 2 (P+Ns541-1) g=c )
0, (g AT 16, (e )

)

Here

( qQSl q—28(l+1)pl+1/z)

lz 1—pitl/z

for |p| < |z| < 1 and

0,(¢*°2)(p;p)3,
0,(¢%)0,(2)

0,(q72*/2)(p;p)?
@p(q_QS) p(1/2)

- Z —q2p =
B Z —2.sl l q25(l+1)
1 —p /z 1 pltiy

€70

(C.24)

for 1 < |z| < |p7!|. Then the difference between these two expansions
turns out to be the formal delta function §(z) = Y ., 2". We thus
obtain
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[Ej(21), Fj(22)]

:W*q‘l{K (29 ) K4 (= _)_1%6 (ﬂf)

—K 1 (20) 7 K (2 >@p(§2)5(§lq_c>}
L {K;<ZQ>KL1<22 (

q—dq )
e s(2)

In the last line we used (C.4) and

g @)K
(p*;p*)3, q—q!

This is consistent to (3.23).

§Appendix D. Relation to Jimbo-Miwa-Okado’s Face Weight

In this Appendix we give a relationship between our R-matrix (2.3)
and Jimbo-Miwa-Okado’s Agllll type face weight in [33].

D.1. Fractional powers in z

So far we have defined the elliptic algebras U, ,(gly) and E,,(gly)
by using the generating functions e;(z), fj(2), k;(z) and L;;(2), respec-
tively. The coeflicients of their relations are given in terms of the theta
function ©,(z), which enables us to expand every things to power series
in p.

However for a practical use it is convenient to introduce operators

4 P+h-1

P—1 | .
such as z and 2+ into the algebras. Here r and r* are intro-

duced by p = ¢?" and p* = pg2¢ = ¢*" with r* = r — ¢. The main
reason for this can be seen in the following example. Let us consider

Jacobi’s theta function

191(U,7') - Z (_1>nem'7—(n—1/2)2eZm’u(n—l/2).

n=—oo

27

Identifying z = ¢**, p=-e~ "+ we have

[N

U1 (f T) = e%Tfépéqquu@p(z).
r
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Then we have

(D.1) z%c(zﬂs) =

=1 05(¢°)0p(0%2) _ (5
Op(q*)Op(%2) D1 (2,7)01 (1, 7)

This is invariant under the shift z — zp i.e. w+— u + r. Compare this
with (3.73).
Motivated by this, let us consider the transformation

(D.2) ﬁi(z,s) = (Adz_%e‘/(s) ® id) (Z%TV’VRi(z;s)) ,

where 0y (s) is given in (3.69) and

N—-1
Tyv =Y mv(hy) @myv(h))
j=1

Then one finds

(D.3)
R*(u,s)= p*(u)R(u,s),
-~ N o~ =
R( s)= Z E;; @ Ej; + Z (b(z, s;1)E;j; @ Ey+b(2)Ey @ Ejj)
J=1 1<j<ISN
+ Z (2, 851)Ej @ By + ¢z, —s51)Eiy ® Eji)
1<j<I<N
with
P R U2 UNMNd V2 .V D
Dy =g HE o/ 2 Hpa?V 22}
) = ot a2 e 22 {1/ 2 H e 2}
B5) =g P R )
~ I Y| ) N ()
(D6 b=y MW T
_ _[1[s + ]
(D.7) c(u,+s) = 7[8] 1

where we set
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2mi

We also need for p* = e~ 77

We have

pT(u p(u ,;
08) prurn) =g, L1~ L 5w () = 1

(D.9) R (u,s)”' = PR (—u,s)P
for p=*(u) = p= ()| p—sp+. Hence we obtain

Proposition D.1.

~

(D.10) Rt(u+r,s) =R (u,s).
Let us further define L*(u) from L*(z) in Sec.3.2 by

(D.11)  Lt(u) = (z_%QV(P) ® id) 2TV LT (2) (z%*e"(P) ® id) )

L~ (u)=Lt(u+r"+¢/2),

where 2z = ¢?“, and Ty is given in (3.70). Note that we do not need the
extra Ad ¢=2%v(P) action to define L~ (u) unlike (3.68).

Proposition D.2. L% (u) satisfy the same relations as (3.64), (3.71)
and (3.72) with replacing R*(z,s) by R* (u,s). Namely,

(D.12)  RE(u, P+ h)L* (u)LF (up) = LF (ug) LE (u1) R (u, P),
(D.13)  R*¥(u+c¢/2, P+ h)L* (uy)LF (us)
= L¥ (up) LF (u1) R (u F ¢/2, P),

where u = uy — us.

