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Stationary Phase Method with Estimate
of Remainder Term over a Space
of Large Dimension

Daisuke Fujiwara

Abstract.

Let r4(v) denote the remainder term of the stationary phase

method over R?. Then an estimate of v¥/2*1ry(v), as d — oo, is

given under certain assumptions, which are tolerable for application
to Feynman path integrals.

81. Stationary phase method

Stationary phase method is a method to evaluate asymptotically, as
v — 00, oscillatory integrals over R? of the following form:

I(S,a,v) = / e~ 5@ q(z)dx,

RrRd

where S(z) is a real valued C* function called the phase function, a(z) is
a C*° function called the amplitude and v is a large positive parameter.
In the simplest case that a(x) € C§°(R?) and that S(x) has only one
critical point z*, where Hess S(z*) is non-degenerate, it gives

d/2

27r) [det{Hess S(z*)}]~Y/2(e~*5=a(z*) + ra(v))

I = | —
(S,a,v) ( o
and an estimate of the remainder term

ra(v) = O(V_d/z_l).

If support of a(z) is not compact, we have to require some addi-
tional assumption that control the behaviour of a(z) at the infinity. For
instance (cf. [1]), the same conclusion holds if we assume the following
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Hypothesis (H.0). (i) sup, | 955(x) |< oo for any multi-indez o
with | a |> 2. (ii) There exists a constant § > 0 such that | det Hess S(z) |
> 6. (ili) For any multi-indez o, sup, | 95a(z) |< oo.

Since the stationary phase method is closely related to the mathe-
matical theory of Feynman path integrals (cf. [3], [4], [5] and [6]), we
wish to investigate the following

Question. Can one control v*?*1ry(v) asd — oo ?

We give a positive answer to this question. Detailed discussions can
be found in [2]. Applications are discussed in [4], [5] and [6].
§2. Statement of results

We shall treat the following oscillatory integral over L — 1 dimen-
sional space:

I({t;},S,a,v)(zL, o)
L
_ vi 1/2 —w8(zL,s%0)
I—_I 27rt /RL_le A, 20) H i

with large positive parameter v and small positive parameters {t;}. Our
hypothesis for the phase function is

Hypothesis (H.1). S(zr,...,x0) s of the form

L
S(IL, SN ,J)o) = ZSj(tj,xj,a:j_l),

j=1
where

| zj ~ 21 |?

Si(tj, w5, x5-1) = 5
7

+ tij' (tj, Ty, :1,‘]'_1).

For any m > 2 there exists a positive constant k,, such that

sup | 9,0

Tj,Tj—1

S wj(t, @5, 85 1) |< K

if2<a+pB<m.

We will give two examples of phase functions satisfying hypothesis
(H.1).
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Example 1. Let L(¢,z) = 162 -V (z), (£, z) € R?, be a Lagrangian
with a potential V(z). Assume that the potential V(z) is a real-valued
C*>-function satisfying estimates:

sup | V®(z) |[< 0o for any k> 2.
T

Then for a small T' > 0, there exists a unique classical orbit v (¢) such
that v%(0) = y,v(T) = z. Let

T
ST o) = [ L6 @7 0)de
0
be the classical action. Then S (T, z,y) is of the form

cl _lx_ylz cl
) (T,x,y) - T +T¢ (Tam;y)

and for any m > 2 there exists a constant C,, such that

sup | 8280 ¢°N (T, z,y) |< Crm

if 2 < a+ B < m. Therefore, S(zL,...,Z0) = ZLI S(tj,xj,xj-1)
satisfies the hypothesis (H.1).

Example 2. Let L({,x) be the same lagrangian. Let v'"(t) be
the straight line connecting (0,y) and (T, z) in the time-space, i.e.,

In(t) = im+ Tr—¢
Y - T T Y.

Let
ST, z,y) = / LG @), (0))dt.

Then function S™(T, z,y) is of the form

|z —y |?

In
57— TT¢"(T,z,y)

S™(T,z,y) =
and for any m > 2 there exists a positive constant C,, such that

sup | 0587¢"™ (T, z,y) |< Cnm
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if 2 < a + B < m. Therefore, S"™(xr,...,z0) = Zle S (t;, zj,z-1)
satisfies the hypothesis (H.1).

