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1. An isolated singularity (of a complex analytic space) is by defi-
nition a germ of a reduced and irreducible complex analytic space at an
isolated singular point. By a model of an isolated singularity we shall
mean an irreducible complex analytic subset V of C containing the
origin as the unique singular point. To any model V of an isolated sin-
gularity (V, o), one can associate three manifolds of completely different
nature.

i) A nonsingular model of V: By Hironaka’s desingularization the-
orem, there exists a complex manifold V and a proper holomorphic map
7 :V — V such that 7|V \ 7='(0) is a biholomorphism. In virtue of the
existence of f/, equivalence questions between the isolated singularities
can be transferred to more geometric ones (cf. [G-2], [H-R]). Moreover
a lot of work has been done on the classification of isolated singularities
by manipulating the invariants on V (cf. [I]).

ii) VNS, where S. = {2z € CV | ||z|| = €} and ¢ is so chosen
that S and V intersect transversally for all ¢’ € (0,2¢): As a differen-
tiable manifold, V N S, falls into the class of strongly pseudoconvex CR
manifolds, or spc manifolds. Since the spc structure naturally yields L2
estimates for the tangential Cauchy-Riemann operators, the method of
PDE in the theory of deformation of complex manifolds is carried over
to spc manifolds. As a result, several fundamental questions including
the construction of the versal family of singularities have been solved by
this method (cf. [A-1], [A-M] and [N-O]).

iii) V' \ {o}: Manifolds of this type appear as the ends of locally
symmetric varieties of rank one, and they were studied in a general
framework by Andreotti-Grauert [A-G] as the ends of “pseudoconcave”
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spaces. Afterwards it was noticed that some questions on isolated sin-
gularities are tractable as a sort of boundary value problem on V '\ {0}
for the d-operator. In fact, analysis of this type turned out to be useful
when one wants to understand the intersection cohomology of projective
varieties (cf. [0-4,5,9]).

The purpose of this note is to report miscellaneous results on these
three types of manifolds that are obtained since Professor M. Kuranishi
gave a series of inspiring lectures at RIMS in 1976.

2. Given any desingularization m : V — V, 771(0) is called the
exceptional set. Topology of the exceptional set is somewhat restrictive
in the following sense.

Theorem 1. dimc H"(77%(0),C) =0 (mod 2) ifr > nandr =1
(mod 2).

This result seems to have been a sort of folklore in the late seventies
(cf. [L-R], [F]), but rigorous proofs appeared only gradually in [0-1,2,6]
and [O-T]. Although a complete proof of Theorem 1 is only available
via Artin’s algebraization theorem and Deligne’s mixed Hodge theory,
it may be worthwhile to note that the following constitutes already a
significant part of the proof, which motivated further generalization of
the Hodge theory to noncompact manifolds.

Theorem 2 (cf. [0-1,2], [O-T]). Let X be a Kdhler manifold of
dimension n and let D C X be a strongly pseudoconver domain with
C?%-smooth boundary. Then there exists a complete Kdhler metric w on
D such that H"(D,C) are canonically isomorphic to the space of L?
harmonic forms of degree r with respect to w for all r > n.

The range r > n is optimal. In fact, dim¢ H"(D,C) < oo but the
space of L? harmonic n-forms is infinite dimensional for any strongly
pseudoconvex domain. As the above w one may take any complete
Kahler metric which is quasi-isometrically equivalent to the Levi form
of a C* exhaustion function with bounded gradient outside a compact
subset of D. A typical example of such a metric is the Bergman metric
on strongly pseudoconvex domains in C™ (cf. [D-F]). For the Bergman
metric, the L? cohomology groups of type (p, q) are known to be infinite
dimensional for p + ¢ = n (cf. [D-F], [O-8]). Recently the bound-
ary values of these cohomology classes are studied for the unit ball (cf.
[J-K]).

Applying Theorem 2, one can deduce the following Hartogs type
theorem.
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Theorem 3 (cf. [0-2]). The natural restriction map
PP HPA(T) — HPA(T\ 77 (0))

is surjective if p+q <n — 1.

o

The range p+q < n — 1 is also optimal. In fact, since V \ 7~ (0)
V \ {o} and H™°(V) is naturally identified with the set of L? holomor-
phic n-forms on V' \ {0}, dim¢ Coker p™° does not depend on the choice
of the nonsingular model V. It is easy to see that dimg Coker p™0 =
dimg H'(V,Oy) and to verify that H'(V,0y) # {o} if dimV = 2 and
V contains a nonrational curve.

