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§1. INTRODUCTION.

Two-dimensional conformal field theories are at the center of some
of the most promising recent developments in high-energy and statistical
physics [1]. At the same time, their mathematical structure has revealed
itself to be quite rich [2-4]. In particular, the Verlinde dimension for-
mulae for Wess-Zumino-Witten models have been studied extensively in
the mathematical literature, especially from the algebraic-geometric [5],
as well as the differential-geometric viewpoint [6].

The Verlinde dimension formulae are only one consequence of a
deeper phenomenon, namely the Verlinde fusion formula, which links
the fusion rules of a conformal field theory to the matrix S realizing
the fundamental modular transformation 7 — —1/7 on the characters
x¢(e2™7) of the theory. The Verlinde fusion formula was originally con-
jectured by Verlinde [7], and subsequently proven by Moore and Seiberg
[3]. Other arguments were also given by Dijkgraaf and Verlinde (8], Wit-
ten [9], and Cardy [10]. All these proofs have however remained largely
inaccessible to a broader audience, partly due to their reliance on dia-
grammatic manipulations, and partly due to the subtleties inherent to
the fusion procedure in a conformal field theory.

Given the importance of the subject, it may be useful to have a
simple and precise exposition of the mathematical structure inherent to
the Verlinde fusion formula. This is the goal of this paper. The key
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tool is still a set of identities for the fusion matrix, among which is the
fundamental pentagon identity due to Moore and Seiberg. The nature
of some of these identities was however sometimes obscure, since they
may or may not be gauge-dependent, and can require delicate limiting
processes in complicated compositions of chiral vertex operators. We
clarify these issues, and also take the opportunity to provide a gauge-
independent formula for the Verlinde loop operators.

§2. THE FUSION AND THE BRAIDING MATRICES

In this section, we introduce the algebraic structure relevant to the
fusion matrix and to the Verlinde holonomy operators in a rational con-
formal field theory.

1. Chiral algebras

In a two-dimensional conformal field theory, conformal invariance
means that the Hilbert space of states carries a representation of the
Virasoro algebra. The Virasoro algebra is the central extension by C of
the Lie algebra of formal meromorphic vector fields on C* with poles at
the origin, and Lie bracket given by

C
[Lm, Ln] = (m - n)Lm+n -+ Em(m2 — 1)6m+n,0' (1)

Here the generators L, = —2"119,, n € Z, form a basis for the space
of formal meromorphic vector fields, and the constant ¢ is one of the
defining parameters of the theory, called its central charge. More gen-
erally, let A be a possibly larger chiral algebra, i.e., an algebra whose
enveloping algebra contains the Virasoro algebra. We say that the left
sector of the theory is rational and invariant under A if

(i) Its Hilbert space of states decomposes as a finite sum of tensor prod-
ucts of Hilbert spaces

H= @¢61,'@’6in ® FIZ (2)

with the following properties:
e Fach H; is an irreducible representation of A;
o Fach H; decomposes in turn as

H; = EBfliond 3)
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where the H{i ’s are finite-dimensional orthogonal eigenspaces of the
operator Ly, with eigenvalue h; +d, d € N, and h; > 0. The lowest
eigenvalue h; is often also called the conformal dimension of the
representation H;;

o There is a unique space Hy, with hg = 0. The eigenspace HY is
one-dimensional and generated by a unit vector Q, which we shall refer
to as the (chiral) vacuum. The chiral vacuum Q is SL(2,C) invariant,
in the sense that it is annihilated by the canonical SL(2,C) subalgebra
of the Virasoro algebra

L,=0, n=0,%1. (4)

It is useful to keep in mind some of the simplest examples of ra-
tional conformal field theories, namely the unitary minimal models and
the SUK(2) Wess-Zumino-Witten models. In the first case, the central
charge c is given by ¢ = 1 — 6[m(m + 1)]7}, the chiral algebra is just
the Virasoro algebra, and I consists of m(m — 1)/2 chiral fields, indexed
by pairs (p, q) of positive integers with 1 < ¢ < p < m — 1. The corre-

2
sponding Lq eigenvalues hy, 4 are given by hy, 4 = %. In the

second case, the central charge is ¢ = I?_fi’ and the chiral algebra A is
the Kac-Moody algebra SUk (2) with canonical generators J2, satisfying
the relation

[J&, Jb] = i€ T2 + Kmbpin,06°.

The primary chiral fields in the theory correspond now to the integrable
representations of the loop group. They are indexed by their spins 3,
which are required to satisfy 0 < 57 < K. Their conformal dimen-

sions are h; = %I]{i_{% The enveloping algebra of SUk(2) contains
the Virasoro algebra, in view of the classical Sugawara construction
L, = 2_(KITZ) Y ma ® Jn—mJy i Here : : denotes normal ordering, that
is, the generators J2 are indexed so that the annihilators correspond to

n strictly positive, and are set to the right in the product.

2. Chiral vertices

The fundamental notion in the operator formalism for conformal
field theory is that of chiral vertex operators, or simply chiral vertices.
A chiral vertex operator <p;.k is a holomorphic function wzk(z) on C*,
valued in the space of complex homomorphisms

¢in(2) : Hj ® Hy — H;
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which satisfies the conformal Ward identities in the sense that
Lo (2) (& ® k) = 5 (2) (A= (Ln) (& © &)
k(7)€ © ) = Piu() (L a8 © ) ©
where A, is the imbedding of the Virasoro algebra into its tensor product
with itself given by

= 1
A(Ln)= > (Z i 1) Pl @14+ 1@ L,. (6)
k=-—1

The Ward identities with respect to a larger chiral algebra A can be
formulated in the same way. -In fact, the Virasoro generators L, can
be viewed as the Fourier-Laurent expansion of a holomorphic tensor
T(z) =32 __ Ln,z7""2, and the Virasoro commutation relations can
be shown to be equivalent to the fact that T'(z) transforms as a projective
connection, i.e., as a rank two tensor with an additional Schwarzian
term. Similarly, if we assume that the chiral algebra A is generated by

the Fourier-Laurent coefficients J2?

1
JS = — dz et 1o,
=i (=)
of a finite number of local currents J%(z),a =1,---, N, which transform

as tensors of rank h, under local conformal transformations, then the
Ward identities with respect to A are given simply by (5-6), and the
conformal dimension 2 of T'(z) replaced now by h,

> he —1
A(J =Y (Zih“_l)zn—’“J,‘;@lJrl@Jg.
k=1—h, @

As usual, we assume that LI = L_,, and, in the case of a chiral algebra,
(It =J2,.