Under hypothesis (H.1) the critical point of the function (zp_1,...,
z1) — S(zr,zr-1,.-.,%1,2Zo) is unique if Tf, = Zjl.’zl t; is small. We
denote it by (z%}_;,...,z}). We abbreviate S(zr,z}_4,...,%},%o) as
S(TL,;To). We can write the Hessian of S at the critical poit as H + W,
where

1 1 1
ata  Th 0
1 1 1 1
% T w0
H= 0 1 141 1
t3 t3 ta ta
and
t1 8;"10.)1 +t26§1w2 tzazla,wwg 0
120z, O, w2 t26§2w2+t38§2w3 t303,0z,w3
W= 0 tgamzamawg t38£3w3+t48§3w4
It is clear that T
det H = L __zo.
tita.. .t

‘We can state our first result.

Theorem 1. Under the hypothesis (H.1) there exists a positive
constant 6; independent of L such that if Ty, =t + ...+ 1ty < 6, then

I{t;},8,1,v)(zL,zo)

.\ 1/2 _
:( n ) e~ WSEL) [det(I + H'W)] 1/2(1+1"(1/,.7:L,.7:0)),

27I'TL

where the remainder term r(v,zr,xo) satisfies the estimate: For any
K > 0 there exists positive constants Ck such that if | og |,| ap |[< K

| 6:38;"LLT(V, zr,xo) |< CKTgV_l.

Remark. 61 and Ck are independent of L as far as T, is bounded.
Therefore, we can control 7(v, zL, zo) even when L tends to co.

In order to state the result for general integral with amplitude a(z),
we require a little more preparations. Let 1 < k < [ < L. Then the
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critical point of the function (z;_1,...,Tk4+1) — Zgzkﬂ Si(tj, zj,xj—1)
is unique if tx41+. . .+¢; is small. Let (z_y,...,} ;) denote the critical
point, which is a function of x; and ;. We abbreviate a(zr, ...,z z}_;,

3 Thyp1>Thy - -->T0) $0 A(TL, -+, Tig1, ], Thy Th—1s - - -, F0)-
Our hypothesis concerning the amplitude function is the following:

Hypothesis (H.2). For any integer K > 0 there erists a positive
constant Ax with the following properties: (i) If | o |< K for j =
0,1,...,L, then

L
| H d%a(@L,. .., T0) |[< Axk.
(ii) For any sequence of positive integers {Jji,...,7s} satisfying

0=jo<j1—1<j1<j2—1<...<j3—1<js<L

we have

Qo QL X —1 aJk
| 0700, Ham,k 2 0oy 0(TL, 25, %5, 15 Z5, 153 Tja 15 Z40) IS Ak,

as far as | a; [ K for j=0,51 — 1,751,...,0s — 1,7s, L.

Before stating our second theorem, we give an example of amplitude
functions satisfying hypothesis (H.2).

Example. Let bj(z;,z;-1), j=1,...,L, be functions bounded
together with their derivatives of all order, i.e., for any positive integer
K there exists Ck such that

sup | 03703771 b; i(zj,25-1) |< Ck 0<aj,o_1 <K.
x

Tj—1

L
Then a(zp,...,Zo) = (2= 9% @) i hypothesis (H.2)
above.

Now we can state our main

Theorem 2. Under the hypotheses (H.1) and (H.2) there exists a
positive constant 61 such that if 0 < Tp, < 6

I({t;}, S, a,v)(zL,x0)

. 1/2
— vt —iwS(ZL,%o) T+ H!
(27rTL> e [det(I + w)]

x (a(ZTL;Zo) + (v, L, T0))

-1/2
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where r(v,x1,x0) satisfies the estimate: For any K > 0 there exists
positive constants Cx and M(K) such that if | o |,| ar |< K we have

| 88003 r(v, zL, 20) |< CKTLV_IAM(K).

Lo XL

Remark. 6, , Cx and M(K) are independent of L as far as Ty, is
bounded. Therefore, we can control r(v, zL, o) even when L tends to
0.

§3. Sketch of the proof

We begin with our key lemma, which is valid under hypothesis (H.3)
weaker than (H.2) and is interesting in its own sake.

