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0. Introduction 

In this note we shall study geometric structures on smooth manifolds 
and deformation spaces. In 1981 Thurston gave a lecture on projective 
structures on surfaces in which he has established the following structure 
theorems (unpublished): 

I. There is a canonical decomposition by convex hulls on a hy
perbolic surface S which admits a (one dimensional complex) 
projective structure. 

IL There is an isomorphism between the deformation space 
CP 1 (S9 ) and the product T(S 9 ) x M.C(S 9 ). 

Here T(S 9 ) is the Teichmiiller space of a closed orientable surface S9 of 
genus g ~ 2 and M.C(S 9 ) is the space of measured laminations. 
Since there was considerable interest in the argument of proof and the 
key idea seems to be generalized in higher dimension, we have decided 
to write down an exposition of the above structure theorems (I), (II). 

(Complex) projective structure on surfaces is equivalent to con
formally flat structure on surfaces when we identify CP 1 = S2 and 
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PSL 2 (C) = P0(3, 1)0 • We shall generalize I to conformally flat struc~ 
ture on manifolds in arbitrary dimensions. 
In Chapter 1, we show that there is a canonical decomposition of a 
conformally flat manifold. The above Thurston correspondence will be 
proved in Chapter 2. There is no originality concerning the argument 
of Chapter 2 except for a certain generalization. It is nothing but our 
interpretation of Thurston's lecture. In Chapter 3 we shall describe 
various projective structures by using Kleinian groups. In Chapter 4 
we review (G, X)-structures and examine the properties of limit sets of 
(G, X)-manifolds. The deformation space for (G, X)-structures will be 
defined more generally. As an application, we study the deformation 
spaces of S 1 invariant geometric structures in Chapter 5. Particularly 
we treat spherical CR structures and conformally flat structures as such 
geometric structures. 

The authors have been informed from Professor William Goldman, 
and Professor Sadayoshi Kojima that Kulkarni-Pinkall also showed the 
existence of canonical stratification of conformally flat manifolds ( cf. 
[34]). 

We would like to thank Professor William Goldman for showing us 
his note of the Thurston's lecture. And we also thank the referee to 
pointing out our mistakes in earlier draft. 

1. Canonical decomposition of conformally fl.at manifolds 

A conformally flat structure on a smooth n-manifold is a maxi
mal collection of charts modelled on the standard n-sphere sn whose 
coordinate changes lie in the group Conf(Sn) of conformal transfor
mations of sn. The group Conf(Sn) is isomorphic to the Lorentz 
group PO(n + 1, 1). If a smooth n-manifold M admits a confor
mally flat structure, then by the monodromy argument there exists 
a developing pair (p, dev), where dev : M - sn is a conformal im
mersion and p : 1r1(M) - Conf(Sn) is a homomorphism such that 
dev ·, = p(,) · dev (, E 1r1(M)). Here Mis the universal covering space 
of M and 1r1 (M) is the fundamental group. The map dev is called a de
veloping map and p is called a holonomy homomorphism, both unique 
up to an element of Conf(Sn). Remark that the term "conformal" means 
"in the category (Conf(Sn), sn)", which is different from the usual ter
minology when dim = 2. 
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1.1. Maximal balls 

Definition 1.1.1. Let Hn+l be a (real) hyperbolic space with 
boundary 8Hn+i = sn. The n dimensional sphere sn is a conformally 
flat manifold by stereographic projection. A geometric k-sphere Sk is 
the boundary of a ( k + l) dimensional totally geodesic subspace of Hn+ 1 . 

A geometric ball is a domain of sn bounded by a codimension one geo
metric sphere. 

Definition 1.1.2. Let N be a conformally flat manifold. Given 
a conformal immersion f : N ----. sn, a geometric ball of N is an open 
subset U such that f : U ----. f (U) is a diffeolhorphism onto a geometric 
ball of sn. Then the set of geometric balls of N is partially ordered by 
inclusions. We call a maximal geometric ball a maximal ball. 

The following is a generalization of the proposition due to Thurston. 

Proposition 1.1.3. Let f : N----. sn be a conformal immersion. 
Then either one of the following is true, 

(i) N is conformally equivalent to the standard sphere sn, a eu
clidean space Rn, or a hyperbolic space Hn. 

(ii) Every point of N lies in a proper maximal ball. 

Proof. Suppose that (ii) is false. A point of N lies in some geo
metric ball but not in a maximal ball. And so there exists a sequence 
U1 C U2 C · · · C Ui C · · · of geometric balls containing x. The union 

00 

W = LJ Ui is not a geometric ball. As f is injective on each Ui, f must 
i=l 

map W isomorphically onto a euclidean space Rn(~ sn - {oo}). If 
N =I-W then f maps the closure W isomorphically onto sn. And thus 
it follows that N = W. This proves (i). If some maximal ball U is not 
proper, then N = U. Since the image f(U) is a geometric ball of sn, it 
is conformally equivalent to a hyperbolic space Hn. Q.E.D. 

Let f : N ----. sn be a conformal immersion. The spherical metric 
on sn defines a Riemannian metric on N so that f is a local isometry. 
Let N be the metric completion of N. It is easy to see that f extends 
to a map f: N----. sn. Recall that for a maximal ball U, f: U----. Bis a 
diffeomorphism onto an n dimensional ball B. Note that the closure of 
U in N is not compact by maximality. However we have 

(1.1.4) f: o--f3 
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is a homeomorphism onto a closed ball of sn. Denote by au the bound
ary of O in N. Let Mn be a closed conformally flat manifold and 
(¢,dev): (1r1 (M),M)-+ (Conf(Sn),Sn) be the developing pair as in 
1.1 of Chapter 1. Recall that dev is a conformal immersion. We have 
the following application. 

Lemma 1.1.5. Let Mn be a closed conformally fiat manifold and 
F be the set of all maximal balls of the universal covering space M. If 
the boundaries of all the elements of F meet at a common point, then 
the developing map is a covering map. 

Proof. We put M = N, 1r1 (M) = r, dev = f. Let N be the 
metric completion of N and J: N-+ sn be the map extending f. Let 
x be a common point of au for all U E F. Note that x (/. N, otherwise 
x would be an interior point of some maximal ball. Put J(x) = oo. 
We prove that f misses the point { oo }. Suppose that there is y E N 
such that f(y) = oo. The point y lies in some maximal ball U. Since 
J: a-+ Bis a homeomorphism and XE au, it is impossible. Therefore, 
as the developing map misses a point, it is a covering map onto its image 
(cf. [25],[34]). Q.E.D. 

Proposition 1.1.6. Let Mn be a closed conformally fiat mani
fold. Suppose that F consists of finite elements (possibly empty) or the 
boundaries of all the elements of F meet at a finite number of common 
points. Then M is conj ormally equivalent to a spherical space form, a 
Hopf manifold, a euclidean space form, or a hyperbolic space form. 

Proof. Suppose the latter case. By the above lemma we have that 
dev : M -+ dev(M) c sn - { oo} is a covering map. Since the com
mon points are finite, the fundamental group 1r1 (M) has a subgroup 1r' 

of finite index those elements of which leave these points fixed. And 
so the holonomy subgroup ¢( 1r') belongs to the similarity subgroup of 
Conf(Sn) which is the stabilizer at { oo} in sn. Therefore dev is a home
omorphism of either Rn or sn - {O, oo} ( cf. [14]). In our case dev is a 
homeomorphism onto sn - {O, oo} or Mis a Hopf manifold. 
For the remaining case, if F is empty then M is either a spherical space 
form or a euclidean space form. Suppose that F consists of finite ele
ments. Then M is covered by the union of those finite maximal balls 
U. It follows that the number of dev -l ( x) is finite for each x E sn. It 
is easy to see that dev : M-+ dev(M) is a finite covering map. Passing 
to a subgroup of finite index in 1r if necessary we can assume that 1r 

leaves each element U of F invariant. Let r be the holonomy group to 
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1r. Since the image of dev misses more than one point, we know that 
dev(.M) C sn - L(r). On the other hand, note that r is discrete be
cause dev: U -t Bis a homeomorphism. This implies that L(r) c sn-l 
where we view aB = sn-1. Moreover r acts properly discontinuously on 
sn - L(r) by (1.1.5). In particular it follows that either dev(.M) = Hn 
or dev(.M) = sn - L(r). The former case implies that Mis a hyperbolic 
space form. In the latter case the set of all maximal balls in sn - L(r) 
must be finite. However if we note that sn-l - L(r) =f=. 0, it is easy to see 
that for any point x E sn-l - L(r) there are infinitely many maximal 
balls containing x. This is impossible in this case. Q.E.D. 

Note. If M is a Hopf manifold, every maximal ball of M meets 
at exactly two points. 

1.2. Decomposition of conformally flat manifolds 

Let f : N -t sn be a conformal immersion and :F the set of all 
maximal balls of N. Let Ube an element of :F. Put 

U= = U-N. 

Then au decomposes into a disjoint union of au n N and U =. 

Definition 1.2.1. The set U= is called an ideal set of U. The 
ideal set is a closed subset of N. (For example, if tJ is a closed disk, 
then U = may look like a Cantor set and au n N is a disjoint union of 
intervals. Since U has the natural Poincare metric, U = corresponds to 
a closed subset of points at infinity.) 