Remark. The R-matrices and L-operators in the previous works [47,
36, 43, 50] are R*(u,s) and L*(u) given in this section except for the
prefactor: p*(u) in the previous works are pT (u) in (D.5) and (D.4).

D.2. Gauge transformation from Jimbo-Miwa-Okado’s W

~.

For 1 < j < N let us define F'(P, P + j) by

N 2
~ im+1
Fss+7) = | [ 2ot

mej1 Siml]
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where s; ., = s¢; — 8¢, as in Sec.2.
Our R-matrix is related to Jimbo-Miwa-Okado’s W denoted by
Wimo as follows. Let us set

S s+

E-‘r , ij:W =N B
(u, 8)51 (S-H a+i+7

u) (t+7=k+1).
Then we have

W( s si—?é
s+l s+i+7

. ] F(s,s+0)F(s+i,s+i+7)
u) =p"(u) = =
[wt+1] F(,s+1)F(s+1,5+1+Fk)

s+1i )
u .

s+1 s+i+]

x Winmo <

-~

Here (s +1i)e; = se, + 04,5 etc. and

5 s+i 1+ u
1% LSt ) = ,
JMO <s +i s+ u) [u]
s s+ [si,; — u]
W SO S R e
Mo <S+i s+i+j ) [si,5]

WJMO( s _ s+J ’u)_M<[Si7j+1][8;j—1]>1/2.

s+i s+i+] [1] [si,/]
§Appendix E. Elliptic Quantum Determinant

E.1. Jimbo-Kuniba-Miwa-Okado’s projection

Quantum determinant of the L-operator depends on a choice of the
gauge for the R-matrix. Let V =F®c V, V = @ ,Cv, and E; jv, =
d;.av;. Let us consider the following R matrix R'(z,s) € End(V @ V)
given by
(E.1)
R'(u, s)

:p+,(u) Z a(U)Ejj & Ejj—l—z (ﬁ(u, Sl,j)Ejj (9 E”—l—'y(u, Sl}j)Eﬂ & Elj) ,
Jj=1 J#l

where
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Note that R’ (u, )} = W ( NP j— L u) is the face weight in [34],
s+l s+i+j

which is gauge equivalent to R* (u, s) in (D.3).

Instead of giving the gauge transformation of the R matrix we give
the gauge transformation of the L-operator LT (u) in (D.11) to the one
satisfying the RLL relation with the new R matrix (E.1). Namely we

define L(u) = 3, «; s« n i jLij(u) by

N

(E2) Lij(u) = IL[(P”[?]’”“ U s

Then from (D.12) we obtain
Proposition E.1.

(E.3) R (uy — g, P+ B)LW (1)L (u)
= L® (up) LD (u))R™ M (g — o, P).
One has
s+ 1
R%4ﬁ)=m§:LQ—J(En®Eu—Eﬂ®EJa

G sl
where

- ] +

Po u— ll(ri1—>q_2)p (U)

Hence

R (—1,8)v, @ vp = po (%va Q vp — %vb ® va> cVAV.

[sa
In order to generalize this it is convenient to consider the ‘transpo-
sition’ of R'(u, s):
21
(B4)  R(u,s)="2R(us),  R*(u,s) = Rt 8)|r—sre pspe-

In fact this yields
[s
—1,8) = po E l’] (Ezz R FEj; — Ej® Elj)-

Hence
[Sa,b + 1]

R(-1,8)v, @ vp = po 50]

(Vg @ Up —Up @ Ug) EVAV.
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Accordingly taking the transpositions * and 2 of (E.3), flipping the two
tensor components and exchanging u; and us, we obtain
(E.5) R*(12) (us — u1, P) tL(l)(ul)tL(Q)(uQ)
="L® (ug) LM (u1) R (ug — ur, P + h).

Let us generalize these formulas as follows[34, 29, 23]. For 2 < k <
N, define

R(uy, - ,up_1;up, s)V"F~5% and My (ug, -+, up_1;uk, s) € Endg(VEF)
by
(E.6)

R(Ul, Ly Uk—15 Uk, S)lmk_l;k

= RF10) (g — g1, $)RF=2R) (uy — up_g, s + D)

k—1
. R(R) <uk S hm),
j=2

(E.7)
My (ug, -+ up—1;u, 5)
1 A — 13 cee — ) —
:ER(UIW'Hukfl;Uk,S)l F=URR(uy, - up—o; gy, 5) L FBRL
1;2

-+ R(uq, ug; ug, 8)12;3R(u1;u2, s)h .

