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Elliptic quantum groups Uq,p(ĝlN) and Eq,p(ĝlN)

Hitoshi Konno

Abstract.

We reformulate a central extension of Felder’s elliptic quantum
group in the FRST formulation as a topological algebra Eq,p(ĝlN ) over
the ring of formal power series in p. We then discuss the isomorphism
between Eq,p(ĝlN ) and the elliptic algebra Uq,p(ĝlN ) of the Drinfeld re-

alization. An evaluation H-algebra homomorphism from Uq,p(ĝlN ) to a

dynamical extension of the quantum affine algebra Uq(ĝlN ) resolves the
problem into the one discussed by Ding and Frenkel in the trigonomet-
ric case. We also provide some useful formulas for the elliptic quantum
determinants.

§1. Introduction

An elliptic quantum algebra is an associative algebra related to an
elliptic solution to the Yang-Baxter equation (YBE) or the dynamical
Yang-Baxter equation (DYBE). Equipped with a co-algebra structure
it is called the elliptic quantum group (EQG). Depending on YBE or
DYBE, the corresponding EQG is called the vertex type or the face
type, respectively[26, 37]. Through this paper we use the terminology
DYBE[19] as an equation equivalent to the face type YBE or the star
triangle equation (see for example [33]).

Let g and ĝ denote a simple Lie algebra and an (untwisted) affine
Lie algebra, respectively. In known quantum groups, such as the Yan-
gian Y (g) (or its double DY (g)) associated to the rational solutions to
the YBE and the affine quantum group Uq(ĝ) associated to the trigono-
metric solutions there are some different formulations depending on the
types of the generators. In particular for Uq(ĝ) they are the Drinfeld-
Jimbo formulation[10, 32] in terms of an analogue of the Chevalley
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generators, Drinfeld’s new realization[11] whose generators, called the
Drinfeld generators, are natural analogues of those in the the loop al-
gebras g[t, t−1], and the Faddeev-Reshetikhin-Semenov-Tian-Shansky-
Takhtadjan (FRST) formulation [16, 59] in terms of the L operators
satisfying the RLL relations associated with the R matrix, a solution to
the YBE. The isomorphisms among these three have been discussed by
several authors[11, 4, 39, 9, 30, 31].

Correspondingly there are three different formulations of EQGs:
Aq,p(ŝlN ) and Bq,λ(ĝ)[37] in terms of the Chevalley type generators,
Uq,p(ĝ)[47, 36] and Eτ,η(g)[13, 14] in terms of the Drinfeld generators

and Aq,p(ŝl2)[24] and Eτ,η(glN )[15, 19, 21, 41] in terms of the L oper-

ators. Here only Aq,p(ŝlN ) is the vertex type EQG, which is related to
Baxter-Belavin’s elliptic R matrix[3, 5]. The others are the face type
which are related to the elliptic solutions to the face type YBE, for ex-
ample [33]. These have their own co-algebra structures: the quasi-Hopf

algebra structure[12] for Aq,p(ŝlN ), Bq,λ(ĝ)[37] and Eτ,η(sl2)[14], and the
Hopf algebroid structure[15, 40] for Eτ,η(glN )[21, 41, 28] and Uq,p(ĝ)[50].

As like the cases in Y (g),DY (g) and Uq(ĝ), each formulation has
both advantages and disadvantages. The quasi-Hopf algebra formula-
tions Aq,p(ŝlN ) and Bq,λ(ĝ)[37] are suitable for studying formal algebraic
structures such as the universal elliptic dynamical R matrices, the uni-
versal form of the dynamical RLL relations etc., but it is hard to derive
concrete representations due to the complexity of the quasi-Hopf twist
operation.

The Drinfeld realization Uq,p(ĝ) is suitable for studying both finite
and infinite dimensional representations[36, 43, 44, 46, 50, 49, 52] due
to the nature of the Drinfeld generators. Recent developments include
a characterization of the finite dimensional representations in terms of a
theta function analogue[50] of the Drinfeld polynomials[11, 8] and a clar-
ification of the quantum Z-algebra structures of the infinite dimensional
representations[17]. An application to the algebraic analysis of the solv-
able lattice models[35] also have made a great success[36, 38, 46, 49, 7].
See also rather older works [54, 1, 53] whose results, in particular the
vertex operators and the screening operators, are able to be reformu-
lated by the representation theory of Uq,p(ŝlN )[43, 46]. In addition there
are deep relationships between Uq,p(ĝ) and the deformed W (g) algebras:
the generating functions of the Drinfeld generators (the elliptic currents)
ej(z) and fj(z) of Uq,p(ĝ) are identified with the screening currents of
the deformed W (g) algebras of the coset type[47, 36, 45, 17].

The FRST formulation is suitable for studying finite dimensional
representations by a fusion procedure or by taking a coproduct. In this
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way finite dimensional representations of Eτ,η(glN ) have been studied
well [21, 41, 42] (see also [34]) and applied to the elliptic Ruijsenaars
models[23, 22], the elliptic hypergeometric series[41, 42, 57], the partition
function of the solvable lattice model[58, 56] and the elliptic Gaudin
model[60].

On the other hand in order to formulate infinite dimensional repre-
sentations of Eτ,η(glN ) one needs it’s central extension. There are two
different proposals provided by [14] and [37, 36], respectively. Accord-
ingly Eτ,η(sl2) in [14] and Uq,p(ĝ) in [36, 17, 47] have been the two pro-
posals for their Drinfeld realizations. However the isomorphism between
Eτ,η(glN ) in the FRST formulation and neither of these two Drinfeld re-
alizations has been discussed precisely.

The aim of this paper is to establish the isomorphism between
Uq,p(ĝlN ) and a central extension of Eτ,η(glN ) in the FRST formulation
as a Hopf algebroid. For this purpose, we first reformulate Eτ,η(glN ) as
a topological algebra over the ring of formal power series in p and at
the same time we give a central extension of it according to the argu-
ment in [37, 36]. We denote the resultant algebra by Eq,p(ĝlN ), where
the generators are clear and their defining relations are well defined in
the p-adic topology as in Aq,p(ŝl2)[24] and Uq,p(ĝ)[17]. Secondly we dis-

cuss dynamical representations of Uq,p(ĝlN ). We especially introduce an

evaluation H-algebra homomorphism from Uq,p(ĝlN ) to a dynamical ex-

tension of the quantum affine algebra Uq(ĝlN ). This allows us to obtain
the dynamical representations (of both finite and infinite dimensional)

from any representations of Uq(ĝlN ). As a result the problem resolves
itself into the one discussed by Ding and Frenkel in the trigonometric
case [9].

A part of the results have been reported in the workshops “Recent
advances in quantum integrable systems 2012’’, 10-14 September 2012,
Angers, France and “Elliptic Integrable Systems and Hypergeometric
Functions’’, 15-19 July 2013, Lorentz Center, Leiden, the Netherlands.

This paper is organized as follows. In Section 2 preparing notations
and conventions we introduce the elliptic dynamical R matrix. In Sec-
tion 3 we define Uq,p(ĝlN ) and Eq,p(ĝlN ) as topological algebras over
the ring of formal power series in p. We also give the trigonometric
(p = 0) counter parts of them. In section 4 we show that both Uq,p(ĝlN )

and Eq,p(ĝlN ) are H-algebras (Proposition 4.3 and 4.4). Then we intro-
duce an H-Hopf algebroid structure to them. In Section 5 we introduce
dynamical representations of Uq,p(ĝ) and give a construction of the eval-

uation dynamical representations from any representations of Uq(ĝlN ).

In Section 6 we discuss an isomorphism between Uq,p(ĝlN ) and Eq,p(ĝlN )
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as an H-Hopf algebroid. Our arguments mainly follow those by Ding
and Frenkel in the trigonometric case[9] with some additional formulas

for the lower rank subalgebras of Eq,p(ĝlN ), which make the induction
process more transparent. In particular by making use of the evalua-
tion dynamical representations in Sec. 5 our proof on the injectivity
resolves itself into the results in [9]. Appendix A contains a definition

of the quantum affine algebra Uq(ĝlN ) which we use in Sec.5. In Ap-
pendix B we list the formulas necessary for discussing the evaluation
dynamical representations. In Appendix C we summarize the formulas
which identify a combination of the Gauss components of the L opera-
tor with the elliptic currents of Uq,p(ĝlN ). In Appendix D we summarize
some formulas on adding ‘fractional powers in z’ which clarify a con-
nection between Uq,p(ĝ) in the current paper and the previous one in
[47, 36, 43, 44, 50]. Appendix E contains some formulas for the elliptic
quantum determinants.

§2. The R-matrices

Let {εj (1 ≤ j ≤ N)} be the orthonormal basis in RN with the inner

product (εj , εk) = δj,k. Setting ε̄j = εj − ε, ε =
1

N

N∑
j=1

εj , we define the

weight lattice P of AN−1 type by P =
N∑
j=1

Z ε̄j . Let I = {1, 2, · · · , N−1}.

We set αj = ε̄j − ε̄j+1, Λ̄j = ε̄1 + · · ·+ ε̄j (j ∈ I) and define Q = Zα1⊕
· · · ⊕ ZαN−1 and h̄∗ = CΛ̄1 ⊕ · · · ⊕ CΛ̄N−1. We also define elements
hε̄j (1 ≤ j ≤ N) in the dual space h̄ by < ε̄i, hε̄j >= (ε̄i, ε̄j) = δj,k − 1

N .

Setting hj = hε̄j − hε̄j+1 (j ∈ I) we have < Λ̄i, hj >= δi,j so that
h̄ = Ch1 ⊕ · · · ⊕ ChN−1. For α =

∑
j aj ε̄j ∈ h̄∗, we define hα ∈ h̄ by

hα =
∑

j ajhε̄j and h0 = 0. We also need two more elements c and Λ0

satisfying < Λ0, c >= 1, < Λ0, hj >= 0 =< Λ̄j , c > (1 ≤ j ≤ N). We
regard h̄ ⊕ h̄∗ as a Heisenberg algebra by

[hε̄j , ε̄k] = (ε̄j , ε̄k), [hε̄j , hε̄k ] = 0 = [ε̄j , ε̄k].(2.1)

We also introduce the dynamical parameters Pε̄j (j ∈ I) and their
duals Qε̄j . They are the Heisenberg algebra defined by

[Pε̄j , Qε̄k ] = (ε̄j , ε̄k), [Pε̄j , Pε̄k ] = 0 = [Qε̄j , Qε̄k ].(2.2)

We set Pα =
∑

j ajPε̄j for α =
∑

j aj ε̄j and P0 = 0 etc. In particular
we set Pj = Pαj = Pε̄j − Pε̄j+1 and Qj = Qαj = Qε̄j −Qε̄j+1 .
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For the abelian group RQ =
∑

i ZQε̄i , we denote by C[RQ] the
group algebra over C of RQ. We denote by eQα the element of C[RQ]
corresponding to Qα ∈ RQ. These eQα satisfy eQαeQβ = eQα+Qβ and
(eQα)−1 = e−Qα . In particular, e0 = 1 is the identity element.

Now let us introduce a dynamical extension of h̄ and h̄∗: H = h̄ ⊕∑
j CPε̄j+Cc =

∑
j C(P+h)ε̄j+

∑
j CPε̄j+Cc andH∗ = h̄∗+

∑
j CQε̄j+

CΛ0. Through this paper we often use the abbreviation (P + h)ε̄j for
Pε̄j + hε̄j . We have the paring: < Qα, Pβ >= (α, β) =< α, hβ > α, β ∈
h̄∗, < Λ0, c >= 1, and the others vanish. Let MH∗ be the field of

meromorphic functions onH∗. We denote by f̂ = f(P+h, P ) an element
of MH∗ , where P + h =

∑
j aj(P + h)ε̄j , P =

∑
j bjPε̄j ∈ H. The

function f̂ is evaluated at μ ∈ H∗ as f̂(μ) = f(< μ,P + h >,< μ, P >)
etc.. Hereafter we set F = MH∗ .

Let � and p be indeterminates. We set q = e�. Through this paper
we also use p∗ = pq−2c. The following notations are often used.

[n]q =
qn − q−n

q − q−1
, Θp(z) = (z; p)∞(p/z; p)∞(p; p)∞,

(x; q1, q2, · · · , qk)∞ =
∞∏

n1,n2,··· ,nk=0

(1− xqn1
1 qn2

2 · · · qnk

k ),

{z} = (z; p, q2N )∞,

(x1, x2, · · · , xl; q1, q2, · · · , qk)∞ =

l∏
i=1

(xi; q1, q2, · · · , qk)∞.

2.1. The elliptic dynamical R-matrices

Let V = ⊕N
i=1Cvi, Eijvk = δj,kvi. We consider the following elliptic

dynamical R-matrices R±(z, s) ∈ End(V ⊗V ) of type A
(1)
N−1. For s ∈ H,

R±(z, s) = ρ±(z)R(z, s),(2.3)

R(z, s) =
N∑
j=1

Ejj ⊗ Ejj

+
∑

1≤j<l≤N

(
b(z, sj,l)Ejj ⊗ Ell + b̄(z)Ell ⊗ Ejj

+ c(z, sj,l)Ejl ⊗ Elj + c̄(z, sj,l)Elj ⊗ Ejl

)
,

where sj,l = sε̄j − sε̄l (1 ≤ j < l ≤ N) and
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ρ+(z) = q−
N−1
N

{q2z}{q2N−2z}{p/z}{pq2N/z}
{z}{q2Nz}{pq2/z}{pq2N−2/z} ,(2.4)

ρ−(z) = q
N−1
N

{pq2z}{pq2N−2z}{1/z}{q2N/z}
{pz}{pq2Nz}{q2/z}{q2N−2/z} ,(2.5)

b(z, s) = q
Θp(q

2q2s)Θp(q
−2q2s)Θp(z)

Θp(q2s)2Θp(q2z)
,(2.6)

b̄(z) = q
Θp(z)

Θp(q2z)
,(2.7)

c(z, s) =
Θp(q

2)Θp(q
2sz)

Θp(q2s)Θp(q2z)
, c̄(z, s) = c(z,−s).(2.8)

We also denote by R±∗(z, s) the R matrices obtained from R±(z, s) by
replacing p with p∗. Note that

ρ+(zp) = q−2N−1
N ρ−(z).(2.9)

In particular,

R−(z, s)−1 = PR+(z−1, s)P.(2.10)

Furthermore if we set

ρ(z) =
ρ+∗(z)
ρ+(z)

(2.11)

where ρ±∗(z) = ρ±(z)|p→p∗ , we have

ρ(z)−1 = ρ(z−1), ρ(z) =
ρ−∗(z)
ρ−(z)

.(2.12)

Proposition 2.1. [19] The R+(z, s) satisfies the following dynam-
ical Yang-Baxter equation.

R+(12)(z1/z2, P + πV (h)
(3))R+(13)(z1, P )R+(23)(z2, P + πV (h)

(1))(2.13)

= R+(23)(z2, P )R+(13)(z1, P + πV (h)
(2))R+(12)(z1/z2, P ),

where πV (h)
(1) = πV (h)⊗ 1⊗ 1 and πV (h)

(1)
j,l = πV (hε̄j )

(1) − πV (hε̄l)
(1)

with πV (hε̄j ) = Ejj − 1
N I etc.. Here I denotes the N ×N unit matrix.

Remark 1. The elliptic dynamical R-matrix (2.3) is gauge equivalent to

the A
(1)
N−1 type face weight obtained by Jimbo, Miwa and Okado[33].

See Appendix D.
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Remark 2. The R-matrix preserves the weights

[R±(z, s), πV (h)⊗ πV (h)] = 0 ∀h ∈ h̄.(2.14)

Now let us set

ρ0(z) = q−
N−1
N

(q2z; q2N )∞(q2N−2z; q2N )∞
(z; q2N )∞(q2Nz; q2N )∞

,(2.15)

α(z) =
{pq2z}{pq2N−2z}{p/z}{pq2N/z}
{pz}{pq2Nz}{pq2/z}{pq2N−2/z}(2.16)

Ξp(z) = (pz; p)∞(p/z; p)∞.(2.17)

Then we have

ρ±(z)b(z, s) = q±1ρ0(z
±1)±1 (1− (q2sq−2)±1)(1− (q2sq2)±1)

(1− q±2s)2
(2.18)

× 1− z±1

1− (q2z)±1
α(z)

Ξp(q
2sq−2)Ξp(q

2sq2)

Ξp(q2s)2
Ξp(z)

Ξp(q2z)
,

ρ±(z)b̄(z) = q±1ρ0(z
±1)±1 1− z±1

1− (q2z)±1
α(z)

Ξp(z)

Ξp(q2z)
,(2.19)

ρ±(z)c(z, s) = ρ0(z
±1)±1 1− q±2

1− q±2s

1− (q2sz)±1

1− (q2z)±1
(2.20)

× α(z)
Ξp(q

2)Ξp(q
2sz)

Ξp(q2s)Ξp(q2z)
.

In [24] a similar expression was obtained for Baxter’s elliptic R matrix.

In R±(z, s), we specify the factors 1−z±1

1−(q2z)±1 and 1−(q2sz)±1

1−(q2z)±1 in (2.18)-

(2.20) to be power series in z±1. We then treat R±(z, s) as formal
Laurent series in z

R±(z, s) =
∑
n∈Z

R±(s)nzn(2.21)

whose coefficients are in the ring F[[p]] of formal power series in p. Note

that α(z), Ξ(z)
Ξ(q2z) and Ξ(q2sij z)

Ξ(q2z) are well defined formal Laurent series in

z with coefficients in F[[p]]. Then the matrices R±(z, s) satisfy

R±(s)n ≡ 0 mod pmax(∓n,0)F[[p]] ∀n ∈ Z.(2.22)

In particular, at p = 0 R+(z, s) (reps. R−(z, s)) contains only non-
negative (reps. non-positive) powers in z. Explicitly we have R±

0 (z, s) ≡
R±(z, s)

∣∣∣∣
p=0

,
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R±
0 (z, s) = ρ±0 (z

±)±1R
±
0 (z, s),(2.23)

R
±
0 (z, s) =

N∑
j=1

Ejj ⊗ Ejj(2.24)

+
∑

1≤j<l≤N

(
b±0 (z, sj,l)Ejj ⊗ Ell + b̄±0 (z)Ell ⊗ Ejj

+ c±0 (z, sj,l)Ejl ⊗ Elj + c̄±0 (z, sj,l)Elj ⊗ Ejl

)
,

where

ρ+0 (z) = ρ0(z), ρ−0 (z) = ρ0(z
−1)−1,

b±0 (z, s) =
(1− q2(s−1))(1− q2(s+1))

(1− q2s)2
q±1 1− z±1

1− (q2z)±1
,

b̄±0 (z) = q±1 1− z±1

1− (q2z)±1
,

c±0 (z, s) =
1− q2sz

1− q2s
1− q±2

1− (q2z)±1
×
{

1 for +
z−1 for − ,

c̄±0 (z, s) =
1− q2sz−1

1− q2s
1− q±2

1− (q2z)±1
×
{
z for +
1 for − .

Hence one can regard the matrix element R0(z, s)
kl
ij as a formal power

series in the (multiplicative) dynamical variables q2si,j . The 0-th or-
der term in q2si,j coincides with the corresponding component of the
standard trigonometric R matrix

R0(z) = ρ0(z)R̄0(z),(2.25)

R̄0(z) =
N∑
j=1

Ejj ⊗ Ejj

+
∑

1≤j<l≤N

(
q

1− z

1− q2z
(Ejj ⊗ Ell + Ell ⊗ Ejj)

+
1− q2

1− q2z
Ejl ⊗ Elj + z

1− q2

1− q2z
Elj ⊗ Ejl

)
,

Note that one can parametrize the elliptic dynamical R matrices associ-

ated with the other types of affine Lie algebras, at least ĝ = B
(1)
N , C

(1)
N , D

(1)
N

[33, 48], in a similar way to (2.18)-(2.20) so that they have the same
property at p = 0.
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§3. The Elliptic Quantum Algebras Uq,p(ĝlN ) and Eq,p(ĝlN )

In this section we define two elliptic algebras Uq,p(ĝlN ) and Eq,p(ĝlN )
as topological algebras over F[[p]].