Recall from (1.1.4) that tJ is conformally equivalent to a closed ball 
B. We may form the convex hull C(Uoc,) for U= inside U. (Note that this 
can be defined when Uoc, contains more than one point.) Let Dm+l = 
Hm+l U sm be the compactification of a hyperbolic space Hm+l. If K 
is a closed subset of sm then we denote by 1i(K) the convex hull in 
Hm+l. It is easy to check the following. 

Lemma 1.2.2. Let P C Hm+l be a totally geodesic hyperplane 
such that either one of the components of sm - aP does not meet K. 
Then 1i(K n aP) = 1i(K) n P. 

Using this lemma we define pleats on the boundary aC(Uoc,) of 
C(Uoc,)- Given a closed convex set C of Dn+l there is a canonical re
traction <I>c : Dn+i -t C called a closest point mapping. Recall that 
if x E sn - C there is a horoball centered at x disjoint from C. Then 
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<I>c(x) is the point of the first contact when we increase the radius of 
this horoball continuously until it touches C. See [8] for details. Denote 
by f uc the complement of f U in sn. If C = H(f Uc) is the closure of 
the convex hull H(!Uc) in Hn+l, then we have a map <I>c : Dn+l -+ C. 
Note that Ji( 8(!Uc)) is a totally geodesic subspace of Hn+ 1 , so we set 
1i(8(!Uc)) = Hn. Since H(8(JUC)) CC, the above map restricts to a 
map 

<I>u: JU(= B)-+ Hn. 

Note that it is a conformal diffeomorphism. 

Definition 1.2.3. For a totally geodesic hyperplane P C Hn 
we call also J- 1<I>r/(P) a totally geodesic hyperplane in U. Put 
J- 1<I>r/(P) = Q. If P 1 < P 2 < · · · < pn- 2 < pn-l = Pis a chain 
of totally geodesic subspaces, then there exists a k dimensional totally 
geodesic subspace Qk of U and similarly a chain Q 1 < Q 2 < · · · < 
Qn- 2 < Qn-l = Q and so on. 

Since <I>u(C(!U= n 8P)) = H(!U= n 8P) and 1i(!U= n 8P) 
H(!U= n P) by the above lemma, we have that C(!U= n 8P) 

JC(U=) n <I>;::/(P). Noting that JC(U= n 8Q) = C(!U= n 8P), it 
is easy to check that C(U= n 8Q) = C(U=) n Q. An iteration of this 
argument yields that 

(1.2.4) 

Definition 1.2.5. Let Q 1 < Q2 < · · · < Qn- 2 < Qn-l = Q be a 
chain of totally geodesic subspaces in a maximal ball U. Suppose that 
either one of 8U-8Q does not meet U=. If Int C(U=) =/-0, (equivalently 
IntC(U=) n U is open in U) and C(U=) n Qk contains an open subset 
in Qk then by (1.2.4) that C(U= n 8Qk) is said to be a k dimensional 
pleat of the boundary 8C(U=) (k = l, 2, · · ·, n - 1). 
Put Au = 8C(U=)- Choosing all possible geodesic hyperplanes Q in 
U and passing to all chains of geodesic subspaces { Qk}, we obtain all 
pleats in Au. The set Au is composed of all possible pleats in dimension 
less than or equal ton - l. In the case that Int C(U=) = 0, there exists 
a totally geodesic subspace Q' such that C(U=) = C(U=) n Q' is open 
in Q'. We say that C(U=) is an m dimensional pleat if dimQ' = m. 
Inductively we can define pleats of 8C(U=) unless m = 1. Note that 
C(U=) is a one dimensional pleat if and only if U= consists of a pair of 
points. 

Let f : N -+ sn be a conformal immersion as before. Using the 
spherical metric of sn, N admits a Riemannian metric such that f is a 
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local isometry. Recall that N is a metric completion and f : N -+ sn is 
a map extending f. Choose a point x in N. Let W(x) be the union of 
all maximal balls containing x. 

Lemma 1.2.6. If W(x) is the closure of W(x) in N then W(x) 
is compact. 

Proof. Let p (resp. p0 ) be the distance function of N (resp. sn). 
Since f maps W(x) injectively, f is a homeomorphism of W(x) onto its 

image 0. Let {pi} be an arbitrary sequence of W(x). Choose a sequence 
{qi} in W(x) such that p(pi, qi)< 1/i. Since O is compact, the sequence 
{f(qi)} has an accumulation point and so {f(qi)} is Cauchy. Given 
E > 0, choose fj such that O < 8 < E. Suppose that po(J(qi), f(qj)) < 8. 
If fj is sufficiently small, then there exists a maximal ball in n containing 
the points f (qi) ,f ( qj). And so O contains a minimizing geodesic between 
f ( qi) and f ( qj). It implies that po(!( qi), J( qj)) = p( qi, q1 ). In particular 
the sequence {qi} is Cauchy. Since N is complete, the sequence {qi} has 

a limit point q. And thus we have limpi = q. Hence W(x) is compact. 
Q.E.D. 

Theorem 1.2.7. Let f: N-+ sn be a conformal immersion and 
F the nonempty set of all maximal balls. Then every point of N lies in 
the convex hull C(U 00 ) for a unique element U E F. 

Proof. Choose a point x in N and let W(x) be as above. Put 

W(x) 00 = W(x) - N. Note that it contains more than one point for 
otherwise there are no maximal balls containing x. Since W(x )00 is a 

closed subset of W(x), W(x) 00 is compact by the above lemma. And so 
f(W(x) 00 ) is a closed subset of sn. If 'H = 'H(f(W(x) 00 )) is the convex 
hull in Hn+l, then we have a closest point mapping <I>1t : on+l -+ 'H. 
Now there is a unique totally geodesic hyperplane P through <I>1t(J(x)) 
perpendicular to the geodesic from f ( x) to <I>1t (J ( x)). Then we have 
from (1.2.2) that 

<I>1t(J(x)) E 'H(f(W(x) 00 )) n P = 'H(f(W(x) 00 ) n BP). 

Let B be a geometric ball containing f(x) such that BB= BP.The set 
U = f- 1 (B) is a maximal ball containing x because BC f(W(x)). As 
fBU = BfU = BP, it follows that 

H(f(W(x) 00 ) n BP) = 'H(f(W(x) 00 n BU)) 

= 'H(/(Uoo)). 
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Since if>u(JC(Uoo)) = if>u(C(!Uoo)) = H(!Uoo) and if>1-tJfU = if>u, 
it follows that if>u(f(x)) = if>1-t(f(x)) E if>u(f(C(U 00 ))) and hence 
x E C(U 00 ). The proof of the uniqueness is the converse of the above 
argument. Q.E.D. 

Corollary 1.2.8. 

(1) The family {C(U 00 ); U E F} consists of disjoint subsets. 
(2) The set UAu is closed in N. 

Proof. There exists a unique element of F such that each point 
of N lies in its convex hull by the above theorem. This implies that 
{C(U 00 ); U E F} are disjoint. For (2), it suffices to show that if a 
sequence {xi} E Au, (Ui E F) converges to x EN, then there exists an 
element U E F such that x E Au. Recall that Au = C(U 00 )-int C(U 00 ). 

There exists U E F such that x E C(U 00 ). If xis not contained in Au, 
then x E int C(U 00 ). It follows that for sufficiently large i, Au, meets 
with C(U 00 ). This contradicts that {C(U 00 ); U E F} are disjoint. 

Q.E.D. 

Let Mn be a closed conformally flat manifold and :F the set of all 
maximal balls of the universal covering space M. It is obvious that :F, 
the family {C(U 00 )} and the set UAu are invariant under the fundamen
tal group 1r. 

Corollary 1.2.9. Let Mn be a closed conformally fiat manifold. 
Suppose that :F is not empty. Then the universal covering space M 
supports a 1T" invariant canonical decomposition {C(U 00 ); U E F}. 

2. Thurston parametrization of projective structure on sur
faces 

In this chapter we shall prove the Thurston isomorphism II stated 
in Introduction. Recall that ( complex) projective structure on sur
faces is equivalent to conformally flat structure on surfaces when 
we identify (S 2 ,Conf(S 2 ) 0 ) with (CP1,PSL2 (C)). As before, given 
a projective structure on a surface S we have a developing pair 
( ¢, dev) : ( n 1 ( S), S) -+ (PSL 2 ( C), CP 1 ) up to conjugation by elements 
of PSL 2 (C). 

2.1. Deformation spaces on surfaces 

Suppose that S9 is a closed orientable surface of genus g ~ l. For 
the brevity we set S = S9 and r = n 1 (S9 ). A surface~ is a hyperbolic 
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surface if the universal covering space is conformally equivalent to a 
hyperbolic plane H2 . Consider the subspace n+ ( S) ( cf. 4.3.4); 

n+(s) = {(,p,dev): (I',S) -t (PSL 2 (C),CPI)}/Diff 0 (S), 

where dev are orientation-preserving immersions. 
The topology on n+(s) is given by the following subbasis: 

(1) N(U) = U/ rv where U is an open subset in Map(S, CPI) with 
the compact-open topology. 

(2) N(K) = {dev E Map(S,CPI)J devJK is an embedding for a 

compact subset KC S}/ rv. 