Hypothesis (H.3). For any integer K > 0 there exists a positive
constant Ak such that if | o |< K for j=0,1,...,L,

L
I H agjja’(xln HE 71'0) IS AK
§=0

We can state

Key Lemma. Under the hypotheses (H.1) and (H.3) there exists
a positive constant 6g such that if Ty, < &g we have

I({t;},S,a,v)(zL, o)

N 1/2
vi —iwwS(TL,Zo — -1/2
= <27rTL) e~ wS(@L,%0) [det(I + H™'W)] b(v,zr,x0),

where b(v,xr,To) satisfies the estimate: For any K > 0 there exists
positive constants C1(K) and M(K) such that if | oo |,] ar |< K we
have

I 8"“’8“%(1/, ZL‘L,CL‘O) lS Cl(K)LAM(K)

To “ZL

Remark. C(K) and M(K) are independent of {t;}, L, (zr, zo) and
v as long as T, < &.

Above Lemma can be proved by modifying the proof of Theorem
6.8 in Chapt. 10 of Kumano-go [7].
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Omitting the proof of lemma we proceed to the proof of Theorem
2. To make notations simpler we denote 21/—1 by E. With this notation
™

we can write

I({t;},S,a,v)(zL, o)

L E 1/2 ] L-1
=11 (t_) / e WS@r g (zy,. .. z0) [] da;.
j=1 7 L-1 j=1

R

We perform integration over z;-space. Using stationary phase
method, we have

2\ 12 _
H (%_) / e—W{S?(t%”’““)'*'Sl(tl’zl’zO)}a(mL, C T, T, xo)dwl
j=1 7 R
E /2 ,
= (m) e~ 521(22,%0) (Pra(zr,...,z2,z0)+Ria(zL, ..., 22,20)).
Here T(2, 1) =ty+t1,5%, (2, To) denotes the critical value of S2(ts, z2, 1)
+51(t1, 21, xo) with respect to the variable x1, Pia is the main part and

R;a is the remainder term of the stationary phase method.

Remark. (A) Clearly, we have
Py (a){zp,...,22,%0) = a(zL,Zr—-1,-..,T2, &0)D(S1 + Sg;mz,wo)—l/z

here

t1ts
t1 + 12

D(Sl+52; Ta, xo) =1+ (t2(932,;1(U2(t2, Ta, xI) + tlaglwl(tl, 1‘;, .’l)o))

(B) The remainder term Rja is a very complicated function with
respect to zo but is simple with respect to the variable (zz,...,zs, o).
In fact, we have O, (Ria) = R10z;a for j =0and 3 < j < L. And
Rja is small in the following sense: For any integer K > 0 there exists
a constant C'k such that

| 8;10082122 . ‘accchLRla(er . .,(Ez,.’lfo) |
S CKV—I maxsuplaggafllagzag; . .Bg‘lfa(a:L,. . -,132,.’151,.’1,'0” .
t1 +t2 1

Here max is taken with respect to 81,82 for 1 < az + 4, (32 < as.
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Next we integrate the term Pja over zs-space and apply the sta-
tionary phase method. We obtain

()" (=)

/ e {5s(ta,23,22)+ 551 (22,200} Prg(zp, . . ., T2, 20)dxs
R

1/2
= —-—E|—— e_iysgl(z3720)
TG,1)

(PePra(zyr,...,z3,%0) + RePra(zyr,. .., Z3,%0))-

Here S3,(x3, zo) denotes the critical value of the function z3 — Ss(ts, x3,
Z9) + 95, (x2,z0), P2Pia is the main term and R Pia is the remainder.
Since P Pja is a simple function of z3, we integrate it over xz3-space and
apply the stationary phase method. The main term includes P3P, Pia
and the remainder includes R3 P, P;a.

Repeating this procedure L — 1 times, we obtain

E \'* _ &
AO(va "1:0) = (m) e_zVSLl(zL’zo)PL_l . Pla(wL, lL‘O),

which is nothing but the main term of Theorem 2.

