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Representations of Degenerate Affine Hecke Algebra
and gl,

Takeshi Suzuki

Abstract.

We study the representation theory of the degenerate affine Hecke
algebra H; of GL, using functors that connect the representation
theory of Hy and that of the Lie algebra gl,,. In particular, a new al-
gebraic approach to the classification theorem of simple Hy-modules
is given.

Introduction

Let H, denote the degenerate (or graded) affine Hecke algebra of GL,
introduced by Drinfeld [Dr] as a certain limit of the affine Hecke algebra.
Lusztig [Lul, Lu2] introduced the degenerate affine Hecke algebra asso-
ciated to a general reductive group, and proved that the representation
theory of the degenerate affine Hecke algebra and that of the corre-
sponding affine Hecke algebra are very close, and one can be essentially
recovered from the other.

The representation theory of the (degenerate) affine Hecke algebra
has been developed by some methods. Zelevinsky [Zel] classified sim-
ple admissible modules over GLy(F), where F is a p-adic field. This
gives a classification of simple modules over the affine Hecke algebra
of GL, through a theorem due to Bernstein, Borel and Matsumoto. In
Zelevinsky’s classification, the simple modules are constructed as unique
simple quotient modules (resp. unique simple submodules) of certain in-
duced modules called standard modules (resp. co-standard modules). In
[Ze2, Ze3], Zelevinsky conjectured that the multiplicities of simple mod-
ules in the composition series of an induced module are described by
Kazhdan-Lusztig polynomials of the symmetric group.

This conjecture was proved by Ginzburg [Gil] (see also [CG]) through
geometric methods. (In fact, Ginzburg gave the multiplicity formulas for
general affine Hecke algebras in terms of intersection cohomologies. For
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degenerate affine Hecke algebras, the corresponding formulas were given
by Lusztig [Lu3].)

As shown in [BB1, BK], the Kazhdan-Lusztig polynomials also occur
in the multiplicity formulas for highest weight modules over semisimple
Lie algebras. Consequently, the multiplicity formulas for Hy-modules
and those for gl,-modules are both described by the Kazhdan-Lusztig
polynomials of the symmetric group.

This observation led us to the study of a family of functors from
the category O of gl,-modules to the category of finite-dimensional Hj-
modules in [AS, Su]. It turned out that these functors, which arose
from conformal field theory [AST], transform the composition series of
a Verma module to the composition series of a standard module under
certain conditions, and they connect multiplicity formulas in two cate-
gories directly. They give a new approach to the representation theory
of H,. For example, some results for Hy-modules can be deduced from
the corresponding results for gl,,-modules through the functors.

The purpose of this paper is to survey the theory of the functors
and to see how it is applied to the study of the representation theory of
H,

After some preliminaries in §1 and §2, we define the functors in
§3. It turns out that the functors map a Verma module over g, to
an induced module over Hy, which we introduce in §4. One of the most
important statement concerning induced modules is Theorem 5.3, which
states that an induced module has a unique simple quotient under cer-
tain conditions. Using Theorem 5.3, we prove that a simple module over
gl,, is mapped to a simple module over H; (or zero) in §5. Theorem 5.3
also plays an essential role in §6, where we give a new proof for the
classification of simple Hy-modules. The functors reduce a part of the
problem to the classification of simple modules in the category O. In
§7, we apply the functors to get some explicit consequences concerning a
special class of simple modules parameterized by skew Young diagrams.
§8 is on Kazhdan-Lusztig multiplicity formulas. We see that the multi-
plicity formulas for gl,, (given in [BB1, BK]) imply those for H, (given
in [Gil, Lu3]) via the functors. We also obtain a refinement of the
multiplicity formulas concerning the Jantzen filtration on the induced
modules (Rogawski’s conjecture).

We treat the degenerate affine Hecke algebra in this paper but it
is not hard to extend the story to the non-degenerate case, where-the
degenerate affine Hecke algebra is replaced by the affine Hecke algebra,
and gl, is replaced by its quantum enveloping algebra. In Appendix
B, we give an action of the affine Hecke algebra on the tensor product
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of modules over the quantized enveloping algebra. A g-analogue of the
functors is constructed from this action.

Acknowledgment. I would like to thank T. Arakawa and A. Tsuchiya
for the collaboration in [AST] and [AS]. Thanks are also due to B.
Leclerc for valuable discussions during his stay in RIMS. I am grateful
to M. Kashiwara and A. Ram for important comments.

§1. Root system and Lie algebra gl,,

Let n € Z»2. Let gl, denote the Lie algebra consisting of all n x n
matrices with entries in C. An inner product is defined on gl,, by

(1.1) (@y)n = tr(zy)

for z,y € gl,,. Let t, be the Cartan subalgebra of gl,, consisting of all
diagonal matrices, and let t} be its dual space. The natural pairing is
denoted by (, ), : t; xt, — C. Let E; j (1 <14,j < n) denote the matrix
with only nonzero entries 1 at the (4, j)-th component. Define a basis
{€i}i=1,....n of }, by €;(E; ;) = d; ;, and define the roots by a;; = €; —¢;
and the simple roots by a; = €¢; — €;11.

Put
(1.2) Rn={oy | 1<i#j<n},
(19  Rf={ayll<i<j<n}, Ry=Ra.\Ef,
(1.4) I, ={a; |i=1,...,n -1}

Then R, C ¢, is a root system of type A,_1. Since the restriction of
(| )n to t, is non-degenerate, we have an isomorphism t} = t,,, whose
image of £ € t}, is denoted by £V. In particular we have ¢} = E,;; and
a) = E;; — Ei11,i+1. We often identify t;, with C™ by Y I ; \ie; &
A1y An).

Define

-1
(15) Qn=® Za,
i=1
(1.6) P, = élzfi, Pf={\eP,|(\aY), >0forallac R}
1=

An element of P, (resp. P;) is called a integral (resp. dominant integral)
weight.

Putting n}t = ®;<;CE, j, n,, = ®>;CE;;, we have a triangular
decomposition gl,, = n} &t, ®n, . We put bf = nEf @ t,.
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The Weyl group W,, associated to the root system (R,,Il,) is, by
definition, a subgroup of GL(t},) generated by the reflections s, (o € R,)
defined by

(1.7) saA) =X - (A, a"),a (Aet).
We often use another action of W, on t},, which is given by
(1.8) wod=wA+p)—p (weWy, Aet;),

where p=(n—-1,n-2...,0) € t-.
For a t,-module X and X\ € t},, put

(1.9) Xy={veX|hv=(\h),viorall het,},
(1.10)  XE" =

{veX | (h—{\h),)v=0forall h € t,, some k € Z5o},
(1.11) P(X)={r et | X\ #0}.

gen

The space X (resp X5 ') is called the weight space (resp. generalized
weight space) of weight A with respect to t,, and an element of P(X) is
called a weight of X.