We also need I} (s) defined by the same formula as (E.7) with replacing
R(u,s) by R*(u,s). By using the DYBE (2.13) repeatedly, one obtains
another expression of Il (uy, -, ug—1;ug, )

Proposition E.2.

Hk(“lv ey Ug—15 Uk, 8)

1 1:2--.k 2;3--k -1
:HR(UI;UQ?”UU/WS) ’ R(u2;u37"'>uka8) ’ "'R(ukfl;ulms)k k~
where for j <k

TF I
R(uj7u]+17 7uk78)J7]+ K
k k
= R(”—H) (Uj+1 — Uj,S + Z h(l)>R(”+2) <Uj+2 — U, S + Z h(l))
#;ji’l #]:jirllvj+2

- RUB) (uy, — uj, 5).
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Proposition E.3. Let L(z) be the L operator defined by (E.2).
Then we have

(E.8)
* k
M (ur, gz g, P) L () D () - L ()
k
:tL(k)(uk)tL(kfl)(ukA) . tL(l)(m)Hk <u1, e U1 Uk, P+h_z h(j))
j=1
Note that
R(ij)(u, s+ h® 4 h(j)) - R(ij)(u, s).

Now let us consider the operators Il (uy,- - ,ug—1;ug, P+ h) and
I (wq, - -+, ug—1; ug, P) with the specialization of the spectrum param-
eters (uy1,us, - ,ug) = (u,u—1,--- ,u—(k—1)). We denote the resul-
tant operators by IIj,(P+h) and I} (P), respectively. Let us set [1, N] =
{(1,2,--- N}, I = {i1,io, - ,ix} C [1,N] with i, < is < --- < i} and
define

’U[:C] 1}1‘1/\111‘2/\”'/\1]1',€7

1 ~ ~ o~
Vi NUjy N s Ny, = il E SENT Vj, ;) Vs, & - QVj ;s
’ ceSy,

| P(El[]l*]* P([Jl[]a] (r 4[';)“1]1: + 1]
1<a<b<k tasty
Proposition E.4. For2<k< N ands=P,P+he H,
(E.9) Im II;,(s) = A*V.
In particular, Im Iy (s) is the one dimensional subspace ofvéN spanned
by
vi,N] = Cpn) vt Av2 A Aoy,
Proof. By induction one has
I (P)vs, @ui, ® - - - @y,

¥ a * Pia,i —|— 1 *
= I Po%%/\%w--/\vik € A*Y.
1<a<b<k tasth
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Then noting the identity

[P + 1]
(E.10) 1T Po[—b}] = NiCr
1<a<b<k Piosiy
where
polal*(1] [P, +1]7
E.11 Ni = )
(B11) = 1 1 [P+ oy + 1]

1<a<b<k polal|
one obtains
10} (P)v;, @0, @ - - - @i, = N vg.

Similarly using the identity

P +h)i, i, +1] ,
(E12) H ,00 aslh NICI,
1<a<b<k (P +R)i, 0]
with
(E.13) N = H pola][1]* [P, .:,]"

1<a<b<k polal*[1] [(P + h)i, 4]

one obtains
I, (P + h)vil @v@% s évik = NI/ V1.
Q.E.D.
Consider the projection operator Ay : V&F — AFY

1 ~ ~
A, = o Z Z sgnoEja(1)7j1® cee ®Ejg(k)7jk'

1<j1, k<N c€Sy
Gaiy(ath)
Note that AgII}(P) = IL}(P).

Definition E.5. Let I = {i1,ia, - ,ir},J = {j1,72," ,Jk} C
[1, N] with iq < ip,ja < Jo for 1 < a < b < k. We define the quantum
minor determinant 1(z){ of L(z) by
m(P) 'L @) L (w = 1)L (= (k= 1))0, & - Buy,
= A 'L (= (k=) L (u— (k=2)) - LY (P R0, @ - By,

= Z 1(2)] vy.

1<ji<<jr<N
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For 7 € & we set 7(I) = {i;(1), - ,ir(x)} and define[28]

[(P + h)iq—(a,),iq—(b) + 1]
[(P =+ h)iT(b),iT(a) + 1]

sgn (T, P+ h) = H
1<a<b<k
7(a)>7(b)

[Pi i + 1]*
‘ . P _ %
sgnp (7, P) H [Pi.r(b),i-r(a) +1)

1<a<b<k
7(a)>7(b)

Then we have

Proposition E.6.