Put 

Definition 2.1.1. Let S9 be a hyperbolic surface. The space 

CPI(S 9 )+ is called the deformation space of projective structures or 

CPI-structures on S9 . T(S 9 ) is the usual Teichmi.iller space. 

Thurston has introduced the notion of geodesic laminations on sur
faces. (Cf. [9],[40],[8].) Namely, a geodesic lamination on a hyper
bolic surface E is a closed subset consisting of a disjoint union of simple 
geodesics. Let A be a geodesic lamination on E. By a transversal we 
mean an embedding£: [O, 1] -t E such that at each t where £(t) EA the 
map£ is transverse to the leaf through £(t). 
A transverse measure on A is a function µ which assigns to each transver
sal£ a Radon measureµ(£) on [O, 1] supported by {t E [O, 1] J £(t) EA} 
which is compatible under the canonical homeomorphisms between 
nearby transversals. We call the pair (A,µ) a measured geodesic lami
nation of E. 

Definition 2.1.2. M.C(E) is the space of measured geodesic lam
inations on E, equipped with the weak * topology. 

If f is a homeomorphism of a closed hyperbolic surface E onto E' 
then f induces a homeomorphism f: M.C(E) -t M.C(E'). (See [8],[9].) 

Let S9 be a hyperbolic surface. Note that T(S 9 ) is homeomorphic to 
R6 9- 6 . In this case the space of measured laminations M.C(S 9 ) is also 
homeomorphic to the real vector space of dimension 6g - 6. Moreover, 
CPI(S 9 )+ can be identified with the cotangent bundle ofT(S 9 ). (Com
pare [5].) In contrast to this identification we have a new parametrization 
on CPI(S 9 )+. 
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Theorem (Thurston). Let S9 be a hyperbolic surface. Then there 
exists a homeomorphism 

See [16],[17],[15],[13] for the related topics. The rest of this section is 
devoted to the proof of this theorem. 

2.2. Locally convex pleated maps 

Let f : N -----t CP 1 be a conformal immersion. We have shown in 
Theorem 1.2.7 that every point x of N lies in the convex hull C(U 00 ) of 
a unique maximal ball U. Let :F be the set of maximal balls. For each U 
there is a closest point mapping <I>u : f(U) --+ H2 ( C H3 ). (See Section 
1.) Set w(x) = <I>u(f(x)) if x E C(U 00 ). By uniqueness it defines a well 
defined map 

(2.2.1) '1T: N--+ H3 . 

It is obvious that W is a continuous map. Note that in our case 
each C(U 00 ) is either a region or a (one dimensional) pleat, the im
age w(C(U 00 )) lies on a geodesic or in a totally geodesic hyperplane of 
H3. 

Definition 2.2.2. Given an arbitrary conformal immersion f : 
N -----t CP 1 , we have passed from it to a map W : N --+ H3 . The map W 
is called a pleated map. 

2.3. Assignment of CP 1 (S9 )+ to T(S 9 ) 

In general a pleated map W is not locally injective. By definition 
(2.2.2), Wis injective on each C(U 00 ) for U E :F. On the other hand, we 
consider a point x E N such that there is a sequence { xi} converging to 
x such that w(xi) = w(x). Since each Xi lies in a distinct C(U:X,) and w 
is injective on C(U:X,) for sufficiently large i, all C(U:X,) have the same 
dimension equal to 1. The map W fails to be injective on the union of 
those C( U:X,). Each ideal set U:X, is a locally constant pair of points in 
N. 

Definition 2.3.1. Denote by B the set of those C(U:X,) on which 
W fails to be injective. 

Wis locally injective on N - B. Let N' be the space obtained from 
N - B by identifying the boundaries of each component of N - B which 
have the same W image. Let 'T/ : N -----t N' be the resulting collapse 
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map which is clearly a homotopy equivalence. Since each component of 
N - 13 is isometric to a hyperbolic region with boundary composed of 
complete geodesics, the image N' supports a complete hyperbolic metric. 
Moreover if g is an conformal automorphism of N then it leaves N - 13 
invariant. When g stabilizes a component, it acts as isometries with 
respect to a hyperbolic metric of that component. Otherwise g translates 
one component to another component preserving boundary geodesics. 
Therefore the map g induces a hyperbolic isometry 0(g) E PSL2 (R) on 
H 2 where we put N' = H 2 . The map 'T/ satisfies that ryog = 0(g)ory. Now 

given a projective structure (¢,dev) in CP 1 (S9 )+, we apply the above 

argument to ( ¢, dev) : (r, S') ------, (PSL 2 ( C), CP 1 ). Then it induces an 

equivariant homotopy equivalence ( 0, T/) : (I', S) ------, (PSL 2 (R), H 2 ). The 
map 'T/ induces a homotopy equivalence of S onto H 2 /0(I'). Within the 
homotopy class of 'T/, there is a diffeomorphism h : S ------, H2 /0(I') up to 

an element of Diff 0 (S). Hence a projective structure (¢, dev) defines a 
well defined element [S, h] of T(S 9 ). 

2.4. Canonical measure on circular lamination 

Let f : N ------, CP 1 be as before. Recall from (1.3.2) that the subset 

A.1 = U{Aul U E F} is closed and consists of a disjoint union of (one 
dimensional) pleats. In order to define the canonical measure µ1 (£) on 

a transversal£ for A.1, it suffices to specify the nondecreasing function 
<p(t) = Jro,t] P,1(£)dt whose derivative is equal to P,1(£). For each t E [O, 1], 
let ut E F be a unique maximal ball such that £(t) E C(U~)- If 
s, t E [O, 1] are sufficiently close, the balls us and ut must intersect. Let 
8(s, t) denote the dihedral angle of intersection of the circles &Us, &Ut, 
measured inside one ball and outside the other. The function <p(t) 1s 
then defined as the infimum of all 8-sum 

over all subdivisions O < t1 < t2 < · · · < tn < t of [O, t]. The following is 
the elementary calculation of the trigonometry. 

Lemma 2.4.1. If r < s < t are sufficiently close, then 8(r, s), 
8(s, t) and 8(r, t) are defined and 8(r, s) + 8(s, t);; 8(r, t). 

With this lemma a nondecreasing function can be defined as 

where I:; runs over all subdivisions of [O, t] and lim is taken as the mesh 
of subdivisions goes to zero. Therefore the derivative <pf = P,1 ( £) is 
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a measure on a transversal /!, for A1 . Finally the compatiblity of the 
measure on the various transversals is deduced from the following re
mark. The leaf through £(t) determines the ball ut and the measure 
on /!, is determined by the angles made by the aut. Thus corresponding 
transversals determine the same measure. 

Let l]i : N-+ H3 be a pleated map for an immersion f : N-+ CP 1 . 

Let B be the set as in (2.3.1). It follows that ri(B) = ri(A1). If we 

put ri(A1) = A2, then A2 is a geodesic lamination on N' (=H 2 ). More

over let /!, be a transversal to A2 , then ri- 1 ( £) is also a transversal to 

A1. Set µ2(£) = µ1(ry-1(£)). We have a measure µ2 on A2. And thus 

( A2 , µ2 ) is a measured geodesic lamination on N'. As before suppose 

that (¢,dev) : (r,S) -+ (PSL2 (C),CP 1 ) is a developing pair. The 
above argument implies that there is a measured geodesic lamination 
(A2,µ2) over (0(r),H 2 ). It is easy to see that (A2,µ2) is invariant un

der the group 0(r). That is, 0(,)(A 2) = (A2) and jj,z(0(,)(£)) = µ2(£). 
It induces a measured geodesic lamination (A2 , µ 2 ) on H2 /0(r). There 
is a diffeomorphism h : S -+ H 2 /0(r) as above. Then we have a 
geodesic measured lamination (A,µ) on S such that h(A) = A2 and 
µ(£) = µ2(h(£)). Hence it defines an element (A,µ) E M.C(S). 

2.5. Thurston correspondence 

We have a well defined map 8: CP 1 (S9 )-+ T(S 9 ) x M.C(S 9 ), 

8((¢, dev)) = ([S, h], (A,µ)). 

It is easy to see that 8 is injective, because given two projective struc
tures which have the same image in T(S 9 ) x M.C(S 9 ). The coincidence 
on the first summand implies that each developing map coincides out
side each B. But the second summand measures the difference on Band 
so two developing maps coincide on the whole S. 
Let M.C(S 9 , S) be the subspace of M.C(S 9 ) such that every lamination 

consists of compact leaves. If M.Ch(M, sn-l) is the closure in M.C(S 9), 
then it is known that M.Ch(S 9 ,S) = M.C(S 9 ). We show that there is a 
map 

(2.5.1) 

such that e · 6 = id. 
To prove this we need some preliminaries. 

Definition 2.5.2 (cf. [16]). Let a> 0 be any mumber and W0 = 
{z E qo ~ Imz ~ mr}. 
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Lets be the stereographic projection which maps C* onto 52 -{ oo }. 
Then we define a map ~ : C ----+ 5 2 to be the exponential map exp : C ----+ 

C* followed bys. 
Put ~(Wa) = Ca. Both Wa and Ca are conformally flat manifolds with 
boundary. We call Wa an a-pile and Ca an a-crescent. 