Strictly speaking, we require <p§- (z) to be defined only on the sub-
spaces H™ ® H}} for all m,n (and in particular over all finite linear
combinations of such states). It is well-known in quantum field theory
that this restriction cannot be removed, since it is at the root of the
fundamental operator product expansions which encode the singularities
and other short-distance properties of the composition of vertex opera-
tors. In our context, these issues underlie the properties of braiding and
fusion to be discussed later.
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It is often convenient, in order to avoid a proliferation of parentheses,
to use also the notations ¢ (2;£;)&k and ¢%(2;&; ® &) for % (2)(&; ®
€k)-

In practice, we shall rely mostly on the following consequences of
the above Ward identities. For any { € Hj, the chiral vertex operator
¢%1(2) leads to an operator ¢, (2;€) from Hy, to H; given by

@ (2 6)E = 011 (2) (€ ® &k).

Consider the case when £ is a Virasoro primary state, i.e., a state satis-
fying

L,£=0,n2>1, (7)
(observe that any state in H;’ is a Virasoro primary state, since otherwise
L,&, n > 0, would be a state in H; with lower Lo eigenvalue than h;).
The conformal Ward identities imply then the following commutation
relation o

(Lo @5z )] = (77 5= + 27 (0 + Dhy) @5 (2:6)- (®)

By setting n = 0, we can determine this way the complete dependence
of cpj- (%) with respect to z

Pi(2) = 2Pop 1)z @ 27 1o (9)

In presence of a larger chiral algebra A, we can define analogously chiral
primary states as states annihilated by J2 for all n > 1. For { € H;
chiral primary, the Ward identities become

(T2, Pl (2;6)] = 2" 9k (2 JGE). (10)

The space of chiral vertex operators of type ¢j~k(z) will be denoted
- We assume that it is finite-dimensional and set

dim ‘/:;k = N ; k*
We can now state our assumptions on N}k in a rational conformal field
theory:
(i) there exists an involution j — j* such that O is self-conjugate, and

NJ, = bj-k. Furthermore, for any chiral vertex ¢3;.(2) in V., the

bilinear form on HY ® HY. given by

& ®&je =< Q2 (2)(&5 ® &ji) >am1 (11)
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s non-degenerate. It is symmetric when j is self-conjugate;

We note that it follows from the Ward identities (5) and the irre-
ducibility of H; with respect to the chiral algebra that lim, .o <p;:0 (z€®
) must be proportional to £ (c.f. [4]). Henceforth, we adopt the fol-
lowing standard normalization for <p;:0 (2)

lim ¢l (€@ Q) = ¢ (12)

4. Fusion and braiding of chiral vertices

We begin by discussing the composition of chiral vertex operators.
Already formally, a chiral vertex operator goi,q (w) can be composed (on

the left) with a chiral vertex operator <p§.k (z) only if [ is either k or j, in
which case we have the two possibilities

Pik(2)ehy(w) : Hy ® H, © H, — H,

@?k(z)wzq(w) cHy® H,® Hy — H;

given more explicitly by

0 (2)ph, (W)(& ® & ® &g) = @i (2:€5) 0k, (Wi & ® &)
‘P;"k(z)‘Pz;q(w)(gk ®&H® gq) = Soj‘k (z; %q(w; & ® gq))gk- (13)

As we noted before however, the chiral vertex operator <p§-k (2) is only
densely defined on H; ® Hy, and for an arbitrary state & = >_ 52, ,(cd),
the series Y o0 w;k(z;fj ® E,(cd)) may not converge. Thus the compo-
sitions (13) cannot always be carried out, and we impose the following
condition:

(#ii) The compositions (18) are convergent and and lead to holomorphic
functions of z and w in
|z| > |w| > 0.

They can be analytically continued to the whole cut plane

z¢R_JwéER_w—z¢R_. (14)

e k k kn_—1

Furthermore,- they arfz njective as maps from le?cl ®ij}€2 ®-® VJ .
and from V4 @V & ® Vj];fk_; to the space of operator-valued

functions;
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The fundamental properties of the composition of chiral vertex oper-
ators are encoded in the existence of the following fusion and the braiding
matrices F' and R.

(iv) For every i,j,k,l € I, there erists an isomorphism F [,’c Jl]

il :
FLJ:%@%®%*®mW®% (15)

which allows to interchange the two types of composition of chiral ver-
tices possible respectively on @pe;Vy, @ VI and on @V ' ® V. More
precisely, if the image by F[; fc] of a basis <p§p;a®g0£l;ﬁ of ®per jp®Vkl
is given by
A p i q i 17
FL k] (Pipia®Phip) = Z Z Patiy®PjrsFap [j k}

gel 7eN;l,éeN]‘?k

(16)
a®pB

with ¢}y, ® ly.s a basis for @eerVy ® Vi, then we have

Y®6
Pira @@ =5 5l @)elisle w1 ]
9€I yeN} | ,6€NY, a®B
(17)
on the overlap of the domains of definition of both sides of the equation.
In particular, for each fized z (respectively w), one side of the equation
can be viewed as the analytic continuation in w (respectively in z) of the

other side to its domain of definition.

We shall often drop the indices a, - -- for the bases of chiral vertex
operators and for the entries of the matrices Fy, [;c Jl] and abbreviate the
above equations by their matrix forms

) 7l
<'0;'13‘1%1 Z‘pql(f’ FQPL k]

qel

P2l (w) =Y (W)l (z — ) Fgp [; ,lc] (18)

qel

We would like to stress that although the operator Fy, [; fc] is an in-
] Y®6

app 2C basis dependent. In particular,

trinsic object, the entries F, [J %
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under a change of gauge

Pipia “NipaPipa
D D
Pkl _”\kl;ﬂ‘p{l;ﬂ

i i 4
Patiy ™ Agliy Paliy

Phis = A6 Pt (19)
the fusion matrix elements scale as
il YRS At 'a)‘il'ﬁ il YRS
qu[i_ ] R ﬂ——’FqP[. ] . (20)
Flags  ManMks L klags

We note that the right hand side of (17) describes in particular the
singularities of the composition of <p§-p (z) and ©¥,(w) as z approaches w.

In fact, by expanding go?k (#z —w) in an orthonormal basis géd) of H g, we
find

P (W)eh(z — w)(& ® & ® &)
= gy (w)((z — w)*° el (1€, ® &) ® &) (z — w) ~(hathe)

= (z—w)rehiThAd N "t (w; €0 @ £) (68D 0%, (135 ® &k)).

d=0 (d)
q

In particular, the leading singularities are of the form (z — w)ha—hi=hs
and the above expression has regular singular behavior.