()]
=Ny Z sgnf}(a, P)Lilja(l) (U)Li2j0(2) (u—1)--- Likja(k) (u—(k—1))
oc€By
F;(P+h)
= '/V:/I P ¥ h Z sgno L; (Ic)]k( - (k - 1))Lio(k—1)jk’—1(u - (k - 2))
Jeb
"Lia(l)jl (u)7
where

B [(P+h)ipi, +1]
Fr(P+h) = 1§al;[b§k (P + Rh)i, i) .

In particular, in the case I = J = [1, N] we obtain the quantum deter-
minant of L(z):

q-detL(u)

= NN Y senfy (0, P) L) (@) Lag(a) (u=1) - Lvo(n) (u—(N =1))
oceGN

=MNin Y 8800 Logn(u— (N = 1) Lyv—1yn—1(u— (N = 2))
oceGN

Lo 1y1(u).

Proof. The statement follows from a standard calculation given for
example in [55] and the formulas

* [Pig(a)ﬂ'g(b) + 1]* [Ho(a)7io(b) + 1]*
sgnfy ny(0, P) = S = — s,
[ ] 13(11;[§N [Ha(b)via(a) + 1]* lﬁallﬁN [Pi‘“i” + 1]*

o(a)>o(b)
[Pina]”  _ 11 [(P+h)igi]
[(P+h)ig(a),ig(b)]

sgno = H

P, . *
1<a<b<N [ W"%“’Uﬂ] 1<a<b<N

Q.E.D.
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Note that the formulas in Proposition E.6 are consistent to the ones
obtained by Hartwig using the co-module algebras[28].
Now using the identity sgnt C.(1)/Cr = sgn;(7, P + h) we have

Proposition E.7.
(E.14) vy = sgny (1, P+ h)vr.
Then we obtain

Proposition E.8. For 1 € &,
(E.15) )]y = sgn; (7, P+ h) l(u)7,

1
E.1 W) = ———I(u)],
( 6) (U)I SgnJ(T,P i h) (U)I

Then noting (4.9) and Proposition 4.8 we obtain
Proposition E.9.

N, ~
(E17) Awi) = 30 FF Mwi @i,
1<l <<l <N
In particular,
(E.18) A(g-detL(u)) = g-det L(u)@q-det L(u).

Next for <1< k let us set i; = I\{i;} and define

N, ) _ Fi(P+h)
oo PP = Sy

i i

N =
etc.. Note that

FOP+n =]

1<a<l

(P +h)i,i +1] 11 (P +N)ii, +1]
[(P+R)ival o2y (PR

Then by a direct calculation using the expressions of [(u){ in Proposition
E.6 we obtain



Elliptic quantum groups U, ,(alx) and E, ,(gly) 407

Proposition E.10.

J _ l) P]a7jl+1]* Ji L. . _ —1
Wy = ZN L (g 1005 Lo (k1)

= 1 P, . +1]*
= Zthz(u) l(u_ 1)3{ N§) H Ma
=1

1<a<l [Pja»jl + 1]*

= iLmuf( k—1)) lu) Nﬁ’”iF(l)(P*h) —1)b-t

R I R
P h =
= ZN + >( DR (=12 Ly, (w)
(P +h) u
Proposition E.11. For 1 <i < N,
q-detL(u)
N
PA4h)ia+1] [Pa+1]* 7
=S NV 11 ( : I &2 )t La(u—(N-1)),
=1 - ]i<a§N [(P—HL)‘”—H] I<a<N [PZ’G—H]
N
[(P+h)ai+1] Ujla"'l]*
=" Latu) i - DENSy T : I &= -
=1 1] 1<a<i [(P + h)i a T 1] 1<a<l [Pa,z + 1]
al - F (P +h)
=" Lus(u— (N = 1)) Lw): (~)N A
1=1 Fiiln (P+h)

[(P+h)z,a+1]
11 (P + h)as+1

i<a§N( +h)ai+1]

N 1)
_ _1)N-IA®) F[l,N] (P+h) [(P+h)q: +1] w1V L
- Z( ) [1,N] (4) H [(P+h) + 1] (U ) lz( )
1 F[l,N] (P+h) 1<a<j na