Proof of (2.5.1). Let ([5, h], (A,µ)) be a representative element of 
T(5 9 ) x M.C(5 9 ). We suppose first that (A,µ) E M.C(5 9 , S). The map 

( 0, h) maps a r invariant measured geodesic lamination ( A, µ,) onto a 

0(f) invariant measured geodesic lamination (A',µ,'). The map h is a 

homeomorphism of S onto H 2 where H 2 is viewed as the upper hemi
sphere of 5 2 . Cut H2 along A' and then insert the crescents Ca and glue 
them along the boundary components. Here these angles a come from 
those of the measure µ'. Similarly cut S along A and insert the piles Wa 
and then glue along the corresponding boundary components by the map 
'ii-1 o ~- The resulting manifold S' is invariant under an action of r and 

thus the orbit space is still homeomorphic to 5. Since both h and~ are 
projective immersions, combined with these maps, we have a well defined 
projective immersion dev : S ----+ 5 2 = CP 1 and since the group r acts as 
projective transformations with respect to this structure on 5', there is a 
holonomy homomorphism¢. If we set 6([5, h], (A,µ)) = (¢, dev), then 
the map is well defined on T(5 9 ) x M.C(5 9 ,S) such that 8 · 6 = id on 
T(5 9 ) xM.C(5 9 , S). For an element (A,µ) E M.C(5 9 ) there is a sequence 
{(Ai,µi)} E M.C(5 9 ,S) that converges to (A,µ). Let [5,h] be an arbi
trary element ofT(5 9 ) and fix it once. The map 6 maps ([5, h], (Ai, µi)) 
to a sequence of projective structures { ( ¢i, dev i)}. Recalling the topol

ogy of CP 1 (59 ) from (2.1) and by the fact that each devi coincides with 

the map h outside Ai, the sequence of developing maps {devi} converges 

to a map on each compact set of S. And so it is easy to see that it con
verges to a map dev : S ----+ 5 2 = CP 1 which is obviously a projective 
immersion. The projective immersion dev determines a holonomy ho
momorphism¢ up to conjugation. Setting 6([5, h], (A,µ)) = (¢, dev), 
we obtain a continuous map 6 : T(5 9 ) x M.C(5 9 ) ---+ CP 1 (59 ) such 
that 8 · 6 = id. Q.E.D. 

2.6. Modular space of projective structures 

Recall that CP 1 (5)+ = PSL 2 C \ D(5)+ /Diff 0 (5). Then the space 

MCP 1 (5)+ = PSL 2 C \ D(5)+ / Diff+ (5) is called the modular space of 
projective structures. On the other hand, the Teichmiiller space T(5) is 
defined alternately to be R(f, PSL 2 R) / PG 1 2 R. And so T ( 5) is identi-
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fled with the quotient space of sense-preserving discrete faithful represen
tations, T(r) = R+(r, PSL 2 R)/ PSL 2 R. There is also a similar iden
tification MC(S) = MC(I'). Since each element of Diff+(S)/ Diff0 (S) 
maps M.C(S) onto itself, there is an action of Out+(r) on MC(r). 

Corollary 2.6.1. There is a commutative diagram on which 
Out+(r) acts diagonally. 

Diff+ (S)/ Diff0 (S) --+ Out+ (f) 
l l 

CP 1(S)+ e T(r) x M.C(r) --+ 

l l 
MCP 1(S)+ e 

T(r) X MC(I')/ Out+(r). --+ 

If we recall that Out+(r) acts properly discontinuously on T(r) x 
M.C(r), it follows that 

Corollary 2.6.2. Diff+ ( S) / Diff0 ( S) acts properly discontinu
ously on CP 1 (S)+. 

3. Projective structures on surfaces and holonomy function 
groups 

3.1 Subspaces of CP 1 (S9 )+ 

As before S is a closed orientable surface S9 of genus g ~ 2 and 
r = 1r1 (S9 ). Recall that 

where n+(s) is the deformation space of orientation-preserving devel
oping maps. (See Chapter 3.) 

Definition 3.1.1. Let P : n+(s) ---+ CP 1 (S)+ be the canonical 
projection. Let CP 1 (S)t be the subspace of CP1(S)+ consisting of in
jective developing maps. And CP 1 (S)t is the subspace of CP 1 (S)+ con
sisting ofnonsurjective developing maps. Let n+(S)i = p- 1 (CP 1 (S)t) 
(i = 0, 1). 

Proposition 3.1.2. 

(i) CP 1 (S)t is a closed subspace of CP 1 (S)+. 
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(ii) CP 1(S)t is a closed subspace of CP 1(S)+ 

Proof. Suppose that a sequence {devi} in CP 1 (S)t converges to 
a developing map { dev }. 

Suppose that dev is not injective and dev(x) = dev(y) for x /:-yin S. 
There exists a compact neighborhood K of x which does not contain 
y and is mapped homeomorphically onto a closed ball dev(K). By the 
above topology on CP 1 (S)+, devi is also an embedding on K for suffi
ciently large i. Let p be the spherical metric of CP 1 and let fi be the 
shortest circular arc from devi(x) to devi(y). Since dev IK is an embed
ding for sufficiently large i, there is a sequence of points {Pi} E CP 1 each 
of which is the first contact of fi to 8devi(K) = devi(8K). There exists 
a sequence of points {zi} E 8K such that devi(zi) = Pi· Since fi gives 
the distance p( dev i ( x), dev i (y)), it follows that p( dev i ( x), dev i ( Zi)) ~ 
p(devi(x), devi(y)). The sequence {zi} E 8K converges to some point 
z E 8K. Then the above inequality yields that 

p(dev(x), dev(z)) ~ p(dev(x), dev(y)) = 0, 

while x is an interior point of K, which is a contradiction. This proves 
(i). 

Consider (ii). Suppose that a sequence {(</.>i, di)} converges to an 

element {(¢, d)} in CP 1 (S)+. We can assume that the closure ¢(r) is 
neither a finite group nor a subgroup of the group of similarity trans
formations Sim(R 2 ), for otherwise S would be covered by a sphere or 
a torus respectively. In particular </.>(f) contains a loxodromic element. 
If <f.>('y) is a loxodromic element for some 'Y E r, there is a point x in 
CP 1 such that <f.>('y)x = x. (Note that there exist exactly two points.) 
Let L(</.>(f)) be the limit set for </.>(f). (See 4.1 or [11] for the defini
tion.) It follows that x E L(¢(f)). The trace formula (cf. [4]) implies 
that g is either elliptic or parabolic if and only if I tr 2 gl E [0, 4] for 
g E PSL 2 (C). Since ¢;,('y) --t <f.>('y) and <f.>('y) is loxodromic, it follows 
that <f.>i('y) is also loxodromic for sufficiently large i. And so there exists 
a point Xi such that <f.>i('Y)xi = Xi for each i. Note that {xi} E L(</.>i(f)) 
and di(S) n L(</.>i(r)) = 0. (See for example [25].) 
The sequence {xi} has an accumulation point. Since </.>i('Y) --t ¢("I) and 
</Ji('Y)xi = xi, ¢('Y) fixes that accumulation point. We can assume that 
limxi = x. 

We claim that d misses the point x. Suppose not. Let d(p) = x for 
some p E S. Choose a compact neighborhood C of pin Sand a closed 
ball .B centered at x in CP 1 so that d : C --t B is a diffeomorphism. We 
note that for sufficiently large i, Xi E .B and dilC is an embedding. 
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Case 1. x lies inside di(C). Since Xi(/. di(C), it implies that p(xi, x) ~ 
dist(xi, di(C)) and let { ai} E 8C be the sequence of points which attains 
the distance dist(xi, di(C)), i.e., p(xi, di(ai)) = dist(xi, di(C)). These
quence {ai} has a limit point a E ac. Since it follows that d(a) E 8B, 
we obtain that p(x, d(a)) > 0. On the other hand, the above inequality 
yields that O ~ p(x, d(a)), which is a contradiction. 
Case 2. x lies outside di(C). Since p E C, it follows dist(x, di(C)) ~ 
p(x, di(P)). Note that limdist(x, di(C)) = 0 because lim di(P) = d(p) = 
x. Similarly as above we have a sequence of the points {bi} E ac 
such that p(x,di(bi)) = dist(x,di(C)). As limbi = b for some point 
b E 8C, it follows that limdi(bi) = d(b) E 8B. And so O < p(x,d(b)) = 
limdist(x,di(C)), being a contradiction. Therefore d misses the point 
x. 

By virtue of the theorem of [25] we have that d is a covering map. 
This shows (ii). Q.E.D. 

3.2. Description of Kleinian groups by projective 
structures 

Let G be a Kleinian group, i.e., a finitely generated discrete subgroup 
of PSL 2 C. Put D = D(G) = S2 - L(G). Recall that 
G is a function group if there is a component Do of D invariant under 
G. 
G is a quasi-Fuchsian group if D = Do U D1 (i.e., consists of two compo
nents). As the special case if 8D0 ( = 8D 1 ) is a round circle then G is a 
Fuchsian group. 
G is a b--group if D has only one invariant simply connected component. 
Let S = H 2 /f be a closed orientable surface. 