Van Straten [V-S] discovered a remarkable application of Theorem
3 to Zariski-Lipman conjecture by showing for the case dim V' > 3 that
the germ (V, 0) is nonsingular if the tangent sheaf of V is locally free.

As for the de Rham cohomology classes on V \ 7~1(0), we have
the same extendability result for the degrees less than n — 1. This
range is also optimal in general, although one can prove the following
by analysing a spectral sequence that abuts to H™(7~1(0), C).

Theorem 4 (cf. [0-6]). If the inclusion map n=2(0) — V is a
homotopy equivalence, the natural restriction map

H"(V,C) — H"(V\77%(0),C)
is surjective forr <n — 1.

Corollary. In the above situation, every cohomology class in
H"™(V,C) can be represented by a compactly supported closed form.

Thus we are naturally led to the following

Question. Is every closed holomorphic (n—1)-form on V\7~1(0)
holomorphically extendable to V 2

Note that this is certainly true if n = 1, since closed O-forms are
locally constant functions. The first nontrivial case n = 2 was solved
affirmatively by T. Ueda [U]. Mentioning further a partial result, we have
that if V is a Zariski open subset of a nonsingular projective variety Z
and the given form is extendable to Z\ 7~1(0) then it is extendable also
across 7~ 1(0). In fact one can prove the following.
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Theorem 5 (cf. [F1], [0-10]). Let X be an irreducible projective
variety with singular locus Y, and let p be a nonnegative integer satisfy-
ing p < codimY. Then a holomorphic p-form f is extendable holomor-
phically to a nonsingular model of X if and only if f is closed.

After [O-10] was written down, S. Kosarew settled the question af-
firmatively by an algebraic method (personal communication).

As another question on V we would like to mention the following
which was asked by S. Nakano around 1976.

Problem. Is any d-ezact (1,1)-form on V of the form 8dp?

In case the canonical bundle of V is trivial, one may employ the
above mentioned L? Hodge theory (cf. Theorem 2 and the remark) to
solve it affirmatively. As a result, one has the smoothness of Kuranishi
spaces for the deformation of certain isolated singularities (cf. [M]). It
should be noted, however, that the answer to Nakano’s question is nega-
tive in general, because it is not necessarily true that all the topologically
trivial line bundles over V arise as flat U(1) bundles.

3. Applying Theorem 4, one can describe some topological prop-
erties of V' N S;.

Theorem 6. Let o; € H*(VNS,,C),i=1,2,...,m. Then the
cup product oy UagU- - -Uay, is zero whenever E:’;l ri >nandr; <n—1
for all 7.

Proof. Let V. := {w € V | |x(w)|| < 2}. Then, by Theorem 4
there exist &; € H"™ (VE,C) such that &;|V NS, = ;. Since qy U--- U
am = (61 U---U&y, )|V NS,, we obtain the conclusion from the corollary
of Theorem 4. '

Corollary. Ifn > 2, there does not exist an isolated singularity
(V,0) for which V N S, is homotopically equivalent to St x ... xSt
————

2n—1

Such a phenomenon was first noticed by D. Sullivan for hypersurface
singularities of dimension 2 (cf. [Kal).

As we have mentioned earlier, there is a natural abstract notion of
spc manifolds. Recall that a (2n—1)-dimensional differentiable manifold
M of class C* is called a CR manifold if there are subbundles T, T, F
of the complexified tangent bundle Ty ® C such that T is involutive,
T=T rankcF =1and Ty ® C=T @ T' @ F. For any local frame
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{wi,...,wp_1} for T and a local frame @ for F' with § = —@, one has
a matrix valued function (c;;) defined by |w;, ;] = ¢;;0 (mod T &T").
We say M is a strongly pseudoconvex CR manifold, or shortly an spc
manifold, if one can choose the frames {w;} and 8 around each point of
M so that (c;;) is positive definite. V' N S, is then an spc manifold if
one puts T = (Tyns, ® C) ﬂTé}VO, T'=Tand F = (T T")*. In the
same manner, the boundary of any strongly pseudoconvex domain is,
if it is of class C*°, regarded as an spc manifold. The following result
ensures that passage from V NS, to the class of spc manifolds is a good
abstraction.

Theorem 7(cf. [B], [0-3]). FEvery connected compact spc manifold
of dimension > 5 is the boundary of a strongly pseudoconver domain in
a complex manifold.

Therefore, combining Theorem 7 with the remark preceding Theo-
rem 4, one has the following by the same argument as in the proof of
Theorem 6.