Let U(gl,,) denote the universal enveloping algebra of gl,,. There is
a unique anti-involution o of U(gl,,) such that o(E;;) = Ej;. For a gl,,-
module X, a bilinear form (| ) : X x X — C is called a g[,,-contravariant
form if (u|zv) = (o(z)ulv) for all u,v € X and z € gl,,.

For A € £, let M(X) = U(gl,) ®y 5y Cva denote the Verma module
with highest weight A, where vy denotes the highest weight vector. There
is a unique gl -contravariant form on M(\) such that (vx|vy) = 1. It
follows that the radical of ( | ) is the unique maximal submodule of
M()). (See e.g. [Ja] for the proofs.) The unique simple quotient module
of M () is denoted by L(\).

Let O = O(gl,) denote the category of gl,-modules which are
finitely generated over U(gl,,), n;}-locally finite and t,-semisimple (see
[BGG]). The modules M(A) and L{\) are objects of O. Let xy :
Z(U(gl,)) — C denote the infinitesimal character of M(A) (i.e. zv =
xx{z)v for all z € Z(U(gl,)), v € M(X\)). We introduce an equivalence
relation in t}, by

(1.12) A~vp S A=wop for some w € G,,.

Then it follows that x) = x, if and only if A ~ u. Define the full
subcategory OX* of O by

(1.13) 0bOX* = {X € 0bO | (Kerxy)¥X = 0 for some k}.
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Then any X € 0b O admits a decomposition
(1.14) X =pXx>
A

such that X*> € ob OX*, where X runs over all representatives of t}/ ~.
The correspondence X — XX* gives an exact functor on O.
For X € 0b O, put

(1.15) H’(n}, X) = {ve X |nfv=0},
(1.16) Ho(n,, X)=X/n_X.

Then these are finite-dimensional t,-modules. By the universality of the
Verma module and (1.14), we have H%(n}, X)) = Hom g (M(}),X) =
Hom g (M(X), X**)) = H%(n}, X**),. It also holds that Ho(n;;, X)) =
Hy(n;, X**)y. Hence we have a natural injective (resp. surjective) map
HO(nF, X)x = (X*)s, (resp. (X**)y — Ho(ny, X)y). Set

(1.17) Dp={\et| (A+paY), &L forall o € R}}.

Lemma 1.1 ([AS]). Let A € D,. Then the maps defined above are
both bijective: HO(n}, X)) = (X>*)x & Ho(n,;, X)x.

§2. Symmetric group and degenerate affine Hecke algebra

Let £ € Z>,. Let &, denote the symmetric group. Let s; denote the
simple reflection (4,7 + 1). Then &, is generated by si,...,s,—1, and
the correspondence s; — s,,; gives an isomorphism from &, to the Weyl
group W of the root system (Rg, I;).

The length function | : &, — Zx¢ is defined by I(w) = §R¢(w) for
w € &y, where

(2.1) Re(w) = Rf nw™}(Ry).

We write w — y if y = sqw for some o € Ry and l(w) < I(y). Define
w < y if there is a sequence w — w; — wy — --- — y. The resulting
relation < in &, defines a partial order called the Bruhat order. Put

n
Po(@) ={A\€P[X>0(=1,...,n)and Y X =1},
i=1

PH () = P.()n P}

An element of P, (¢) is called a partition of £ with n components. The set
Pt (¢) is in one to one correspondence with the set of Young diagrams
with £ boxes consisting of at most n rows.



348 T. Suzuki

Define a surjective map P,(¢) — P (£) by the correspondence \ —
AT, where At denotes the unique element in P (¢) N {w(}\) | w € G,}.

Let us recall that simple Gy-modules are parameterized by the set
P} (£). Let Sy denote the simple module corresponding to A € P, (¢).

For A = (A1,...,An) € P,(f), consider the parabolic subgroup
Gy :=6), X -- X B), of &¢ and set

(2.2) 6y ={we & |l(ws) > l(w) for all s € G\ N {s1,...,80-1}}-

Then an element w of 63% is the unique shortest element in the coset
wS),.

The group &, acts on the set &3 2 &,/ and thus the space C[G3]
spanned by the elements in &y is regarded as a C[G,]-module. The &,-
module structure of C[65] depends only on the image A* € P,(¥).

Let A € P} (¢). It is known that the G,-module C[S5] decomposes
into
(2.3) ceil=se @ S0,

VvEPT (L), vbX
where > denotes the dominance order in the set of partitions, and K, »
denotes some non-negative integer called Kostka number (see e.g. [Mac,
Sal).

Let S(t¢) denote the symmetric algebra of t,, which is isomorphic to
the polynomial ring C[ey, ..., €]

Definition 2.1. The degenerate (or graded) affine Hecke algebra H,
of GL, is the unital associative algebra over C defined by the following
properties:

(i) As a vector space, Hy & C[G] ® S(te).

(ii) The subspaces C[Gy] ® C and C® S(t;) are subalgebras of H, in
a natural fashion (their images will be identified with C[G,] and S(t¢)
respectively).

(iii) The following relations hold in Hy:
(2.9) si-&—si(€) - si=—(a,€), (i=1,...,¢ E€ty).
Proposition 2.2. [Lul] The center of Hy is

S(te)® := {f € S(te) | w(f) = f for any w € &}

It is easy to verify that there exists a unique anti-involution ¢ on Hp
such that

(2.5) Usi)=si(i=1,....,£-1), e)=¢ (i=1,...,0).
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For an Hy-module Y, a bilinear form ( | ) : Y xY — C is called an
Hj-contravariant form if (u|zv) = (¢{z)ulv) for all u,v € Y and all
r € Hp.

Let us introduce intertwining operators, which are useful tools for
the investigation of representation theory of Hy. In the rest of this
section we refer to e.g. [Lul, AST] for the proofs of statements.

For each i € {1,...,£ — 1}, we put

¢1; =1 +s,~a}’ (S He.
Then we have
¢i-§=3si(€) ¢ (£ €te)

Proposition 2.3. The elements {¢;}; defined above satisfy the follow-
ing relations:

(2.6) i biv1 i =dig1-Pi-piy1 (i=1,...,£-2),
(2.7) ¢i-d;=¢;i ¢ (li—Jl#1),
(2.8) p2=1-0aY> (i=1,...,6—1)).

For w € Gy, let w = 55, ---5;, € &, be a reduced expression. Put
¢w =¢j1 ¢J3 € He'

Then the element ¢,, does not depend on the choice of reduced expres-
sions by Proposition 2.3, and it holds that

(2.9) buy = Puw - Py if l(wy) = l(w) + L(y).
By (2.6), we have
(2.10) Puw-E=w() v (WEBG,EEL).

For an Hp-module Y and ¢ € tj, we define Y, YF*", and P(Y) by the

same formulas as (1.9), (1.10), and (1.11) respectively.
Note that any finite-dimensional Hy-module Y admits the decom-
position Y = ®cer; Y.

Proposition 2.4. LetY be an Hy-module. Let ( € t; and w € G,.
Then ¢ (Yy) C Yy and qu(YCgen) - Yf?g).