Definition 3.2.1. 
F(f) = {0 E Hom(f,PSL2 C) I 0(f) is a function group}. 
B(r) = {0 E Hom(r, PSL2 C) I 0: r-+ 0(r) is an isomorphism, 0(f) is 
a Kleinian group and an invariant component is simply connected.} 
R2 (f) = { 0 E Hom(f, PSL 2 C) I 0(f) is quasi-conformally equivalent to 
f.} (i.e., the set of quasi-Fuchsian groups). 
Let 

P: Hom(f, PSL2 C)-+ Hom(f, PSL 2 C)/ PSL 2 C 

be the canonical projection and put 

F(f) = P(F(f)), B(r) = P(B(f)), and T2f = P(R 2(f)). 

Note that Hom(f, PSL 2 C)/ PSL 2 C is connected but not a Hausdorff 
space. 
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Recall that H : o+ ( S) --, Hom(r, PSL 2 C) is the map which 
assigns to an oriented projective structure its holonomy representa
tion. The map H induces a holonomy map hol : CP 1 (S)+ --t 

Hom(r, PSL 2 C)/ PSL2 C. 

Corollary 3.2.2. The holonomy map hol maps CP 1 (S)f --t 

F(f). In particular the holonomy groups are discrete. 

Proposition 3.2.3. The holonomy map hol defines a homeomor
phism of CP 1 (S)t onto B(r). 

Proof. Let 0 E B(f) be a representative element of B(r) with an 
invariant simply connected component 0 0 . Since 0 E Hom(r, PSL 2 C), 
there is an orientation-preserving conformal homeomorphism f : 0 0 --t 

H2 such that JB(r)J- 1 is Fuchsian. Let '1/; : r --, JB(r)J- 1 be an 
isomorhism defined by '1/;('y) = JB('y)J- 1 . Then it is well known that 
there is a quasi-conformal homeomorphism h: H 2 --t H 2 which induces 
'lj;. Put dev = 1- 1 oh. It is easy to see that [0, dev] is an element of 

CP 1 (S)t. 
Let P: ot(S) --t CP 1 (S)t be the canonical projection of the defor

mation spaces (cf. (3.1.1)). We will show that H maps ot(S) onto B(r). 
If ( ¢, dev) is an element of ot ( S), then it follows that 1> E F. If suf
fices to check that </>(f) has an invariant simply connected component of 
0 = S2 - L( </>(f)). Since dev is injective, </>(f) has a simply connected do
main dev(S) which sits in 0. Let 0 0 be an invariant maximal component 

in O containing dev(S). Since </>(f) acts properly discontinuously and 
freely on 0 0 , we can choose a </>(f) invariant Riemannian metric on 0 0 . 

The map dev is a covering map because Sis compact. Since¢ : r --t </>(f) 

is an isomorphism, dev must be an isometry. And thus dev(S) = 0 0 . 

We prove that His injective. For (<Pi,devi) (i = 1,2), suppose that 

H(</>1,devi) = H(¢2,dev 2), i.e., </>1 = </>2-Then, dev 1(S) = dev2(S). 
For this, if not then ¢(r) = ¢1 (r) = ¢2 (r) has at least two invari-

ant components, i.e., dev 1(S), dev2(S) (cf. [5]). Hence </>(f) is quasi
Fuchsian. However since both dev 1 and dev 2 are orientation-preserving, 
it is impossible. Put f = dev 21 o dev1. Then it follows that f ory = ryo f 
for ry Er. Therefore f E Diff 0 (S) and [¢2, dev 2] of= [¢1, dev 1]. 
And hence His a one-to-one continuous map. Since His a local home
omorphism by the Holonomy theorem 4.3.9 (cf. Chapter 4), it follows 
that H is a homeomorphism of 0 0 (S) onto B(r). Since the action of 
PSL 2 C on both 0 0 (S) and B(r) is free, it implies that hol is a homeo
morphism. Q.E.D. 
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Let R 2 (r) be the space of quasi-Fuchsian groups in Hom(r, PSL2 C) 
as in (3.2.1). If R 2(r) is the closure of R 2(r) in Hom(r, PSL 2 C), then 

we put BR2(r) = R2(r) - R2(I'). 

and 

Definition 3.2.4. Define the following subspaces 

n+(s, qi)={(¢, dev) E n+(s) I ,PE R2(r)}, 

CP 1 (S, qi)+= P(n+(s, qi)), 

n+(s, a)={(¢, dev) E n+(s) I ,PE BR2(r)}, 

CP 1 (s,a)+ = P(n+(s,a)). 

CP 1 (S, qj)+ (resp. CP 1 (S, a)+) is called the deformation space of 
(oriented) projective structures with quasi-Fuchsian (resp. boundary) 
holonomy. 

We have the following subspaces of CP 1 (S, qj)+ (resp. CP 1 (S, a)+) 
whose developing maps are injective; 

(3.2.5) 
CP 1(S,qf)t = CP 1(S,qf)+ n CP 1 (S)t, 

CP 1 (S,a)t = CP 1 (S,a)+ n CP 1 (S)t. 

The simultaneous uniformization of Bers ([5]) is stated as follows. 

Corollary 3.2.6 (Bers). CP 1 (S,qf)t ~ T(r) x ~
Here~ is an open cell contained in M£(S). 

3.3. Insertion of annuli and operation on projective 
structures with boundary holonomy 

An insertion of annuli (more generally, a grafting) produces a new 
structure from a given projective structure. (See Goldman [16] .) Es
pecially, let nt (S, qi) be the space of projective structures with quasi
Fuchsian holonomy groups and with injective developing maps. Let C the 
set of all isotopy classes of a disjoint collection of homotopically nontriv
ial simple closed curves on S. Let M£(2Z) denote the set of measured 
geodesic laminations µ supported on a disjoint union of closed geodesics 
lying in C and together with 27r times positive integer weights. Then, 
each CJ E M£(2Z) defines an operation ij which assigns to a structure of 
0.0 (S, qi) a structure with surjective developing map. 
Goldman ([16]) has shown that 
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Theorem 3.3.1. CP 1(S, qj)+ ~ CP 1 (S, qf)t x M£(2Z). 

It follows also that 

(3.3.2) n+(s, qf) ~ nt(s, qf) x M£(2Z). 

If x E nt(S, qi) and a E M£(2Z), then xUa is a new structure with 
surjective developing map and with the same holonomy as that of x. It 
lies in one component ofO+(S,qf) different from 0.0 (S,qf). And so it 
follows that n+(s, qi) = u (Ot(s, qf)Ua) for which nt(s, qf)Ua 

o-EML.'.(2Z) 

is one component homomorphic to nt ( S, q f). 

Let nt (S, 8) be the space of oriented projective structures with 
boundary holonomy and with injective developing maps (cf. (3.2.5)). 
The operation U can be defined on nt(S, 8). We shall prove the similar 
result for n+ ( s, 8). 

Proposition 3.3.3. 

nt(S,8) x M£(2Z) ~ n+(s,8). 

In order to prove this proposition, we need the following lemmata. 

Lemma 3.3.4. The holonomy map 

H: n+(S, qf) ------, R 2 (f) is locally injective. 

Proof. If we note that M£(2Z) is discrete in M.C(S), then 

O+(S, qi) ~ nt(S, qf) x M£(2Z). We prove that H : nt(S, qf) _____, 

R2(f) is injective. Let x, y E 80.ci(S, qf)(= nt(S, qf)(S) - nt(S, qf)) 
and suppose H(x) = H(y). First note that H(x) E 8R 2 (f) = 
R2(f) - R2(f) since H is a local homeomorphism and by the defini
tion (3.2.4). There are neighborhoods U,V of x,y respectively such that 
H : U _____, W, H : V _____, W are homeomorphisms where W is a neighbor
hood of H(x). Since W n R 2 (r)-/= 0 is open, there are a EU, b EV so 
that H(a) = H(b) in WnR2(f). Since HIO.t(S, qf) is a homeomorphim, 
it follows that a = b, i.e., Un V -/= 0. It implies that x = y. 

We note that nearby structures outside 0.o(S, qi) do not have quasi
Fuchsian holonomy groups. Namely, for X E 80.t(s, qf), there is a 

neighborfood U of x such that for any z EU -Ot(S, qi), H(z) tJ_ R 2 (f). 
Q.E.D. 
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Lemma 3.3.5. 80,+(s, qf) = n+(s, 8). 

Proof Using the above lemma, we have for XE 8(n+(s, qf)) that 
H(x) E 8R2(f). By the definition 3.2.4 it follows that 8(0,+(S, qf)) C 
<;J,+(s, 8). Let x E n+(S, 8) so that H(x) E 8R2(f). Let U be any 
neighborhood of x in n+(S). Since His a local homeomorphism, there 
exists a neighborhood W of x contained in U such that H: W--+ H(W) 
is a homeomorphism. As H(x) E 8R2(f), we have H(U) n R2(r) -/-0. 
Choose y E U with H(y) E R 2 (f). Again by the definition 3.2.4, it 
follows that y E n+(S, qf), or Un <;J,+(S, qf) -/- 0. And hence x E 

n+(S, qf). Since H(x) is not a quasi-Fuchsian group, x E 8(0,+(s, qf)). 
Q.E.D. 

Proof of (3.3.3). Since n+(S, qf) ~ nt(S, qf) xM.C(2Z), it implies 
that 

(3.3.6) 8n+(s, qf) ~ 8nt(s, qf) x M.C(2Z). 