3.1. Uq,p(ĝlN )

Definition 3.1. The elliptic algebra Uq,p(ĝlN ) is a topological al-
gebra over F[[p]] generated by ej,m, fj,m, kl,m, (1 ≤ j ≤ N − 1, 1 ≤ l ≤
N,m ∈ Z), d̂ and the central element q±c/2. We set

ej(z) =
∑
m∈Z

ej,mz−m, fj(z) =
∑
m∈Z

fj,mz−m,(3.1)

k+l (z) =
∑

m∈Z≥0

kl,−mzm +
∑

m∈Z>0

kl,mpmz−m,(3.2)

k−l (z) = q2hε̄lk+l (zp
∗qc).(3.3)

The defining relations are as follows. For g(P ), g(P + h) ∈ F,

g(P + h)ej(z) = ej(z)g(P + h),(3.4)

g(P )ej(z) = ej(z)g(P− < Qαj , P >),

g(P + h)fj(z) = fj(z)g(P + h− < αj , P + h >),(3.5)

g(P )fj(z) = fj(z)g(P ),

g(P )k+l (z) = k+l (z)g(P− < Qε̄l , P >),(3.6)

g(P + h)k+l (z) = k+l (z)g(P + h− < Qε̄l , P >),

[d̂, g(P + h)] = 0 = [d̂, g(P )],(3.7)

[d̂, k+l (z)] = −z
∂

∂z
k+l (z), [d̂, ej(z)] = −z

∂

∂z
ej(z),(3.8)

[d̂, fj(z)] = −z
∂

∂z
fj(z),

ρ++(z2/z1)k
+
l (z1)k

+
l (z2) = ρ++(z1/z2)k

+
l (z2)k

+
l (z1),(3.9)

ρ++(z2/z1)
(p∗z2/z1; p∗)∞(pq2z2/z1; p)∞
(p∗q2z2/z1; p∗)∞(pz2/z1; p)∞

k+j (z1)k
+
l (z2)(3.10)

= ρ++(z1/z2)
(q−2z1/z2; p

∗)∞(z1/zz; p)∞
(z1/z2; p∗)∞(q−2z1/z2; p)∞

k+l (z2)k
+
j (z1)

(1 ≤ j < l ≤ N),
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(p∗qc+2−jz2/z1; p
∗)∞

(p∗qc−jz2/z1; p∗)∞
k+j (z1)ej(z2)(3.11)

= q−1 (q−c+jz1/z2; p
∗)∞

(q−c−2+jz1/z2; p∗)∞
ej(z2)k

+
j (z1),

(p∗qc−2−jz2/z1; p
∗)∞

(p∗qc−jz2/z1; p∗)∞
k+j+1(z1)ej(z2)(3.12)

= q
(q−c+jz1/z2; p

∗)∞
(q−c+2+jz1/z2; p∗)∞

ej(z2)k
+
j+1(z1),

k+l (z1)ej(z2)k
+
l (z1)

−1 = ej(z2) (l �= j, j + 1),(3.13)

(pq−jz2/z1; p)∞
(pq2−jz2/z1; p)∞

k+j (z1)fj(z2)(3.14)

= q
(q−2+jz1/z2; p)∞
(qjz1/z2; p)∞

fj(z2)k
+
j (z1),

(pq−jz2/z1; p)∞
(pq−2−jz2/z1; p)∞

k+j+1(z1)fj(z2)(3.15)

= q−1 (q
2+jz1/z2; p)∞
(qjz1/z2; p)∞

fj(z2)k
+
j+1(z1),

k+l (z1)fj(z2)k
+
l (z1)

−1 = fj(z2) (l �= j, j + 1),(3.16)

z1
(q2z2/z1; p

∗)∞
(p∗q−2z2/z1; p∗)∞

ej(z1)ej(z2)(3.17)

= −z2
(q2z1/z2; p

∗)∞
(p∗q−2z1/z2; p∗)∞

ej(z2)ej(z1),

z1
(q−1z2/z1; p

∗)∞
(p∗qz2/z1; p∗)∞

ej(z1)ej+1(z2)(3.18)

= −z2
(q−1z1/z2; p

∗)∞
(p∗qz1/z2; p∗)∞

ej+1(z2)ej(z1),

ej(z1)el(z2) = el(z2)ej(z1) (|j − l| > 1)(3.19)

z1
(q−2z2/z1; p)∞
(pq2z2/z1; p)∞

fj(z1)fj(z2)(3.20)

= −z2
(q−2z1/z2; p)∞
(pq2z1/z2; p)∞

fj(z2)fj(z1),

z1
(qz2/z1; p)∞

(pq−1z2/z1; p)∞
fj(z1)fj+1(z2)(3.21)

= −z2
(qz1/z2; p)∞

(pq−1z1/z2; p)∞
fj+1(z2)fj(z1),
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fj(z1)fl(z2) = fl(z2)fj(z1) (|j − l| > 1)(3.22)

[ei(z1), fj(z2)](3.23)

=
δi,jκ

q − q−1

(
δ(q−cz1/z2)k

−
j (q

− c
2 z1)k

−
j+1(q

− c
2 z1)

−1

− δ(qcz1/z2)k
+
j (q

− c
2 z2)k

+
j+1(q

− c
2 z2)

−1
)
,

(p∗q2z2/z1; p∗)∞
(p∗q−2z2/z1; p∗)∞

(3.24)

×
{
(p∗q−1z1/w; p

∗)∞
(p∗qz1/w; p∗)∞

(p∗q−1z2/w; p
∗)∞

(p∗qz2/w; p∗)∞
ej(w)ei(z1)ei(z2)

− [2]q
(p∗q−1w/z1; p

∗)∞
(p∗qw/z1; p∗)∞

(p∗q−1z2/w; p
∗)∞

(p∗qz2/w; p∗)∞
ei(z1)ej(w)ei(z2)

+
(p∗q−1w/z1; p

∗)∞
(p∗qw/z1; p∗)∞

(p∗q−1w/z2; p
∗)∞

(p∗qw/z2; p∗)∞
ei(z1)ei(z2)ej(w)

}
+ (z1 ↔ z2) = 0,

(pq−2z2/z1; p)∞
(pq2z2/z1; p)∞

(3.25)

×
{

(pqz1/w; p)∞
(pq−1z1/w; p)∞

(pqz2/w; p)∞
(pq−1z2/w; p)∞

fj(w)fi(z1)fi(z2)

− [2]q
(pqw/z1; p)∞

(pq−1w/z1; p)∞
(pqz2/w; p)∞

(pq−1z2/w; p)∞
fi(z1)fj(w)fi(z2)

+
(pqw/z1; p)∞

(pq−1w/z1; p)∞
(pqw/z2; p)∞

(pq−1w/z2; p)∞
fi(z1)fi(z2)fj(w)

}
+ (z1 ↔ z2) = 0 |i− j| = 1.

where δ(z) =
∑

n∈Z
zn, ρ(z) is given in (2.11),

ρ++(z) =
{q2z}∗{q−2q2Nz}∗{z}{q2Nz}
{z}∗{q2Nz}∗{q2z}{q−2q2Nz} ,(3.26)

and κ is given by

κ =
(p; p)∞(p∗q2; p∗)∞
(p∗; p∗)∞(pq2; p)∞

.(3.27)

We call ej(z), fj(z), k
±
l (z) the elliptic currents. We also denote by

U ′
q,p(ĝlN ) the subalgebra obtained by removing d̂.

We treat these relations as formal Laurent series in z, w and zj ’s. In
each term of (3.10)-(3.22) and (3.24)-(3.25), the expansion direction of
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the structure function given by a ratio of infinite products is chosen ac-
cording to the order of the accompanied product of the elliptic currents.

For example, in the l.h.s of (3.17), (q2z2/z1;p
∗)∞

(p∗q−2z2/z1;p∗)∞
should be expanded

in z2/z1, whereas in the r.h.s (q2z1/z2;p
∗)∞

(p∗q−2z1/z2;p∗)∞
should be expanded in

z1/z2. All the coefficients in zj ’s are well defined in the p-adic topology.
For a practical use, we remark that in the sense of analytic contin-

uation (3.9)-(3.15) and (3.17)-(3.21) can be rewritten as follows.

k+l (z1)k
+
l (z2) = ρ(z1/z2)k

+
l (z2)k

+
l (z1), (1 ≤ l ≤ N),(3.28)

k+j (z1)k
+
l (z2)(3.29)

= ρ(z1/z2)
Θp∗(q−2z1/z2)Θp(z1/z2)

Θp∗(z1/z2)Θp(q−2z1/z2)
k+l (z2)k

+
j (z1)

(1 ≤ j < l ≤ N),

k+j (z1)ej(z2)k
+
j (z1)

−1 = q−1 Θp∗(q−c+jz1/z2)

Θp∗(q−c−2+jz1/z2)
ej(z2),(3.30)

k+j+1(z1)ej(z2)k
+
j+1(z1)

−1 = q
Θp∗(q−c+jz1/z2)

Θp∗(q−c+2+jz1/z2)
ej(z2),(3.31)

k+j (z1)fj(z2)k
+
j (z1)

−1 = q
Θp(q

−2+jz1/z2)

Θp(qjz1/z2)
fj(z2),(3.32)

k+j+1(z1)fj(z2)k
+
j+1(z1)

−1 = q−1Θp(q
2+jz1/z2)

Θp(qjz1/z2)
fj(z2)(3.33)

ej(z1)ej(z2) = −z2
z1

Θp∗(q2z1/z2)

Θp∗(q2z2/z1)
ej(z2)ej(z1),(3.34)

ej(z1)ej+1(z2) = −z2
z1

Θp∗(q−1z1/z2)

Θp∗(q−1z2/z1)
ej+1(z2)ej(z1),(3.35)

fj(z1)fj(z2) = −z2
z1

Θp∗(q−2z1/z2)

Θp(q−2z2/z1)
fj(z2)fj(z1),(3.36)

fj(z1)fj+1(z2) = −z2
z1

Θp∗(qz1/z2)

Θp(qz2/z1)
fj+1(z2)fj(z1).(3.37)

Proposition 3.2. Let us set

K(z) = k+1 (z)k
+
2 (q

−2z) · · · k+N (q−2(N−1)z).

Then K(z) belongs to the center of U ′
q,p(ĝlN ).

Proof. Direct calculation using (3.6), (3.13), (3.16), (3.28)-(3.33) shows

that K(z) commutes with F and all of the elliptic currents of Uq,p(ĝlN ).
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In particular, [K(z), k+l (w)] = 0 (1 ≤ l ≤ N) follows from the identity

N∏
j=1

ρ(q−2(j−1)z) =
Θp∗(z)Θp(q

−(N−1)z)

Θp∗(q−(N−1)z)Θp(z)
.

Q.E.D.

Remark. In Appendix E we identify K(z) with the q-determinant of the
L-operator.

The elliptic algebra U ′
q,p(ŝlN ) is identified with the quotient algebra

U ′
q,p(ĝlN )/ < K(z) − 1 >. More explicitly, one can realize k+l (z) (1 ≤

l ≤ N) satisfying (3.6), (3.9)-(3.10) and K(z) = 1 as follows. Let

A = (aij)i,j∈I∪{0} be the A
(1)
N−1 type generalized Cartan matrix. Let

αi,m (i ∈ I,m ∈ Z
=0) be the Heisenberg algebra satisfying

[αi,m, αj,n] = δm+n,0
[aijm]q[cm]q

m

1− pm

1− p∗m
q−cm.(3.38)

Let us consider the following E+l
m (1 ≤ l ≤ N,m ∈ Z
=0), which we call

the elliptic bosons of the orthonormal basis type[17]. For 1 ≤ l ≤ N − 1

E+l
m =

qlm

(q − q−1)[m]2q[Nm]q

×
(
−q−Nm

l−1∑
k=1

[km]qαk,m +
N−1∑
k=l

[(N − k)m]qαk,m

)
,

E+N
m = − 1

(q − q−1)[m]2q[Nm]q

N∑
k=1

[km]qαk,m.

They satisfy

[E+l
m , E+l

n ] = δm+n,0
[cm]q[(N − 1)m]q

m(q − q−1)2[m]3q[Nm]q

1− pm

1− p∗m
q−cm,(3.39)

[E+j
m , E+l

n ] = −δm+n,0q
(sgn(l−j)N−l+j)m(3.40)

× [cm]q
m(q − q−1)2[m]2q[Nm]q

1− pm

1− p∗m
q−cm,

[αi,m, E+l
n ] = δm+n,0

[cm]q
m(qm − q−m)

(3.41)

× 1− pm

1− p∗m
q−cm(q−mδi,l − δi,l−1).
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Let K+
ε̄j satisfies for g(P ), g(P + h) ∈ F

g(P )K+
ε̄j = K+

ε̄jg(P− < Qε̄j , P >),(3.42)

g(P + h)K+
ε̄j = K+

ε̄jg(P + h− < Qε̄j , P >).(3.43)

Then the following k+l (z) satisfy the desired relations.

k+l (z) = K+
ε̄l

: exp

⎧⎨⎩∑
m 
=0

(qm − q−m)2pm

1− pm
E+l
m (qlz)−m

⎫⎬⎭ : .(3.44)

Furthermore if we further require that αi,m and K+
ε̄i satisfy

[g(P ), αi,m] = [g(P + h), αi,n] = 0,(3.45)

[d̂, αj,n] = nαj,n,(3.46)

[αi,m, ej(z)] =
[aijm]q

m

1− pm

1− p∗m
q−cmzmej(z),(3.47)

[αi,m, fj(z)] = − [aijm]q
m

zmfj(z),(3.48)

K+
ε̄iej(z) = q−<αj ,hε̄i

>ej(z)K
+
ε̄i ,(3.49)

K+
ε̄ifj(z) = q<αj ,hε̄i

>fj(z)K
+
ε̄i ,

then k+l (z) satisfy the remaining relations (3.8), (3.11)-(3.16).

Now let us define ψ±
j (z) (1 ≤ j ≤ N − 1) by1

ψ+
j (q

−c/2qjz) = κk+j (z)k
+
j+1(z)

−1,

ψ−
j (q−c/2qjz) = κk−j (z)k

−
j+1(z)

−1.

We have

ψ+
j (q

− c
2 z) = K+

j exp

(
−(q − q−1)

∑
n>0

αj,−n

1− pn
zn

)
(3.50)

× exp

(
(q − q−1)

∑
n>0

pnαj,n

1− pn
z−n

)
,

and ψ−
j (z) = q2hjψ+

j (zpq
−c) where we set K+

j = K+
ε̄jK

+−1
ε̄j+1

.

1Our ψ±
j (z) are ψ∓

j (z) in [36, 43].
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Proposition 3.3. The elliptic algebra Uq,p(ŝlN ) is characterized by
(3.45)-(3.48) and the following relations. For g(P ), g(P + h) ∈ F,

g(P + h)ej(z) = ej(z)g(P + h),(3.51)

g(P )ej(z) = ej(z)g(P− < Qαj , P >),

g(P + h)fj(z) = fj(z)g(P + h− < αj , P + h >),(3.52)

g(P )fj(z) = fj(z)g(P ),

[d̂, g(P + h, P )] = 0,(3.53)

[d̂, ej(z)] = −z
∂

∂z
ej(z), [d̂, fj(z)] = −z

∂

∂z
fj(z),(3.54)

z1
(qaijz2/z1; p

∗)∞
(p∗q−aijz2/z1; p∗)∞

ei(z1)ej(z2)(3.55)

= −z2
(qaijz1/z2; p

∗)∞
(p∗q−aijz1/z2; p∗)∞

ej(z2)ei(z1),

z1
(q−aijz2/z1; p)∞
(pqaijz2/z1; p)∞

fi(z1)fj(z2)(3.56)

= −z2
(q−aijz1/z2; p)∞
(pqaijz1/z2; p)∞

fj(z2)fi(z1),

[ei(z1), fj(z2)](3.57)

=
δi,j

q − q−1

(
δ(q−cz1/z2)ψ

−
j (q

c
2 z2)− δ(qcz1/z2)ψ

+
j (q

− c
2 z2)

)
,

∑
σ∈Sa

∏
1≤m<k≤a

(p∗q2zσ(k)/zσ(m); p
∗)∞

(p∗q−2zσ(k)/zσ(m); p∗)∞
(3.58)

×
a∑

s=0

(−1)s
[

a
s

]
q

∏
1≤m≤s

(p∗qaijw/zσ(m); p
∗)∞

(p∗q−aijw/zσ(m); p∗)∞

×
∏

s+1≤m≤a

(p∗qaijzσ(m)/w; p
∗)∞

(p∗q−aijzσ(m)/w; p∗)∞

× ei(zσ(1)) · · · ei(zσ(s))ej(w)ei(zσ(s+1)) · · · ei(zσ(a)) = 0,
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∑
σ∈Sa

∏
1≤m<k≤a

(pq−2zσ(k)/zσ(m); p)∞
(pq2zσ(k)/zσ(m); p)∞

(3.59)

×
a∑

s=0

(−1)s
[

a
s

]
q

∏
1≤m≤s

(pq−aijw/zσ(m); p)∞
(pqaijw/zσ(m); p)∞

×
∏

s+1≤m≤a

(pq−aijzσ(m)/w; p)∞
(pqaijzσ(m)/w; p)∞

× fi(zσ(1)) · · · fi(zσ(s))fj(w)fi(zσ(s+1)) · · · fi(zσ(a)) = 0

(i �= j, a = 1− aij),

Proposition 3.4. In the sense of analytic continuation, we have

ψ+
i (z1)ψ

+
j (z2) =

Θp∗(qaijz1/z2)Θp(q
−aijz1/z2)

Θp∗(q−aijz1/z2)Θp(qaijz1/z2)
ψ+
j (z2)ψ

+
i (z1),(3.60)

ψ+
i (z1)ej(z2) = q−aij

Θp∗(qaij−c/2z1/z2)

Θp∗(q−aij−c/2z1/z2)
ej(z2)ψ

+
i (z1),(3.61)

ψ+
i (z1)fj(z2) = qaij

Θp(q
−aij+c/2z1/z2)

Θp(qaij+c/2z1/z2)
fj(z2)ψ

+
i (z1).(3.62)

Let Uq(ĝ) be the quantum affine algebra over C associated with
the untwisted affine Lie algebra ĝ in the Drinfeld realization[11] and

x±
j (z), k

±
0,l(z) be the Drinfeld currents. See Appendix A for the ĝlN

case. The other cases can be found, for example in [17]. Then Uq,p(ĝ) is
a natural face type (i.e. dynamical) elliptic deformation of Uq(ĝ) in the
following sense.

Theorem 3.5. [17]

Uq,p(ĝ)/pUq,p(ĝ) ∼= (F⊗C Uq(ĝ))�C[RQ]

by the following identification at p = 0.

ej(z) = x+
j (z)e

−Qαj , fj(z) = x−
j (z), k±l (z) = k±0,l(z)e

−Qε̄l .

Here the smash product � is defined as follows.

g(P, P + h)a⊗ eQα · f(P, P + h)b⊗ eQβ

= g(P, P + h)f(P− < Qα, P >, P + h− < Qα + wt(a), P + h >)ab

⊗eQα+Qβ

where wt(a) ∈ h̄∗ s.t. qhaq−h = q<wt(a),h>a for a, b ∈ Uq(ĝ), f(P ), g(P ) ∈
F, eQα , eQβ ∈ C[RQ].
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Definition 3.6. Let us introduce the multiplicative dynamical pa-
rameters x = (x1, · · · , xN ), xi = q2Pε̄i . We set Uq,x(ĝ) = Uq,p(ĝ)/pUq,p(ĝ)
and call it the dynamical quantum affine algebra in the Drinfeld realiza-
tion.

3.2. Eq,p(ĝlN )

Let L̄ij,n (n ∈ Z, 1 ≤ i, j ≤ N) be abstract symbols. We define
L+(z) =

∑
1≤i,j≤N EijL

+
ij(z) by

L+
ij(z) =

∑
n∈Z

Lij,nz
−n, Lij,n = pmax(n,0)L̄ij,n.(3.63)

Definition 3.7. Let R+(z, s) be the same R matrix as in Sec.2.1.

The elliptic algebra Eq,p(ĝlN ) is a topological algebra over F[[p]] gener-

ated by L̄ij,n, d̂ and the central element q±c/2 satisfying the following
relations.

R+(12)(z1/z2, P + h)L+(1)(z1)L
+(2)(z2)(3.64)

= L+(2)(z2)L
+(1)(z1)R

+∗(12)(z1/z2, P ),

g(P + h)L̄ij,n = L̄ij,n g(P + h− < Qε̄i , P + h >),(3.65)

g(P )L̄ij,n = L̄ij,n g(P− < Qε̄j , P >),(3.66)

[d̂, L+(z)] = −z
∂

∂z
L+(z),(3.67)

where g(P + h), g(P ) ∈ F and

L+(1)(z) = L+(z)⊗ id, L+(2)(z) = id⊗ L+(z).