The element ¢, is called the intertwining operator (of weight spaces).
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Proposition 2.5. Let w € G,. The following relations hold in Hy :

(i)
$o=w- [[ @'+ y-p,

a€ERy(w) y<w
for some py € S(t¢). Here Re(w) = Rf nw™Y(Ry).
(i)
$u-1-dw= ][] @-a'?).

a€Ry(w)
§3. Functors F)
Let us recall the definition of the functor
Fx: O(gl,) — R(He)

introduced in [AS]. Here R(H,) denotes the category of finite-dimensional
representations of Hy. Let V,, = C™ denote the vector representation of

gl

Proposition 3.1 ([AS]). For any X € O(gl,), there exists a unique
homomorphism

(3.1) 9: Hy— Endyg (X ® V25

such that

(3.2) C0(s:) = it (i=1,...,0—1),

(3.3) 0€)= > Qi+n-1 (i=1,...,90),
0<j<i

where §;; denote the operator given by the element

(3.4) Z 197 ® Erm ®1®i-i-1 @ Emi® 1®¢4-% ¢ gIW“.
1<k,m<n

Remark 3.2. The action of &, given by (3.2) is just the natural action
of &, on V,8%.

Let A € D, and X € 0bO(gl,,). We define
(3.5) F\(X) = (XeV2H)

with an induced Hg-module structure through the homomorphism 4.
Obviously F) defines an exact functor from O(gl,) to R(Hy).
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Let X,Y € obO(gl,) with gl -contravariant forms ( | )x, (| )y.
Then the tensor product X ® Y is equipped with a gl,-contravariant
bilinear form (| )x % (| )y-

The following Proposition immediately follows from the definition
of the action 6.

Lemma 3.3 ([Su]). Let X be a gl,-module with a gl,-contravariant
form. The gl,,-contravariant form on X @ V2% is also Hy-contravariant,
and it induces an Hy-contravariant form on (X ® VE4)X* = F\(X).
§4. Induced modules

Let A\, p € £, be such that A — p € P,({), and put
(41) e, =)\i——,ui, (z:l,,n)

Put Hy_, := Hy, ® --- ® Hy, = C[Gx_,] ® S(t¢) and regard it as a
subalgebra of Hy. There exists a one-dimensional representation Cy , =
C1,,, of H) , such that

(4.2) wly, =1, (w € 6>\—#)7
(43) 51)\,# = <C>\,[l7£)el)\,u (5 € tZ)7

where (), € t; is given by

(4.4)
i—1 i—1 i
Oure)g=pmitn—i+j—Y b—1 for Y L<j<> l
k=1 k=1 k=1

Note, in particular, that if we put a; = 2;11 fp+1and b, = Efczl L,
then

(4'5) (Q\,mez\{i)l =(u+p, 62/>n, (Q\,M’ eg,—)[ =(A+p, 6:/)11 -1,

(4.6) (Oupra))y=—1fori¢ {b1,ba,...,ba}
Define an Hg-module M(A, p) by
(4.7) M\ p)=H; @ Cy,.

Hx_,

It is obvious that M(\, u) lcje, )= C[Gj—_ “] and thus its dimension
is given by

. £
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For ¢ € t}, let G4[¢] denote the stabilizer of ¢:
(48) Seld] = {5 € &¢ | w(¢) = ¢}

Lemma 4.1. For A\, u € t, such that A — p € P,({), we have

(i) PM(A 1) = {w(Crp) |we 63_}-
(if) For n € P(M(A,p)), we have

dim M(X, w5 = #{w € &3_, | w(Gru) = n}-
In particular, dimM()\,u)Eif‘” =# (6;\L_“ N 6@[(,\,“]) .

Proof. First, note that {wly, | w € 6,{_#} gives a basis of M(A, p).
For £ € t, and w € 63_,, it follows from the relation (2.4) that

Ewly,=w-w  (OLau+ Y ayyla,
y<w

(4.9) = (W(Cap), &) wliu+ Y ayylap,
y<w

for some numbers a,, where y runs over those elements of &y _ . such
that y < w. Hence we have (i). Now (ii) is obvious. Q.E.D.

We extend the definition of M(A, ) for any A, p € £ by
(410) - M\ p)=0for A\, u € t;, such that A — u ¢ P,(4).

Theorem 4.2 ([AS]). Let A € D, and p € t},. Then there is an
isomorphism of Hg-modules

Fx(M (1)) = M, ).

For w € G, let wl)“ denote the unique longest element in the coset

Sn(A + plwShnu + p].

Lemma 4.3. Let A p€ D, andw € &, be such that \—wop € P,(£).
Then M(A\,wo u) & M()\,wz‘ o).

Proof. We prove the statement using the fact known in the representa-
tion theory of gl ; there exists an injective homomorphism M (wf; ou) —
M(w o u). By applying the exact functor F), we have an injective
homomorphism M()\,wﬁ ou) = M(Mwop). It is easy to see that
A —wop)* = (A —w)op)t. This implies dim M(\,w) o p) =
dim M(\, w o u) and thus M(A, wo pu) = M(), wﬁ‘ o). Q.E.D.
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§5. Simple quotient

We give a sufficient condition for an induced module to have a unique
simple quotient (Theorem 5.3), which is an essential step to the classifi-
cation of simple representations of Hy. Theorem 5.3 has been obtained
by Zelevinsky [Zel]. We give another proof and the key Lemma 5.2
seems to be new.

Lemma 5.1. Let A\, p € t, be such that \—pu € P,({), and suppose that
A+paf), =0o0r (A+p,af), ¢ Z. Then M(\, p) = M(sjo, s;opu).

Proof. If (A + p, ), = 0, then the statement follows from Lemma 4.3.

Suppose (A + p,a)), ¢ Z. Put £; = X\; —p; (j = 1,...,n) and
let w be the element of &y ¢, , corresponding to the permutation
(1,2,...,&' +lip1)— G+ 1,4,+2,...,6,+4;41,1,2,...,¢;). Regard
Sr4¢;, as a subgroup of &y via {1} x Gg, 1, X {1} C Sp qqp,_, X
Gpittisr X Stipgttt, © S¢. Then (s on,5,0u = w((),u) and there exists
an Hy-homomorphism M(s;0\, s;ou) — M(A, ) such that 1,05 s,0u —
¢wlyu- It follows from Proposition 2.5-(ii) that ¢,,-1¢, 1, is nonzero
and thus ¢,, is invertible. Hence it gives an isomorphism. Q.E.D.

For n € &, put Ry[n] = {a € R, | (n,a), = 0}. It is not difficult
to see that R,[n] is a root system and its Weyl group is the stabilizer
Grln) of n, i.e. Gpln] = (sa | @ € Ry[n)]).

Put

(5.1) Pf={uet;|(n,a"), €Zzo foranyac Rl MR},
(52) Py ={pet,|{na’), €Zco forany o€ R} N Rynl}.