On the other hand, nt ( S) is a closed subspace of n+ ( S) by Proposi

tion 3.1.2. It is noted that nt(S, qf) c nt(S). And so we have that 
80,t(S, qf)) c nt(S). In view of (3.3.6), the subspace of 80,+(s, qf) 
consisting of injective developing maps, (8n+(S,qf)) 0 = 8nt(S,qf). 
By Lemma 3.3.5 it follows that nt(S, 8) = (80,+(S, qf)) 0 and by (3.3.6) 
that n+(S,8) ~ nt(S,8) x M.C(2Z). Q.E.D. 

4. ( G, X)-structures 

4.1. Limit sets in ( G, X) 

Recall that a geometric structure on a smooth n-manifold is a max
imal collection of charts modelled on a simply connected n dimensional 
homogeneous space X of a Lie group G whose coordinate changes are re
strictions of transformations from G. We call such a structure a ( G, X)
structure. A manifold with this structure is called a ( G, X)-manifold. 
Suppose that a smooth connected n-manifold M admits a ( G, X)
structure. Then there exists a developing pair (p, dev), where dev : 

M --+ X is a "structure-preserving" immersion and p : 1r1 (M) --+ G 
is a homomorphism (both unique up to elements of G). The group 
r = p(w 1 (M)) is called the holonomy group for M. 

In particular the developing pair (p, dev) is an invariant of the 
(G, X)-structure. In fact this developing map and holonomy give us 
a powerful tool in understanding the topology of ( G, X)-manifolds. The 
first question arises when the developing map is a covering map onto its 
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image. In order to study this problem we introduce the notion of limit 
sets in (G,X) due to Kulkarni [33]. 
We consider the following sets. Let r be a subgroup of G. 

(4.1.1) 

Ao = the closure of the set { x E XI the stabilizer r x is an infinite 
subgroup}. 

A1 = the set of cluster points of {'-yyl 'Y E f} where y EX - A0 . 

A2 = the set of cluster points of { "(Kl 'YE f} where K is a compact 
subset of X - {A0 ,A 1 }. 

Then the set A = A(f) = Ao U A1 U A2 is said to be the limit set of 
r. And the set D = X - A is called the domain of discontinuity for r. 
( Compare also [39] for further results of limit sets.) It is the fundamental 
result that 

Proposition 4.1.2. If D =I-0, then r acts properly discontinuously 
on D. In particular r is discrete in G. 

(4.1.3) We examine another limit sets to our use. Let Y be a complete 
simply connected Riemannian manifold of nonpositive sectional curva
ture. Then there is a compactification Y = oY UY of Y. The space Y, 
equipped with the cone topology, is homeomorphic to the closed ball and 
the boundary oY is the set of points at infinity consisting of the equiv
alence classes of asymptotic geodesics. The group of isometries Iso(Y) 
extends to a topological action on its boundary. For example, recall 
that the n-sphere sn is viewed as the ideal boundary of the real hyper
bolic space Hn+l. Similarly s 2n+1 is the ideal boundary of the complex 
hyperbolic space H~t1 . Moreover, when Y is a hyperbolic space Hn 
or H~t1 , Iso(Y) acts as conformal (resp. CR) automorphisms of the 
sphere. We write Iso(Y) = Conf(Sn) or AutcR(s 2n+1) respectively. 

Definition 4.1.4. For a subgroup r of Iso(Y) the limit set L(f) C 

oY is defined to be the set of cluster points of the orbit r · x for x E Y. 

As to the relation between the above limit set A, we have ( cf. [25]) 

Proposition 4.1.5. Let r be a discrete subgroup of either 
Conf(Sn) or AutcR(s 2n+ 1 ). Then it follows that 

A(r) = L(f). 

4.2. Application to developing maps 

Suppose that M is a closed connected (G, X)-manifold. Let us be 
given a r invariant closed subset F in X. Suppose that there exist a 



284 Y. Kamishima and S. Tan 

component Y of the complement X - F and a component N of dev- 1 (Y). 
We then have the restriction of the developing map dev : N - Y. We 
have proved the following result in [18] (cf. also in [16],[19]). 

Lemma 4.2.1. Under the above hypothesis, suppose that Y admits 
a r invariant complete Riemannian metric. Then the developing map 
dev : N ----t Y is a covering map. 

As an application, we shall prove that; 

Proposition 4.2.2. Let Y be a r invariant closed subset of X with 
Hausdorff dimension k < n - 1. Suppose that the complement X - Y 
admits a r invariant complete Riemannian metric. 

(i) if k < n - 2, then dev: .M-+ X -A is a homeomorphism. 
(ii) for n - 2 ~ k < n - 1, assume that either dev- 1 (Y) = 0 or 

dev * : 71"1 ( .M - dev- 1 (Y)) -+ 71"1 ( X - Y) is surjective. Then 
dev : .M -+ X - Y is a covering map, or dev : .M -+ X - A is a 
homeomorphism. 

Proof. Note first that .M - dev- 1 (Y) is connected since the Haus
dorff dimension k is less than n - 1 (cf. [18]). Moreover if k < n - 2, 
X - Y is I-connected. We have from Lemma 4.2.1 that dev : .M..,.. 
dev- 1 (Y) -+ X - Y is a covering map. As above if k < n - 2, 
dev: .M -dev- 1 (Y)-+ X -Y is a homeomorphism. If n-2 ~ k < n-1 
then according to that dev- 1 (Y) = 0 or dev- 1 (Y) =f 0 under the sur
jectivity assumption it follows that dev : .M -+ X - Y is a covering 
map or dev : .M - dev- 1 (Y) -+ X - Y is a homeomorphism. Since 
dev is an immersion and k < n - 1, for any point x in .M there exists 
a neighborhood U of x in .M such that dev(U) n (X - Y) =f 0. This 
implies that dev : .M -+ dev( .M) is injective. Hence r acts properly 

discontinuously on dev(.M) which shows that dev(.M) n A= 0. Since r 
acts properly discontinuously on X - A by Proposition 4.1.2, it follows 
that dev(.M) = X - A. Q.E.D. 

4.3. Deformation space of (G,X)-structures and the 
Holonomy theorem 

In this section we shall examine the structure of the deformation 
space of (G, X)-structures invariant under Lie groups. Let H be a con
nected Lie group acting on a smooth closed (2n + 1)-manifold M. 

4.3.1. The deformation space T(H, M) is a space of H invariant 
marked (G, X)-structures on manifolds homeomorphic to M. T(H, M) 
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consists of equivalence classes of equivariant diffeomorphisms f : M ----+ 

M' from the action (H,M) to H invariant (G,X)-manifolds M'. Two 
such diffeomorphisms Ji : M ----+ Mi (i = 1, 2) are equivalent if 
there is an equivariant isomorphism (i.e., a (G,X)-structure preserv
ing diffeomorphism) h: M1 ----+ M2 such that ho Ji is isotopic to h-

h 

Note that it is not necessarily assumed to be equivariantly isotopic. On 
the other hand if M is a ( G, X)-manifold then there is a developing 
pair (p, dev) : (Aut(.M), .M) ----+ (G, X) such that 1r C Aut(.M), where 
1r = 1r1 (M) and Aut(.M) is a group of (G,X)-isomorphisms of .M. 

4.3.2. O.(H, M) is the space consisting of all possible develop
ing pairs (p, dev) which satisfy that (p, dev) represents an H invariant 
( G, X)-structure on M and such that if one forgets the structure then 
the action (H, M) is smoothly equivalent to the original action (H, M). 
That is, the action of each element of O.(H, M) is topologically unique 
but geometrically distinct. 

The topology on O.(H, M) is given by the following subbasis (cf. [8]). 

(1) N(U) = {U} where U is an open subset of Maps(.M, X) in the 
compact open topology of Maps(.M,X). 

(2) N(K) = { dev E 0.(H, M) I dev IK is an embedding for a 
compact subset K C .M}. 

4.3.3. We introduce a subgroup Dill(H, M) of Diff(.M). Let 
Diff(H, M) be the group of equivariant diffeomorphisms of M onto itself. 
Denote by Di££0 (H, M) the subgroup of Diff(H, M) whose elements are 
isotopic to the identity map. Consider the following exact sequences of 
the diffeomorphism groups, where NDiff(M)(1r) (resp. CDiff(M/1r)) is the 

normalizer {resp. centralizer) of 1r in Diff(M); 

i 

7/ - Diff(M) 

i 

-1 
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- -o 
Put Diff(H, M) = 17-1 (Diff(H, M)) and let Diff (H, M) be the identity 

-o 
component. It follows easily that 17(Diff (H, M)) = Diff0 (H, M) and 
-o 
Diff (H, M) c CDiff(Mirr). 

4.3.4. The actions on O(H, M). The natural right action of 

Diff(H, M) and the left action of G on O(H, M) are defined by setting 

(p, dev) o J =(poµ(]), dev of), 

g o (p, dev) = (g o p o g- 1 , g o dev), 

whereµ(]) : 7f--+ 7f is an isomorphism defined by µ(])('y) = j o "Yo J-1 . 

Obviously both actions commute. 
It is noted that two developing pairs (Pi, devi) (i = 1, 2) represent 

the same structure on M if and only if there exists an element g E G 
such that go dev 1 = dev 2 . Put 

A -o 
O(H, M) = O(H, M)/Diff (H, M). 