Theorem 8. Let M be a connected compact spc manifold of di-
mension 2n — 1 with n > 3. Then the cup product a; U --- U oy, of
a; € H™(M,C) is zero whenever Y ;- r; >n+1 and r; < n—2 for all
1.

Question. Is there any direct proof of Theorem 8 that does not use
Theorem 7 and the Hodge theory on strongly pseudoconvexr domains?

A recent work of T. Akahori [A-2] may lead to an answer to it.

For three dimensional spc manifolds, it is well known that they are
even locally not embeddable as a real hypersurface of a complex mani-
fold (cf. [Ni]). As for the recent embeddability and non-embeddability
results, the reader is referred to articles of C. Epstein [E-1,2].

4. Although the compactness of V N S, is a great advantage for
using analytic tools, one might also be inclined to study analytic objects
on the manifold V \ {0} because it carries a complete Kahler metric
by a theorem of Grauert (cf. [G1]). Since Grauert’s Kahler metric
on V \ {o} is of the form 8¢, where ¢ is bounded near o, one can
immediately deduce from Bochner-Nakano’s formula that the d-equation
Of = g has an L? solution near o for any -closed L? (p,q)-form g on
V, provided that p 4+ g > n. In order to proceed further, we need the
following observation due to Donnelly and Fefferman [D-F] (See [O-T)]
for a simplified proof).
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Theorem 9. Let (M,w) be a connected complete Kdhler mani-
fold of dimension n such that there exists a C™ strictly plurisubhar-
monic function ¢ with bounded gradient on M such that 80y is quasi-
isometrically equivalent to w. Then the L29-cohomology group of (M,w)
of type (p, q) vanishes if p+ q # n.

Metrics satisfying the hypothesis of Theorem 9 arise very naturally.
Instances are the metric 99(— log(— log || z||)) on the punctured unit ball
B, :={2€ CN|0 < |z|| < 1} and its restriction to V N B,. As another
immediate instance, one can mention the Bergman metric on a strongly
pseudoconvex domain in C". A remarkable fact attached to the L2
cohomology vanishing in Theorem 9 is that the L? estimates

lull < C([18ull + [|6™u])

hold for C = 3sup |0¢|,. This allows us to study the L? cohomology
of V N B, with respect to non-complete metrics that are the limits of
00y, satisfying the uniformity condition 89y, > 9y, - dp;. Among
such metrics is the restriction of the Euclidean metric 89||z||? to V' N

B,. To state results of this kind, let us denote by H{{(U), for any

neighbourhood U of o in V, the L? d-cohomology group of U \ {o} of
type (p,q). For the unit ball B = {z € CV | ||| < 1}, it has long been
known that H, ?2’;1 (B) = {0} for ¢ > 1 (cf. [HG]). By the above mentioned
argument one can show that H {2’§1 (BNV) = {0} if p+q > n (cf. [O-4]). If
one (_1enotes by H g’z’;l,o (BNV) the L? §-cohomology of B,NV with respect
to 89)|z||? with supports contained in compact subsets of V, one has also

the dual vanishing H f’z’io(B NV)={0}, p+q <n (cf. [O-7]). Similarly
one has also the vanishing of the L? de Rham cohomology groups for
the corresponding degrees. Moreover, with an additional technical effort

one can manage to prove
Theorem 10 (cf. [O-7,9]).
Hp(VNB)={0} for r>n

and
Hip o(VNB) ={0} for r<n.

Here H(”Z)(V NB) (resp. Hp, o(VNB)) denotes the r-th L* de Rham co-

homology group of VOB with respect to 80|z||? (resp. that with relatively
compact supports in V).



282 T. Ohsawa

Corollary. For any projective variety X C PN whose singular
points are isolated, the L? de Rham cohomology group of X is canonically
1somorphic to the intersection cohomology group of X in the sense of
Goresky-MacPherson.

As a concluding remark we would like to indicate a next interesting
topic in the analysis of isolated singularities. This will be a question
of estimating dim H{3{(V N B.) or dim Hy,) (V N B.) with respect to
complete Kihler metrics on V' \ {o} that does not satisfy the condition
of Theorem 9. Such metrics arise naturally by adding Kahler metrics on
V. Therefore it seems that something like the following must have an
answer.

Question. Let w; and ws be complete Kdihler metrics on V' \ {o0}.
Is it true that wy > wo mplies dim H{z) (VNB4)w, > dim H(TZ) (VNB.)w, ?
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