The proof of the following important lemma is given in Appendix

A.

Lemma 5.2. Let A\ p € t, be such that A — p € P,(£). Suppose the
following conditions:

() AeD,. (b)u+pe P;Lp.

(¢) There erists numbers 1 = mg < my < .-+ < myg = £ for which we
have

(6.3) Ai—Aj€Z & me_y <i,j <m, for somer €{1,...,k}.
Then, we have M(X, p)¢, , = Cly 4.

Theorem 5.3. Let A\, € t be such that A — u € P,(¢). If A € D,
then M(\, 1) has a unique simple quotient module, which is denoted by

L(A, p).
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Proof. By Lemma 5.1, it is enough to prove the statement assuming
that A satisfies the conditions in Lemma 5.2. Let N be a submodule
of M(\, p). If Ncgf"; # 0, then N¢, , # 0. By Lemma 5.2, this implies
1), € N and thus N = M(A, u). Hence a proper submodule N must
satisfy N C @nx¢y,, M(A, u)%i"u. The sum of all the proper submodules
also satisfies this property and it is a unique maximal proper submodule.

Q.ED.

For A € Dy, we call M(\,p) a standard module. The following
lemma is also a consequence of Lemma 5.2.

Lemma 5.4. Let A € D, and p € A\ — P,(£). Let (| ) be a non-
zero Hy-contravariant form on M(\, u) and let N be a unique mazimal
submodule of M(A, p). Then N =rad( | ).

Proof. It is obvious that rad( | ) C N. To prove the opposite inclusion,
first note that M(X, )5 LM(X, p)§*" with respect to (| ) unless n = ¢.
For any u € N and =z € Hp, we have (u|zly,) = («(z)u|lr,) =0
because 1(z)u € N C @y, . M(A, p)5" and 1, € M(X, p)E" . This
implies N C rad( | ). Q.E.D.

By Lemma 3.3, the gl -contravariant form on L(u) induces an H-
contravariant form on L(\, 1) = FA\(L(u)), and it turns out to be non-
degenerate. Now, Lemma 5.4, implies that the Hy-module F)(L(u)) is
simple unless it is zero. More precisely, we have

Theorem 5.5 ([AS, Su]). Let A€ D, and p € A — P,(¥¢).
(i) If p+ p € Py, then we have F)\(L(p)) = L(A, p).
(ii) If p+p ¢ Py, then we have Fx(L(u)) = 0.

Remark 5.6. (i) One can express p in Theorem 5.5 as 4 = w o i with
some w € 6, and ji € D,,. Then the condition u+p € Py, o s equivalent
to

p=wofi orequivalently pu= w}; o fi.

Here w* (resp. w}) denotes the unique longest element in the coset
Gn[A + plw (resp. Sp[A + plwSy[i + p]). (See [Su, Remark 3.2.3] for
the proof.)

(ii) In [Su], we give a proof of Theorem 5.5 using the result by Zelevin-
sky [Zel, Theorem 6.1] that describes when two simple modules are
isomorphic. In the following, we give a modified proof of Theorem 5.5
without referring to Zelevinsky’s result. (See Theorem 6.5.)
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Proof of Theorem 5.5. The statement (ii) follows from Lemma 4.3 easily
(see [Su]).

Let us prove (i). It is enough to see that F)(L(u)) is nonzero under
the condition g + p € P,\-_H,, by which we can write y as u = wﬁ o fi,
where fi € D,, and w} is the longest element in &,[A + plwG,[fi + p].

In the Grothendieck group of O(gl,, ), we write
(5.4) M(wj o i) = L(wj; o 1) + Y _ ay, L(ya o ju).
Vi

Here the sum runs over those elements y; € W, such that y; is longest
in yz Wy (i + p] and yz > w}. Note that this implies

(5.5) Ya & Sn[A + P]wﬁgn[ﬁ + 7.

Applying F) to (5.4) we have

(56) MO w)o) = F(L(w)o i)+ ay, FalLiyzo i)

Yi

in the Grothendieck group of R(H,;). Note that

Fx(L(ya o ) lcis) € M, ya © B)lere,] = @us(r—ypop)+ S2

with some a, € Z3>¢. By Lemma 5.7 below, it follows from (5.5) that (A—
yaof)To(A—wjofi), and thus Fx(L(yzofi)) does not contain S()\—w;‘oﬁ)‘*”
which must be contained in M(A,w}; o fi). Therefore FA(L(w;) o 1))
cannot be zero. Q.E.D.

Lemma 5.7. Let \,u € D, and w,y € &, be such that A — w o
A —you € Py(f). Ify ¢ SplA + plwSp(u + p] and y > w, then
A—gou)to(A—wop)*

Proof. First suppose that y = sqw for @ € R}. Then [(y) > I(w) implies
w™Y(a) € R}, and it follows that (A+p,a"), > 0and (w(u+p),a"), =
(u+ p,w™1(aV)) > 0. Hence we have

A =youa”), I =l(A+p,a"), + (wp+p),a’),| >
A+ p,0"), — (w(p+p),a"),| =

This implies (A — y o )t > (A — w o u)*. The equality holds only
when (A + p,aV), = 0 or (w(p + p),a"), = 0, that is, only when
Y = SqW € Gu[A + plwSy | + p|.

(A —wop,a¥),l.
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Now let us consider the general case. Since y > w, there is a sequence

aW .. o™ in RY such that y = sym - Seww and [(wk+t)) >
l(w(")) (k > 0), where wk) = Sgk) * - 8o W. Now the statement follows
by the induction on m. QED.

In the proof of Theorem 5.5, we have also proved the following
Corollary 5.8. Let A€ D, and u € A — P,(¢). Then

~ ®N,,
L m)lcisg = Sp-—py+ @ @ Sy "

v>(A—p)t+

for some non-negative integers N‘;\,,,.

§6. Classification of simple modules

Let us consider the particular case where £ = n. For ¢ € tj, we put

I(C) = M(C -p+€¢—p), 1= 1¢ piec—p

where € = (1,...,1) € t;. The Hp-module Z(() is called the principal
series representation associated with (. As a C[G,]-module, Z({) is
isomorphic to the regular representation. Note also that {1 = ((,§),1
for £ € t4, and that

Hom #,(Z(¢),Y) =Y,
for any Hy-module Y.

Lemma 6.1 ([Ro]). Let¢ € t; and w € S;. Then Z(¢) and T(w(¢))
have the same composition factors.