We regard L+(z) ∈ EndV ⊗ Eq,p(ĝlN ). We treat (3.64) as a formal
Laurent series in z1 and z2. Then the coefficients of z1, z2 are well
defined in the p-adic topology. See [24] for a similar formulation for the

vertex type elliptic quantum algebra Aq,p(ŝl2). Note also that due to the
RLL-relation (3.64) the L-operator L+(z) is invertible. See Appendix
E.

For later convenience we define L−(z) =
∑

1≤i,j≤N EijL
−
ij(z) by[37]

L−(z) =
(
Ad(q−2θV (P ))⊗ id

) (
q2TV L+(zp∗qc)

)
,(3.68)

θV (P ) = −
N−1∑
j=1

(
1

2
πV (hj)πV (h

j) + PjπV (h
j)

)
,(3.69)

TV =
N−1∑
j=1

πV (hj)⊗ hj .(3.70)
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Here (AdX)Y = XYX−1, hj = hΛ̄j
(j ∈ I) , πV (hj) = Ejj − Ej+1j+1

and πV (h
j) =

∑j
i=1 πV (hε̄i) (j ∈ I). Then one can verify the following.

Proposition 3.8. The L operators L+(z) and L−(z) satisfy the
following relations.

R−(12)(z1/z2, P + h)L−(1)(z1)L
−(2)(z2)(3.71)

= L−(2)(z2)L
−(1)(z1)R

−∗(12)(z1/z2, P ),

R±(12)(q±cz1/z2, P + h)L±(1)(z1)L
∓(2)(z2)(3.72)

= L∓(2)(z2)L
±(1)(z1)R

±∗(12)(q∓cz1/z2, P ).

proof ) Replace zi with zip
∗qc (i = 1, 2) in (3.64). Note that (3.65),

(3.66) and (3.68) yields

L+(p∗qcz) = q2
N−1
N

∑
i,j

q−2(P+h)ε̄i q2Pε̄jEijL
−
ij(z).

By a componentwise comparison we obtain

R+(z1/z2, P + h)L−(z1)L−(z2) = L−(z2)L−(z1)R+∗(z1/z2, P ).

Then noting (2.9) and (2.12), we obtain (3.71).
Similarly let us replace z1 by z1p

∗qc in (3.64). Noting p∗qc = pq−c,
the components of R+ are changed as

ρ+(zpq−c) = q−2N−1
N ρ−(zq−c),

b(zpq−c, s) = q2b(zq−c, s), b̄(zpq−c) = q2b̄(zq−c),(3.73)

c(zpq−c,±s) = q∓2s+2c(zq−c,±s)

and similarly for R+∗. Then from (2.3) and (2.9), we obtain the second
(lower sign) relation in (3.72). Note that a factor arising from the action
of Ad(q−2θV (P )) ⊗ id on the L-operators cancels the extra factors in
(3.73).

To obtain the first relation in (3.72), exchange z1 and z2 in the
second relation of (3.72). Then we have

R−(q−cz2/z1, P+h)−1L+(z1)L
−(z2) = L−(z2)L+(z1)R

−∗(qcz2/z1, P )−1.

Using (2.10), we obtain the desired result. Q.E.D.

Remark. We can expand (3.64) and (3.71) in both z = z1/z2 and
z−1 = z2/z1. However (3.72) admits an expansion only in z (resp. z−1)
for the upper (resp. lower) sign case for the sake of the well-definedness
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in the p-adic topology. It is instructive to compare this with the trigono-
metric case [9].

In the component form, (3.64), (3.71) and (3.72) are∑
i′,j′

R±(z1/z2, P + h)i
′j′
ij L±

i′i′′(z1)L
±
j′j′′(z2)(3.74)

=
∑
i′,j′

L±
jj′(z2)L

±
ii′(z1)R

±∗(z1/z2, P )i
′′j′′
i′j′ ,

∑
i′,j′

R±(q±cz1/z2, P + h)i
′j′
ij L±

i′i′′(z1)L
∓
j′j′′(z2)(3.75)

=
∑
i′,j′

L∓
jj′(z2)L

±
ii′(z1)R

±∗(q∓cz1/z2, P )i
′′j′′
i′j′ ,

We call (3.74) the (i, j), (i′′, j′′) component of (3.64), etc.

Remark. In order to obtain a ‘fully’ dynamical RLL-relations used in
[19, 21] with a central extension one may introduce the L-operators
L±(z, P ) related to our L±(z) by[36, 43]

L±(z, P ) = L±(z)e
∑N

i=1 πV (hεi
)⊗Qε̄i ,(3.76)

where πV (hεi) = Ei,i. In fact from (3.65) and (3.66) we have

[L±
ij(z, P ), f(P )] = 0,(3.77)

g(h)L±
ij(z, P ) = L±

ij(z, P )g(h− < ε̄i − ε̄j , h >),(3.78)

[d̂, L±(z)] = −z
∂

∂z
L±(z).(3.79)

(3.77) indicates that L+(z, P ) is independent of C[RQ]. Furthermore
from (2.2), (3.64) (3.71) and (3.72), L±(z, P ) satisfy the following full
dynamical RLL-relations

R±(12)(z1/z2, P + h)L±(1)(z1, P )L±(2)(z2, P + πV (h)
(1))(3.80)

= L±(2)(z2, P )L±(1)(z1, P + πV (h)
(2))R±∗(12)(z1/z2, P ),

R±(12)(q±cz1/z2, P + h)L±(1)(z1, P )L∓(2)(z2, P + πV (h)
(1))(3.81)

= L∓(2)(z2, P )L±(1)(z1, P + πV (h)
(2))R±∗(12)(q∓cz1/z2, P ).

Here the generators are clear. If we set L±(z, P ) =
∑

i,j Ei,jL
±
ij(z, P )

with L±
ij(z, P ) =

∑
m∈Z

L±
ij,n(P )z−n, then from (3.63) we have L±

ij,n(P )

= L±
ij,ne

−Qε̄j .

Remark. The dynamical RLL relations (3.80)-(3.81) coincides with those
derived from the universal DYBE for Bq,λ(ĝ) in [37, 36].
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3.3. Reflection equations

Following [59], let us set

L(z) = L+(zqc)L−(z)−1.

Then using (3.64), (3.71)-(3.72), one can show the following relations.

Proposition 3.9.

R+(12)(z1/z2, P + h)L(1)(z1)R
+(21)(q2cz2/z1, P + h)L(2)(z2)

= L(2)(z2)R
+(12)(q2cz1/z2, P + h)L(1)(z1)R

+(21)(z2/z1, P + h),

R+(12)(z1/z2, P + h)L+(1)(z1q
c)L(2)(z2)

= L(2)(z2)R
+(12)(q2cz1/z2, P + h)L+(1)(z1q

c).

3.4. The trigonometric limit

Let us consider the trigonometric counterpart of Eq,p(ĝ) according
to an idea described in [50]. Set L±

0;ij(z) = L±
ij(z)|p=0. From (3.63) and

(3.68), we have

L±
0;ij(z) =

∑
m∈Z≥0

L±
0;ij,∓mz±m (1 ≤ i, j ≤ N)

where for m ∈ Z≥0,

L+
0;ij,−m = L̄ij,−m|p=0, L−

0;ij,m = q2(P+h)ε̄i L̄ij,m|p=0q
−2Pε̄j qcm.

Let R±
0 (z, s) be the trigonometric dynamical R matrix in (2.23). From

(3.64), (3.71) and (3.72), L±
0 (z) =

∑
1≤i,j≤N EijL

±
0;ij(z) satisfy for

g(P + h), g(P ) ∈ F

R
±(12)
0 (z1/z2, P + h)L

±(1)
0 (z1)L

±(2)
0 (z2)(3.82)

= L
±(2)
0 (z2)L

±(1)
0 (z1)R

±(12)
0 (z1/z2, P ),

R
±(12)
0 (q±cz1/z2, P + h)L

±(1)
0 (z1)L

∓(2)
0 (z2)(3.83)

= L
∓(2)
0 (z2)L

±(1)
0 (z1)R

±(12)
0 (q∓cz1/z2, P ).

g(P + h)L±
0;ij(z) = L±

0;ij(z)g(P + h− < Qε̄i , P + h >),(3.84)

g(P )L±
0;ij(z) = L±

0;ij(z)g(P− < Qε̄j , P >),(3.85)

[d̂, L±
0 (z)] = −z

∂

∂z
L±
0 (z).(3.86)

Definition 3.10. Let x = (x1, · · · , xN ), xi = q2Pε̄i as before. We

denote by UR
q,x(ĝlN ) the unital associative algebra over F generated by
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L±
0;ij,∓m (m ∈ Z≥0), d̂ and the central element q±c/2 subject to (3.82)-

(3.86). We call UR
q,x(ĝlN ) the dynamical quantum affine algebra in the

FRST formulation.

Hence we have

Proposition 3.11.

Eq,p(ĝlN )/pEq,p(ĝlN ) ∼= UR
q,x(ĝlN ).

In order to clarify a relation between the dynamical UR
q,x(ĝlN ) and

the usual quantum affine algebra UR
q (ĝlN ) in the FRST formulation[59],

one needs to further remove the C[RQ] dependence from UR
q,x(ĝlN ). This

can be done by considering the algebra generated by the trigonometric
limit L±

0 (z, P ) of L±(z, P ) in (3.76). Then L±
0 (z, P ) satisfy the same

relations as (3.77)-(3.79) as well as the trigonometric limit of the dy-
namical RLL-relations (3.80)-(3.81), where R±(z, s) and R∗±(z, s) are
replaced by R±

0 (z, s) and R∗±
0 (z, s), respectively. We set L±

0;ij(z, P ) =∑
m∈Z≥0

L±
0;ij,∓m(P )z±m and denote by ŨR

q,x(ĝlN ) the unital associative

algebra over F generated by L±
0;ij,m(P ). Then we have

UR
q,x(ĝlN ) ∼= ŨR

q,x(ĝlN )�C[RQ].

Recall that R±
0 (z, P )klij can be expanded to a formal power series in

xi,j = q2Pi,j and the 0-th order term gives the trigonometric R matrix
in (2.25). We assume the same property for L±

0 (z, P ). Let L±
0 (z, P ) =∑∞

|k|=0

∑
k∈NN L±

0 (z; k)x
k, L±

0 (z; k) =
∑

1≤i,j≤N EijL
±
0;ij(z, k), where

k = (k1, · · · , kN ), |k| = k1 + · · · + kN and xk = xk1
1 · · · xkN

N . Then

L±
0 (z; 0) =

∑
1≤i,j≤N EijL

±
0;ij(z, 0), L

±
0;ij(z; 0) =

∑
m∈Z≥0

L±
0;ij,∓m(0)z±m

satisfy the same RLL-relations as the quantum affine algebra UR
q (ĝlN )

over C in the FRST formulation[59]. Hence

ŨR
q,x(ĝlN )/

(∑
i

xiŨ
R
q,x(ĝlN )

) ∼= UR
q (ĝlN ).

§4. Hopf Algebroid Structure

In this section, we introduce an H-Hopf algebroid structure[15, 40,

50] into the elliptic algebras Eq,p(ĝlN ) and Uq,p(ĝlN ), and formulate them
as elliptic quantum groups.
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4.1. Uq,p(ĝlN ) and Eq,p(ĝlN ) as H-Algebras

Let A be an associative algebra, H be a commutative subalgebra
of A, and MH∗ be the field of meromorphic functions on H∗ the dual
space of H.

Definition 4.1. An associative algebra A with 1 is said to be an

H-algebra, if it is bigraded over H∗, A =
⊕

α,β∈H∗
Aαβ , and equipped with

two algebra embeddings μl, μr : MH∗ → A00 (the left and right moment
maps), such that

μl(f̂)a = aμl(Tαf̂), μr(f̂)a = aμr(Tβ f̂), a ∈ Aαβ , f̂ ∈ MH∗ ,

where Tα denotes the automorphism (Tαf̂)(λ) = f̂(λ+ α) of MH∗ .

Definition 4.2. An H-algebra homomorphism is an algebra homo-
morphism π : A → B between two H-algebras A and B preserving the
bigrading and the moment maps, i.e. π(Aαβ) ⊆ Bαβ for all α, β ∈ H∗

and π(μA
l (f̂)) = μB

l (f̂), π(μ
A
r (f̂)) = μB

r (f̂).

Let A and B be two H-algebras. The tensor product A⊗̃B is the
H∗-bigraded vector space with

(A⊗̃B)αβ =
⊕
γ∈H∗

(Aαγ ⊗MH∗ Bγβ),

where ⊗MH∗ denotes the usual tensor product modulo the following
relation.

μA
r (f̂)a⊗ b = a⊗ μB

l (f̂)b, a ∈ A, b ∈ B, f̂ ∈ MH∗ .(4.1)

The tensor product A⊗̃B is again an H-algebra with the multiplication
(a⊗ b)(c⊗ d) = ac⊗ bd and the moment maps

μA⊗̃B
l = μA

l ⊗ 1, μA⊗̃B
r = 1⊗ μB

r .

Let D be the algebra of automorphisms MH∗ → MH∗

D =
{ ∑

i

f̂iTβi | f̂i ∈ MH∗ , βi ∈ H∗
}
.

Equipped with the bigrading Dαα = { f̂T−α | f̂ ∈ MH∗ , α ∈ H∗ },
Dαβ = 0 (α �= β) and the moment maps μD

l , μ
D
r : MH∗ → D00 defined

by μD
l (f̂) = μD

r (f̂) = f̂T0, D is an H-algebra. For any H-algebra A, we
have the canonical isomorphism as an H-algebra

A ∼= A⊗̃D ∼= D⊗̃A(4.2)
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by a ∼= a⊗̃T−β
∼= T−α⊗̃a for all a ∈ Aαβ .

Now let H be the same as defined in Sec.2 and take H = H.

Proposition 4.3. The U = Uq,p(ĝlN ) is an H-algebra by

U =
⊕

α,β∈H∗
Uα,β(4.3)

Uαβ =

{
a ∈ U

∣∣∣∣ qP+haq−(P+h) = q<α,P+h>a, qP aq−P = q<β,P>a,
∀P + h, P ∈ H

}
and μl, μr : F → U0,0 defined by [50]

μl(f̂) = f(P + h, p) ∈ F[[p]], μr(f̂) = f(P, p∗) ∈ F[[p]].

Proposition 4.4. The E = Eq,p(ĝlN ) is an H-algebra by

E =
⊕

α,β∈H∗ Eα,β ,(4.4)

Eα,β =

{
a ∈ E

∣∣∣∣ qP+haq−(P+h) = q<α,P+h>a, qP aq−P = q<β,P>a,
∀P + h, P ∈ H

}
and μl, μr : F → E0,0 defined by the same μl, μr as in U . Note that
L̄ij,n ∈ E−Qε̄i

,−Qε̄j
.

We regard Tα = e−Qα ∈ C[RQ] as the shift operator F[[p]] → F[[p]]

(Tαμr(f̂)) = e−Qαf(P, p∗)eQα = f(P+ < Qα, P >, p∗),

(Tαμl(f̂)) = e−Qαf(P + h, p)eQα = f(P + h+ < Qα, P + h >, p).

Then D = F⊗CC[RQ] becomes the H-algebra having the property (4.2)
for A = U , E .

Hereafter we abbreviate f(P + h, p) and f(P, p∗) as f(P + h) and
f∗(P ), respectively.

4.2. H-Hopf algebroids Eq,p(ĝlN ) and Uq,p(ĝlN )

Let us first recall the H-Hopf algebroid following [15, 40].

Definition 4.5. An H-bialgebroid is an H-algebra A equipped with
two H-algebra homomorphisms Δ : A → A⊗̃A (the comultiplication)
and ε : A → D (the counit) such that

(Δ⊗̃id) ◦Δ = (id⊗̃Δ) ◦Δ,

(ε⊗̃id) ◦Δ = id = (id⊗̃ε) ◦Δ,

under the identification (4.2).
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Definition 4.6. An H-Hopf algebroid is an H-bialgebroid A equipped
with a C-linear map S : A → A (the antipode), such that

S(μr(f̂)a) = S(a)μl(f̂), S(aμl(f̂)) = μr(f̂)S(a), ∀a ∈ A, f̂ ∈ MH∗ ,

m ◦ (id⊗̃S) ◦Δ(a) = μl(ε(a)1), ∀a ∈ A,

m ◦ (S⊗̃id) ◦Δ(a) = μr(Tα(ε(a)1)), ∀a ∈ Aαβ ,

where m : A⊗̃A → A denotes the multiplication and ε(a)1 is the result of
applying the difference operator ε(a) to the constant function 1 ∈ MH∗ .

Remark. [40] Definition 4.6 yields that the antipode of an H-Hopf alge-
broid uniquely exists and gives the algebra antihomomorphism.

The H-algebra D is an H-Hopf algebroid with ΔD : D → D⊗̃D, εD :
D → D, SD : D → D defined by

ΔD(f̂T−α) = f̂T−α⊗̃T−α,

εD = id, SD(f̂T−α) = Tαf̂ = (Tαf̂)Tα.

Now let us consider theH-algebras E and U . Let us first consider the
H-Hopf algebroid structure on E . We define two H-algebra homomor-
phisms, the co-unit ε : E → D and the co-multiplication Δ : E → E⊗̃E
by

ε(Lij,n) = δi,jδn,0Tε̄i (n ∈ Z), ε(eQ) = eQ,(4.5)

ε(μl(f̂)) = ε(μr(f̂)) = f̂T0,(4.6)

Δ(L+
ij(z)) =

∑
k

L+
ik(z)⊗̃L+

kj(z),(4.7)

Δ(eQ) = eQ⊗̃eQ, Δ(d̂) = d̂ ⊗̃1 + 1⊗̃d̂,(4.8)

Δ(μl(f̂)) = μl(f̂)⊗̃1, Δ(μr(f̂)) = 1⊗̃μr(f̂).(4.9)

One can check that Δ preserves the relation in Definition 3.7.

Lemma 4.7. The maps ε and Δ satisfy

(Δ⊗̃id) ◦Δ = (id⊗̃Δ) ◦Δ,(4.10)

(ε⊗̃id) ◦Δ = id = (id⊗̃ε) ◦Δ.(4.11)

Proof. Straightforward. Q.E.D.

We also have the following formulae.

Proposition 4.8.

Δ

(
f(P, p∗)

f(P + h, p)

)
=

f(P, p∗)
f(P + h, p)

⊗̃ f(P, p∗)
f(P + h, p)

.(4.12)
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Hence (E ,Δ,MH∗ , μl, μr, ε) is a H-bialgebroid.
We define an algebra antihomomorphism (the antipode) S : E → E

by

S(L+
ij(z)) = (L+(z)−1)ij ,(4.13)

S(eQ) = e−Q, S(μr(f̂)) = μl(f̂), S(μl(f̂)) = μr(f̂).(4.14)

The explicit formula for (4.13) in terms of the components of the L-
operator is given in Appendix E. Then S preserves the RLL relation
(3.64) and satisfies the antipode axioms. We hence obtain

Theorem 4.9. The H-algebra E equipped with (Δ, ε, S) is an H-
Hopf algebroid.

Definition 4.10. We call the H-Hopf algebroid (E ,H,MH∗ , μl, μr,

Δ, ε, S) the elliptic quantum group Eq,p(ĝlN ).

Remark. The coproduct for L+(z, P ) used in [19, 21] is essentially ob-
tained from (4.7) via (3.76):

Δ(L+(z, P )) = L+(z, P )⊗ L+(z, P + h(1)).

By making use of the isomorphism between U and E given in Sec.6,
we can define the L-operators of U by identifying them with those of E
in (6.1). Then the H-Hopf algebroid structure of U is defined by using

the same Δ, ε, S as E . See [50] for the ŝl2 case.

Definition 4.11. We call the H-Hopf algebroid (U ,H,MH∗ , μl, μr,

Δ, ε, S) the elliptic quantum group Uq,p(ĝlN ).

Hence the isomorphism obtained in Sec.6 can be extended to as an
H-Hopf algebroid.

Remark. Uq,p(ĝ) admits another co-algebra structure through another
coproduct called the Drinfeld coproduct[36, 51].

§5. Dynamical Representations

5.1. Definition

We summarize some basic facts on the dynamical representation of
Uq,p(ĝlN ). Most of them can be extended to the arbitrary untwisted
affine Lie algebra ĝ case[17].
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Let us consider a vector space V̂ over F[[p]], which isH-diagonalizable,
i.e.