(v) There exists an isomorphism R[; ,lc]

il A )
R[i k] : OperVip ® Vig —= BeerVig ® Vji (21)

which interchanges the composition of chiral vertices allowable on the

. . . . . i 11796
two spaces, i.e., in a basis with matriz Ry, [; ,lc] o8 nd
a

ill, ' 77
A CRERES D R IN c
9€I yeN} ,6€NY, ®p

we have

. . il YR8
EENCE FED DD DI ST oM L B

4 k
9€I yEN; 6€NY, a®p
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in the sense of analytic continuation.

This last property involving analytic continuation requires clarifica-
tion. Indeed, the region where both sides of (23) are analytic, say as
functions of w, is {w — 2z ¢ R_} N {z —w ¢ R_}, and thus splits into
two disconnected components, where the imaginary part of w — 2z can be
either strictly positive or strictly negative. To each of these components
corresponds an identity (23), with a distinct R matrix. We shall denote
by R®) the R matrix according to the sign of the imaginary part of
w — z, and for simplicity, often just by R the R™") matrix. It is useful
to visualize the two corresponding analytic continuations as follows .

2 . . w 2 ) 3 w
(a) R(+) (b) R(—)
R® w
w
R(A) “
‘Z w
R(+)
(¢) RYORW=]I (d) (R*)?=Monodromy

Figﬁre 1.  The braiding matrices R(*) and R(-)

In the case of R(H), we interchange the positions of z and w, keeping
the imaginary part of w — z positive. The argument of the vector w — 2z
goes from 0 to 7 in the process. In the case of R(~), the imaginary part
of w — z remains negative, and the argument of the vector w — z goes
from 0 to —m. This implies

RHORC) - RO R — 1 (24)

since R RM) corresponds to the vector w — z first rotating from 0 to
m, and the vector z — w then rotating from 0 to —w. But this means
that w — z goes from 0 to 7, and then back from 7 to 0, and nothing
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is changed. On the other hand, (R(Jr))2 corresponds to w — z increasing
from 0 to 7, and then z —w also increasing from 0 to 7. This means that
w — z increases all the way from 0 to 27, and w describes a full circle
around z, going counterclockwise. Thus (R("‘))2 is just the monodromy
of the go};q(w)cpgl(z) as w describes a counterclockwise loop around z.
Similarly (R())? is the monodromy as w runs clockwise around the
same loop.

As before, it is often convenient to abbreviate (23) by its matrix
version

il
‘pJ:o z)p(w) = Z‘qu %l(z)qu[/ k]

gel

The existence of the braiding and fusion matrices already imply the
following fundamental properties:

(a) N, = Ni’i*j. Fusion realizes an isomorphism between DperVid, ®
VE = V2, ® Vi and @41V, ® Vi, = V2, ® VA, Since both
spaces V2, and V2, are one—dlmensmnal, our claim follows. Note
in partmula.r that N]’0 = N = 8i5;

(b) ka and Vk’] are 1somorphlc. Indeed, R realizes an isomorphism
between the spaces @pc IVjip ® Vi, and Pge IVkiq ® Vj%. In view of
(a), these spaces reduce respectively to Vjik ® V¥ and kaj ® Vi If
we adopt the standard basis (12) for ¢}, and @k, the spaces Vi
and kao reduce to C, and R provides then the desired isomorphism.

5. SL(2,C) invariance of the two and three-point functions

We shall now show that the SL(2, C) invariance of the vacuum deter-
mines completely the z-dependence of the two and three point functions
in a conformal field theory. Only the z-independent coefficient depends
on the theory proper, and it is completely determined by the leading
terms of the corresponding chiral vertex operators. In fact, iterating the
conformal Ward identity (8) gives

[wL’LiN(ZN;EN)wQL vinoa (BN_13EN 1) - o (203 €0), Lim)
=- Z ’"“—+hk<m + 1))@, (2n:€n) X

O w2 (BN_13EN—1) - i (201 €0)
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when all the & are Virasoro primary states in HY. If we take Iy =
ig = 0, apply the above operator to the vacuum €, and use the fact that
L!, = L_,, together with the SL(2,C) invariance (4) of the vacuum we
find that for m =0, +1

N

E)
> (z;g“rla_z]c—‘rhk(m +1))x < Qe (2n;En)
k=0

O e EN_1EN 1) 8 (20360)2 >= 0. (25)

These differential equations can be solved completely for N = 1 and
N = 2. In fact, when N = 1, the equation with m = —1 implies that
the function (Q|p;(21; &+ )@l (22;&)9) depends only on z; — 2, and
the equation with m = 0 implies that the dependence is of the form
(21 — z2)"M* =M up to a z-independent coefficient, which must be a
bilinear form in &+ and &. This bilinear form can then be determined
by letting z3 and 2; tend successively to 0. We find

Jim 2" T (@l (215 60 el (223 €))
= (e (&-©&)  (26)

where the leading part @;  of a chiral vertex operator
@ix(2) is the operator from HY ® HY to H defined by
(6 ® &) = lim 2Rl (265 @ 61)
= projection on H? of (P;k(l;fj ® Ex). (27)

We note that this is the same form we had introduced in (11). Alto-
gether, we have then

(Qpper (215 &1 )P0 (225 €)2) = (QUBL (&1 ® &)} (21 — 22) 7M™ (28)

Similarly, for the three-point function, the equation (25) with m = —1
implies that the correlation function

<‘P?*z'(213 &ix )‘P;’k(zZ; fj)‘P’lzo(Z:'»; &)Y

is of the form f(z1—z3, z2—23), for some function f(u,v). If we substitute
this in the equations with m = 0 and m = 1, we can solve algebraically
for 8,f and 8, f. Integrating back in z; and z,, we find

(Zl _ ZQ)hk—hi*_hj (21 _ Zg)hj_hi*_hk (z2 _ z3)hi*—h]~—hk
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again up to a z-independent, trilinear coefficient in &, &; and &. As
before, we determine this coefficient by taking the limits 23 — 0, 29 — 0,
and z; — 0, in that order

hix —hj

Ry . ‘
QR (13 &e) Jim 2,

lim 2z
z1—0

ThE G (22365 ® &k))