Proof. It is enough to prove the statement when w is the simple re-
flection, say s;. The intertwining operator ¢; = 1 + s;a) defines Hy-
homomorphisms ®; : Z(¢) — Z(s;(¢)) and ®* : Z(s;(¢)) — Z(¢) such
that 1¢ — ¢;1,, () and 1, (¢) — ¢;1¢ respectively. If (¢, oy, # £1, then
by (2.8), ®; is an isomorphism. Now, it is enough to prove the statement
in the case ((,a;’), = 1. Through Z(¢)lcis,) = Z(si(¢)) e, = Cl6),
the ®; and ®* are regarded as the maps between C[&,] given by v +—
v(l —s;) and v — v(1 + s;) (v € C[B]) respectively. Therefore the

sequence Z(¢) %1 (s:(¢)) 2T (¢) is exact. Hence, in the Grothendieck
group of R(Hy), we have

I(s:(¢)) = (Z(¢)/Ker(2:))®Im(®*) = (Z(¢)/Ker(®;))®Ker(®:) = Z(C),
as required. QE.D.

Lemma 6.1 implies the following
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Proposition 6.2. Any finite-dimensional irreducible Hp-module is a
composition factor of Z() for some { € p + Dy.

Theorem 6.3. (cf. [Zel, Theorem 6.1] [Chl])
Any finite-dimensional simple module over Hy is isomorphic to L(\, wo
(A —€)) for some A € Dy and w € &, such that A —w o (A —€) € Py(f).

Proof. Let L be a finite-dimensional simple Hp-module. By Proposi-
tion 6.2, we can suppose that L is a composition factor of Z({) for some
(€ p+Dy. Put A=(—p+e€ Dy. By Theorem 4.2 and Theorem 5.5,
the functor F) transforms the composition series of M (X — ¢) to the
composition series of Z(A + p — €) = Z({). Therefore L is of the form
LO,wo (A —e¢)) = Fx(L(wd_, o (A —¢€)) for some w € G,. QE.D.

We say that an Hy-moduleY is of leveln if Y |¢[g,) & S,cpt (o) SPav
for some a, € Zx>o. The induced module M(A, p) (A, p € ;) is of level
n. Any finite-dimensional Hy-module is of level £.

Corollary 6.4. Any simple Hy- module of level n is isomorphic to
L\ p) for some A € Dy, and p € A — Po(£).

Theorem 6.5. (c¢f. [Zel, Theorem 6.1)) Suppose that A\, € D,, and
w,y € &, satisfy \ —wop,A—yopu € P,(£). Then the following are
equivalent:

(2) Y € Bn[A + plwBy[p + 0],
(b) M(A, wop) = M(Ayop),
(c) LA, wop) = LA yop).

Proof. (a)=>(b) follows from Lemma 4.3. (b)=>(c) is obvious.

(c)=>(b): Suppose (c), then there is a weight vector v € M(\,yop)
whose weight is () wou. Let s; € Gr_you. Then ¢;v is a weight vec-
tor of weight s;({xwop). But s;({xwou) does not belong to P(L(A,y o
1)) = P(L(A\,w o p)) because it does not belong to P(M(A,w o u)) =
{z(Crwou) | T € 63_y,,} (Lemma 4.1-(i)). Hence v = (1 —s;)v =0
for any s; € Gx_wou. Therefore there exists an H,-homomorphism
f i MA,wop) — M(A,yopu) such that f(1xwou) = v. By Corol-
lary 5.8, the image f(M(A,w o p)) contains S(x_wou)+ = S(rA—you)+ 38
a C[6]-submodule. Since S()_yo,)+ generates M(A,yo u) over Hy, the
homomorphism f is surjective and thus bijective.

(b)=>(a): We prove the statement only for the case A € F,. The
general case is reduced to this case. Suppose (b). It is enough to prove
w = y assuming that w (resp. y) is the shortest element in &,[A +
plwSn(u + p| (resp. Gp|A + plySnlun + p|). Note that this assumption



358 T. Suzuki

implies wo u + p € P;Lp and you+pe€ P,Q:Lp (see [Su, Remark 3.2.3]
for the proof). First we prove () wou = {you- For this purpose, we
introduce a total order in P, by

C>7)©3k€{1,...,£} such that {; > n and (; = n; for i > k+ 1.

Through some combinatorial argument, it follows from the assumption
wop+pe P;rp (resp. you+p e P,\++p) that (x,wou (resp. (i yop) is the
minimal element in P(M(X\,w o p)) = {2({r,) | © € 63 _,,0,} (resp. in
P(M(A,y o u)). Therefore (b) implies ¢ wop = Cx,yop-

Next, let us prove Gx_yoy = Gr—you- Let s; € Gx_you. Then by
the same argument we used in the proof of the implication (c)=>(b), we
have $;1x you = 1xyop for any s; € Gx_yop. This implies Gy _wop &
Sxr—you- Similarly we have Gx_yop € Gx_wop, and thus Gx_yop =
Gz\—you-

Finally, let us see wo u = yo u, that is equivalent to w = y. Put
pi=A-wop,€e), and ¢ = (A —yopu,€),. Suppose wopu #yopu
and let k € {1,...,n} be the largest number such that py # gr. We
may assume that py # 0. Then Gx_you = Gr_you implies that there
exists j < ksuch that ¢; =0fori=541,5+2,...,k and py = ¢q;. Put
m = Zf:l Di = Zg=1 qi- Now C/\,wou = CA,you implies ()‘ + P 6>c/>n =
(Crywous €mm)e + 1 = (Cryour€mde +1 = (A + p, e}’)n, and thus aj; €
BRI N Ru[A + p]. But (you, @j), = —¢; < 0. This contradicts the
assumption you+p € P;r+p. Hence wo u = yop. Q.E.D.

§7. Skew shape representations

As remarked in [AS], the construction of the functors gives a gen-
eralization of the Frobenius-Schur-Weyl reciprocity. Let us recall the
classical Frobenius-Schur-Weyl reciprocity between G, and gl,,. Let gl,,
and G, act on the space V,{@e from the left naturally. Then each of
the images of U(gl,,) and C[&,] in End ¢(V,®¢) is the commutant of the
other. This gives the following decomposition law:

(7.1) V= P LO)®S,
AEPT(0)

as a U(gl,,) x C[G,]-module.

Proposition 7.1. Let p € P}.
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(i) As a U(gl,,) x Hg-module,

(7.2) LweVEi= @  LM)eLKw,
AEPT A~peP.(8)

(i) Each of the images of U(gl,,) and H; on Endc(L(p) ® V,8%) is the
commutant of the other.

Proof. (i) Note that, for A € P} and a finite-dimensional gl,,-module X,
we have

(7.3) Hom U(g[n)(L(x\),X) = Hom U(g(n)(M()‘)»X)-

The right hand side is isomorphic to H%(n;}', X). Hence, by Lemma 1.1,
we have

Lw) @ V2t = P L(\) ®Hom y(gr,)(L(N), L(n) ® V;2¥)
XePF
= @ LO) ® R(IW):
AePF
Now, Theorem 5.5 implies the statement. (ii) follows from (i). Q.E.D.

Suppose A\, u € P} and A—p € P,(£). Then \/u gives a skew Young
diagram (skew shape) with £ boxes. The corresponding simple module
L(A, p) is called a skew shape representation, which has been studied
e.g. in [Chl, Ch2, Ch3, Ra]. We will recover some results on them as
consequences of the applications of the functors.