V̂ =
⊕

λ,μ∈H∗
V̂λ,μ,

V̂λ,μ =

{
v ∈ V̂

∣∣∣∣ qP+h · v = q<λ,P+h>v, qP · v = q<μ,P>v
∀P + h, P ∈ H

}
.

Let us define the H-algebra DH,V̂ of the C-linear operators on V̂ by

DH,V̂ =
⊕

α,β∈H∗
(DH,V̂ )αβ ,

(DH,V̂ )αβ

=

⎧⎨⎩ X ∈ EndCV̂

∣∣∣∣∣∣
f(P + h)X = Xf(P + h+ < α,P + h >),

f(P )X = Xf(P+ < β,P >),

X · V̂λ,μ ⊆ V̂λ+α,μ+β, ∀f(P ), f(P + h) ∈ F[[p]]

⎫⎬⎭ ,

μ
D

H,V̂

l (f̂)v = f(< λ,P + h >, p)v, μ
D

H,V̂
r (f̂)v = f(< μ,P >, p∗)v,

f̂ ∈ F[[p]], v ∈ V̂λ,μ.

Definition 5.1. We define a dynamical representation of Uq,p(ĝlN )

on V̂ to be an H-algebra homomorphism π : Uq,p(ĝlN ) → DH,V̂ . By the

action π of Uq,p(ĝlN ) we regard V̂ as a Uq,p(ĝlN )-module.

Definition 5.2. For k ∈ C, we say that a Uq,p(ĝlN )-module has

level k if q±c/2 acts as the scalar q±k/2 on it.

Definition 5.3. Let H, N+,N− be the subalgebras of Uq,p(ĝlN ) gen-

erated by q±c/2, d, ki,0 (1 ≤ i ≤ N), by ki,n (1 ≤ i ≤ N,n ∈ Z>0),
ej,n (j ∈ I, n ∈ Z≥0) fj,n (j ∈ I, n ∈ Z>0) and by ki,−n (1 ≤ i ≤ N,n ∈
Z>0), ej,−n (j ∈ I, n ∈ Z>0), fj,−n (i ∈ I, n ∈ Z≥0), respectively.

Definition 5.4. For k ∈ C, λ, μ ∈ H∗, a dynamical Uq,p(ĝ)-module

V̂ (λ, μ) is called the level-k highest weight module with the highest weight

(λ, μ), if there exists a vector v ∈ V̂ (λ, μ) such that

V̂ (λ, μ) = Uq,p(ĝ) · v, N+ · v = 0, q±c/2 · v = q±k/2v,

ki,0 · v = q−<λ−μ,hε̄i
>v, f(P ) · v = f(< μ,P >)v,

f(P + h) · v = f(< λ,P + h >)v.
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5.2. The evaluation H-algebra homomorphism

Let k±0,i(z), x
±
j (z) be the Drinfeld currents of the quantum affine al-

gebra Uq(ĝlN ). See Appendix A. Let us introduce the currents u+
εi(z, p) ∈

(Uq(ĝlN )[[p]])[[z]], u−
εi(z, p) ∈ (Uq(ĝlN )[[p]])[[z−1]] (1 ≤ i ≤ N) by

u+
εi(z, p) =

∞∏
n=1

(
k−i,0 · k+0,i(p∗nqc−iz)

)
,(5.1)

u−
εi(z, p) =

∞∏
n=1

(
k+i,0 · k−0,i(p−nqc−iz)

)
.(5.2)

We also set

u±
j (z, p) = u±

εj (z, p)u
±
εj+1

(qz, p)−1 (1 ≤ j ≤ N − 1).(5.3)

These are well defined elements in (Uq(ĝlN )[[p]])[[z, z−1]] in the p-adic
topology.

Now let us define the ‘dressed’ currents x±
j (z, p) (1 ≤ j ≤ N − 1),

k±i (z, p) (1 ≤ i ≤ N) by

x+
j (z, p) = u+

j (z, p)x
+
j (z)e

−Qαj ,(5.4)

x−
j (z, p) = x−

j (z)u
−
j (z, p),(5.5)

k+i (z, p) = u+
εi(q

−c+jz, p)k+0,i(z)u
−
εi(q

jz, p)e−Qε̄i ,(5.6)

k−i (z, p) = u+
εi(q

jz, p)k−0,i(z)u
−
εi(q

−c+jz, p)e−Qε̄i .(5.7)

Theorem 5.5. The map
φp : Uq,p(ĝlN )[[z, z−1]] → (F[[p]]⊗C Uq(ĝlN ))[[z, z−1]]�C[RQ] defined by

ei(z) �→ x+
i (z, p), fi(z) �→ x−

i (z, p), k±i (z) �→ k±i (z, p)

is an H-algebra homomorphism. We call φp the evaluation H-algebra
homomorphism.

Proof. Direct calculations using Lemma B.1. Q.E.D.

Let (ϕV , V ) be a representation of Uq(ĝlN ). We assume V is an
h-diagonalizable vector space over C. We set VF[[p]] = F[[p]] ⊗C V . Let

VQ be a vector space over C, on which an action of eQ is defined appro-
priately. Two important examples of VQ are VQ = C1 and VQ = C[RQ],
where 1 denotes the vacuum state satisfying eQ.1 = 1. Let us con-

sider the vector space V̂F[[p]] = VF[[p]] ⊗C VQ, on which the actions of

f(P, h, p) ∈ F[[p]] and eQ are defined as follows. For v ⊗ ξ ∈ V ⊗ VQ,

f(P, h, p).(v ⊗ ξ) = f(P,wt(v), p)v ⊗ ξ,

eQ.(f(P, h, p)v ⊗ ξ) = f(P− < Q,P >, h, p)v ⊗ eQξ,
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where h.v = wt(v)v. We extend ϕV : Uq(ĝlN ) → EndCV to a

dynamical representation ϕV : (F[[p]] ⊗C Uq(ĝlN ))�C[RQ] → DH,V̂F[[p]]

by

ϕV (f(P )) = f(P ), ϕV (e
Qα) = eQα ∀eQα ∈ C[RQ].

Note that if we specialize p as 0, V̂F[[p]] becomes VF ⊗ VQ, where VF =
F⊗C V .

Then from Theorem 5.5 we obtain the following.

Corollary 5.6. A map ϕp
V = ϕV ◦ φp : Uq,p(ĝlN ) → DH,V̂F[[p]]

gives

a dynamical representation of Uq,p(ĝlN ) on V̂F[[p]]. We call (ϕp
V , V̂F[[p]])

the evaluation dynamical representation.

Due to this corollary, any representation of Uq(ĝlN ) admits an ‘el-
liptic and dynamical deformation’ for generic p. One can easily extend
this to any untwisted affine Lie algebra case by using the evaluation
homomorphism given in Appendix A of [36] . See [50] for ŝl2 case.

§6. Isomorphism Between Uq,p(ĝlN ) and Eq,p(ĝlN )

We introduce the Gauss components of the L operator of E =
Eq,p(ĝlN ) and the half currents of U = Uq,p(ĝlN ). Then we show the
isomorphism between U and E .

6.1. The L-operators of E
Let us set

E± =
{
A(z) ∈ E [[p]][[z, z−1]]

∣∣A(z) ∈ E [[z±1]] mod pE [[p]][[z, z−1]]
}
.

Then it is easy to show

Lemma 6.1. For A(z), B(z) ∈ E±, the product A(z)B(z) is a well-
defined element in E± in the p-adic topology, respectively. Conversely,
if A(z), B(z) ∈ E [[p]][[z, z−1]] satisfy A(z)B(z) ∈ E±, then A(z), B(z) ∈
E±, respectively.

Definition 6.1. We define the Gauss components E±
l,j(z), F

±
j,l(z),

K±
m(z) (1 ≤ j < l ≤ N, 1 ≤ m ≤ N) of the L-operator L±(z) of E as

follows.
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(6.1)

L±(z)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 F±
1,2(z) F±

1,3(z) · · · F±
1,N (z)

0 1 F±
2,3(z) · · · F±

2,N (z)
...

. . .
. . .

. . .
...

...
. . . 1 F±

N−1,N (z)

0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎝
K±

1 (z) 0 · · · 0

0 K±
2 (z)

...
...

. . . 0
0 · · · 0 K±

N (z)

⎞⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0

E±
2,1(z) 1

. . .
...

E±
3,1(z) E±

3,2(z)
. . .

. . .
...

...
...

. . . 1 0
E±

N,1(z) E±
N,2(z) · · · E±

N,N−1(z) 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

In particular we call E±
j+1,j(z), F

±
j,j+1(z),K

±
m(z) the basic Gauss compo-

nents.

Remark. By definition the matrix elements L±
i,j(z) are the elements in

E±, respectively. Then from Lemma 6.1, the matrix elements E±
l,j(z),

F±
j,l(z),K

±
m(z) of the right hand side of (6.1) are elements in E±, re-

spectively and their products are well defined formal Laurent series
in z in the p-adic topology. In addition, since L±(z) are invertible,
K±

m(z) (1 ≤ m ≤ N) are invertible. Therefore all the components
E±

l,j(z), F
±
j,l(z) and K±

m(z) are determined uniquely by L±
ij(z), respec-

tively.
Hence we define the coefficients of the Gauss components E+

l,j(z),

F+
j,l(z),K

+
m(z) as follows.

Definition 6.2.

E+
l,j(z) =

∑
n∈Z≥0

E+
l,j,−nz

n +
∑

n∈Z>0

E+
l,j,np

nz−n,(6.2)

F+
l,j(z) =

∑
n∈Z≥0

F+
l,j,−nz

n +
∑

n∈Z>0

F+
l,j,np

nz−n,(6.3)

K+
j (z) =

∑
n∈Z≥0

K+
j,−nz

n +
∑

n∈Z>0

K+
j,np

nz−n.(6.4)
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In addition, from the definition of L−(z) (3.68), we have

E−
j,i(z) = q2Pε̄jE+

j,i(zpq
−c)q−2Pε̄i ,(6.5)

F−
i,j(z) = q2(P+h)ε̄iF+

i,j(zpq
−c)q−2(P+h)ε̄j ,(6.6)

K−
i (z) = q

2(N−1)
N q2(P+h)ε̄iK+

i (zpq−c)q−2Pε̄i .(6.7)

Hence we define

Definition 6.3.

E−
j,i,n = q2Pε̄jE+

j,i,nq
−2Pε̄i , F−

i,j,n = q2(P+h)ε̄iF+
i,j,nq

−2(P+h)ε̄j ,(6.8)

K−
i,n = q

2(N−1)
N q2(P+h)ε̄iK+

i,nq
−2Pε̄i ,

for n ∈ Z.

Then we have

E−
j,i(z) =

∑
n∈Z>0

E−
l,j,−np

n(q−cz)n +
∑

n∈Z≥0

E−
l,j,n(q

−cz)−n,(6.9)

F−
i,j(z) =

∑
n∈Z>0

F−
l,j,−np

n(q−cz)n +
∑

n∈Z≥0

F−
l,j,n(q

−cz)−n,(6.10)

K−
i (z) =

∑
n∈Z>0

K−
i,−np

n(q−cz)n +
∑

n∈Z≥0

K−
i,n(q

−cz)−n.(6.11)

6.2. Subalgebras

For 1 ≤ l < N , let us define the reduced R-matrix and L-operators
by

R±
l (z, s) = (R±(z, s)i

′j′
ij )l≤i,j,i′,j′≤N ,(6.12)

L±
l (z) = (L±

ij(z))l≤i,j≤N .(6.13)

Note that up to overall factors R±
l (z, s) are the elliptic dynamical R

matrix of type A
(1)
N−l. Note also that if R±(z, s)i

′j′
ij �= 0 for 1 ≤ i, j ≤ l

(resp. l ≤ i, j ≤ N), then 1 ≤ i′, j′ ≤ l (resp. l ≤ i′, j′ ≤ N). Hence we
obtain

Proposition 6.4. The reduced L-operators L±
l (z) satisfy

R
±(12)
l (z1/z2, P + h)L

±(1)
l (z1)L

±(2)
l (z2)(6.14)

= L
±(2)
l (z2)L

±(1)
l (z1)R

−∗(12)
l (z1/z2, P ),

R
±(12)
l (q±cz1/z2, P + h)L

±(1)
l (z1)L

∓(2)
l (z2)(6.15)

= L
∓(2)
l (z2)L

±(1)
l (z1)R

±∗(12)
l (q∓cz1/z2, P ).
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Therefore L+
l (z), d̂, q

±c/2 generate a subalgebra of Eq,p(ĝlN ), which is

isomorphic to Eq,p(ĝlN−l+1).

Note that from (6.1) we have

(6.16)

L±
l (z)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 F±
l,l+1(z) F±

l,l+2(z) · · · F±
l,N (z)

0 1 F±
l+1,l+2(z) · · · F±

l+1,N (z)
...

. . .
. . .

. . .
...

...
. . . 1 F±

N−1,N (z)

0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎝
K±

l (z) 0 · · · 0

0 K±
l+1(z)

...
...

. . . 0
0 · · · 0 K±

N (z)

⎞⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0

E±
l+1,l(z) 1

. . .
...

E±
l+2,l(z) E±

l+2,l+1(z)
. . .

. . .
...

...
...

. . . 1 0
E±

N,l(z) E±
N,l+1(z) · · · E±

N,N−1(z) 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Hence

L±
l (z)

−1

=

⎛⎜⎜⎜⎝
K±−1

l −K±−1
l F±

l,l+1

−E±
l+1,lK

±−1
l E±

l+1,lK
±−1
l F±

l,l+1 +K±−1
l+1

ylK
±−1
l −ylK

±−1
l F±

l,l+1 − E±
l+2,l+1K

±−1
l+1

...
...

K±−1
l xl · · ·

−E±
l+1,lK

±−1
l xl −K±−1

l+1 F±
l+1,l+2 · · ·

. . .
...

· · · . . .

⎞⎟⎟⎟⎟⎟⎠ ,

where we omitted the argument z and set

xl(z) = F±
l,l+1(z)F

±
l+1,l+2(z)− F±

l,l+2(z),(6.17)

yl(z) = E±
l+2,l+1(z)E

±
l+1,l(z)− E±

l+2,l(z).(6.18)

Furthermore, for l < m ≤ N let us define

Rm±
l (z, s) := (R±(z, s)i

′j′
ij )l≤i,j,i′,j′≤m,(6.19)

(L±
l (z)

−1)m := ((L±
l (z)

−1)ij)l≤i,j≤m.(6.20)
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Proposition 6.5. If we set

Lm±
l (z)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 F±
l,l+1(z) F±

l,l+2(z) · · · F±
l,m(z)

0 1 F±
l+1,l+2(z) · · · F±

l+1,m(z)
...

. . .
. . .

. . .
...

...
. . . 1 F±

m−1,m(z)
0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎝
K±

l (z) 0 · · · 0

0 K±
l+1(z)

...
...

. . . 0
0 · · · 0 K±

m(z)

⎞⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0

E±
l+1,l(z) 1

. . .
...

E±
l+2,l(z) E±

l+2,l+1(z)
. . .

. . .
...

...
...

. . . 1 0
E±

N,l(z) E±
m,l+1(z) · · · E±

m,m−1(z) 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Then we have

(L+
l (z)

−1)m = Lm±
l (z)−1.

Note that

Lm±
l (z) �= (L±

ij(z))l≤i,j≤m.

Hence we have

Lemma 6.6. The restriction of the relations

L
±(1)
l (z1)

−1L
±(2)
l (z2)

−1R
±(12)
l (z, P + h)(6.21)

= R
−∗(12)
l (z, P )L

±(2)
l (z2)

−1L
±(1)
l (z1)

−1,

L
±(1)
l (z1)

−1L
∓(2)
l (z2)

−1R
±(12)
l (zq±c, P + h)(6.22)

= R
±∗(12)
l (zq∓c, P )L

∓(2)
l (z2)

−1L
±(1)
l (z1)

−1

to the (i, j), (i′′, j′′) components with l ≤ i, j, i′′, j′′ ≤ m are equivalent
to

R
m±(12)
l (z, P + h)L

m±(1)
l (z1)L

m±(2)
l (z2)(6.23)

= L
m±(2)
l (z2)L

m±(1)
l (z1)R

m±∗(12)
l (z, P + h),

R
m±(12)
l (zq±c, P + h)L

m±(1)
l (z1)L

m∓(2)
l (z2)(6.24)

= L
m∓(2)
l (z2)L

m±(1)
l (z1)R

m±∗(12)
l (zq∓c, P ),

where z = z1/z2.
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Therefore we obtain the following statement.

Theorem 6.7. Lm+
l (z), d̂, q±c/2 generate the subalgebra of Eq,p(ĝlN ),

which is isomorphic to Eq,p(ĝlm−l+1).

From (6.23) and (6.24), we have

Proposition 6.8.

L
m±(2)
l (z2)

−1R
m±(12)
l (z, P + h)L

m±(1)
l (z1)(6.25)

= L
m±(1)
l (z1)R

m±∗(12)
l (z, P )L

m±(2)
l (z2)

−1,

L
m±(1)
l (z1)

−1L
m±(2)
l (z2)

−1R
m±(12)
l (z, P + h)(6.26)

= R
m±∗(12)
l (z, P )L

m±(2)
l (z2)

−1L
m±(1)
l (z1)

−1,

L
m∓(2)
l (z2)

−1R
m±(12)
l (zq±c, P + h)L

m±(1)
l (z1)(6.27)

= L
m±(1)
l (z1)R

m±∗(12)
l (zq∓c, P )L

m∓(2)
l (z2)

−1,

L
m±(1)
l (z1)

−1L
m∓(2)
l (z2)

−1R
m±(12)
l (zq±c, P + h)(6.28)

= R
m±∗(12)
l (zq∓c, P )L

m∓(2)
l (z2)

−1L
m±(1)
l (z1)

−1.

Lemma 6.9. For 2 ≤ l + 1 < m ≤ N , we have

ρ±(z)b̄(z)K±
l (z2)

−1K±
m(z1) = ρ∗±(z)b̄(z)∗K±

m(z1)K
±
l (z2)

−1,(6.29)

ρ±(q±cz)b̄(q±cz)K∓
l (z2)

−1K±
m(z1)(6.30)

= ρ∗±(q∓cz)b̄(q∓cz)∗K±
m(z1)K

∓
l (z2)

−1,

[E±
l+1,l(z1),K

±
m(z2)] = 0 = [E±

m,l+1(z1),K
±
l (z2)],(6.31)

[E∓
l+1,l(z2),K

±
m(z1)] = 0 = [E±

m,l+1(z1),K
∓
l (z2)](6.32)

where z = z1/z2.

Proof. (6.29) and (6.30) follows from the (m, l), (m, l) component of
(6.25) and (6.27), respectvely. Similarly, (6.31) (resp. (6.32)) follows
from (6.29) and the (m, l + 1), (m, l) component of (6.25)(resp. (6.30)
and the same component of (6.27)). Q.E.D.

Other relations among the basic Gauss components are given in
Appendix C.

The following lemma indicates that the whole Gauss components of
L±(z) can be determined recursively by the basic ones.

Lemma 6.10. Let Ia,b = { (j, k) | a ≤ j ≤ b− 1, j + 1 ≤ k ≤ b} \
{(a, b)}. For 2 ≤ l + 1 < m ≤ N , E+

m,l(z) (resp. F+
l,m(z)) is determined

by {E+
k,j(z) (j, k) ∈ Il,m,K+

j (z) l ≤ j ≤ m} (resp. {F+
j,k(z) (j, k) ∈

Il,m,K+
j (z) l ≤ j ≤ m}).
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Proof. Let us consider E+
m,l(z). The F

+
l,m(z) case is similar. From (6.29)

and the (m, l + 1), (l + 1, l) component of (6.25) we have

−b̄∗(z)E±
l+1,l(z

±
2 )E±

m,l+1(z
±
1 )(6.33)

= E±
m,l(z

±
1 )c∗(z, Pl,l+1)− E±

m,l+1(z
±
1 )E±

l+1,l(z
±
2 )

+ c̄∗(z, Pl+1,m)(Lm±
l (z±2 )−1)mlK

±
l (z±2 )

+
∑

l+2≤k≤m−1

E±
m,k(z

±
1 )c̄∗(z, Pl+1,k)(L

m±
l (z±2 )−1)klK

±
l (z±2 ).

Similarly, from (6.30) and the (m, l + 1), (l + 1, l) component of (6.27),
we have

−b̄∗(z)E∓
l+1,l(z

∓
2 )E±

m,l+1(z
±
1 )(6.34)

= E±
m,l(z

±
1 )c∗(z, Pl,l+1)− E±

m,l+1(z
±
1 )E∓

l+1,l(z
∓
2 )

+ c̄∗(z, Pl+1,m)(Lm∓
l (z∓2 )−1)mlK

∓
l (z∓2 )

+
∑

l+2≤k≤m−1

E±
m,k(z

±
1 )c̄∗(z, Pl+1,k)(L

m∓
l (z∓2 )−1)klK

∓
l (z±2 ).