Now the limit lim,, g 2, J P thathe go;k(zz, &; ® &) must exist and pro-
duce a pure L eigenstate 7, belonging to, say H{ for some d. In partic-
ular h; +d = hy and @, (215 &) = zl_h i _h"_dgo?*i(l; &« ) in view of
the scaling properties of ©.,(21;&«). The right hand side in the above
equation reduces then to < Q|3%;(&;+ ® n) >, and we arrive at

(0% 5 (215 &0 )0l (225 €5) ko (233 €6 ) QU Q)
= (QI0; (6 @ Pli(é5 ® &x)))
X(Zl _ z2)hk—hi* —hj (Zl _ 23)hj—hi*—hk (Zz _ Z3)hi*—h]--—hk‘ (29)

Incidentally, we have shown that h; < h;« and, since ¢ — ¢* is an invo-

lution,
hi = hi». (30)

Next, we consider correlation functions of the form

(Qphep (225 05 (21 — 22 &v ® £5)) 0o (233 €6))

By the fusion identity (17)

. 0 k
i (1) P (22) = 2. ,c(zggo”(zl—z?)ﬂk[ J}

it follows that this correlation function is also proportional to (29). We
may as before determine the coefficient of proportionality by letting the
insertion points go successively to 0, beginning with 23, then z; — 29,
and then z,. We find

(QUpRe i (22305 (21 — 223 &+ ® &) 0o (235 E,)Y)
= (PR (0K (€ ® &) @ &)

X(Zl _ Z2)hk—hi* —hj (Zl _ za)hj“hi* —hg (Z2 _ zs)hi* —hj—hk. (31)

We note that there are in particular N;k independent correlation func-
tions of the form (29), corresponding to a choice of basis @ék;a(z),
a=1,--

N, for the space of chiral vertex operators in ka



The Fusion Matriz and the Verlinde Loop Operators 297

6. Special values of the fusion and braiding matrices

We had stressed earlier that the fusion and braiding matrix entries
are basis dependent in general. However, certain entries are intrinsic
(up to the canonical normalization (12)), and we shall show that

&[0 L) [t 0] _ +2mi(hs—h;—hg)
i [k j}Rﬂ"“ Lk] ° " 22
10
F; =].
[k j} (33)

To see (32), we apply, say, R, twice to @};j(w;gk)cpgo(z;fj)ﬂ.
Then, as we noted before, w describes a counterclockwise loop around
z. If we let z tend to 0, we recognize (R(*))? as the monodromy of

oL y (w; €x ®&;) as w describes a counterclockwise loop around 0. In view

of the w dependence of ¢} ;(w) given in (9), this equals e2milhi—hi—hy)

The case of (R(_))2 is identical, this time producing the monodromy
clockwise, and thus an additional — sign in the exponent. This estab-
lishes (32).

To see (33), we consider the fusing identity

i i i 10
Pin(e)eo(w) = eholwleinlc —w)Fu| 1. (3)
This implies the identity between three-point functions
<Q|90?*i(y; §i*)90§-k(z;5j)90lizo(w; &)

= <Q|<P?*i(y; &*)‘Péo(w;&%@;k(z - w3§j)Q>Fi [; z] (35)

In-view of the expressions (29) and (30) for the two sides of the equation,
we can equate the coefficients

(1% ;(&ir ® §21.(&5 ® Bro(ér)))
o i0
= @I © Plo(@inles 8 6) @ MFu 1.
Since @Y, is non-degenerate, this implies
i o~ i~ 1 0
%’k‘F’Zo = @io@kFik [7 k] . (36)

The desired identity for F follows now from the normalization (12).
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We digress briefly here to note the differences between an abstract
fusion identity of the form F(p%, ® i) = @iy ® @k Fik [; 9], and iden-
tities of the form (34) and (36). The abstract fusion identity is just a
relation between chiral vertex operators as abstract elements in the vec-
tor spaces Vi ®Vj§ and V;h @ V. An identity of the form (34) contains
a lot more information, since it is an identity between the chiral ver-
tex operators as operator-valued functions. It depends on the insertion
points z and w, and incorporates descendant states in the H; repre-
sentation propagating between the vertices. An identity of the form
(36) is an intermediate version, since it still relates the leading terms of
the chiral vertices as operators, but no longer depends on either inser-
tion points or descendants. Heuristically speaking, the insertion points
and descendant states are necessary to insure the correct singularities in
the correlation functions, but the fusing/braiding identities are already
dictated by relations between primary states. A useful and reliable di-
agrammatic formalism for fusing and braiding in conformal field theory
should preferably be based on identities of the intermediate type (36).
There is at present no systematic way for reducing an arbitrary z and
descendant-dependent identity to this simpler type of counterpart. In
the few simple cases where it can be done, it already yields useful infor-
mation. The preceding is one example, and we shall also need the one
below, obtained by an analogous argument.

Consider the following braiding identity
i k i J R i0
@jk(z)¢k0(w) = @kj(w)%'o(z) ik i k|

By going to the 3-point functions (Q|go?*i(x)<p§-k(z)<pﬁo(w)ﬂ) and
(Ui ()t (w)@lo(2)9), and comparing their coefficients (29), we ar-
rive at (using counterclockwise braiding)

(Q1Be: (&) B5x (&5 ® &)

—mi(hyx —hj— o i
— e—milhir—h; hk)(ﬁl@?*i(&*)%j(fk®§j)>Rjk[7' k]

Since @Y, is non-degenerate, and &;« is arbitrary, it follows that

(& @ &) = eI TG (6 @ ) Ry B 2] (37)

We note that the relation (37) between the leading terms &%, and 3}
vertices is very simple, although it is manifestly false for the full chiral
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vertices, since goj-k(z;fj ® &) behaves very differently with respect to
descendants in the first factor &; or in the second factor &x. We shall
often abbreviate the operator R, [z 0] V’k RC — o ® C simply by

Ry : Vi — Vi,

§3. GAUGE-INVARIANT IDENTITIES OF THE FUSION
MATRIX

In this section, we describe some gauge-invariant (i.e. independent
of the choice of bases in the spaces of chiral vertex operators) identities
relevant to the Verlinde holonomy operators. Of particular importance
is the pentagon identity due to Moore and Seiberg [3].