Now we must treat the remainder term. Since Rja is a complicated
function of =4, we skip integration over z2 space and perform integration
over z3-space. Then we obtain

(27 () (in)

—7 *
/ e W{S4(t4,w4y$3)+33(t3y137$2)+521($2,$0)}R1a(xL’ .., T4, T3, :11.2‘),':1;0)(1:1:3
R

1/2 1/2
_(_E E o= iv{Sis(24,52)+53, (22,20))
T(4,3) T(2,1)

(PSRIG’(:EL, ceey Tey T2, .’1,‘0) + R3R1a($L7 ceey Ty, T2, .’L‘o)) .

Here S33(x4, x2) denotes the critical value of the function z3 — S4(t4, z4,
x3) + S3(ts, x3,22), PsRya denotes the main term and R3Rja is the
remainder. P3R;a is a simple function of the variable 24 but R3Ria is
not. We integrate P;R;a over x4-space but we skip integration of Rz Rya
over T4-space.
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Similarly, we skip integration of Ry Pja over zz-space and integrate
it over z4-space. We obtain

(5)" ()" ()

/ e—W{SE.(ts,Is,w4)+54(t47w4,z3)+531 (13,$0)R2P1a($L, ..., T4, T3, .’L‘())d(L'4
R

1/2 1/2
_(_E B = 1{Sta(@s,23)+ 53 (23,70)}
T(5,4) T(3,1)

(P4R2P1a(a:L, .., T5,T3, .'B()) —+ R4R2P1a(a:L, .o, T5,T3, :)30)) .

We continue this process. The rule is that we apply the stationary
phase method when we integrate over x-space and if Ry appears then
we skip integration over xjpyi-space. We finally obtain the following
expression:

I({tj}’ S’ a, I/)(.’Z:L,.’L'0) = AO(‘TL’ .730) =+ ZAjs]'s—Ln_h (wLa wO)a

where }_* denotes summation with respect to indices (js, ..., j1) satis-
fying

<1 <jo—1<ja<fs—1<...<js—1<Js,

and each term is an oscillatory integral

Aj1j2-~~js (wL: xO)

-1 ()

m=1
k-
— i8S .51 (ZL g seensTjq T R , . . .
/ e~ WSisn it (BLTi0r @i P, (Tr, @5, -, Ty, To) H dz;,,,
® m=1
whose phase function is
Sjs--.j1 (wLa LjgyeresLgpy IL‘())
— * N * . N * .
=81, (@L,%5,) + 875, (%5, %5,_1) + ... + 55, 0(Tj15 Zo)

and the amplitude is

bjs.--j1 (JJL,:L‘J'S,. .. ,wjl,.’l,‘o) B QL—lQL—2 SN Qla(xL,sz, . ,.’le,.’L'()),
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with )
Ida forj=js,js_1,---,,]1,
sz R] forj:js_lajs—l_L"'ajl_l,
P;, otherwise.
Furthermore, we can prove that b;, .., (z1,%j,,...,%;;,%o) satisfies

hypothesis (H.3).

Proposition. For any integer K > 0 there ezist positive constants
C2(K) and integer m(K) such that

arp % X1 gaop . .
| Ozf0z]? ... 0 07205, gy (L, Tjsy- %)y, %0) |

SCQ(K)sAm(K) H I/_lt]',c .
k=1

Now we apply our key lemma to A, ;, .. j, (zz,%0) and use the
proposition above. Then we obtain

E \2

L i - —ivS(zr,@ . i

Ajyjer.is (TLy T0) = (T ) e ( O)GJst—lmh(a”L:xO):
L,1)

where the function aj,j,_,.. j, (L, 2o) satisfies the following estimates:
For any integer K > 0 we have

| 932 020;,5,_s...5: (2L, T0) |< C1(K)*Co(M(K))* Amexcyy [ | v -
k=1

This implies that the remainder term r(v, z1,zg) can be written as

*
T(Va zL, .’Bo) - Z Qjojomr...f1 (:EL, xO)-

If ap,ar, < K we have
*
| 952 850r (v, x, @0) [S D | 8328200y, ;, ..y (%L, o) |

< C3(K) Amuryy ] v i
k=1

L

SAm(M(K)) H(l + C3(K)l/_1tj) -1,
Jj=1
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where we abbreviated C (K)C2(M(K)) as C3(K). This proves Theorem
2.

Theorem 1 can be proved similarly.

More detailed dicussions are given by [2].
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