The action of G induces an action of O(H, M). Then it is easy to show 
, that 

Lemma 4.3.5. The elements of T(H, M) are in one-to-one cor
respondence with the orbits of G \ O(H, M). 

Definition 4.3.6. The space G\O(H,M) equipped with the quo
tient topology is called the deformation space T(H, M) of H invariant 
(G,X)-structures on M. 

Note that if one choose the trivial group as H then T(M) = 
T ( { 1}, M) is the usual deformation space. If f : M --+ M' is a 
representative element of T(H, M) then there is a developing pair 
(p,dev): (1r1 (M'),M')--+ (G,X). Wehavetheholonomyrepresentation 

A -o 
po fij : 7f --+ G up to conjugate by an element of G. Let H C Diff (H, M) 

be a closed connected subgroup such that 17(H) = H. Note that the 

group iI centralizes 7f and f is equivariant (cf. (4.3.1)). The group 
p(H) centralizes po h(1r). Here we assume that 

{4.3.7 *)• there exist a group K C G and an isomorphism¢ : 
iI--+ K for which every representation p satisfies that go po g- 1 = ¢ 
for some g E G. 
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It is noted that po h(1r) lies in the centralizer Ca(K) up to conjugation. 

Let 00 (H, M) be the subset of f'l(H, M) whose holonomy representations 
A A -o 

p lie in Ca(K) and PIH= ¢. Put Oo(H, M) = Oo(H, M)/Diff (H, M). 
The projection 0 0 (H,M) --t T(H,M) is surjective by (4.3.7 *). More
over we assume that 

( 4.3. 7 **). If two such representations of 7f are conjugate in G 
then they are conjugate by an element of Ca(K). 

We then obtain a map hol: T(H, M) --t Hom(1r, Ca(K))/Ca(K) which 
assigns to a marked structure its holonomy representation. By the defi

nition hol lifts to a map £1: 0 0 (H, M) --t Hom(1r, Ca(K)) which makes 
the following diagram commute. 

(4.3.8) 

Oo(H,M) 

! 

-hol -
hol 

Hom(1r, Ca(K)) 

! 

T(H, M) ----, Hom(1r, Ca(K))/Ca(K). 

If H = {1} then it implies that K = {1} and so Ca(K) = G. We 
have the usual holonomy map hol: T(M) --t Hom(1r, G)/G. It has been 

proved by Lok ([37]) (see also [24],[48]) that £1 : O(M) --t Hom(1r, G) 
is a local homeomorphism. We prove also that 

Holonomy Theorem 4.3.9. £1: 0 0 (H, M) --t Hom(1r, Ca(K)) 
is a local homeomorphism. 

Proof. If we prove that the canonical map 0 0 (H, M) 
A -o A -o 
00 (H, M)/Diff (H, M) --t O(M) = O(M)/Diff (M) is injective, then 

the holonomy map £1 : O(M) --t Hom(1r, G) restricts to a holonomy 

map £1 : 0 0 (H, M) --t Hom(1r, Ca(K)). And so it is a local homeo
morphism. Now suppose that two elements (p, dev) and (p', dev') rep-

A -o 
resent the same element in O(M)/Diff (M). There exists an element 
- -o I - A A f E Diff (M) such that dev = devof. Since PIH= p'IH by (4.3.7 *), it 

follows that dev = dev o(hfh~ 1 J-1) for each h E fI. As fI is connected 
and the map dev is a local homeomorphism, this equality implies that 

- - A - -o 
f oh= ho f for every h E H. It follows that f E Diff (H, M) by the 
definition 4.3.3. Hence the canonical map is injective. Q.E.D. 
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Remark 4.3.10. Two assumptions of ( 4.3. 7) will be satisfied when 
we consider semifree circle actions of H over H invariant spherical CR 
structures and H invariant conformally fl.at structures. We shall see this 
in the next chapter. 

5. 8 1 invariant geometric structures 

5.1. Description of deformation spaces 7(8 1 , M) 

In this section we examine deformation spaces of 8 1 invariant spher
ical CR structures and 8 1 invariant conformally flat structures. Namely, 

5.1.1. Let H = 8 1 . 

(1) (G,X) = (PU(n+l,1),8 2n+ 1 ). The corresponding space 
T(H, M) = CR(8 1 , M) is the deformation space of 8 1 invariant 
spherical CR structures on M by the definition 4.3.1. 

(2) (G, X) = (PO(n+ 1, 1), 8n). As before, the corresponding space 
T(H, M) = C0(8 1 , M) is the deformation space of 8 1 invariant 
conformally fiat structures on M. 

5.1.2. Let M be a closed (2n+ 1)-manifold. We suppose that the 
action ( 81, M) has the following properties for the CR case. 

(i) M has a fixed point. 
(ii) The orbit space M* is a complex Kleinian orbifold D 2n -

L(1r*)/'rr*. 

Recall that the complex hyperbolic group PU(n, 1) acts on D 2n 

by biholomorphic transformations of He and CR transformations of 
3 2n-l. The group 1r* C PU(n, 1) and recall that L(1r*) is the limit set 
of 1r* in 32n-l _ By (i) the fixed point set Fis homeomorphic to the ideal 
boundary 32n-l - L( 1r*) / 1r*. For the conformal case, the action ( 8 1 , M) 
on a closed n-manifold M has the same property as (i), but instead of 
(ii) we suppose 

(ii)' the orbit space M* is a Kleinian orbifold on-l - L(1r*)/1r*. 

Recall from (4.3.2) that every element of !1(81, M) represents an 
H invariant ( PU ( n + 1, 1), 3 2n+ 1 )-structure on M and the CR action 
(H, M) is topologically equivalent to the action (8 1 , M) of (5.1.2). Since 

M has a fixed point, it is noted that a lift fI of H to M is isomorphic 
to fI = H (cf. (4.3.6)). 
We have shown the topological rigidity of developing maps (cf. [18],[27]). 
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Proposition 5.1.3. Let M be a closed spherical CR ( resp. confor
mally fiat) manifold with CR ( resp. conformaQ circle actions. Suppose 
that the action (S1,M) has the property of (5.1.2). Put 1r = 1r1 (M). If 
(p, dev) is the developing pair of an S 1 invariant (G, X)-structure on M 
where (G, X) = (PU(n + 1, 1), s2n+1 ), (PO(n + 1, 1), sn) respectively, 
then the developing map dev maps homeomorphically onto the following 
subset of X up to an element of G; 

(1) (p, dev) : (S1, 1r, M) - (U(l), U(n, 1), s2n+1 - L(p(1r))). 

(2) (p, dev) : (S1, 7f, M) - (S0(2), SO(n - 1, 1)0 x S0(2), sn -
L(p( 7f))). 

Here p : 7f - p(1r) C U(n, 1) (resp. PO(n - 1, 1)0 x S0(2)) is an 
isomorphism and L(p(1r)) is the limit set of p(1r) lying in s2n-l (resp. 
sn-2). 

Proof. Since M has a fixed point by the condition (i) of (5.1.2), 
we have a lift of action (S1, M) such that M has a fixed point (cf. [6]). 
Then it follows from Proposition 3 and Note 2 of [27] that 

dev: M - s2n+1 - L(p(1r)) is homeomorphic 

and 

p: (S1, 1r) - (p(S 1 ), p(1r)) c(U(n - m), P(U(m + 1, 1) x U(n - m))). 

is an isomorphism for some m ~ n - 1. Moreover the limit set 
L(p(1r)) c s2m+1 and s2m+1 - L(p(1r)) is the fixed point set of 
p(S 1 ). In particular we have that M ~ s2n+1 - L(p(1r))/p(1r) and 
Fix(S 1 , M) = s2m+ 1 - L(p(1r))/ p(1r). On the other hand the CR action 
(S 1 , M) is topologically equivalent to the action of (5.1.2) which implies 
that Fix(S1, M) ~ s2n-l - L(p(1r*))/1r*. Hence m = n - 1. It follows 
that p(S 1 ) = U(l) and P(U(n, 1) x U(l)) = U(n, 1). The fixed point 
set of U(l) is s2n-l - L(p(1r)) in this case. The similar result holds for 
the conformal case when we note the results of [19],[26]. Q.E.D. 

We shall check that the conditions of ( 4.3. 7) are satisfied for 
CR(S 1 , M) and CO(S 1 , M). 

Remark 5.1.4. 
(1) Let (p,dev) be a spherical CR structure on M. Each (go po 
g- 1 ,g o dev) for g E G(= PU(n, 1)) represents the same structure as 
(p, dev) by the definition. The structure on M does not depend on the 
choice of geometric (2n-1)-sphere s2n-l such that L(p(1r)) C s2n-l by 
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Proposition 5.1.3. When we choose K = U(l) as K of (4.3.7 *), for every 
representation p there exists g E G such that gopog- 1 : 5 1 ----+ U(l) is an 
isomorphism. And so the condition (4.3.7 *) is satisfied for CR(51,M), 
similarly for C0(5 1 , M) if we choose K = 50(2). Then it is easy to see 
that the centralizer 

, { U(n, 1) for G = PU(n + l, 1) 
CalK) = 

50(n - 1, 1)0 x 50(2) for G = PO(n + 1, 1). 