1. The pentagon identity

This is the identity resulting from two different ways of rewriting
the expression

01 (2) 2L (W) o (2)-

On one hand, we can successively braid the last two factors, then the
first two, and then fuse the last two. The result is

IR ENOEXOL

sel
e pIECROE RO XL el L

s,rel Ln
_ i 23) |7 P| p(12) [4 8] p2s) |k P
- . TquI Qonr(z)(p;p(y)go;]l(x - y)Fq(s ) I:J l} Rrk: L n] Rgm) [l n] (38)

where the upper indices for the matrices F' and R indicate on which pair
of factors they act. On the other hand hand, we can begin by fusing the
first two factors

. m T m
> G @)l (@ — ¥) e (2) Fy G [ i l]
qgel

Next, we braid the first and last factors. To write the result in the
correct order, we reintroduce briefly indices «, 3, and « for the bases of
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chiral vertex operators. Then

Pomia W) P 5(T — ¥) P (2) = Pl (U5 011.5(% = ¥)) Py (2)

. Zp AQu
= Phr (2) s (U3 9% (w — y))RTm[ ; J
T an a®y
. ip AQu
= 5 @l e B [ 2] 0
L4 q a®y

This means that in this case, the R matrix acts as an operator from the
pair of first and third indices to the pair of the first and second indices.
It is convenient to introduce the permutation operator P : a®b — bQ®a.
The above transformation can then be represented by P(23) R(13) where
this time R(*3) acts as an operator from the pair of first and third indices
to itself.

We can now equate the coefficients of the two expressions (38) and
(39), obtaining the pentagon identity

P23 RU3) ip (12) im ZF(zs) T P B2 R kp
jin ln

qgn
(40)
as operators of the type
OV @V S Vi @V, @ V. (41)
; R .
w@ Vi ®Ve—TV,0V:®
RW( \7(23)
*»® V5L VE Vi ® Vi ® Vy
F412 3 pas)
tim ® jllz® I/n%
Figure 2. The Pentagon Identity
Sometime, it is convenient to abbreviate (40) further as
P23 p(13) p(12) — p(23) p(12) R(23) (42)

when all the indices as well as the summation over intermediate indices
s is implicit from the context.
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2. Relation between the fusion and the braiding matrices

This relation is an easy consequence of the pentagon identity (40)
with the choice p = 0. In this case, we must have m = n, ¢ = r, and the
pentagon is an identity of isomorphisms

Vi@ Vi @ Vit = Vi, @V @ Vi

With the standard normalization (12), Vi, and V,§, reduce to C. Thus
the permutation P on the tensor products Vﬁ C—-C® Vﬁ is just the
identity. Also, in view of (33), the fusion matrices on the right hand side
also reduce to the identity in this case. The pentagon identity reduces

then to
im

A A R CEY R R

as mappings from Vjik ® Vi to Vig® Vﬁ Here Rf]m = qu‘ [q’ SL] is the
isomorphism V., — Vi, from (37). Recalling that RTDR( =1, we
can also express this relation as

i m )i i1 (H)k
I R Y R

3. The inverse of the fusion matrix entries
The fusion condition (iii) requires that the fusion matrix F [ij "] be
invertible as an operator from @kak ® Vi to EBqtim ® V]ql We shall

however show now that each matrix entry F [ij ’;‘] is invertible in itself.

Denote this entry by F for simplicity. Since R(H) R(™) = 1, and since we
can interchange R(+) and R(7) in (44)

F=(R®Y®1)RO1®R)
we obtain as a consequence of the above
1=RY ®1)F1e R R @1)F(1eRM).

Multiplying both sides on the left with (1® R(+)) and on the right with
(1® R()) gives

1=(RM® RENYF(RE) @ RO)F.
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In particular we obtain
F'=(RM g RHNYF(RC) @ R(O)).

The expression F~! here of course does not refer to the inverse of the
whole fusion matrix F [ij T;‘] , as would customarily be the case. Rather

it is the inverse of the entry Fy, [ij ";], and the preceding identity can
be written more precisely as

(qu [’J ’7])_1 (RS © RUYP)F,, [ ](R( i@ R, (45)

4. The pentagon identity in terms of the fusion matrix

To obtain this relation, we substitute R in terms of F' in the pen-
tagon identity

P@)(RHO) @ 1) F(13) (1 @ RIE))F(12)
= F@)(RHW ¢ 1)F12 (1 @ RODY)RHP @ 1)F3) (1 @ REIG),

Since RHRC) = 1, and the factors R® commute with F and P
when they act on distinct factors in the tensor product, we find

P(23) F(13)F(12) — F(23)F(12)F(23) (46)

as an identity of operators of the type

Vi@ Vin @ Vo = Vi, @V, @ Vi (47)
Explicitly,
P () in F(12) i m Z F(23) T P FU2 i n| g (ko
qp ' 1T s Eam™| p
(48)

5. The Verlinde loop operators and the fusion matrix

In his ground-breaking paper [7], E. Verlinde introduced for each
field j and each homology cycle C on the torus an operator V;(C) on
characters, defined intuitively by inserting the identity operator as the
leading term in the fusion of the fields j and j*, transporting the field
j* around the C cycle, and letting it fuse again with the j field. This
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sequence of manipulations is represented by the transformations on the
two point function indicated in Figure 3. Our present purpose is to
realize V;(C) explicitly in terms of the fusion matrix.

J* J

5 s e

5%
o
i k
k
k
Z

J* T J
-1 B ” i j—l 4 -1
Fr B, b =;6FF
k
k Rk

Figure 3.  The Verlinde loop operator V;(B)

J

2

To do so, we represent the diagram on the left hand-side by

lim lim (z — w)?" Try, (qL°<p6i(w)tp?j* (z —w)) (49)
w—0z—w
which corresponds to inserting the identity as the fusion of the fields j
and j*. Here ¢ = 2™ is the complex modulus of the torus. Next, the
two-point function in (49) can be rewritten as

Tra, (470 0hs(w)$5;- (2 — w))

. L ra®b
i 1|2
= ZTl”Hl (qLO¢jk;a(z)¢§*i;ﬁ(w))Fkol|:. *} .
kel J 7

The precise interpretation of the trace on the right hand side is that of
a functional-valued tensor of type (dz)%° ® (dw)%°, acting on H; ® H;.
In particular, if we choose for the sake of simplicity incoming states ¢;
and §;- which are chiral primary states in H; and H;- respectively, the
trace becomes a tensor of type (dz)* ® (dw)?. The transport of j*
around homology cycles can now be realized as

A:w— 2™y

B:w— quw. (50)

Here we.are viewing the complex torus as the quotient space C*/{w ~
qw}, and A, B are the usual canonical homology basis. Since we shall
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be interested later in a modular transformation taking B to A= : w —
e~ 2™y, we consider rather transport around these loops. Explicitly, we
find