Proof. Consider the case I = J = [1, N] in Proposition E.10 and use
Proposition E.8 for the cyclic permutations 7 = (i,4+ 1,--- , N) in the
1st and the 4th lines, whereas for 7 = (i, — 1,---,2,1) in the 2nd and
the 3rd lines.
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E.2. Gauge transformation
Inserting (E.2) into the expressions of [(u){ in Proposition E.6 we
define the quantum minor determinant [*(u){ of L*(u) by

A (P +h)i, e +1 ) =, s
(E.19) l(u){ = H w P (u)7.
1§a<b§k[ﬂ [(P+h)j,.5 +1]
For o0 € & we set
(P + )iy siow T 1]
[(P-i-h)i(,(b),ia(a)] ’

s 0. P+h) = ][]
1<a<b<k
o(a)>o(b)

— (Piraysininy 11
Sgn?(0—7 P) = H ﬁ
1<a<b<k 1o (b)srto(a)

a(a)>o(b)

Proposition E.12.

*(u)f
=Nk Z s/gﬁ?}(a, P)LZja(l) (u)LiJ;ja(z) (u B 1) o Liijg(k) (u - (k - 1))7
cES),
=N Y seng(o, PR s (w— (k=)L o (u—(k—2))
oeSy,
T+
Ly g (),
where
polal*[1
Np = i
= L oy

1<a<b<k
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Proof. Inserting (E.2) and using (3.65) and (3.66), we have
Lilja(l) (u)Lino(Z) (u - 1) e Likjo(k) (u - (k - 1))
[(P+h)iyin+1] 74 7+ T+
= JI S I @k e D) T (e (-1
1<a<b<k
« H [1]* H [Pja(b)vja(a) + 1]*
1<a<b<k [chujb + 1]* 1(S(3<b%zk) [ch'(b)mjo(a)]*
o(a)>o(b
Lia(k)jk (u - (k - 1))Lia(k—1)jk—l (U' - (k - 2)) T Lig(1)j1 (u)
_ H (P + h)i, i) H (P4 P)iy 0y inw 1
1<a<b<k [” 1<a<b<k [(P+ h)ia(a)1ia(b):|
= o{a)>o(b)
T+ T+ T+ (1]
XLic,(k)jk (“_(k_l))Lic,<k,1>jk,l (u—(k=2)) - Lig(l)jl (u) P ]
1<a<b<k = Jo
Q.E.D.

Corollary E.13.
q—deter(u)
= Ny Z S/gEE,N](U’ P)Lfg(l)(u)lf;g(g)(“_l) T L]-‘\_zU(N) (u—(N-1)),

ceBGN
:Nzgl Z @[1,N](Uﬂp+h)L:(N)N(u_(N_]'))
€GN

~ ~

L:(N—l)N—l(u —(N=2)-- Li_(l)l(u)'

Proposition E.14.

(E.20) T (w)l ;) =g (r, P+ h) T (w)7,
(E-21) T (u)}") = sgis(r, P) T+ (u)7.

Proposition E.15.

(E.22) ATy = Y Trwf @ T (w)y.

1<l <<l <k
Proof. Note A(Ny) = Ny@Nj, and
A(SE; (0, P)) = 18 G} (0, P), M@, (0, P+1)) = G (o, P 1)L
Q.E.D.
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Proposition E.16.

)] = ZN’ ] it i T (- 1)),

I<a<k [sz,ja]* in | Wedl

- [P, +1*
=ZLm,<>l+< i T Bt

1<a<l [ ]av]t]

= ZLMW(;%D) <>“ NI

l<a<k

y —1 P+h i 60 +1 W
_ ;Nk 1<1:[<l [C - +)h)za,u] L P - D2 L (),

(P + 1)y +1]
[(P+h)ii,]

where

’ Nk o PS[G]*
el | Qi et

1<a<k—1

Proposition E.17. For1 <i< N,

S IL W, I Pt

I<a<N

_\N7 = T A (P + h)a,i] [Pla + 1]
=Y Lijw M-t Ny ] [(P+h)ia+1] 11 E-Pa,l]* ’

1 1<a<i 1<a<l

N T (V1)) T () A ] [(P4R)ai+1] [Poi + 1]
_X;Ll—"f(u (N 1)) l+( )INN l<1a_£N [(P+h)l,a] 7;<1a_£N [Pi,a]* ;

N
_ y —1 [(P + h)l,a + 1] [Pa,i]* R -
- ;N " 1§1;[<l [(P+ h)a,] 1§Hz<i [Pio+ 1] u 1) th( )

Comparing this and the axiom for the antipode S, we determine
the action of S on L (u) and l+(u)§; For each there are four different
expressions. For example,
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Proposition E.18.