Subtracting (6.34) with the upper and lower signs reversed from (6.33),
we have

(6.35)

E±
m,l(z

±
1 )− E∓

m,l(z
∓
1 )

=
1

c∗(z, Pl,l+1)

((
E±

m,l+1(z
±
1 )− E∓

m,l+1(z
∓
1 )
)
E±

l+1,l(z
±
2 )

−b̄∗(z)E±
l+1,l(z

±
2 )

(
E±

m,l+1(z
±
1 )− E∓

m,l+1(z
∓
1 )
)

−
∑

l+2≤k≤m−1

(E±
m,k(z

±
1 )−E∓

m,k(z
∓
1 ))c̄∗(z, Pl+1,k)(L

m±
l (z±2 )−1)klK

±
l (z±2 )

⎞⎠.
Then due to (6.2) and (6.9), in each sign case the right hand side of
(6.35) determines both E+

m,l(z) and E−
m,l(z) uniquely as formal Laurent

series in z. Q.E.D.

Remark. The upper and the lower sign cases of (6.35) give two expres-
sions for E+

m,l(z
+
1 )−E−

m,l(z
−
1 ). It is instructive to derive their consistency
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condition. Equating them, we obtain(
E+

m,l+1(z
+
1 )− E−

m,l+1(z
−
1 )
)
E+

l+1,l(z
+
2 )

− b̄∗(z)E+
l+1,l(z

+
2 )

(
E+

m,l+1(z
+
1 )− E+

m,l+1(z
−
1 )
)

−
∑

l+2≤k≤m−1

(E+
m,k(z

+
1 )−E−

m,k(z
−
1 ))c̄∗(z, Pl+1,k)(L

m+
l (z+2 )

−1)klK
+
l (z+2 )

=
(
E+

m,l+1(z
+
1 )− E−

m,l+1(z
−
1 )
)
E−

l+1,l(z
−
2 )

− b̄∗(z)E−
l+1,l(z

−
2 )

(
E+

m,l+1(z
+
1 )− E−

m,l+1(z
−
1 )
)

−
∑

l+2≤k≤m−1

(E+
m,k(z

+
1 )−E−

m,k(z
−
1 ))c̄∗(z, Pl+1,k)(L

m−
l (z−2 )−1)klK

−
l (z−2 ).

Hence the consistency condition is(
E+

m,l+1(z
+
1 )− E−

m,l+1(z
−
1 )
)(

E+
l+1,l(z

+
2 )− E−

l+1,l(z
−
2 )
)

− b̄∗(z)
(
E+

l+1,l(z
+
2 )− E−

l+1,l(z
−
2 )
)(

E+
m,l+1(z

+
1 )− E+

m,l+1(z
−
1 )
)

=
∑

l+2≤k≤m−1

(E+
m,k(z

+
1 )− E−

m,k(z
−
1 ))c̄∗(z, Pl+1,k)

× (
(Lm+

l (z+2 )
−1)klK

+
l (z+2 )− (Lm−

l (z−2 )−1)klK
−
l (z−2 )

)
.

In particular, for m = l + 2 we have(
E+

l+2,l+1(z
+
1 )− E−

l+2,l+1(z
−
1 )
)(

E+
l+1,l(z

+
2 )− E−

l+1,l(z
−
2 )
)

(6.36)

= b̄∗(z)
(
E+

l+1,l(z
+
2 )− E−

l+1,l(z
−
2 )
)(

E+
l+2,l+1(z

+
1 )− E+

l+2,l+1(z
−
1 )
)

for 1 ≤ l ≤ N − 2. In Appendix C we identify these relations with
the commutation relations of the total elliptic currents of Uq,p(ĝlN ).
This provides an example suggesting the injectivity of the H-algebra
homomorphism Φ : U → E given in the next subsection.
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6.3. The half currents of U
Let us define the basic half currents of U as follows. For 1 ≤ j ≤

N − 1

e+j+1,j(z) =
a∗j+1,jΘp∗(q2)

(p∗; p∗)3∞

⎛⎝∑
m≥0

ej,−m
1

1− q−2(Pαj
−1)p∗m

(zqj−c)m

−
∑
m>0

ej,m
q2(Pαj

−1)p∗m

1− q2(Pαj
−1)p∗m

(zqj−c)−m

)
,

f+
j,j+1(z) =

aj,j+1Θp(q
2)

(p; p)3∞

⎛⎝∑
m≥0

fj,−m
1

1− q2((P+h)αj
−1)pm

(zqj)m

−
∑
m>0

fj,m
q−2((P+h)αj

−1)pm

1− q−2((P+h)αj
−1)pm

(zqj)−m

)
,

e−j+1,j(z) = q2Pε̄j+1 e+j+1,j(zp
∗qc)q−2Pε̄j

=
a∗j+1,jΘp∗(q2)

(p∗; p∗)3∞

⎛⎝∑
m≥0

ej,−m
q−2(Pαj

−1)p∗m

1− q−2(Pαj
−1)p∗m

(zqj)m

−
∑
m>0

ej,m
1

1− q2(Pαj
−1)p∗m

(zqj)−m

)
,

f−
j,j+1(z) = q2(P+h)ε̄j f+

j,j+1(zpq
−c)q−2(P+h)ε̄j+1

=
aj,j+1Θp(q

2)

(p; p)3∞

⎛⎝∑
m≥0

fj,−m
q2((P+h)αj

−1)pm

1− q2((P+h)αj
−1)pm

(zqj−c)m

−
∑
m>0

fj,m
1

1− q−2((P+h)αj
−1)pm

(zqj−c)−m

)
,

where a∗j+1,j and aj,j+1 are constants given by

a∗j+1,j = q−1 (p∗; p∗)∞
(p∗q2; p∗)∞

, aj,j+1 = q−1 (p; p)∞
(pq−2; p)∞

.(6.37)

We then obtain

e+j+1,j(z
+)− e−j+1,j(z

−) =
a∗j+1,jΘp∗(q2)

(p∗; p∗)3∞
ej(zq

j−c/2),

f+
j,j+1(z

−)− f−
j,j+1(z

+) =
aj,j+1Θp(q

2)

(p; p)3∞
fj(zq

j−c/2).
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Here we set z± = zq±c/2.
Note that at p = 0

e+j+1,j(z) = a∗j+1,j(1− q2)

(
ej,0

1

1− q−2(Pαj
−1)

+
∑
m>0

ej,−m(zqj−c)m

)
,

e−j+1,j(z) = a∗j+1,j(1− q2)

⎛⎝ej,0
q−2(Pαj

−1)

1− q−2(Pαj
−1)

−
∑
m≥0

ej,m(zqj)−m

⎞⎠ ,

f+
j,j+1(z) = aj,j+1(1− q2)

⎛⎝fj,0
1

1− q2((P+h)αj
−1)

+
∑
m≥0

fj,−m(zqj)m

⎞⎠ ,

f−
j,j+1(z) = aj,j+1(1− q2)

⎛⎝fj,0
q2((P+h)αj

−1)

1− q2((P+h)αj
−1)

−
∑
m≥0

fj,m(zqj−c)−m

⎞⎠ .

Noting (3.1) and the expansion formula

Θp(q
2sz)(p; p)3∞

Θp(q2s)Θp(z)
=

∑
n∈Z

1

1− q2spn
zn(6.38)

=
∑

l∈Z≥0

(
q2sl

1− plz
− q−2s(l+1)pl+1/z

1− pl+1/z

)
,

for |p| < |z| < 1, one can express the basic half currents as follows.

Proposition 6.11.

e+j+1,j(z) = a∗j+1,j

∮
C∗

dz′

2πiz′
ej(z

′)
Θp∗(zqj−cq2(1−Pαj

)/z′)Θp∗(q2)

Θp∗(zqj−c/z′)Θp∗(q2(Pαj
−1))

,

f+
j,j+1(z) = aj,j+1

∮
C

dz′

2πiz′
fj(z

′)
Θp(zq

jq2((P+h)αj
−1)/z′)Θp(q

2)

Θp(zqj/z′)Θp(q
2((P+h)αj

−1))
,

where C∗ : |qj−cz| < |z′| < |p∗−1qj−cz|, C : |qjz| < |z′| < |p−1qjz|.
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Proposition 6.12. [36, 43] The basic half currents e+j+1,j(z),

f+
j,j+1(z) (j ∈ I) and k+l (z) (1 ≤ l ≤ N) satisfy the following relations.

k+j+1(z1)
−1e+j+1,j(z2)k

+
j+1(z1)(6.39)

= e+j+1,j(z2)
1

b̄∗(z)
− e+j+1,j(z1)

c∗(z, Pj,j+1)

b̄∗(z)
,

k+j+1(z1)f
+
j,j+1(z2)k

+
j+1(z1)

−1(6.40)

=
1

b̄(z)
f+
j,j+1(z2)−

c̄(z, (P + h)j,j+1)

b̄(z)
f+
j,j+1(z1),

1

b̄∗(1/z)
e+j+1,j(z1)e

+
j+1,j(z2)− e+j+1,j(z2)

2 c
∗(1/z, Pj,j+1 − 2)

b̄∗(1/z)
(6.41)

=
1

b̄∗(z)
e+j+1,j(z2)e

+
j+1,j(z1)− e+j+1,j(z1)

2 c
∗(z, Pj,j+1 − 2)

b̄∗(z)
,

1

b̄(z)
f+
j,j+1(z1)f

+
j,j+1(z2)− f+

j,j+1(z1)
2 c̄(z, (P + h)j,j+1 − 2)

b̄(z)
(6.42)

=
1

b̄(1/z)
f+
j,j+1(z2)f

+
j,j+1(z1)− f+

j,j+1(z2)
2 c̄(1/z, (P + h)j,j+1 − 2)

b̄(1/z)
,

[e+j+1,j(z1), f
+
j,j+1(z2)](6.43)

= k+j (z2)k
+
j+1(z2)

−1 c̄
∗(z, Pj,j+1 − 1)

b̄∗(z)

− k+j+1(z1)
−1k+j (z1)

c̄(z, (P + h)j,j+1 − 1)

b̄(z)
,

where z = z1/z2.

Proof. Direct calculation using Proposition 6.11, the relations in Defi-
nition 3.1 and (3.28)-(3.37). Q.E.D.

For 1 ≤ j ≤ N − 1, let us consider the subalgebra U
(j)
q,p(ĝl2) of

U generated by ej(z), fj(z), k
+
j (z), k

+
j+1(z), q

±c/2, d̂. Let us define the
L-operator by the associated basic half currents by

L±
j (z) =

(
1 f±

j,j+1(z)

0 1

)(
k±j (z) 0

0 k±j+1(z)

)(
1 0

e±j+1,j(z) 1

)
=

(
k±j (z) + f±

j,j+1(z)k
±
j+1(z)e

±
j+1,j(z) f±

j,j+1(z)k
±
j+1(z)

k±j+1(z)e
±
j+1,j(z) k±j+1(z)

)
.

Then comparing the relations in Proposition 6.12 and those of the ba-
sic Gauss components of L±(z) in Eq,p(ĝl2) in Sec.C.1, we obtain the
following.
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Theorem 6.13. [36, 43] For each j, the L-operators L±
j (z) satisfy

the same RLL-relations (6.23)-(6.24) at l = j,m = j + 1 replacing
Lm±
l (z) with L±

j (z). Hence the following map gives a surjective H-
algebra homomorphism.

Φ(j) : U (j)
q,p(ĝl2) → Eq,p(ĝl2),

e+j+1,j(z) �→ E+
j+1,j(z), f+

j,j+1(z) �→ F+
j,j+1(z),

k+j (z) �→ K+
j (z) k+j+1(z) �→ K+

j+1(z).

Now let us consider the canonical extension of the map Φ(j) to Φ :
U → E by

e+j+1,j(z) �→ E+
j+1,j(z), f+

j,j+1(z) �→ F+
j,j+1(z),

k+l (z) �→ K+
l (z) (j ∈ I, 1 ≤ l ≤ N).

Theorem 6.14. Φ gives an isomorphism as a topological H-algebra
over F[[p]].

Proof. 1) Surjectivity: From Theorem 6.7 with l = j,m = j + 1 the

basic Gauss components E+
j+1,j(z), F

+
j,j+1(z), K

+
j (z) and d̂ generate the

subalgebra Eq,p(ĝl2). From Lemma 6.10 the RLL relations allows us to
construct the other Gauss components E±

k,j(z), F
±
j,k(z) (3 ≤ j+2 ≤ k ≤

N) recursively from the basic ones E±
j+1,j(z), F

±
j,j+1(z), K

±
j (z),K±

j+1(z).
Then the surjectivity follows from Theorem 6.13.
2) Injectivity: Let (ϕq

λ,k, V ) be a highest weight representation of Uq =

Uq(ĝlN ) with the highest weight λ and the level k. We extend ϕq
λ,k to the

dynamical representation (ϕq,p
λ,k = ϕq

λ,k ◦ φp, V̂F[[p]]) of U as in Corollary

5.6. Then we define ϕ̃q,p
λ,k : E → EndCV̂F[[p]] by ϕ̃q,p

λ,k(A) = ϕq,p
λ,k(a) for

A = Φ(a), a ∈ U . Let πp : U → U/pU be the canonical projection. From
the remark above Corollary 5.6, we also have the corresponding canonical

projection πp : EndCV̂F[[p]] → EndC(VF ⊗ VQ). We then consider the
following diagram.

U Φ−−→ E ϕ̃q,p
λ,k−−−→ DH,V̂F[[p]]

πp ↓
φp

↘
ϕq

λ,k

↗
U/pU (F[[p]]⊗C Uq)�C[RQ] πp ↓

∼ =

πp

↙
(F⊗C Uq)�C[RQ]

ϕq
λ,k−−−→ DH,V̂F
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Lemma 6.15.

(i) πp ◦ φp = πp

(ii) πp ◦ ϕq
λ,k = ϕq

λ,k ◦ πp on (F[[p]]⊗C Uq)�C[RQ]

Proof. (i) follows from u±
εi(z, p) = 1 at p = 0.

(ii) follows from (i) and V̂F[[p]] = (F[[p]]⊗C V )⊗ VQ. Q.E.D.

Lemma 6.16. Ker Φ ⊂ pU .
Proof. Assume Ker Φ �⊂ pU . Then there exists a non zero element
a ∈ Ker Φ such that πp(a) �= 0. Then from Lemma 6.15 for any level-k
highest weight representation ϕq

λ,k of Uq, we have

0 = πp ◦ ϕ̃q,p
λ,k ◦ Φ(a) = πp ◦ ϕq

λ,k ◦ φp(a) = ϕq
λ,k ◦ πp(a).(6.44)

This contradicts the fact
⋂

λ,k Ker ϕq
λ,k = 0 given in [9]. Q.E.D.

Proof of the injectivity. Let us assume Ker Φ �= 0. Let a �= 0 ∈ Ker Φ.
Then from Lemma 6.16 there exists ã ∈ U such that a = pnã for some
positive integer n and πp(ã) �= 0 ∈ Uq. Then the same argument as
(6.44) yields for any ϕq

λ,k

0 = πp ◦ ϕq,p
λ,k ◦ Φ(a) = pnϕq

λ,k ◦ πp(ã).

This again contradicts
⋂

λ,k Ker ϕq
λ,k = 0.

Q.E.D.
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§Appendix A. Quantum Affine Algebra Uq(ĝlN )

Definition A.1. The quantum affine algebra Uq(ĝlN ) is a topolog-
ical algebra over C generated by k±i,m, x±

j,n, d (1 ≤ i ≤ N, 1 ≤ j ≤
N − 1, m ∈ Z≥0, n ∈ Z) and the central element q±c/2. The defining
relations are conveniently written in terms of the generating functions
called the Drinfeld currents :

k±0,i(z) =
∑

m∈Z≥0

k±i,mz±m,

x±
j (z) =

∑
n∈Z

x±
j,nz

−n.
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The relations are given by

[d, k±i (z)] = ±z
∂

∂z
k±i (z), [d, x±

j (z)] = −z
∂

∂z
x±
j (z),

k+i,0k
−
i,0 = 1 = k−i,0k

+
i,0,

k±0,j(z1)k
±
0,l(z2) = k±0.l(z2)k

±
0,j(z1),

k−0,j(z1)k
+
0,j(z2)

=
(qc+2z2/z1, q

2Nqc−2z2/z1, q
2Nq−cz2/z1, q

−cz2/z1; q
2N )∞

(q−c+2z2/z1, q2Nq−c−2z2/z1, q2Nqcz2/z1, qcz2/z1; q2N )∞
k+0,j(z2)k

−
0,j(z1),

k−0,j(z1)k
+
0,l(z2)

=
(q2Nqc+2z2/z1, q

2Nqc−2z2/z1, q
2Nq−cz2/z1, q

2Nq−cz2/z1; q
2N )∞

(q2Nq−c+2z2/z1, q2Nq−c−2z2/z1, q2Nqcz2/z1, q2Nqcz2/z1; q2N )∞
× k+0,l(z2)k

−
0,j(z1) (j < l),

k−0,j(z1)k
+
0,l(z2)

=
(qc+2z2/z1, q

c−2z2/z1, q
−cz2/z1, q

−cz2/z1; q
2N )∞

(q−c+2z2/z1, q−c−2z2/z1, qcz2/z1, qcz2/z1; q2N )∞
k+0,l(z2)k

−
0,j(z1) (j > l),

k+0,j(z1)x
+
j (z2)k

+
0,j(z1)

−1 = q−1 1− q−c+jz1/z2
1− q−c−2+jz1/z2

x+
j (z2),

k+0,j+1(z1)x
+
j (z2)k

+
0,j+1(z1)

−1 = q
1− q−c+jz1/z2

1− q−c+2+jz1/z2
x+
j (z2),

k+0,j(z1)x
−
j (z2)k

+
0,j(z1)

−1 = q
1− q−2+jz1/z2
1− qjz1/z2

x−
j (z2),

k+0,j+1(z1)x
−
j (z2)k

+
0,j+1(z1)

−1 = q−1 1− q2+jz1/z2
1− qjz1/z2

x−
j (z2),

k+0,l(z1)x
±
j (z2)k

+
0,l(z1)

−1 = x±
j (z2) (l �= j, j + 1),

k−0,j(z1)
−1x+

j (z2)k
−
0,j(z1) = q−1 1− q2−jz2/z1

1− q−jz2/z1
x+
j (z2),

k−0,j+1(z1)
−1x+

j (z2)k
−
0,j+1(z1) = q

1− q−2−jz2/z1
1− q−jz2/z1

x+
j (z2),

k−0,j(z1)
−1x−

j (z2)k
−
0,j(z1) = q

1− qc−jz2/z1
1− qc+2−jz2/z1

x−
j (z2),

k−0,j+1(z1)
−1x−

j (z2)k
−
0,j+1(z1) = q−1 1− qc−jz2/z1

1− qc−2−jz2/z1
x−
j (z2),

k−0,l(z1)
−1x±

j (z2)k
−
0,l(z1) = x±

j (z2) (l �= j, j + 1),
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z1(1− q±2z2/z1)x
±
j (z1)x

±
j (z2) = −z2(1− q±2z1/z2)x

±
j (z2)x

±
j (z1),

z1(1− q∓1z2/z1)x
±
j (z1)x

±
j+1(z2) = −z2(1− q∓1z1/z2)x

±
j+1(z2)x

±
j (z1),

x±
j (z1)x

±
l (z2) = x±

l (z2)x
±
j (z1) (l �= j, j + 1),

[x+
i (z1), x

−
j (z2)]

=
δi,j

q − q−1

(
δ
(
q−cz1/z2

)
k−0,i(q

−c/2z1)k
−
0,i+1(q

−c/2z1)
−1

− δ
(
qcz1/z2

)
k+0,i(q

−c/2z2)k
+
0,i+1(q

−c/2z2)
−1
)
,

{
x±
i (z1)x

±
i (z2)x

±
j (w)−(q+q−1)x±

i (z1)x
±
j (w)x

±
i (z2)+x±

j (w)x
±
i (z1)x

±
i (z2)

}
+ (z1 ↔ z2) = 0, |i− j| = 1.

§Appendix B. Relations Among u±
εi(z, p) and u±

j (z, p)

From the relations in Definition A.1 the following commutation re-
lations hold.