Trrr, (0% Pjksa (2) @5 i8(e 2" w)) (d2)" © (d(e*™w))
= e 2 ) Tr g (050 0hpa (2) i (W) (d2)" ® (duw)™
Trrr, (470 ksa(2)¢fe 5 (q)) (@)™ ® (d(qu))™
= Tra, (45005 i:p (W) Plkia(2)) (d2)" @ (dw). (51)
The first identity in (51) is an easy consequence of the scaling property

(9) of chiral vertex operators. To establish the second one, we also
exploit the cyclicity of the trace to rewrite the left hand side as

Trg, (Vs (2) i (qw) a0 ) (d2) ® (d(qu))™
= TrHi (‘p;k;a(z)qLo @?*i;,@(w)) (dz)hj ® (dw)hj

o0

= Y (€0 ki ()45 s (W)ED) (d2)" @ (dw)s

b

(=]

o0

= > (€100 (2)1€0) (EE 1™ P p(w)ED) (d2) @ (duw)Ps

d

c=

[e o)

= > (&ila"0 ks (0)ED) (€10 ia(2)[€5) (d2)" ® (dw)

c,d=0
= Ter (qLo(p?*i;ﬂ(w)(p;'k;a(z))(dz)hj ® (dw)hj

as was to be shown. It is now easy to fuse again, select the identity
component, and to obtain respectively for the cycle A™!

Trg, (qL"wéi (w)</’2j* (z - w))
—Try, (%05 (w) @3- (2 — w)) x

' ]aw (52)

> Fo [; .Z*] e-z’”(hk—hﬂFkgl[? o
a®p J 7

kel

and for the cycle B
Trp, (qLOCPgi(w)‘P?j* (2 — w))

— Y Tra, (g% 0l (2)0%; (w — 2)) Fo; Lk IZ] AQ_WF,:OI Ll ' r?;s)

*
kel B®a J
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To pass to characters, we take the limits indicated in (52-53) in the
beginning and final expressions

lim lim (z — w)** Try, (qL"cpf)i (w)go?j* (z —w))

w—0z—w

= lim Try, (4% hs(w; @55+ (&5 ® &) (54)

Consider the following particular braiding identity

hi2)¢l0(s) = Plol)etola) o ]

By going to the two-point function, we see easily that
: » i 0
Gh(2®€) = Fale 8 MR (55)

In the standard normalization, A::O(& ® Q) = £. Thus, the right hand
side of (54) becomes

lim Y (nlg™ phi(w; < Q15 (& ® &+)2)n)
neH;

— (7 © &IV @ Ror |

where x%(q) is the character of the chiral algebra for the H; representa-
tion .
x*(q) = Trar, (™).

Similarly, we can evaluate the limit on the right hand side of (53)

lim lim (z — w)** Trg, (¢ @6k (2) @3 j(w — 2))

w—0 z—w

= e 2™ (P9, (&5 ® &)1 xk(q) Rok [Ig Z] .

The ratio @2* i/ @?j* can be expressed in terms of the fusion matrix, since
i 0 g o . j* j*
‘Pj*o(w)‘f’jj* (y) = Yo (y)%'*j(fﬂ —y)Foo i
so that, after passing to limits in the 3-point functions as before
GG _ L
—~0 - Sk gk i* 01
¥j»  Foo []j* % ] Roj« [} j*]

(56)
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Altogether, we obtain the following realization of the Verlinde loop op-
erators, where we have added a common factor e?™*% to simplify later
formulas:

Definition. For each chiral field j, the Verlinde loop operators V;(C)

are defined by
Vi(O)x' (@) = > x™(

kel
with

(Vi(A _5kZFOl[ _Z] e~ 2milhi—hi=hy) pr1 LZ .i]aw

lel i a®B I

k k —114 i 12®8
(V(B))’ _ Z FOz[ ]ﬁ®aFkO [j j*] R()k [O k] (57)

J - Sk gk * Ny
i Foo 7. 7/ ROZ[ % Roj[3 ;7]

It is easy to check that the right hand side of (57) is gauge-invariant
under the scale transformations (19), as it should be.

§4. THE GAUGE-FIXED FUSIONMATRIX

Our primary goal in this section is to establish the famous Verlinde
formulae, one version of which says that the holonomy operators ¢;(B)
coincide precisely with the matrices N, ;k in the basis x*(q) of chiral
characters. For this, we need to select more carefully the bases <p;- ksa (%)
of the spaces of chiral vertex operators V %, 50 that the fusion matrix
entries assume their simplest form, and actually develop symmetries that
would not hold in arbitrary bases.

1. Partial gauge-fixing

Henceforth we assume the standard normalization (12). Next, re-
call that the identity (55) implies that &%, and (!, are proportional as
operators on primary states. Thus, we may choose the normalization of
@%,; so that

o) =¢, (€ HY
Ro;i [Z} (l)] =1 (58)
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This gauge already implies the following special values for F' and for R

Indeed, as in the argument leading to (36), the fusing identity
i j _ ik I (]
‘ij(z)ﬂo(])j(w) = Sokjﬁoko(z — w) F; E 0
implies the following algebraic counterpart

i (6 ® B (2 &5)) = Bl (6 © &) Fg [llc z)]

from which the first identity in F' follows at once. The second is estab-
lished in the same way, from the fusing identity

ks () = o)y~ WPl 9.
As for the identities in R, we consider first the braiding identity
kit () = el @Rs | 7]
which implies the algebraic identity
Qe (& ® (pi:j (& ®&5)))
= TR, (6 © 76 S Ry 4 )

and hence the first identity on R in (59). As for the other identity, we
note that the one we just established implies that R;g [Z g] = 1. Since

(32) implies
1 0f _(y[z O

it follows that both factors in (60) are the identity. Reversing the roles
of R and R(-), we obtain the desired statement.
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2. Rigid gauges

Except for Vi and V{;, the bases for the various spaces V}; of chiral
vertices can be chosen independently of each other. However, we saw
earlier that the existence of fusion implies that the spaces jik and ij;
are (projectively) isomorphic. We can make use of that fact to coordinate
the choices of bases in these two spaces, arriving in this way at a simpler
fusion matrix. In order for the choices to be consistent, however, we
have to proceed with some care.

A first step is to fix in the space of chiral vertices of the form VJ.
an arbitrary representative chiral vertex ¢%.(z), which so far is only
unique up to a multiplicative constant. To be consistent with our earlier
normalization (12), we can choose @3,(- ® Q) to be the identity. This
choice of ¢Y;. actually dictates a choice of representative %, in V..