Proposition 7.2 ([Ch3, Ra]). Let A\, u € P such that A\ —p € P,(f).
Then

(7.4) comle. = @ s,
VEPF A-vEP,(£)
where the coefficient is given by the Littlewood-Richardson number
Cp = dim cHom pgr ) (L(X), L(k) ® L(v)).
Proof. Follows from L(A, ) = Hom y g1, )(L(A), L(p) ® V;2%) antg(lg.

It is well-known that the characteristic (see [Mac]) of the C[G,]-
module S, is given by the Schur function. Hence, Proposition 7.2 states
that the characteristic of £(\, 1) (as a C[G,]-module} is given by the
skew Schur function ([Mac]).
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Proposition 7.3 ([Ch3]). Let A,u € P} be such that A — p € P,(¢).
Then there exists an exact sequence

(7.5) 04—[,()\,[J,) <—Co<—cl — - ‘_Cn(n—l)/2 «— 0
of Hp-modules, where

Ci =

YEG,, Wy)=i

Proof. Apply F) to the BGG resolution ([BGG]) for the finite-dimensional
simple gl,,-module L(y). Q.E.D.

Remark 7.4. By considering the characteristics as C[&¢]-modules, one
can see that the Jacobi-Trudi identity for a skew Schur function ([Mac])
follows from the sequence (7.5) (cf. [Zed, AK]).

§8. Multiplicity formulas

For a module M and a simple module L, let [M : L] denote the
multiplicity of L in the composition series of M.
Let 6% denote the integral Weyl group of u € t;;:

(8.1) Gh={weG,|p—wopuecQy}

The following formula is a direct consequence of Theorem 4.2 and The-
orem 5.5:

Theorem 8.1. Let A\,u € D, and let w,y € 6% such that A — w o
A —you € Py(f). Then we have

82) M\ wop): LA yop)] = [Mwopu): L(y* op)),
where y* denotes the longest element in G,[A + ply.

Let A\,u € Dy, and w,y € &% be as in Theorem 8.1. The equality
(8.2) has been known (at least in the case £ = n) through the following
two multiplicity formulas:

(83) Mwop): L{you)] = Puy,(1),
(84) [M()‘vw ° N) :L(Ayo /J’)] = Pw,y;} (1).

Here P, ,(q) € Z[g,g7!] denotes the Kazhdan-Lusztig polynomial [KL]
of the Hecke algebra associated to &% (we put P, ,(q) = 0 for w £ y for
convenience), and y,, (resp. yf;) denotes the longest element in y&y, [+ ]

(resp. Gn[A + plyGnlp + p])-
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Remark 8.2. It follows from (8.3) and (8.4) that P, (1) = Py, 4, (1)
and Pw’yﬁ(l) = Py, 2 (1) = Pwﬁ,yﬁ(l). The last number is expressed in
terms of the intersection cohomology concerning nilpotent orbits on the
quiver variety [Ze3].

The formula (8.3) was conjectured by Kazhdan-Lusztig [KL] and
proved by Beilinson-Bernstein [BB1] and Brylinski-Kashiwara [BK]. The
formula (8.4) was conjectured by Zelevinsky [Ze2] (see also [Ze3]) and
proved by Ginzburg [Gil] (see also [CG]) and by Lusztig [Lu3]. The
theory of perverse sheaves plays an essential role in these proofs.

Let us see that Theorem 8.1 (proved in a purely algebraic way) im-
plies that the Kazhdan-Lusztig formula (8.3) is.equivalent to its degener-
ate affine Hecke analogue (or its p-adic analogue) (8.4). The implication
(8.3) = (8.4) is obvious. The implication (8.4) = (8.3) is proved as
follows. Take any p € D, and w,y € &%. Then we can find £ € Z>,
and A € D, + p such that

A—zop € P,(¢) for all z € GE.

In this case F)\(L(z o p)) never vanishes and thus it is isomorphic to
L(), z o pu). Now (8.4) implies (8.3).

Note that the formula (8.3) has an inverse formula, which expresses
the character of L(w o pu) as a combination of the character of Verma
modules. By applying the functor, we have the corresponding formula
for Hy-modules.

Corollary 8.3. Let \,u € D,, and let y € 6% such that A —yop €
P,(£). Then, in the Grothendieck group of R(Hy), we have

L yop) =LAy, op) =

Z ( Z (__1)lu($)+lu(y;})Pxﬂ_’y2ﬂ_(1) M()\,w,)jo,d)-

wpEGL \2€6.[A+plw)Gnluto]

Here l,, and w denote the length function and the longest element of Gk
respectively, and ) rcgu denotes the summation over those elements
" n

w) € G such that w), is longest in Sy [A + plw) Gy lu + p].

Next we will consider a refinement of the formula (8.4) concerning
the Jantzen filtration. We fix a weight ¢ € t),. Let A = C|[[¢]] denote the
ring of formal power series in t. We use the notation: 7 =+t € t, ® A
for n € t%. For p € t}, let M(u*) be the Verma module of gl, ® A with
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highest weight put:

M) = V@) @A) ©  (Ava).

The gl,,-contravariant bilinear form on M (¢) can be naturally extended

to a gl,, ® A-contravariant form (| )arue) on M(pt).
Define

M(ut); ={ve M) | (v|u)mqe € t?A for all u € M(p)}.
Putting M (u); = M(ut); /(M (pt) N M(ut);) we have a filtration
M(p) = M(p)o 2 M(p)r 2 M(p)2 2 -+~

by gl,-modules called the Jantzen filtration [Ja).

It is possible to define an analogous filtration (which we call the
Jantzen filtration) on M(), p) associated to 4, although it is not strait-
forward (see [Ro, Su]). Let M(X\, p) = M(X\, p)o 2 M(A,pu)1 2 -+ be
the Jantzen filtration associated to §. We refer [Su] for the proof of the
following theorem.

Theorem 8.4 ([Su]). Suppose that A € D,, and p € t}, satisfy \—p €
PV and p+p € Py, Then Fx(M(p);) = M(X, p);-

A priori the Jantzen filtrations depend on the choice of the defor-
mation direction § € t};. It has been known that the Jantzen filtration
on M(u) does not depend on the choice of § for which ( | )as(ue) is
non-degenerate [Ba]. Now Theorem 8.4 implies

Proposition 8.5. Let A and p be as above. Then the Jantzen filtration
on M(X, p) does not depend on the choice of § such that

(85) (6,av), #0 for any a € R} such that (u+ p,a), € Zso.

Let {M(p);}; and {M(X, p);}; be the Jantzen filtrations associated
to same 4. As a direct consequence of Theorem 5.5 and Theorem 8.4,
we have

Theorem 8.6. Let \,u € Dy, and w,y € G~ be such that A —w o
Uy A —yopu € P,(f). Then we have

(8.6) M wop);: LAy o p)] = [M(w o p); : L(y* o ),

where w* and y* denote the longest element in G, [Aplw and &, [A+ply
respectively.
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Let A, u € D, and w,y € G# be such that A\—wopu, A—you € P, (¥).
Suppose that w and y are the longest elements in &, [A+p|wS, [u+p] and
SnlA -+ plyGnlu+pl, respectively. Let {M(woy);}; and {M(A, wop);};
be the Jantzen filtration associated to § satisfying the condition (8.5).