Lemma B.1. Let us set z = z1/z2.

k+0,j(z1)u
−
εj (q

jz2, p)

=
(p∗q2z, p∗q2Nq−2z, pq2Nz, pz; p, q2N )∞
(pq2z, pq2Nq−2z, p∗q2Nz, p∗z; p, q2N )∞

u−
εj (q

jz2, p)k
+
0,j(z1),

k+0,j(z1)u
−
εl
(qlz2, p)

=
(p∗q2z, p∗q−2z, pz, pz; p, q2N )∞
(pq2z, pq−2z, p∗z, p∗z; p, q2N )∞

u−
εl
(qlz2, p)k

+
0,j(z1) (j < l),

k+0,j(z1)u
−
εl
(qlz2, p) =

(p∗q2Nq2z, p∗q2Nq−2z, pq2Nz, pq2Nz; p, q2N )∞
(pq2Nq2z, pq2Nq−2z, p∗q2Nz, p∗q2Nz; p, q2N )∞

× u−
εl
(qlz2, p)k

+
0,j(z1) (j > l),

k+0,j(z1)u
−
j (q

jz2, p) =
(pq−2z; p)∞(p∗z; p)∞
(p∗q−2z; p)∞(pz; p)∞

u−
j (q

jz2, p)k
+
0,j(z1),

k+0,j+1(z1)u
−
j (q

jz2, p) =
(pq2z; p)∞(p∗z; p)∞
(p∗q2z; p)∞(pz; p)∞

u−
j (q

jz2, p)k
+
0,j+1(z1),

k+0,l(z1)u
−
j (q

jz2, p) = u−
j (q

jz2, p)k
+
0,l(z1) (l �= j, j + 1),

u+
εj (q

jz1, p)k
−
0,j(z2)

=
(p∗q2z, p∗q2Nq−2z, pq2Nz, pz; p∗, q2N )∞
(pq2z, pq2Nq−2z, p∗q2Nz, p∗z; p∗, q2N )∞

k−0,j(z2)u
+
εj (q

jz1, p),
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u+
εl
(qlz1, p)k

−
0,j(z2) =

(p∗q2Nq2z, p∗q2Nq−2z, pq2Nz, pq2Nz; p∗, q2N )∞
(pq2Nq2z, pq2Nq−2z, p∗q2Nz, p∗q2Nz; p∗, q2N )∞

× k−0,j(z2)u
+
εl
(qlz1, p) (j < l),

u+
εl
(qlz1, p)k

−
0,j(z2)

=
(p∗q2z, p∗q−2z, pz, pz; p∗, q2N )∞
(pq2z, pq−2z, p∗z, p∗z; p∗, q2N )∞

k−0,j(z2)u
+
εl
(qlz1, p) (j > l),

u+
j (q

jz1, p)k
−
0,j(z2) =

(p∗q2z; p∗)∞(pz; p∗)∞
(pq2z; p∗)∞(p∗z; p∗)∞

k−0,j(z2)u
+
j (q

jz1, p),

u+
j (q

jz1, p)k
−
0,j+1(z2) =

(p∗q−2z; p∗)∞(pz; p∗)∞
(pq−2z; p∗)∞(p∗z; p∗)∞

k−0,j+1(z2)u
+
j (q

jz1, p),

u+
j (q

jz1, p)k
−
0,l(z2) = k−0,l(z2)u

+
j (q

jz1, p) (l �= j, j + 1),

u±
εj (z1, p)u

±
εl
(z2, p) = u±

εl
(z2, p)u

±
εj (z1, p) (∀j, l),

u+
εj (q

jz1, p)u
−
εj (q

jz2, p)

=
(p∗2qc+2z, p∗2q2Nqc−2z, pp∗q2Nqcz, pp∗qcz; p, p∗, q2N )∞
(pp∗qc+2z, pp∗q2Nqc−2z, p∗2q2Nqcz, p∗2qcz; p, p∗, q2N )∞

× u−
εj (q

jz2, p)(z2)u
+
εj (q

jz1, p),

u+
εl
(qlz1, p)u

−
εj (q

jz2, p)

=
(p∗2q2Nqc+2z, p∗2q2Nqc−2z, pp∗q2Nqcz, pp∗q2Nqcz; p, p∗, q2N )∞
(pp∗q2Nqc+2z, pp∗q2Nqc−2z, p∗2q2Nqcz, p∗2q2Nqcz; p, p∗, q2N )∞

× u−
εj (q

jz2, p)u
+
εl
(qlz1, p) (j < l),

u+
εl
(qlz1, p)u

−
εj (q

jz2, p)

=
(p∗2qc+2z, p∗2qc−2z, pp∗qcz, pp∗qcz; p, p∗, q2N )∞
(pp∗qc+2z, pp∗qc−2z, p∗2qcz, p∗2qcz; p, p∗, q2N )∞

× u−
εj (q

jz2, p)u
+
εl
(qlz1, p) (j > l),

u+
j (q

jz1, p)u
−
εj (q

jz2, p)

=
(p∗qc+2z; p∗)∞(p∗qcz; p)∞
(p∗qc+2z; p)∞(p∗qcz; p∗)∞

u−
εj (q

jz2, p)u
+
j (q

jz1, p),

u+
j (q

jz1, p)u
−
εj+1

(qj+1z2, p)

=
(p∗qc−2z; p∗)∞(p∗qcz; p)∞
(p∗qc−2z; p)∞(p∗qcz; p∗)∞

u−
εj+1

(qj+1z2, p)u
+
j (q

jz1, p),

u+
j (q

jz1, p)u
−
εl
(qlz2, p) = u−

εl
(qlz2, p)u

+
j (q

jz1, p) (l �= j, j + 1),

u+
εj (q

jz1, p)u
−
j (q

jz2, p)

=
(p∗qc−2z; p)∞(p∗qcz; p∗)∞
(p∗qc−2z; p∗)∞(p∗qcz; p)∞

u−
j (q

jz2, p)u
+
εj (q

jz1, p),
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u+
εj+1

(qj+1z1, p)u
−
j (q

jz2, p) =

(p∗qc+2z; p)∞(p∗qcz; p∗)∞
(p∗qc+2z; p∗)∞(p∗qcz; p)∞

u−
j (q

jz2, p)u
+
εj+1

(qj+1z1, p),

u+
εl
(qlz1, p)u

−
j (q

jz2, p) = u−
j (q

jz2, p)u
+
εl
(qlz1, p) (l �= j, j + 1),

u+
j (z1, p)u

−
j (z2, p) =

(pq−c−2z; p)∞
(pq−c+2z; p)∞

(p∗qc+2z; p∗)∞
(p∗qc−2z; p∗)∞

u−
j (z2, p)u

+
j (z1, p),

u+
j (z1, p)u

−
j+1(z2, p) =

(pq−c+1z; p)∞
(pq−c−1z; p)∞

(p∗qc−1z; p∗)∞
(p∗qc+1z; p∗)∞

u−
j+1(z2, p)u

+
j (z1, p),

u+
j (z1, p)u

−
l (z2, p) = u−

l (z2, p)u
+
j (z1, p) (l �= j, j + 1),

u+
εj (q

−c+jz1, p)x
+
j (z2) =

(p∗q−c+jz; p∗)∞
(p∗q−c−2+jz; p∗)∞

x+
j (z2)u

+
εj (q

−c+jz1, p),

u−
εj (q

jz1, p)x
+
j (z2) =

(pq−c−j/z; p)∞
(pq−c+2−j/z; p)∞

x+
j (z2)u

−
εj (q

jz1, p),

u+
εj+1

(q−c+j+1z1, p)x
+
j (z2)=

(p∗q−c+jz; p∗)∞
(p∗q−c+2+jz; p∗)∞

x+
j (z2)u

+
εj+1

(q−c+j+1z1, p),

u−
εj+1

(qj+1z1, p)x
+
j (z2) =

(pq−c−j/z; p)∞
(pq−c−2−j/z; p)∞

x+
j (z2)u

−
εj+1

(qj+1z1, p),

u±
εl
(z1, p)x

+
j (z2) = x+

j (z2)u
±
εl
(z1, p) (l �= j, j + 1),

u+
j (z1, p)x

+
j (z2) =

(p∗q2z; p∗)∞
(p∗q−2z; p∗)∞

x+
j (z2)u

+
j (z1, p),

u+
j+1(z1, p)x

+
j (z2) =

(p∗q−1z; p∗)∞
(p∗qz; p∗)∞

x+
j (z2)u

+
j+1(z1, p),

u−
j (z1, p)x

+
j (z2) =

(pq−2−cz; p)∞
(pq2−cz; p)∞

x+
j (z2)u

−
j (z1, p),

u−
j+1(z1, p)x

+
j (z2) =

(pq1−cz; p)∞
(pq−1−cz; p)∞

x+
j (z2)u

−
j+1(z1, p),

u±
l (z1, p)x

+
j (z2) = x+

j (z2)u
±
l (z1, p) (l �= j, j + 1),

u+
εj (q

−c+jz1, p)x
−
j (z2) =

(p∗q−2+jz; p∗)∞
(p∗qjz; p∗)∞

x−
j (z2)u

+
εj (q

−c+jz1, p),

u−
εj (q

jz1, p)x
−
j (z2) =

(pq2−j/z; p)∞
(pq−j/z; p)∞

x−
j (z2)u

−
εj (q

jz1, p),

u+
εj+1

(q−c+j+1z1, p)x
−
j (z2) =

(p∗q2+jz; p∗)∞
(p∗qjz; p∗)∞

x−
j (z2)u

+
εj+1

(q−c+j+1z1, p),

u−
εj+1

(qj+1z1, p)x
−
j (z2) =

(pq−2−j/z; p)∞
(pq−j/z; p)∞

x−
j (z2)u

−
εj+1

(qj+1z1, p),
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u±
εl
(z1, p)x

−
j (z2) = x−

j (z2)u
±
εl
(z1, p) (l �= j, j + 1),

u+
j (z1, p)x

−
j (z2) =

(p∗q−2+cz; p∗)∞
(p∗q2+cz; p∗)∞

x−
j (z2)u

+
j (z1, p),

u+
j+1(z1, p)x

−
j (z2) =

(p∗q1+cz; p∗)∞
(p∗q−1+cz; p∗)∞

x−
j (z2)u

+
j+1(z1, p),

u−
j (z1, p)x

−
j (z2) =

(pq2z; p)∞
(pq−2z; p)∞

x−
j (z2)u

−
j (z1, p),

u−
j+1(z1, p)x

−
j (z2) =

(pq−1z; p)∞
(pqz; p)∞

x−
j (z2)u

−
j+1(z1, p),

u±
l (z1, p)x

−
j (z2) = x−

j (z2)u
±
l (z1, p) (l �= j, j + 1).

§Appendix C. From the Basic Gauss Components to the
Elliptic Currents

C.1. Relations among the basic Gauss components

Let us consider the m = j + 1, l = j case of the Lm±
j (z) and the

subalgebra Eq,p(ĝl2) generated by them.

Lj+1±
j (z) =

(
1 F±

j,j+1(z)

0 1

)(
K±

j (z) 0

0 K±
j+1(z)

)(
1 0

E±
j+1,j(z) 1

)
=

(
K±

j (z) + F±
j,j+1(z)K

±
j+1(z)E

±
j+1,j(z) F±

j,j+1(z)K
±
j+1(z)

K±
j+1(z)E

±
j+1,j(z) K±

j+1(z)

)
,

Lj+1±
j (z)−1

=

(
K±

j (z)−1 −K±
j (z)−1F±

j,j+1(z)

−E±
j+1,j(z)K

±
j (z)−1 E±

j+1,j(z)K
±
j (z)−1F±

j,j+1(z) +K±
j+1(z)

−1

)
.

From (j, j), (j, j) of (6.26) and (j + 1, j + 1), (j + 1, j + 2) of (6.23)

K±
l (z1)K

±
l (z2) = ρ(z)K±

l (z2)K
±
l (z1) (l = j, j + 1),(C.1)

where z = z1/z2. Similarly, from (j, j), (j, j) of (6.28) and (j +1, j +1),
(j + 1, j + 1) of (6.24)

K±
l (z1)K

∓
l (z2) =

ρ±∗(zq∓c)

ρ±(zq±c)
K∓

l (z2)K
±
l (z1), (l = j, j + 1).(C.2)

From (j + 1, j), (j + 1, j) of (6.25)

K±
j (z2)K

±
j+1(z1) = ρ(z)

b̄(z)

b̄∗(z)
K±

j+1(z1)K
±
j (z2).(C.3)
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Inparticular, in the limit z1 → z2, we have

K±
j (z2)K

±
j+1(z2) =

(p; p)3∞
(p∗; p∗)3∞

Θp∗(q2)

Θp(q2)
K±

j+1(z2)K
±
j (z2).(C.4)

From (j + 1, j), (j + 1, j) of (6.27)

K±
j+1(z1)K

∓
j (z2) =

ρ±∗(zq∓c)

ρ±(zq±c)

b̄∗(zq∓c)

b̄(zq±c)
K∓

j (z2)K
±
j+1(z1).(C.5)

From (j + 1, j + 1), (j + 1, j) of (6.23), we obtain

K±
j+1(z1)

−1E±
j+1,j(z2)K

±
j+1(z1)(C.6)

= E±
j+1,j(z2)

1

b̄∗(z)
− E±

j+1,j(z1)
c∗(z, Pj,j+1)

b̄∗(z)
.

From (j + 1, j + 1), (j + 1, j) of (6.24), we obtain

K±
j+1(z1)

−1E∓
j+1,j(z2)K

±
j+1(z1)(C.7)

= E∓
j+1,j(z2)

1

b̄∗(zq∓c)
− E±

j+1,j(z1)
c∗(zq∓c, Pj,j+1)

b̄∗(zq∓c)
.

Similarly, from (j + 1, j), (j + 1, j + 1) of (6.23),

K±
j+1(z1)F

±
j,j+1(z2)K

±
j+1(z1)

−1(C.8)

=
1

b̄(z)
F±
j,j+1(z2)−

c̄(z, (P + h)j,j+1)

b̄(z)
F±
j,j+1(z1).

From (j + 1, j), (j + 1, j + 1) of (6.24),

K±
j+1(z1)F

∓
j,j+1(z2)K

±
j+1(z1)

−1(C.9)

=
1

b̄(zq±c)
F∓
j,j+1(z2)−

c̄(zq±c, (P + h)j,j+1)

b̄(zq±c)
F±
j,j+1(z1).

From (j + 1, j), (j, j) of (6.26)

K±
j (z2)

−1E±
j+1,j(z1)K

±
j (z2)(C.10)

=
1

b̄∗(z)
E±

j+1,j(z1)−
c̄∗(z, Pj,j+1)

b̄∗(z)
E±

j+1,j(z2).

From (j + 1, j), (j, j) of (6.28)

K∓
j (z2)

−1E±
j+1,j(z1)K

∓
j (z2)(C.11)

=
1

b̄∗(zq∓c)
E±

j+1,j(z1)−
c̄∗(zq∓c, Pj,j+1)

b̄∗(zq∓c)
E∓

j+1,j(z2).
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From (j, j), (j + 1, j) of (6.26)

K±
j (z2)F

±
j,j+1(z1)K

±
j (z2)

−1(C.12)

= F±
j,j+1(z1)

1

b̄(z)
− F±

j,j+1(z2)
c̄(z, (P + h)j,j+1)

b̄(z)
.

From (j + 1, j + 1), (j, j) of (6.23), we obtain

K±
j+1(z2)

−1E±
j+1,j(z1)K

±
j+1(z2)E

±
j+1,j(z2)(C.13)

= K±
j+1(z1)

−1E±
j+1,j(z2)K

±
j+1(z1)E

±
j+1,j(z1).

From (C.6) and (C.13), we obtain

E±
j+1,j(z1)E

±
j+1,j(z2)

1

b̄∗(1/z)
− E±

j+1,j(z2)
2 c

∗(1/z, Pj,j+1 − 2)

b̄∗(1/z)
(C.14)

= E±
j+1,j(z2)E

±
j+1,j(z1)

1

b̄∗(z)
− E±

j+1,j(z1)
2 c

∗(z, Pj,j+1 − 2)

b̄∗(z)
.

From (j + 1, j + 1), (j, j) of (6.24), we obtain

K∓
j+1(z2)

−1E±
j+1,j(z1)K

∓
j+1(z2)E

∓
j+1,j(z2)(C.15)

= K±
j+1(z1)

−1E∓
j+1,j(z2)K

±
j+1(z1)E

±
j+1,j(z1).

From (C.7) and (C.15), we obtain

(C.16)

E±
j+1,j(z1)E

∓
j+1,j(z2)

1

b̄∗(1/(zq∓c))
− E∓

j+1,j(z2)
2 c

∗(1/(zq∓c), Pj,j+1 − 2)

b̄∗(1/(zq∓c))

= E∓
j+1,j(z2)E

±
j+1,j(z1)

1

b̄∗(zq∓c)
− E±

j+1,j(z1)
2 c

∗(zq∓c, Pj,j+1 − 2)

b̄∗(zq∓c)
.

In a similar way, we obtain

(C.17)

F±
j,j+1(z1)F

±
j,j+1(z2)

1

b̄(z)
− F±

j,j+1(z1)
2 c̄(z, (P + h)j,j+1 − 2)

b̄(z)

= F±
j,j+1(z2)F

±
j,j+1(z1)

1

b̄(1/z)
− F±

j,j+1(z2)
2 c̄(1/z, (P + h)j,j+1 − 2)

b̄(1/z)
,
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(C.18)

F±
j,j+1(z1)F

∓
j,j+1(z2)

1

b̄(zq±c)
+ F±

j,j+1(z1)
2 c̄(zq

±c, (P + h)j,j+1 − 2)

b̄(zq±c)

= F∓
j,j+1(z2)F

±
j,j+1(z1)

1

b̄(1/(zq±c))

− F±
j,j+1(z1)

2 c̄(1/(zq
±c), (P + h)j,j+1 − 2)

b̄(1/(zq±c))
.

From (j + 1, j), (j, j + 1) of (6.23),

ρ±(z)
{
b̄(z)K±

j+1(z1)E
±
j+1,j(z1)F

±
j,j+1(z2)K

±
j+1(z2)

+ c̄(z, (P + h)j,j+1)
(
K±

j (z1) + F±
j,j+1(z1)K

±
j+1(z1)E

±
j+1,j(z1)

)
K±

j+1(z2)
}

= ρ∗±(z)
{(
K±

j (z2)+F±
j,j+1(z2)K

±
j+1(z2)E

±
j+1,j(z2)

)
K±

j+1(z1)c̄
∗(z, Pj,j+1)

+ F±
j,j+1(z2)K

±
j+1(z2)K

±
j+1(z1)E

±
j+1,j(z1)b

∗(z, Pj,j+1)
}
.

Using (j+1, j), (j+1, j+1) and (j+1, j+1), (j, j+1) of (6.23), we get

[E±
j+1,j(z1), F

±
j,j+1(z2)](C.19)

= K±
j (z2)K

±
j+1(z2)

−1 c̄
∗(z, Pj,j+1 − 1)

b̄∗(z)

−K±
j+1(z1)

−1K±
j (z1)

c̄(z, (P + h)j,j+1 − 1)

b̄(z)
.

Similarly, from (j + 1, j), (j, j + 1) of (6.24),

ρ±(zq±c)
(
b̄(zq±c)K±

j+1(z1)E
±
j+1,j(z1)F

∓
j,j+1(z2)K

∓
j+1(z2)

+ c̄(zq±c, (P + h)j,j+1)(K
±
j (z1) + F±

j,j+1(z1)K
±
j+1(z1)E

±
j+1,j(z1))K

∓
j+1(z2)

)
= ρ∗±(zq∓c)

(
(K∓

j (z2) + F∓
j,j+1(z2)K

∓
j+1(z2)E

∓
j+1,j(z2))

K±
j+1(z1)c̄

∗(zq∓c, Pj,j+1)

+ F∓
j,j+1(z2)K

∓
j+1(z2)K

±
j+1(z1)E

±
j+1,j(z1)b

∗(zq∓c, Pj,j+1)
)
.

Using (j+1, j), (j+1, j+1) and (j+1, j+1), (j, j+1) of (6.24), we get

[E±
j+1,j(z1), F

∓
j,j+1(z2)](C.20)

= K∓
j (z2)K

∓
j+1(z2)

−1 c̄
∗(zq∓c, Pj,j+1 − 1)

b̄∗(zq∓c)

−K±
j+1(z1)

−1K±
j (z1)

c̄(zq±c, (P + h)j,j+1 − 1)

b̄(zq±c)
.
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C.2. Identification with the elliptic currents

In this section we demonstrate an identification of a combination of
the basic Gauss components with the elliptic currents of Uq,p(ĝlN ).