This is evident for i = i*. More generally, we note that the fusing
identity

Poleela(u) = pusw)dhe (e - || 1| (o)

implies, after passing to the 3-point function and taking limits, that the
algebraic vertices %, and @%. are proportional as bilinear forms on
HY ® HY.. After normalizing ¢}, and ¢}, as in (12) and (58), and after
selecting Y., we can normalize 2%, when i # i* so that

/\O . .
Pit Ry Lz Z*] =1 (62)

When 4 = ¢*, the identity (62) holds automatically by our assumption
that @Y, is then a symmetric bilinear form on H? @ HY.

Next, we fix 4,7, k, and recall that fusion also implied that VZ;,
and jik have the same dimension. We can make this relation more
explicit, using the above bases for V;%* and V{Q.. Now fusion provides
an isomorphism between

O - % 0 .
Vi ®@V5. =V ® g (63)

i

and hence between . .
‘/Ig'i* - ]:Lk (64)
since, in presence of a basis, both Vj(;-* and V2. can be identified with C.

More concretely, let ‘Pi; (2) be any chiral vertex operator in V,git. Then
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F (w?j* ® go{;*) can be written in a unique way as ¢, ® goj.k, for some
well-defined %, in V. Starting with a basis Phiv.q fOr Vi, we obtain
this way another basis ¥}k;q0 With respect to which the fusion matrix F
reduces by construction to the identity

ol -

The leading terms of the chiral vertices cpi;;a and <p§- ko Can be related

as operators. In fact, in view of (65), the fusion relation in its analytic
form can be written as

Qogj* (z)‘/’{;* (w) = 90?1'* (w)qo;k(z —w). (66)

If we pass to the 3-point function and take suitable limits, then we obtain
as before the corresponding relation between the leading chiral vertices

7% (& ® Pl (66 ® £0)) = B2 (Pl (6 ® &) ® &) (67)

This suggests a slightly different interpretation of the above discussion.
A (leading) chiral vertex operator @7, is a bilinear form

H} ® HY — HY,

and can thus be also viewed as a bilinear form Hj ® (H{)! — (H?)T,
where (H?)T, (H?)! are respectively the dual of HY and (HY)', that is,
the spaces of linear functionals on H ? and H). The basic observation
underlying the above construction is that a choice of the non-degenerate
forms @9, and 7. allows us to identify the duals (H?)' and (H;?)Jr with
the Hilbert spaces H. and H}. of the conjugate fields i* and j*. With
this identification, the leading term of the chiral vertex cﬁg & corresponds
then to a bilinear form

H ® Hy. — H..

Note that duahty holds at the operator level only between the lead-
ing parts @ ik and <,0{cz of the chiral vertices and that there is no simple
and direct duality statement between the full vertices themselves. Note
also that without a choice of representatives ¢?,. and @f.;, we still have
a projective correspondence between (H;)', (H;) and H]Q*, HY., cor-
respondence which is quite different from the usual identification of a
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Hilbert space with its adjoint. Avoiding notions of adjoints and com-
plex conjugation is desirable in the chiral (i.e. holomorphic) sector of a
conformal field theory.

. . 1: . . .
We have seen that given a basis ¢}, for VJ ., there is a unique basis

<pi;* for Vk]; with respect to which the identity (65) holds. This process
leads to a closed cycle

i _’sz —>V* — jik. (68)

Note that if we start with the standard normalized basis %,(z) for V;§,
we get back this way our earlier choices of % () and % ,(z) for Vg, and
V2,. More generally, the set of all spaces of chiral vertices can be divided
into such disjoint cycles. Within each cycle, we select a basis, say, for

Jik, and deduce the bases for V,g:* and VzIS; accordingly. It should be

noted that from V¥

AV E

fact, this last step leads to the basis @;k;a given by

we do come back to the original basis for Vjik. In

70 . 50
3 i wk*k ('0.7 J <pu*
Jjk;o jk; aqﬁgk* 90” 901 ;
With our earlier choice (62), the new basis coincides with the basis 4,0; Ko
we started with. Thus we can now assume that the identity holds for all
fields i, 7, k in these bases, which we shall refer henceforth to as a rigid
gauge.

3. The inverse of the fusion matrix in a rigid gauge

The starting point is the pentagon identity (40), in which we set
1 = 0. Since the only non-zero component in F' [S:] is Frpxj= [0] l] we
can also set k = j*, r = n*, and arrive at

(23)F(13) [0 r ]F(m) [O m]5
qp J!

=S F® [T p]F(”) B ’ ]F(23)[ l H (70)

sel

So far our equations have been gauge-invariant, but now we select a rigid
gauge, so that the identity (65) applies. Acting on a basis

0 3" 0
i ® Plmia ® Ppresp € Vije ® Vi, @ Vi
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and expressed in terms of a basis
0 ® T q V
Prr Pyp;a ® (pjl;ﬁ €

the matrix elements of the left hand side

Tr*

311

® Vep ® Vi1

of (70) are

(8568)82656xm = 6qem0265

with the matrix elements of P(?®) contributing 6;65\’. On the other hand,
the matrix elements of the right hand side are

a®p =% *7 PR6
T r
IS ML (B
sel YR8 p AQu
Equating the two expressions gives
a®pB % *1Y®6
Y F, [ , ] Fum [J " ] = 8gem 8268 (71)
I p K
icl Y®8 A®u
This gives two ways of computing F~*. First, by comparing with
a®pB 1 Y®6
1 |T P
Z [ . :| Fsm* [ i = 6‘1*"7'6365
sel Q6 J e
we obtain s s
Y Mox *17®
1 lrp r
Fsm,,[ _l] = Fm Jl ] . (72)
J B L+ P Ixeu
Next, by comparing with
* LR % %7 YRS
A e
I p B
sel Y®6 A®u
we obtain a second expression for F~!
. BRa a®p
g r D
Fq*i[ : ] = Fy, [ . J (73)
P lyws J 16
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4. Symmetry of the gauge-fixed fusion matrix

Comparing the above two expressions for F~! leads to a useful sym-
metry symmetries of the gauge-fixed fusion matrix:

Kk Y6 p* l 5@y
Fsm I:Jl :l =Ls*m* | . (74)
P ligu LAV P9
We could have anticipated this symmetry, since Fym [3; ;*] sends Vlz,: ®
Vi t0 Vi ® Vi3, while Fyem- 7. 1] sends V2. @ V7" to VE, @ Vi)
In a rigid gauge, these spaces are respectively isomorphic under the
correspondences V) — Vl*~ — V-m* Vit = Vi, Vg . = Vs and
Vip — Vps* — V’il which we discussed in (68) We also note that

symmetries of the form (74) can only hold in a chosen gauge, since
the entries on the two sides of the equation scale differently under an
arbitrary change of scales (19).