The following formula was conjectured in [GJ2, GM], and proved in
[BB2].

@7 Y [gr;M(wop): L(yo p)lgt®=1=0/2 = p, (g),
JEZ>o

where P, ,(gq) denotes the Kazhdan-Lusztig polynomial of &%, and [,
denotes the length function on G¥%. Combining with Theorem 8.6, the
improved Kazhdan-Lusztig formula (8.7) implies its degenerate affine
Hecke analogue, which was conjectured in [Ro] and proved in [Gi2] (for
the non-degenerate affine Hecke algebras).

Theorem 8.7. (cf. [Gi2, Theorem 2.6.1]) We have

88) > lgryM\wop): LA yop)gle@=D/2 = P, (g).
J€Z>o

Remark 8.8. A similar result for affine Hecke algebras has been an-
nounced also by I. Grojnowski.

§A. Proof of Lemma 5.2

‘We proceed by two steps.
Step 1.

In the following we use notations M;(A, ) to denote Hp-module
M(\, ), and p(™ (resp. €™) to denote p = (n—1,...,1,0) €t (resp.
e = (1,...,1) € ) when we want to clarify the rank. For positive
integers £ and n such that n divides £, we set

Mepn = Me(=p™ + (€/n)e™, —p™),

Cen =Cpom 4 (e/myetm),—pm € tg; 1= 1 g (g/m)etm, —pm) € Men.
We will prove
Proposition A.1. Under the notations given above, we have

(Me,n)gzyn =C1.
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In the case £ = n, the module M,, ,, is nothing but the principal se-
ries representation Z(0™) (see §6), where 0(®) = (0,...,0) € t:. In this
case, Proposition A.1 has been proved by Rogawski (and also by Chered-
nik), and we will refer to this result later (in the proof of Lemma A.7):

Lemma A.2 ([Ro] [Ch4]). (i) dim (Z(0™))gm = 1.
(ii) Z(0™) = (Z(0™))5er) -

(iii) Z(0™) is simple.
Remark A.3. Similar statements hold for Z(ke™) (k € C).

In order to prove Proposition A.1, we need some preparations. For
1<r<{—1landl <p<¥{—r, let & denote the following cyclic
permutation

Cg = Sp4p—1"'""Sr+1Sr € Gy

Lemma A.4. LetY be an Hp-module and suppose that v € Y is such
that

(A.1) afv=-v (k=r+1,...,r+p—1),

(A.2) Qv =DV, Spipv =".
Then v € C[&]¢.pv.

Remark A.5. Since ayrip € Ro(cP) and o), v = v, it follows from

T+p
Proposition 2.5-(ii) that ¢(z)-14v = 0.

Proof of Lemma A.4. We will construct an element 7 € H, such that
Yoev = v explicitly. Note that ¢ = ¢rip-1¢-1 by (2.9). Since
0} p1Pp-1V = Pp-100 U = P p-1v, we have

Gepv = ¢r+P-—1¢c£—1v =1+ 5r+p——la¥+p—1)¢cr;—lv

A3
(A.3) = (1+ 8r4p-1)¢p-10.

It is clear that Sr4pPp-1V = @p-18r4pU = ¢ p-1v, from which we have

1
‘2'(1 + Srip = Sr4p-1Sr4p)PerV

1
=§(1 + Sr4p — 3r+p—13r+p)(1 + 3r+p—1)¢cg—lv = ¢C£—1’U.
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On the other hand, since Re(c?™ 1) ={apx |7 +1<k<r+p—1}, we
have

P
b(er-1)-1Pp-10 = H(l —k%v  (see Proposition 2.5-(ii)).
k=2

Therefore we get

14 1
(A4) 5 II G- Ber-1)-1 - (1 + Sr4p — Sr4p—18r+p) - epv =
k=2

as required. Q.E.D.

Assume that n divides £ and put m = ¢/n. In the set P(M,,;,) of weights
of Mg,n, there exists a unique anti-dominant element (7, that is given
by
n n n
—I - - .
(A.5) CGn=1(0,...,0,1,...,1,...,.m—1,.... m—1).

Take an element 7 € (&¢)5_ , such that 7(Ce,n) = (g, Which is given by

(A.6) r=wl- 0™l e G,

Here

(A7) wP =0} 08 507,

with

(A.8) ‘Ti = CZ(p+1)—(k—-1) a 'CZ(p+1)—1Cl]:(p+1)'
Note that

m—1n—-1k-1

i(r) = Z Z Zl(cz(pﬂ)—j)’

p=1 k=1 j=0

and thus ¢, is expressed as a product of ¢.»’s.
Iterated applications of Lemma A.4 imply the following

Lemma A.6. The vector ¢.1 is a cyclic vector of Mg, :
Hedprl = My .
Now we prove the following

Lemma A.7. (Mgpn)e, = Cérl.
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Proof. For a subset I of {1,...,£~1}, let & denote the subgroup of &,
generated by {s; | i € I}, and let t; denote the subspace of t, spanned
by {e/ |i€eTori—1¢€I}. Put Hr = C[6;] ® S(t;) and regard it as a
subalgebra of H,.

Put

Bi={(i-1)n+1,(i-1n+2,...,in—1},

(A-9) B=BuU---UB,.

Consider subalgebras Hp, 2 H,, of H; correspondingto B; (i =1,...,m),
and their modules K; := Hp,¢;1 C My,. By (A.5) and Lemma A.2,
we have

(A.10) K; 2 I((i — 1)e™).
The subspace
Hpl=(Hp, ® --®Hp, 1=K, ®--- @K,
of My, is an S(t¢)-submodule. Lemma A.2 implies
(HBI)’Z?,”: = (K1)gm ®(K2)50m © -+ ®(Km)%f:_1)e(n)’

and its dimension is (n!)™. On the other hand, it follows from Lemma 4.1
that

dim (Me,n)é:n = ()™,
and thus (Mem)if,“ = (Hpl %;" . Combining with Lemma A.2-(i), we
have ’ "

Men)eg, =(Hpl)ep  =(Ki)om ®(K2)etm) ® -+ ®(Km) (m—1)etm) =Cér1.

Q.ED.
Proof of Proposition A.1. Take any v € (Mgsn)¢, .- Lemma A.7 implies
that ¢,v = ¢ - ¢,1 for some ¢ € C. Putting vp = v — cl, we have

(All) ¢'rv0 = 0.

Let a; € B. Then we have ((¢n, ), = —1, and thus (1—s;)vp = ¢svp €
(Men)s;(¢.n)- Since the weight s;(Ce,n) does not belong to P(Mgy,), it
must be zero. Therefore s;vy = vg.