Let us define the total current by Ej(zq
j−c/2) = μ∗(E+

j+1,j(z
+) −

E−
j+1,j(z

−)) with μ∗ =
(p∗;p∗)3∞

a∗
j+1,jΘp∗ (q2)

. Then we obtain from (C.6) and

(C.7)

K+
j+1(z1)

−1Ej(z2q
j−c/2)K+

j+1(z1)(C.21)

= K+
j+1(z1)

−1μ∗ (E+
j+1,j(z

+
2 )− E−

j+1,j(z
−
2 )
)
K+

j+1(z1)

= μ∗
(
E+

j+1,j(z
+
2 )

1

b̄∗(zq−c/2)
− E+

j+1,j(z1)
c∗(zq−c/2, Pj,j+1)

b̄∗(zq−c/2)

−E−
j+1,j(z

−
2 )

1

b̄∗(zq−c/2)
+ E+

j+1,j(z1)
c∗(zq−c/2, Pj,j+1)

b̄∗(zq−c/2)

)
= Ej(z2q

j−c/2)
1

b̄∗(zq−c/2)
.

Comparing this with (3.31), we identify Ej(z),K
+
j (z) with ej(z), k

+
j (z),

respectively.
Next, inserting (C.14) and (C.16) into (E+

j+1,j(z
+
1 )− Ej+1,j(z

−
1 ))

× (E+
j+1,j(z

+
2 )− Ej+1,j(z

−
2 )), we obtain

Ej(z1)Ej(z2) = −1

z

Θp∗(zq2)

Θp∗(q2/z)
Ej(z2)Ej(z1).

This is consistent to (3.34).
To obtain (3.35) we use (6.36), which is derived from (6.27) with

m = l + 2.
Similarly, if we define Fj(zq

j−c/2) = μ(F+
j,j+1(z−)−F−

j,j+1(z+)) with

μ =
(p;p)3∞

aj,j+1Θp(q2)
, we recover the relations (3.36)-(3.37) from (C.8)-(C.9),

(C.17)-(C.18) and the F+ counterpart of (6.36). Hence we identify Fj(z)
with fj(z).

Finally let us check the relation (3.23). From (C.19) and (C.20), we
have

(μμ∗)−1[E(z1), F (z2)](C.22)

= [E+
j+1,j(z

+
1 )− E−

j+1,j(z
−
1 ), F+

j,j+1(z
−
2 )− F−

j,j+1(z
+
2 )]

= [E+
j+1,j(z

+
1 ), F

+
j,j+1(z

−
2 )] + [E−

j+1,j(z
−
1 ), F−

j,j+1(z
+
2 )]

−[E+
j+1,j(z

+
1 ), F

−
j,j+1(z

+
2 )]− [E−

j+1,j(z
−
1 ), F+

j,j+1(z
−
2 )].
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Let us substitute (C.19) and (C.20) into this. Noting the remark below
Proposition 3.8, one finds that the terms containing K−

j (z+2 )K
−
j+1(z

+
2 )

−1

from the 2nd and 3rd terms in (C.22) cancel out each other and the same
is true for the terms containing K+

j+1(z
+
1 )

−1K+
j (z+1 ) from the 1st and

the 3rd terms in (C.22). We obtain

(μμ∗)−1[Ej(z1), Fj(z2)]

= K+
j (z−2 )K+

j+1(z
−
2 )−1q−1Θp∗(q2)

×
(

Θp∗(q−2(Pj,j+1−1)qcz)

Θp∗(q−2(Pj,j+1−1))Θp∗(zqc)

∣∣∣∣
+

− Θp∗(q−2(Pj,j+1−1)qcz)

Θp∗(q−2(Pj,j+1−1))Θp∗(zqc)

∣∣∣∣
−

)
−K−

j+1(z
−
1 )−1K−

j (z−1 )q−1Θp(q
2)

×
(

Θp(q
−2((P+h)j,j+1−1)q−cz)

Θp(q−2((P+h)j,j+1−1))Θp(zq−c)

∣∣∣∣
+

− Θp(q
−2((P+h)j,j+1−1)q−cz)

Θp(q−2((P+h)j,j+1−1))Θp(zq−c)

∣∣∣∣
−

)
.

Here

Θp(q
2sz)(p; p)3∞

Θp(q2s)Θp(z)

∣∣∣∣
+

=
Θp(q

2sz)(p; p)3∞
Θp(q2s)Θp(z)

(C.23)

=
∑
n∈Z

1

1− q2spn
zn

=
∑

l∈Z≥0

(
q2sl

1− plz
− q−2s(l+1)pl+1/z

1− pl+1/z

)

for |p| < |z| < 1 and

Θp(q
2sz)(p; p)3∞

Θp(q2s)Θp(z)

∣∣∣∣
−

= −Θp(q
−2s/z)(p; p)3∞

Θp(q−2s)Θp(1/z)
(C.24)

=−
∑
n∈Z

1

1− q−2spn
z−n

=−
∑

l∈Z≥0

(
q−2slpl/z

1− pl/z
− q2s(l+1)

1− pl+1z

)

for 1 < |z| < |p−1|. Then the difference between these two expansions
turns out to be the formal delta function δ(z) =

∑
n∈Z

zn. We thus
obtain
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[Ej(z1), Fj(z2)]

= μμ∗q−1

{
K+

j (z−2 )K+
j+1(z

−
2 )−1 Θp∗(q2)

(p∗; p∗)3∞
δ

(
z1
z2

qc
)

−K−
j+1(z

−
1 )−1K−

j (z−1 )
Θp(q

2)

(p; p)∞
δ

(
z1
z2

q−c

)}
= − κ

q − q−1

{
K+

j (z−2 )K+
j+1(z

−
2 )−1δ

(
z1
z2

qc
)

−K−
j (z−1 )K−

j+1(z
−
1 )−1δ

(
z1
z2

q−c

)}
.

In the last line we used (C.4) and

q−1μμ∗ Θp∗(q2)

(p∗; p∗)3∞
= − κ

q − q−1
.

This is consistent to (3.23).

§Appendix D. Relation to Jimbo-Miwa-Okado’s Face Weight

In this Appendix we give a relationship between our R-matrix (2.3)

and Jimbo-Miwa-Okado’s A
(1)
n−1 type face weight in [33].

D.1. Fractional powers in z

So far we have defined the elliptic algebras Uq,p(ĝlN ) and Eq,p(ĝlN )
by using the generating functions ej(z), fj(z), kj(z) and Lij(z), respec-
tively. The coefficients of their relations are given in terms of the theta
function Θp(z), which enables us to expand every things to power series
in p.

However for a practical use it is convenient to introduce operators

such as z±
P+h−1

r and z±
P−1
r∗ into the algebras. Here r and r∗ are intro-

duced by p = q2r and p∗ = pq−2c = q2r
∗
with r∗ = r − c. The main

reason for this can be seen in the following example. Let us consider
Jacobi’s theta function

ϑ1(u, τ) = i
∞∑

n=−∞
(−1)neπiτ(n−1/2)2e2πiu(n−1/2).

Identifying z = q2u, p = e−
2πi
τ we have

ϑ1

(u
r
, τ
)
= e

πi
4 τ−

1
2 p

1
8 q

u2

r −uΘp(z).
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Then we have

z
s−1
r c(z, s) = z

s−1
r

Θp(q
2)Θp(q

2sz)

Θp(q2s)Θp(q2z)
=

ϑ1(
1
r , τ)ϑ1(

s+u
r , τ)

ϑ1(
s
r , τ)ϑ1(

1+u
r , τ)

.(D.1)

This is invariant under the shift z �→ zp i.e. u �→ u + r. Compare this
with (3.73).

Motivated by this, let us consider the transformation

R̂±(z, s) =
(
Adz−

1
r θV (s) ⊗ id

)(
z

1
rTV,V R±(z, s)

)
,(D.2)

where θV (s) is given in (3.69) and

TV,V =
N−1∑
j=1

πV (hj)⊗ πV (h
j)

Then one finds

(D.3)

R̂±(u, s)= ρ̂±(u) ̂̄R(u, s),

̂̄R(u, s)=
N∑
j=1

Ejj ⊗ Ejj +
∑

1≤j<l≤N

(
b̂(z, sj,l)Ejj ⊗ Ell +

̂̄b(z)Ell ⊗ Ejj

)
+

∑
1≤j<l≤N

(ĉ(z, sj,l)Ejl ⊗ Elj + ĉ(z,−sj,l)Elj ⊗ Ejl) ,

with

ρ̂+(u) = q−
N−1
N z

N−1
rN

{q2z}{q2N−2z}{p/z}{pq2N/z}
{z}{q2Nz}{pq2/z}{pq2N−2/z} ,(D.4)

ρ̂−(u) = q
N−1
N z

N−1
rN

{pq2z}{pq2N−2z}{1/z}{q2N/z}
{pz}{pq2Nz}{q2/z}{q2N−2/z} ,(D.5)

b̂(u, s) =
[s+ 1][s− 1][u]

[s]2[u+ 1]
, ̂̄b(u) = [u]

[u+ 1]
,(D.6)

ĉ(u,±s) =
[1][s+ u]

[s][u+ 1]
,(D.7)

where we set

[u] = ϑ1

(u
r
, τ
)
.
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We also need for p∗ = e−
2πi
τ∗

[u]∗ = ϑ1

( u

r∗
, τ∗

)
.

We have

ρ̂+(u+ r) = ρ̂−(u),
ρ̂+(u)

ρ̂+∗(u)
=

ρ̂−(u)
ρ̂−∗(u)

, ρ̂+(u)ρ̂−(−u) = 1,(D.8)

R̂−(u, s)−1 = PR̂+(−u, s)P(D.9)

for ρ̂±∗(u) = ρ̂±(u)|r→r∗,p→p∗ . Hence we obtain

Proposition D.1.

R̂+(u+ r, s) = R̂−(u, s).(D.10)

Let us further define L̂±(u) from L+(z) in Sec.3.2 by

L̂+(u) =
(
z−

1
r θV (P ) ⊗ id

)
z

1
rTV L+(z)

(
z

1
r∗ θV (P ) ⊗ id

)
,(D.11)

L̂−(u) = L̂+(u+ r∗ + c/2),

where z = q2u, and TV is given in (3.70). Note that we do not need the

extra Ad q−2θV (P ) action to define L̂−(u) unlike (3.68).

Proposition D.2. L̂±(u) satisfy the same relations as (3.64), (3.71)

and (3.72) with replacing R±(z, s) by R̂±(u, s). Namely,

R̂±(u, P + h)L̂±(u1)L̂
±(u2) = L̂±(u2)L̂

±(u1)R̂
±∗(u, P ),(D.12)

R̂±(u± c/2, P + h)L̂±(u1)L̂
∓(u2)(D.13)

= L̂∓(u2)L̂
±(u1)R̂

±∗(u∓ c/2, P ),

where u = u1 − u2.

Remark. The R-matrices and L-operators in the previous works [47,

36, 43, 50] are R̂±(u, s) and L̂±(u) given in this section except for the
prefactor: ρ±(u) in the previous works are ρ̂∓(u) in (D.5) and (D.4).

D.2. Gauge transformation from Jimbo-Miwa-Okado’s W

For 1 ≤ j ≤ N let us define F (P, P + ĵ) by

F (s, s+ ĵ) =

⎛⎝ N∏
m=j+1

[sj,m + 1]

[sj,m]

⎞⎠ 1
2

,



400 H. Konno

where sj,m = sε̄j − sε̄m as in Sec.2.
Our R-matrix is related to Jimbo-Miwa-Okado’s W denoted by

WJMO as follows. Let us set

R̂+(u, s)ijkl = W

(
s s+ î

s+ l̂ a+ î+ ĵ

∣∣∣∣ u

)
(i+ j = k + l).

Then we have

W

(
s s+ î

s+ l̂ s+ î+ ĵ

∣∣∣∣ u

)
= ρ̂+(u)

[1]

[u+ 1]

F (s, s+ î)F (s+ î, s+ î+ ĵ)

F (, s+ l̂)F (s+ l̂, s+ l̂ + k̂)

×WJMO

(
s s+ î

s+ l̂ s+ î+ ĵ

∣∣∣∣ u

)
.

Here (s+ î)ε̄j = sε̄i + δi,j etc. and

WJMO

(
s s+ î

s+ î s+ 2̂i

∣∣∣∣ u

)
=

[1 + u]

[u]
,

WJMO

(
s s+ î

s+ î s+ î+ ĵ

∣∣∣∣ u

)
=

[si,j − u]

[si,j ]
,

WJMO

(
s s+ ĵ

s+ î s+ î+ ĵ

∣∣∣∣ u

)
=

[u]

[1]

(
[si,j + 1][si,j − 1]

[si,j ]2

)1/2

.

§Appendix E. Elliptic Quantum Determinant

E.1. Jimbo-Kuniba-Miwa-Okado’s projection

Quantum determinant of the L-operator depends on a choice of the
gauge for the R-matrix. Let V = F ⊗C V, V = ⊕N

a=1Cva and Ei,jva =
δj,avi. Let us consider the following R matrix R′(z, s) ∈ End(V ⊗ V)
given by

(E.1)

R′(u, s)

=ρ+
′
(u)

⎡⎣ N∑
j=1

α(u)Ejj ⊗ Ejj+
∑
j 
=l

(
β(u, sl,j)Ejj ⊗ Ell+γ(u, sl,j)Ejl ⊗ Elj

)⎤⎦ ,

where

ρ+
′
(u) = ρ̂+(u)

[1]

[u+ 1]
,

α(u) =
[u+ 1]

[1]
, β(u, s) =

[u][s+ 1]

[1][s]
, γ(u, s) =

[s− u]

[s]
.
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Note that R′(u, s)ijkl = W

(
s s+ î

s+ l̂ s+ î+ ĵ

∣∣∣∣u) is the face weight in [34],

which is gauge equivalent to R̂+(u, s) in (D.3).
Instead of giving the gauge transformation of the R matrix we give

the gauge transformation of the L-operator L̂+(u) in (D.11) to the one
satisfying the RLL relation with the new R matrix (E.1). Namely we
define L(u) =

∑
1≤i,j≤N Ei,jLij(u) by

Lij(u) =
N∏

m=i+1

[(P + h)im + 1]

[1]
L̂+
ij(u)

j−1∏
n=1

[1]∗

[Pnj + 1]∗
.(E.2)

Then from (D.12) we obtain

Proposition E.1.

R′(12)(u1 − u2, P + h)L(1)(u1)L
(2)(u2)(E.3)

= L(2)(u2)L
(1)(u1)R

′∗(12)(u1 − u2, P ).

One has

R′(−1, s) = ρ0
∑
j 
=l

[sl,j + 1]

[sl,j ]

(
Ejj ⊗ Ell − Ejl ⊗ Elj

)
,

where

ρ0 = − lim
u→−1 (z→q−2)

ρ+
′
(u).

Hence

R′(−1, s)va ⊗ vb = ρ0

(
[sb,a+1]
[sb,a]

va ⊗ vb − [sa,b+1]
[sa,b]

vb ⊗ va

)
∈ V ∧ V.

In order to generalize this it is convenient to consider the ‘transpo-
sition’ of R′(u, s):

R(u, s) = t1t2R′(21)(u, s), R∗(u, s) = R(u, s)|r→r∗,p→p∗ .(E.4)

In fact this yields

R(−1, s) = ρ0
∑
j 
=l

[sl,j + 1]

[sl,j ]

(
Ell ⊗ Ejj − Ejl ⊗ Elj

)
.

Hence

R(−1, s)va ⊗ vb = ρ0
[sa,b + 1]

[sa,b]
(va ⊗ vb − vb ⊗ va) ∈ V ∧ V.
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Accordingly taking the transpositions t1 and t2 of (E.3), flipping the two
tensor components and exchanging u1 and u2, we obtain

R∗(12)(u2 − u1, P ) tL(1)(u1)
tL(2)(u2)(E.5)

= tL(2)(u2)
tL(1)(u1)R

(12)(u2 − u1, P + h).

Let us generalize these formulas as follows[34, 29, 23]. For 2 ≤ k ≤
N , define
R(u1, · · · , uk−1;uk, s)

1···k−1;k and Πk(u1, · · · , uk−1;uk, s) ∈ EndF(V⊗k)
by

(E.6)

R(u1, · · · , uk−1;uk, s)
1···k−1;k

= R(k−1k)(uk − uk−1, s)R
(k−2k)(uk − uk−2, s+ h(k−1))

· · ·R(1k)

(
uk − u1, s+

k−1∑
j=2

h(j)

)
,

(E.7)

Πk(u1, · · · , uk−1;uk, s)

=
1

k!
R(u1, · · ·, uk−1;uk, s)

1···k−1;kR(u1, · · ·, uk−2;uk−1, s)
1···k−2;k−1

· · ·R(u1, u2;u3, s)
12;3R(u1;u2, s)

1;2.

We also need Π∗
k(s) defined by the same formula as (E.7) with replacing

R(u, s) by R∗(u, s). By using the DYBE (2.13) repeatedly, one obtains
another expression of Πk(u1, · · · , uk−1;uk, s)

Proposition E.2.

Πk(u1, · · · , uk−1;uk, s)

=
1

k!
R(u1;u2, · · ·, uk, s)

1;2···kR(u2;u3, · · ·, uk, s)
2;3···k · · ·R(uk−1;uk, s)

k−1k.

where for j < k

R(uj ;uj+1, · · · , uk, s)
j;j+1···k

= R(jj+1)

(
uj+1 − uj , s+

k∑
i=1

�=j,j+1

h(i)

)
R(jj+2)

(
uj+2 − uj , s+

k∑
i=1

�=j,j+1,j+2

h(i)

)
· · ·R(jk)(uk − uj , s).
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Proposition E.3. Let L(z) be the L operator defined by (E.2).
Then we have

(E.8)

Π∗
k(u1, · · · , uk−1;uk, P ) tL

(1)
(u1)

tL
(2)

(u2) · · · tL(k)
(uk)

= tL
(k)

(uk)
tL

(k−1)
(uk−1) · · · tL(1)

(u1)Πk

(
u1, · · ·, uk−1;uk, P+h−

k∑
j=1

h(j)

)
.

Note that

R(ij)(u, s+ h(i) + h(j)) = R(ij)(u, s).

Now let us consider the operators Πk(u1, · · · , uk−1;uk, P + h) and
Π∗

k(u1, · · · , uk−1;uk, P ) with the specialization of the spectrum param-
eters (u1, u2, · · · , uk) = (u, u− 1, · · · , u− (k− 1)). We denote the resul-
tant operators by Πk(P+h) and Π∗

k(P ), respectively. Let us set [1, N ] =
{1, 2, · · · , N}, I = {i1, i2, · · · , ik} ⊆ [1, N ] with i1 < i2 < · · · < ik and
define

vI = CI vi1 ∧ vi2 ∧ · · · ∧ vik ,

vi1 ∧ vi2 ∧ · · · ∧ vik =
1

k!

∑
σ∈Sk

sgnσ viσ(1)
⊗̃viσ(2)

⊗̃ · · · ⊗̃viσ(k)
,

CI =
∏

1≤a<b≤k

√
ρ∗0[a]∗

[1]∗
ρ0[a]

[1]

[(P + h)ia,ib + 1]

[Pia,ib ]
∗ .

Proposition E.4. For 2 ≤ k ≤ N and s = P, P + h ∈ H,

Im Πk(s) = ∧kV.(E.9)

In particular, Im ΠN (s) is the one dimensional subspace of V⊗̃N spanned
by

v[1,N ] = C[1,N ] v1 ∧ v2 ∧ · · · ∧ vN .

Proof. By induction one has

Π∗
k(P )vi1⊗̃vi2⊗̃ · · · ⊗̃vik

=
∏

1≤a<b≤k

ρ∗0
[a]∗[Pia,ib + 1]∗

[1]∗[Pia,ib ]
∗ vi1 ∧ vi2 ∧ · · · ∧ vik ∈ ∧kV.
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Then noting the identity∏
1≤a<b≤k

ρ∗0
[a]∗[Pia,ib + 1]∗

[1]∗[Pia,ib ]
∗ = NICI(E.10)

where

NI =
∏

1≤a<b≤k

√
ρ∗0[a]∗[1]
ρ0[a][1]∗

[Pia,ib + 1]∗

[(P + h)ia,ib + 1]
,(E.11)

one obtains

Π∗
k(P )vi1⊗̃vi2⊗̃ · · · ⊗̃vik = NI vI .