(P + Dh)a,i H [P+ 1]*

SEHw) =T (-1 Ny ] P+ e + 1] Py )"

1<a<l

% (q-det* (u)) 7,

NI N [(P+h)i,a] [P +1]" = -
S =N 1 pepy, by 11 g e e o

1<a<i

Combining these we obtain

Proposition E.19.

P+ h)i7a + 1]

st (T = I] et g - [T 20

[Pa,l]*

ac
Proposition E.16 also yields
Proposition E.20.

(L () ™)y = S(LH ().

E.3. Formulas for the half currents
In this section we follow the idea in [31].
For 1 < a,b < N let us define L1 (u)4,q = (LZj(“))aSi,jSN and

,\E:b(u) Ail—l_a-i-l(u) o AL:N(U)
~ Lt u szr a u e Ly Y
L (w)ap = a+?b( ) Tan .H( : aH.N( N ras
Lio(w) Ll - Ly
,\L:b(“) AL:bH(“) o AL:N(U)
— L;):lb(u) L;—+1b+1(u) L;—‘HN(U) fora < b
L) L@@ o L@

Then we have the following Gauss decompositions.
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Lemma E.21. Fora > b

Lt (w)ay
1LF} +1(z) F +2(Z) F+N(Z)
aa aa a, KF()E, (u 0 0
0 1 F;+1,a+2(z) FL-LN(Z) ) a’b( )
_ |- ’ ' : . 0 K;r+1(z)
1 Fﬁfl,w(z) 0 0 Kf(z)
0 0 1 N
1 0 0
Ea+1,b(z) 1
x E:+2,b(z) E;r+2,a+1(z)
: : . 1 0
E;\L/,b(z) EJJ\rl,a+1(z) E]JCI,N—I(Z) 1
Fora<bd
L (t)an
1 F+b+1(z) F+b+2(z) e Frn(2) + +
@ 9 @ Fr(u)K, (2 0 - 0
0 1 Fl:—l,b+2(z) Fb—:-l,N(Z) a’b( MKy (2)
—| - ’ ’ ’ : 0 K;_H(Z)
0
1 F]-\"f_—l ~n(2) +
0 0 1 0 0 Ky(2)
1 0 0
E;_+1,b(z) 1
x El;:—z,b(z) Eb++2,b+1(z)
: : . 1 0
Eﬁb(z) E;\Lf,bjtl(z) EzJ\rr,N—l(Z) 1

The formula for Z+(U)a,a is the same as (6.16) with | = a.

Let us write the Gauss decomposition of z+(u)a,b in the above
Lemma as

~

L+ (u)a,b = }'avb(u)lCayb(u)Ea,b(u).

Then we have
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Comparing the (1,1) component of the both sides we obtain the follow-
ing.

Lemma E.22.

1
+ = """ =
(E.23) K (u) = T @ fora="b,
+ — (T ()1 1 or
(E24) Ea7b(u) - (L (u)a,a)ll (EJF(’U,);i)ll f a> b7
1
(E25) F:b(u) = m(L:(U) 1)11 for a <b.
Noting

(L () D = (F (u— Dap) (g-det D (w)a0) "N N_at1

(T (u—1)ap)t = g-det Lt (u — 1)ar1,041,
we have
Theorem E.23.
~det LT (u)a.q 1
£26) K =TI Wea |
N'N_at1 g-detLt(u — 1) 41,041
1 .
E.27 Et (u)= ——=———qdetL (u)qs fora >0,
B2 B =,
~ 1
E.28 Ft (u) = g-detL T (u) g p ——— fora <b.
(B28)  Fhw Wt
Corollary E.24. Let us define
(E.29) K(u)=K{(WKf(u—1)- K (u— (N —1)).
Then
(E.30) g-detL* (u) = Ny K (u).

Moreover the q-determinant g-det L+ (u) belongs to the center of By p(aly)-

Proof. Since K;"(v), E;(v) = const.(EitM(v +c/4) = By (v —c/4)),
Fi(v) = const’.(F;,riH(v —c/4) = F (v+c/4) (1<I<N1<i<
N —1) satisfy the same commutation relations as the elliptic currents of
Uy ploly), K(u) commutes with K;"(v), E;(v), F;(v), F due to Proposi-
tion 3.2. Hence by Definition 6.2 K (u) commutes with K" (v), Eil)i(v),

Fijfiﬂ(v) so that K (u) commutes with LT (v). Q.E.D.
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