5. Proof of the Verlinde fusion formula

Consider the pentagon identity (40), with the choice of fields

P(23)F(13) 1:] n] F(12) [J m}

gp| * |ki*
ZF(23) r P F(12) it F(23) I'n ]
= : kEs| ° li* p

Next, we set m =7 =0, l =4*. In view of (33) and (65), we are led to
p* =q =3%, s =k*. Finally, we set n = j*, and arrive at

P FL [J J ]F(m)[ O]

]* k ’t*
03 12) [J* F° (23) |? * g
=F2Z) FU? . (75
R R P LR P (75)

This is an identity of operators of the type
Vi @Vig® Vi = Vi @ V2. ® V. (76)

We now express it in terms of the respective bases ‘P{;*; 5 ® ‘Pﬁzo ® 902j*

and cpf)j* R 90?* ;i ® VkJi*;a, chosen in a rigid gauge.



The Fusion Matriz and the Verlinde Loop Operators 313

On the left hand side, F/[I 9] acts as the identity matrix, Foo [jj** J;]

is just a scalar, and P(3) also reduces to the identity, since the space
Viio ® Vj}. on which it acts is one-dimensional. Thus we get as the
matrix element

(Left Hand Side)§ = 85 Fyo [3 ) }
J
On the right hand side, again in a rigid gauge, F [lg ZJ] is the identity,
and we are left with
1 0Ry
7
Fk*o[ 7 J

(Right Hand Side)§ = > 8% Fp;- s

7,6

i)
k k"] pgs

3

_ A
';F"’*[k ke

Setting these two expressions to be equal, & to be equal to 3, and sum-
ming with respect to « yields the following identity in a rigid gauge

o* -*:l s®@a

Fk*O[

L@s g

. i* g QR
i Z Fo- [Jk Ig"]a®6Fk’*'0[i* j] ‘ (77)

ik — o
’ a6 Foo [Jj* Jj]

Our final task is to relate the right hand side of (77) to the Verlinde
operators. We can do this using the symmetries of the fusion matrix in
a rigid gauge. First, the formula (72) for F~! implies

. L qa®s xR0
i i 7* 4

Fol. - = Fo|” . .

J J J

Next, the symmetry identity (74) implies

LPL a®p ik g% Bl
Fyo [j.* } =Fk*o[ " I

J ot v

while the other factor in the identity (57) for (V; (B));C becomes

T
FOi L* :| = FOq:* [ *:| .
I p@a k k a®B

Since all the relevant braiding matrix elements in (57) are the identity
in this gauge, these equations imply the following statement for the
operators V;(B):
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Theorem (Verlinde Fusion Formula): Under the assumptions (i-v), the
Verlinde loop operators V;(C) defined by the expression (57), can also
be rewritten as

V(A X = )‘(j)iXi
Vi(B)x' =Y Nix". (78)
J

The statement about the Verlinde loop operators V;(A™!), namely
that they are diagonal on the basis x%(q) of characters, is already clear
from their very definition (57), which expresses also the eigenvalues A;y;
explicitly in terms of the fusion matrix.

So far our discussion has not required any assumption about the
theory on the torus. If however, we assume now that the theory is
modular invariant, in the sense that the modular transformation S :
7 — —1/7 which acts on the chiral characters Sx’(q) = Y., Six*(q)
and interchanges the cycles A~! and B, also interchanges the Verlinde
loop operators V;(A™!) and V;(B), then we may conclude that

> N;,SE = SiAj <= N;S =D;S™! (79)
p

where we have introduced the following matrices (N;), = Nj;, (D;);, =
)\(j)iﬁ,i. This gives in particular the eigenvalues A(;), in terms of the
matrix S. In fact, set i = 0. Since N}, = 6;+,, we get

si
Aok = g

6. The Verlinde dimension formula

For the sake of completeness, we include a derivation of the well-
known Verlinde dimension formula from the Verlinde fusion formula. We

consider here the space V;’z " ;. (n > 3) of n-point conformal blocks on

. P . ] Pn—
the sphere, which is isomorphic to @, .. p._, V;-"z o ®Vj’; & -®an_1§.n.

Note that the product of a number of matrices N; can be reduced to a
product of diagonal matrices: Nj,Nj, ---N; , =S8D;,D;,---D; S™!
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Thus
Gime V= (N Ny )
[ giighi ... gin ;
_ Z sit e (S‘l)jn- (80)
: (s9)

The Verlinde dimension formula for the space B, of 0-point confor-
mal blocks on a Riemann surface of genus g follows from (80) together
with the sewing property of conformal field theory. The sewing property
implies that B, is isomorphic to the space obtained from the spaces of
2g—point conformal blocks on the sphere upon identifying (via conjuga-
tion) the representation labels ji, ..., jog in pairs and summing over the
remaining free g labels, i.e., '

By = @js,....50€1 Op,....p2g—2€l
J1 D1 P2 P3 . P2g—3 D2g-2
V; ®Vj;pz ®V; ®V;§P4 ® ® V] ®‘/j;‘j1 :

J2P1 J3p3 JgP2g-—2
Therefore
Ji
dimc Bg = Z (szNj; H 'NjgNj;) .
J15e-23g s
=y T (szNj; - 'NjgNj;)
j2y~-‘7jg
1 IR j* .
= Z (S—Q)%—_25g23g2~--5i9529. (81)
i1j21-~~1jg N

This formula simplifies further to

. 1 .
dlm([j Bg = Z W (82)

el

if S is assumed to be symmetric, i.e., Sf = S;I This is the case for
the Wess—Zumino-~Witten models with group SU(2) and integral level
K > 0. The index set is in this case the weight set I = {0,1,...,K}
corresponding to the level K integrable representations of the loop al-
gebra of sl(2), and all indices are self-conjugate. The S-matrix is given
by

i _ 2 (+H@+nw
Sj= Ky2°om K+2
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and (82) gives the now familiar dimension formula

1

[4]

g-1 . 2-2g
dim¢ By = Z (—K—2+—2-> (sin (z—K_t—i—)zz) . (83)

i=0,...,K
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