Similarly using the identity∏
1≤a<b≤k

ρ0
[a][(P + h)ia,ib + 1]

[1][(P + h)ia,ib ]
= N ′

ICI ,(E.12)

with

N ′
I =

∏
1≤a<b≤k

√
ρ0[a][1]∗

ρ∗0[a]∗[1]
[Pia,ib ]

∗

[(P + h)ia,ib ]
,(E.13)

one obtains

Πk(P + h)vi1⊗̃vi2⊗̃ · · · ⊗̃vik = N ′
I vI .

Q.E.D.
Consider the projection operator Ak : V⊗k → ∧kV

Ak =
1

k!

∑
1≤j1,··· ,jk≤N

ja �=jb(a �=b)

∑
σ∈Sk

sgnσEjσ(1),j1⊗̃ · · · ⊗̃Ejσ(k),jk .

Note that AkΠ
∗
k(P ) = Π∗

k(P ).

Definition E.5. Let I = {i1, i2, · · · , ik}, J = {j1, j2, · · · , jk} ⊂
[1, N ] with ia < ib, ja < jb for 1 ≤ a < b ≤ k. We define the quantum
minor determinant l(z)JI of L(z) by

Π∗
k(P ) tL

(1)
(u)tL

(2)
(u− 1) · · · tL(k)

(u− (k − 1))vi1⊗̃ · · · ⊗̃vik

=Ak
tL

(k)
(u−(k−1))tL

(k−1)
(u−(k−2)) · · · tL(1)

(u)Πk(P+h)vi1⊗̃ · · · ⊗̃vik

=
∑

1≤j1<···<jk≤N

l(z)JI vJ .
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For τ ∈ Sk we set τ(I) = {iτ(1), · · · , iτ(k)} and define[28]

sgnI(τ, P + h) =
∏

1≤a<b≤k
τ(a)>τ(b)

[(P + h)iτ(a),iτ(b)
+ 1]

[(P + h)iτ(b),iτ(a)
+ 1]

,

sgn∗I(τ, P ) =
∏

1≤a<b≤k
τ(a)>τ(b)

[Piτ(a),iτ(b)
+ 1]∗

[Piτ(b),iτ(a)
+ 1]∗

.

Then we have

Proposition E.6.

l(u)JI

= NJ

∑
σ∈Sk

sgn∗J (σ, P )Li1jσ(1)
(u)Li2jσ(2)

(u− 1) · · ·Likjσ(k)
(u− (k − 1))

= N ′
J

FI(P + h)

FJ(P + h)

∑
σ∈Sk

sgnσ Liσ(k)jk(u− (k − 1))Liσ(k−1)jk−1
(u− (k − 2))

· · ·Liσ(1)j1(u),

where

FI(P + h) =
∏

1≤a<b≤k

[(P + h)ia,ib + 1]

[(P + h)ia,ib ]
.

In particular, in the case I = J = [1, N ] we obtain the quantum deter-
minant of L(z) :

q-detL(u)

= N[1,N ]

∑
σ∈SN

sgn∗[1,N ](σ, P )L1σ(1)(u)L2σ(2)(u−1) · · ·LNσ(N)(u−(N−1))

= N ′
[1,N ]

∑
σ∈SN

sgnσ Lσ(N)N (u− (N − 1))Lσ(N−1)N−1(u− (N − 2))

· · ·Lσ(1)1(u).

Proof. The statement follows from a standard calculation given for
example in [55] and the formulas

sgn∗[1,N ](σ, P ) =
∏

1≤a<b≤N
σ(a)>σ(b)

[Piσ(a),iσ(b)
+ 1]∗

[Piσ(b),iσ(a)
+ 1]∗

=
∏

1≤a<b≤N

[Piσ(a),iσ(b)
+ 1]∗

[Pia,ib + 1]∗
,

sgnσ =
∏

1≤a<b≤N

[Pia,ib ]
∗

[Piσ(a),iσ(b)
]∗

=
∏

1≤a<b≤N

[(P + h)ia,ib ]

[(P + h)iσ(a),iσ(b)
]
.

Q.E.D.
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Note that the formulas in Proposition E.6 are consistent to the ones
obtained by Hartwig using the co-module algebras[28].

Now using the identity sgnτ Cτ(I)/CI = sgnI(τ, P + h) we have

Proposition E.7.

vτ(I) = sgnI(τ, P + h)vI .(E.14)

Then we obtain

Proposition E.8. For τ ∈ Sk,

l(u)Jτ(I) = sgnI(τ, P + h) l(u)JI ,(E.15)

l(u)
τ(J)
I =

1

sgnJ(τ, P + h)
l(u)JI .(E.16)

Then noting (4.9) and Proposition 4.8 we obtain

Proposition E.9.

Δ(l(u)JI ) =
∑

1≤l1<···<lk≤N

NJ

NL
l(u)LI ⊗̃ l(u)JL.(E.17)

In particular,

Δ(q-detL(u)) = q-detL(u)⊗̃q-detL(u).(E.18)

Next for ≤ l ≤ k let us set îl = I\{il} and define

N (l)
I =

NI

Nîl

, F
(l)
I (P + h) =

FI(P + h)

Fîl
(P + h)

etc.. Note that

F
(l)
I (P + h) =

∏
1≤a<l

[(P + h)ia,il + 1]

[(P + h)ia,il ]

∏
l<a≤k

[(P + h)il,ia + 1]

[(P + h)il,ia ]
.

Then by a direct calculation using the expressions of l(u)JI in Proposition
E.6 we obtain
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Proposition E.10.

l(u)JI =
k∑

l=1

N (l)
J

∏
l<a≤k

[Pja,jl + 1]∗

[Pjl,ja + 1]∗
l(u)ĵl

îk
Likjl(u− (k − 1)),

=
k∑

l=1

Li1jl(u) l(u− 1)ĵl
î1

N (l)
J

∏
1≤a<l

[Pjl,ja + 1]∗

[Pja,jl + 1]∗
,

=

k∑
l=1

Liljk(u− (k − 1)) l(u)ĵk
îl

N (k)
J

F
(l)
I (P + h)

F
(k)
J (P + h)

(−1)k−l,

=
k∑

l=1

N (1)
J

F
(l)
I (P + h)

F
(1)
J (P + h)

(−1)k−l l(u− 1)ĵ1
îl

Lilj1(u)

Proposition E.11. For 1 ≤ i ≤ N ,

q-detL(u)

=

N∑
l=1

N (l)
[1,N ]

∏
i<a≤N

[(P+h)i,a+1]

[(P+h)a,i+1]

∏
l<a≤N

[Pa,l+1]∗

[Pl,a+1]∗
l(u)l̂

î
Lil(u−(N−1)),

=
N∑
l=1

Lil(u) l(u− 1)l̂
î
N (l)

[1,N ]

∏
1≤a<i

[(P + h)a,i + 1]

[(P + h)i,a + 1]

∏
1≤a<l

[Pl,a + 1]∗

[Pa,l + 1]∗
,

=
N∑
l=1

Lli(u− (N − 1)) l(u)î
l̂
(−1)N−lN (i)

[1,N ]

F
(l)
[1,N ](P + h)

F
(i)
[1,N ](P + h)∏

i<a≤N

[(P + h)i,a + 1]

[(P + h)a,i + 1]
,

=

N∑
l=1

(−1)N−lN (i)
[1,N ]

F
(l)
[1,N ](P+h)

F
(i)
[1,N ](P+h)

∏
1≤a<j

[(P+h)a,i + 1]

[(P+h)i,a + 1]
l(u− 1)ĵ

l̂
Lli(u)

Proof. Consider the case I = J = [1, N ] in Proposition E.10 and use
Proposition E.8 for the cyclic permutations τ = (i, i + 1, · · · , N) in the
1st and the 4th lines, whereas for τ = (i, i− 1, · · · , 2, 1) in the 2nd and
the 3rd lines.
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E.2. Gauge transformation

Inserting (E.2) into the expressions of l(u)JI in Proposition E.6 we

define the quantum minor determinant l̂+(u)JI of L̂+(u) by

l(u)JI =

⎛⎝ ∏
1≤a<b≤k

[1]∗

[1]

[(P + h)ia,ib + 1]

[(P + h)ja,jb + 1]

⎞⎠ l̂+(u)JI .(E.19)

For σ ∈ S we set

ŝgnI(σ, P + h) =
∏

1≤a<b≤k
σ(a)>σ(b)

[(P + h)iσ(a),iσ(b)
+ 1]

[(P + h)iσ(b),iσ(a)
]

,

ŝgn
∗
I(σ, P ) =

∏
1≤a<b≤k
σ(a)>σ(b)

[Piσ(a),iσ(b)
+ 1]∗

[Piσ(b),iσ(a)
]∗

.

Proposition E.12.

l̂+(u)JI

= Nk

∑
σ∈Sk

ŝgn
∗
J(σ, P )L̂+

i1jσ(1)
(u)L̂+

i2jσ(2)
(u− 1) · · · L̂+

ikjσ(k)
(u− (k − 1)),

= N−1
k

∑
σ∈Sk

ŝgnI(σ, P + h)L̂+
iσ(k)jk

(u− (k − 1))L̂+
iσ(k−1)jk−1

(u− (k − 2))

· · · L̂+
iσ(1)j1

(u),

where

Nk =
∏

1≤a<b≤k

√
ρ∗0[a]∗[1]
ρ0[a][1]∗

.
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Proof. Inserting (E.2) and using (3.65) and (3.66), we have

Li1jσ(1)
(u)Li2jσ(2)

(u− 1) · · ·Likjσ(k)
(u− (k − 1))

=
∏

1≤a<b≤k

[(P+h)ia,ib+1]

[1]
L̂+
i1jσ(1)

(u)L̂+
i2jσ(2)

(u−1) · · · L̂+
ikjσ(k)

(u−(k−1))

×
∏

1≤a<b≤k

[1]∗

[Pja,jb + 1]∗
∏

1≤a<b≤k
σ(a)>σ(b)

[Pjσ(b),jσ(a)
+ 1]∗

[Pjσ(b),jσ(a)
]∗

Liσ(k)jk(u− (k − 1))Liσ(k−1)jk−1
(u− (k − 2)) · · ·Liσ(1)j1(u)

=
∏

1≤a<b≤k

[(P + h)ia,ib ]

[1]

∏
1≤a<b≤k
σ(a)>σ(b)

[(P + h)iσ(a),iσ(b)
+ 1]

[(P + h)iσ(a),iσ(b)
]

×L̂+
iσ(k)jk

(u−(k−1))L̂+
iσ(k−1)jk−1

(u−(k−2)) · · · L̂+
iσ(1)j1

(u)
∏

1≤a<b≤k

[1]∗

[Pja,jb ]
∗ .

Q.E.D.

Corollary E.13.

q-detL̂+(u)

= NN

∑
σ∈SN

ŝgn
∗
[1,N ](σ, P )L̂+

1σ(1)(u)L̂
+
2σ(2)(u−1) · · · L̂+

Nσ(N)(u−(N−1)),

= N−1
N

∑
σ∈SN

ŝgn[1,N ](σ, P + h)L̂+
σ(N)N (u− (N − 1))

L̂+
σ(N−1)N−1(u− (N − 2)) · · · L̂+

σ(1)1(u).

Proposition E.14.

l̂+(u)Jτ(I) = ŝgnI(τ, P + h) l̂+(u)JI ,(E.20)

l̂+(u)
τ(J)
I = ŝgn

∗
J(τ, P ) l̂+(u)JI .(E.21)

Proposition E.15.

Δ(l̂+(u)JI ) =
∑

1≤l1<···<lk≤k

l̂+(u)LI ⊗̃ l̂+(u)JL.(E.22)

Proof. Note Δ(Nk) = Nk⊗̃Nk and

Δ(ŝgn
∗
I(σ, P )) = 1⊗̃ ŝgn

∗
I(σ, P ), Δ(ŝgnI(σ, P+h)) = ŝgnI(σ, P+h)⊗̃1.

Q.E.D.
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Proposition E.16.

l̂+(u)JI =
k∑

l=1

N ′
k

∏
l<a≤k

[Pja,jl + 1]∗

[Pjl,ja ]
∗ l̂+(u)ĵl

îk
L̂+
ikjl

(u− (k − 1)),

=
k∑

l=1

L̂+
i1jl

(u) l̂+(u− 1)ĵl
î1

N ′
k

∏
1≤a<l

[Pjl,ja + 1]∗

[Pja,jl ]
∗ ,

=

k∑
l=1

L̂+
iljk

(u− (k − 1)) l̂+(u)ĵk
îl

N ′
k
−1

∏
l<a≤k

[(P + h)ia,il + 1]

[(P + h)il,ia ]
,

=
k∑

l=1

N ′
k
−1

∏
1≤a<l

[(P + h)il,ia + 1]

[(P + h)ia,il ]
l̂+(u− 1)ĵ1

îl
L̂+
ilj1

(u),

where

N ′
k =

Nk

Nk−1
=

∏
1≤a≤k−1

√
ρ∗0[a]∗[1]
ρ0[a][1]∗

.

Proposition E.17. For 1 ≤ i ≤ N ,

q-detL̂+(u)

=
N∑
l=1

N ′
N

∏
i<a≤N

[(P+h)i,a]

[(P+h)a,i+1]

∏
l<a≤N

[Pa,l+1]∗

[Pl,a]∗
l̂+(u)l̂

î
L̂+
il (u−(N−1)),

=
N∑
l=1

L̂+
il (u) l̂

+(u− 1)l̂
î
N ′

N

∏
1≤a<i

[(P + h)a,i]

[(P + h)i,a + 1]

∏
1≤a<l

[Pl,a + 1]∗

[Pa,l]∗
,

=
N∑
l=1

L̂+
li (u−(N−1)) l̂+(u)î

l̂
N ′

N
−1

∏
l<a≤N

[(P+h)a,l+1]

[(P+h)l,a]

∏
i<a≤N

[Pa,i + 1]∗

[Pi,a]∗
,

=
N∑
l=1

N ′
N

−1
∏

1≤a<l

[(P + h)l,a + 1]

[(P + h)a,l]

∏
1≤a<i

[Pa,i]
∗

[Pi,a + 1]∗
l̂+(u− 1)î

l̂
L̂+
li (u)

Comparing this and the axiom for the antipode S, we determine

the action of S on L̂+
il (u) and l̂+(u)î

l̂
. For each there are four different

expressions. For example,
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Proposition E.18.

S(L̂+
il (u)) = l̂+(u− 1)î

l̂
N ′

N

∏
1≤a<l

[(P + h)a,l]

[(P + h)l,a + 1]

∏
1≤a<i

[Pi,a + 1]∗

[Pa,i]∗

×(q-detL̂+(u))−1,

S(l̂+(u)î
l̂
) = N ′

N

∏
i<a≤N

[(P+h)i,a]

[(P+h)a,i+1]

∏
l<a≤N

[Pa,l+1]∗

[Pl,a]∗
(q-detL̂+(u))−1.

Combining these we obtain

Proposition E.19.

S2(L̂+
il (u)) =

∏
a∈î

[(P + h)i,a + 1]

[(P + h)i,a]
L̂+
il (u−N)

∏
a∈l̂

[Pa,l + 1]∗

[Pa,l]∗
.

Proposition E.16 also yields

Proposition E.20.

(L̂+(u)−1)ij = S(L̂+
ij(u)).

E.3. Formulas for the half currents

In this section we follow the idea in [31].

For 1 ≤ a, b ≤ N let us define L̂+(u)a,a = (L̂+
i,j(u))a≤i,j≤N and

L̂+(u)a,b =

⎛⎜⎜⎜⎜⎝
L̂+
ab(u) L̂+

aa+1(u) · · · L̂+
aN (u)

L̂+
a+1b(u) L̂+

a+1a+1(u) · · · L̂+
a+1N (u)

...
...

...

L̂+
Nb(u) L̂+

Na+1(u) · · · L̂+
NN (u)

⎞⎟⎟⎟⎟⎠ for a > b

=

⎛⎜⎜⎜⎜⎝
L̂+
ab(u) L̂+

ab+1(u) · · · L̂+
aN (u)

L̂+
b+1b(u) L̂+

b+1b+1(u) · · · L̂+
b+1N (u)

...
...

...

L̂+
Nb(u) L̂+

Nb+1(u) · · · L̂+
NN (u)

⎞⎟⎟⎟⎟⎠ for a < b.

Then we have the following Gauss decompositions.
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Lemma E.21. For a > b

L̂+(u)a,b

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 F+
a,a+1(z) F+

a,a+2(z) · · · F+
a,N (z)

0 1 F+
a+1,a+2(z) · · · F+

a+1,N (z)
...

. . .
. . .

. . .
...

...
. . . 1 F+

N−1,N (z)

0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
K+

a (z)E+
a,b(u) 0 · · · 0

0 K+
a+1(z)

...
...

. . . 0
0 · · · 0 K+

N (z)

⎞⎟⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0

E+
a+1,b(z) 1

. . .
...

E+
a+2,b(z) E+

a+2,a+1(z)
. . .

. . .
...

...
...

. . . 1 0
E+

N,b(z) E+
N,a+1(z) · · · E+

N,N−1(z) 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

For a < b

L̂+(u)a,b

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 F+
a,b+1(z) F+

a,b+2(z) · · · F+
a,N (z)

0 1 F+
b+1,b+2(z) · · · F+

b+1,N (z)
...

. . .
. . .

. . .
...

...
. . . 1 F+

N−1,N (z)

0 · · · · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
F+
a,b(u)K

+
b (z) 0 · · · 0

0 K+
b+1(z)

...
...

. . . 0
0 · · · 0 K+

N (z)

⎞⎟⎟⎟⎟⎟⎠

×

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · · · · 0

E+
b+1,b(z) 1

. . .
...

E+
b+2,b(z) E+

b+2,b+1(z)
. . .

. . .
...

...
...

. . . 1 0
E+

N,b(z) E+
N,b+1(z) · · · E+

N,N−1(z) 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The formula for L̂+(u)a,a is the same as (6.16) with l = a.

Let us write the Gauss decomposition of L̂+(u)a,b in the above
Lemma as

L̂+(u)a,b = Fa,b(u)Ka,b(u)Ea,b(u).
Then we have

Fa,b(u)
−1 = Ka,b(u)Ea,b(u)L̂+(u)−1

a,b.
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Comparing the (1, 1) component of the both sides we obtain the follow-
ing.

Lemma E.22.

K+
a (u) =

1

(L̂+(u)−1
a,a)11

for a = b,(E.23)

E+
a,b(u) = (L̂+(u)−1

a,a)11
1

(L̂+(u)−1
a,b)11

for a > b,(E.24)

F+
a,b(u) =

1

(L̂+(u)−1
a,b)11

(L̂+
b (u)

−1)11 for a < b.(E.25)

Noting

(L̂+(u)−1
a,b)11 = (l̂+(u− 1)a,b)

1̂
1̂
(q-detL̂+(u)a,b)

−1N ′
N−a+1,

(l̂+(u− 1)a,b)
1̂
1̂
= q-detL̂+(u− 1)a+1,a+1,

we have

Theorem E.23.

K+
a (u) =

q-detL̂+(u)a,a
N ′

N−a+1

1

q-detL̂+(u− 1)a+1,a+1

,(E.26)

E+
a,b(u) =

1

q-detL̂+(u)a,a
q-detL̂+(u)a,b for a > b,(E.27)

F+
a,b(u) = q-detL̂+(u)a,b

1

q-detL̂+(u)b,b
for a < b.(E.28)

Corollary E.24. Let us define

K(u) = K+
1 (u)K+

2 (u− 1) · · ·K+
N (u− (N − 1)).(E.29)

Then

q-detL̂+(u) = NN K(u).(E.30)

Moreover the q-determinant q-detL̂+(u) belongs to the center of Eq,p(ĝlN ).

Proof. Since K+
l (v), Ei(v) = const.(E+

i+1,i(v + c/4)− E−
i+1,i(v − c/4)),

Fi(v) = const′.(F+
i,i+1(v − c/4) − F−

i,i+1(v + c/4)) (1 ≤ l ≤ N, 1 ≤ i ≤
N −1) satisfy the same commutation relations as the elliptic currents of

Uq,p(ĝlN ), K(u) commutes with K+
l (v), Ei(v), Fi(v),F due to Proposi-

tion 3.2. Hence by Definition 6.2K(u) commutes withK±
l (v), E±

i+1,i(v),

F±
i,i+1(v) so that K(u) commutes with L̂+(v). Q.E.D.
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