Hence there exists an Hy-homomorphism

(A.12) fiMen — Mop
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such that f(1) = vp. By (A.11), we have ¢,1 € Kerf. This implies
Kerf = Mgy by Lemma A.6. Therefore vp = 0 and thus v € C1.
Q.E.D.

Step 2.

We will reduce Lemma 5.2 to Proposition A.1. Fix A € D, and
JTRS Aan(IZ). Put £, = A — s (i=1,...,n) and a; = ;c—:lllfk+1,
bi=3 414 (i=1,...,n). Recall that

(Q,ma;/,-,ajH = (1 + p, an>n, (Q,ma;z/i,bﬂz =(A+p, axj>n'
The following lemma is easy to prove.

Lemma A.8. Letw ¢ 6')]"_“ and kK € {1,...,0~1}. Ifa; <k <
k' < b; for some i, then w(k) < w(k’).

By the conditions in Lemma 5.2, we can find integers
0=np<ni<ny,<---<n.=mn,

O=nyg<ni<nag<---<ng=n

such that
{a€ R, | (A+p,aY),=0}=R,N Z Za,
1#Nng,...,nh
{a€Ra| (A +paY), =(utpaY),=0}=R,n > Za

N0, M
respectively. Set
I = {an;_lﬂ,an;_l.,_l +1,..00 =1} (p=1,...,7), I'=nu-..ur,
Iy =A{an, 141,00, +1+1,...,00, =1} (p=1,...,s), I= L LU---UI.
Note that &y—, C 67 C & and
61 /Grpy 26y, NG, 61/6r_, 263 ,N6].
Lemma A.9. Gi‘_u NGe[lru] Gf_“ NG&y.

Proof. Let w € Gf\-_u N &¢[¢x,u)- First, we will prove w € Gi-_# NGyp.
It is enough to prove that w({1,2,...,bs;}) = {1,2,...,bs, } for any
k=1,2,...,7. Suppose that w({1,2,...,bn; }) # {1,2,. "’an} and let
¢ be the largest number such that

(A.13) c¢{1,2,...,bn } and wTl(c) € {1,2,...,bs }.
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Since w € Gy _ u» it follows from Lemma A.8 that w~(c) = b; for some
i. Let j be the number such that a; < ¢ < b;. Note that ¢ < nj, < j and
thus

(A.14) (A+p,af;), #0.
Since w € &;[(x,,], we have

(CA,WUJ_I(EZ) - 5Z>e = (w(lxpu) — C)\,mewe =0.
On the other hand, we have

(C)\,;L, w"l(eZ) - €Z>e = (Q\,ua 52/5 - 5Z>£

(A.15)
=({Cou €, — e},’j)e +(bj —c) = (A +p,a)j),, + (bj —©).

Hence we have ¢ = b; and (A + p,ay;),, = 0, that contradicts (A.14).
Therefore we proved w € 6*_ u N Sy.

Next, suppose that w({1,2,...,b,, }) # {1,2,...,bn,} for some k,
and let ¢ be the smallest number such that

(A.16) w(c) € {1,2,...,by, }and c ¢ {1,2,...,b,, }.

Then Lemma A.8 implies ¢ = a; for some i. Now, similar argument as
above deduces a contradiction and thus shows w € (‘5*_ LN G;. QED.

Let v € M(\, )¢, .- For each p € {1,..., s}, we can write v as

(A.17) v=Y 2.1, ,
J

where {xg.p ) }; are linearly independent elements of C|& i'_ MalCIN 1,]; and
2P e Cl6r_, N6,
Lemma A.10. £271y, = (G, )2 1r, for€ € tr, -

Proof. We have

(A18)  0=(6—(Gow&)v =D 2P (€~ (G €) 2P 1a .
J

Since &1, C &, is closed with respect to the Bruhat order, we have
521(-”)1)\,“ € C[63_, N 61,]1,,. Because {z;p)}j are linearly indepen-
dent, each (¢ — (C,\,,‘,ﬁ))z](.p)l)\,,, must be zero. Q.E.D.
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Let Hy, = C[6,]®S(t,) C H¢ be the subalgebra corresponding

to I, C II,. Obviously
Hp, & Hy,
where d = #1,.

It is clear that Hy,-module Hy, 1, is isomorphic to Mgy, —n,_,-
Hence Proposition A.l implies that z,(f )1)\,” € C1,,. Thus we have
v € C[Gf_ N6 I\I,,] for any p. This implies v € C1,, and proves
Lemma 5.2.

§B. g-analogue
Let ¢ € C* and suppose that ¢ is not a root of 1.

Definition B.1. The affine Hecke algebra Hy(q) of GL, is the asso-
ciative algebra over C with generators

T (i=1,...,£-1), Y (G=1,...,90),
and relations
LI =1=T'T, (Li+o(Ti-q¢')=0,
TiTia T = TiTiTip, TT; =TT (if i — j| > 1),
YV =1=YY, %Y =YY,
TYTi =Y, TY;=Y;T; (ifj ¢ {i,i+1}).

The subalgebra He(q) C He(g) generated by Ti,...,Tp—1 is called the
Hecke algebra of GL,.

Let U, denote the quantized enveloping algebra of gl, with a co-
product A : Uy — Uy @ Uy. (We refer to [Ji] for the definition.)

Let X and Y be objects of the BGG category O(U,) (see e.g. [Jo]),
and suppose that X or Y is finite-dimensional. Let Rxy € End ¢(X®Y")
be the R-matriz on X ® Y in the sense of [Ta]. (Actually, in [Ta], the
R-matrix is considered only in the case where X and Y are both finite-
dimensional. But it is easy to see that the same construction gives a
well-defined operator on X ® Y as long as X or Y is finite-dimensional.
We also refer to [Ta] for the proof of the properties of the R-matrix
below.) The operator Rxy is invertible and satisfies

(B.1) A(u)Rxy = RxyA(uw) (ueUy),

where we set Rxy = po Rxy with p being the permutation p(z ®
y) = y® z. Let Z be another objects of O(U,) such that at least
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two of {X,Y, Z} are finite-dimensional. Then we have the Yang-Bazter
equationon X QY ® Z:

(B.2) (Ryz ®1x)(ly ® Rxz)(Rxy ® 12)
= (12 ® Rxy)(Rxz ® 1y)(1x ® Ryz).

Regard V,, as the vector representation of U,. As proved by Jimbo [Ji],
the correspondence

T; — 1®i-1 ®Rvnvn ® 1861 i=1,...,£-1)

gives an action of Hy(qg) on V,2¢. The following proposition is easy to
prove using (B.1) and (B.2):

Proposition B.2. There exists a uniqgue homomorphism
He(g) = Endy, (X @ V)
such that

T,— R, (i=1,...,£-1),
Yo Rioy+- Ry (Rv,xRxv,) ® 1% )Ry Riy (i=1,...,0),

where

R =1%QRy, v, 1%11 (i=1,...,-1).
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