Recall that D~R(5 1 , M) is the subspace of n°R(5 1 , M) whose holon
omy represntations belong to U(n, 1) (cf. (4.3.7)). It is easy to see that 
two such pairs (p, dev ), (p', dev') represent the same structure if and 
only if there is an element h E U ( n, 1) such that dev' = h o dev and 
h o p o h- 1 = p'. The condition ( 4.3. 7 **) is satisfied by this fact. As in 
( 4.3. 7), Do ( 51, M) ----+ CR( 51, M) is surjective. We have the commuta
tive diagram from ( 4.3.9) 

-
n~R(51,M) 

hol 
--------+ Hom(n, U(n, 1)) 

(5.1.5) 1 1 

CR(51,M) 
hol 

--------+ R(n, U(n, 1))/U(n, 1), 

similarly for C0(51, M). 

(2) If M* is the orbit space of 5 1 then the action (1r, M) induces an 

action of 1r on M*. Let ( 1r*, M*) be its action. The induced map 1r ----+ 

1r* is an isomorphism. Let U(l) ----+ U(n, 1) ----+ PU(n, 1) be the exact 
sequence for the CR case. The projection P maps p( 1r) isomorphically 
onto its image p( 1r) *. The homomorphism p induces an isomorphism 
p* : 1r* ----+ p(n)* such that the diagram is commutative: 

p 
7r --------+ 

1 
p* 

7r * --------+ 

p(1r) 

1 . 

p( 7r) * 

Definition 5.1.6. RcR(n*) is the subspace of Hom(1r*, PU(n, 1)) 
such that for each element p* there exists a homeomorphism f* : D 2n ----+ 

D 2n such that p*(a) = f* o a o f*- 1 (a E 1r*) and in addition the 
restriction f* I He is a smooth map. Note that p* : 7r* ----+ p* ( 7r*) is 
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an isomorphism and p*(n*) is discrete in PU(n, 1). Rco(n*) is defined 
similarly to be the subspace of Hom(n*, PO(n - 1, 1)0 ). 

Remark 5.1.7. Given an isomorphism p* n* - p*(n*) 
C Hom( n*, PU ( n, 1)), it does not always exist such a homeomor
phism f* : 0 2n - D 2n. However, for example n = 1 (PU(l, 1) ~ 
P0(2, 1) ~ PSL 2 (R)), and p* is type-preserving (cf. [p.302, 23]), then 
it is well known that there exists a quasiconformal homeomorphism 
f* : 0 2 - 0 2 which induces p*. In this case the space Re R ( n*) is 
alternatively defined to be the set of those elements consisting of type
preserving discrete faithful representations of 1r* into PU(l, 1). Note 
that RcR(n*) ~ Rco(n*) in this case (cf. [26].) 

Definition 5.1.8. Let RcR(n) be the subspace ofHom(n, U(n, 1)) 
whose elements project down to RcR(n*). Ifwe note the exact sequence, 
Hom(n, U(l)) - Hom(n, U(n, 1)) - Hom(n*, PU(n, 1)), then it follows 
that 

(5.1.9) 

Similarly, 

RcR(n) = RcR(n*) x Hom(n, U(l)). 

(5.1.10) Rco(n) = Rc 0 (1r*) x Hom(n, S0(2)). 

Lemma 5.1.11. i;:;-1 maps nfR(S1, M) into RcR(n), similarly 
for nf 0 (S 1 , M). 

Proof. Let (p, dev) be a representative element of nfR(S 1 , M). We 

know that (p,dev): (S1,n,M) - (U(l),U(n,1),S 2n+l - L(p(n))) 1s 
homeomorphic. Then (p, dev) induces a homeomorphism 

(p*, dev*): (1r*, M*) - (PU(n, 1), 0 2n - L(p*(n*))). 

Note from (ii) of (5.1.2) that M* = 0 2n - L(p*(n*)). In particular 

dev* : He ( = Int M*) - He is homeomorphic. Since dev* is still an 
immersion, the complete metric of He with Iso(He) = PU(n, 1) induces 
a Riemannian metric such that dev* is a local isometry. And hence 
dev* : He - He is an isometry. The space M* has a compactification 

0 2n = M* U L(n*). The isometry dev* extends to a homeomorphism 
f*: D 2n - D 2 n for which f*(L(n*)) = L(p*(n*)) and p*(a) = f* o a o 
f*- 1 (a E 1r*). It follows by the definition 5.1.7 that p* E RcR(n*) and 
thus p E RcR(n). Q.E.D. 
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The diagram (5.1.5) reduces to the following commutative one. 

Q -
(5.1.12) l 

ho! 
CR(S1,M) ---+ RcR(1r)/U(n, 1). 

Since Hom(1r, U(l)) is a k dimensional torus for some k, it follows from 
(5.1.9) that 

(5.1.13) RcR(1r)/U(n, 1) = RcR(1r*)/PU(n, 1) x Tk. 
(5.1.14) Rco(1r)/SO(n-l, 1)0 x S0(2) = Rco(1r*)/SO(n-l, 1)0 x Tk. 

5.2. Structure of deformation spaces T(S 1 , M) 

There is the natural homomorphism rp : Diff(S1, M) --t Out(r). 
Note that Ker r.p contains the subgroup Diff0 (S1, M). Recall that there 
exists a right action of Diff(S1,M)/Diff 0 (S1,M) on T(S1,M). We 
examine the structure of T(S 1 , M) in terms of representation spaces, 
where T(S1, M) = CR(S1, M) or CO(S1, M). 

Proposition 5.2.1. Let 

hol: CR(S1, M) --t RcR(1r*)/PU(n, 1) x Tk 

and 

hol: CO(S1, M) --t Rco(1r*)/SO(n - 1, 1)0 )/SO(n - 1, 1)0 x Tk 

be the holonomy map respectively. Put G = Ker r.p / Diff0 ( S1, M). If the 
fundamental group 1r is torsionfree, then 

(1) hol is surjective. 
(2) Each fiber of hol consists of the G-orbit. 
(3) There exists a neighborhood U for each point ofT(S1,M) such 

that hol(U) is open. 

Proof. We prove for the CR case. (1) Given p E RcR(1r), p(1r) 
is discrete in U ( n, 1) and L(p( 1r)) C s2n-l. Then the group p( 1r) acts 
properly discontinuously on s2n-l - L(p(1r)). Since p(1r) is torsionfree, 
it acts freely. We obtain a spherical CR manifold M(p) = s2n-l -

L(p(1r))/ p(1r). It is noted that U(l) acts on M(p) by CR automorphisms. 
We then show that M is diffeomorphic to M(p). For this, let p* be 
an element of RcR(1r*) induced from p. There is a homeomorphism 
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J*: D 2n----. D 2n such that p*(7r*) = f*7rf*- 1 . Ifwe note that M(p)* = 
D 2n - L(p*(7r*))/ p(7r*) then the map f* induces a homeomorphism h* : 
M*----. M(p)*. Consider the following diagram (cf. (5.1.1)); 

71" -
! ! 

s1 - M-P - 1ntM*(=Hc) 

II ! ! 
S 1 ---+M-F---+ 

where F ~ F is the fixed point set of S 1 . It follows that M - F = 
He I 7r* X S 1 • The same is true for M (p). Then we can find an equivariant 
homeomorphism h1 : M - F----. M(p) - F(p) which induces h*I Int M*. 

Here F(p) is the fixed point set of U(l) in M(p). Since F ~ 8M* ~ 
8M(p)* ~ F(p), we can choose a homeomorphism h2 : F----. F(p) which 
covers h*. Combining h1 and h2 , it is easy to construct an equivariant 
homeomorphism h: M----. M(p). Therefore M admits an S 1 invariant 
spherical CR structure which is mapped by hol top. This proves (1). 
(2) Suppose that hol ([p,dev]) = hol ([p',dev']). Then it follows that 
p' =go po g- 1 for some g E U(n, 1). Since dev: M----. s2n+l - L(p(?r)), 
and dev' : M ----. s2n+1 - L(p 1(7r)) are homeomorphisms, we can put 

f = (dev')- 1 o go dev. It is easy to see that f induces an element 
f E Diff(S1, M) such that r.p(f) = 1. Hence (f) E G. By definition we 
have that [p', dev'] o (!) = [p, dev]. 
(3) It follows from the Holonomy theorem 4.3.9 that there ex

ists a neighborhood [J in n~R(S1, M) for which hol(U) is open in 

R(?r, U(n, 1)). Let U be the image of U in CR(S1, M). Since verti
cal arrows are open maps in the diagram (5.1.6), we obtain that hol(U) 
is open. It can be shown similarly for CO(S 1 , M). Q.E.D. 

Corollary 5.2.2. Suppose that tj;: Diff(S1,M)/Diff 0 (S1,M)----. 
Out(?r) is injective. Then CR(S1, M) is homeomorphic to 
RcR(7r*)/ PU(n, 1) x Tk (Similarly, CO(S1, M) is homeomorphic to 
Rco(?r*)/SO(n - 1, 1)0 x Tk). 

See [26] for examples of this Corollary. (Indeed, Ker cp = 
Diff0 ( S 1 , M) if dim M = 3.) Recall that there exists a right action 
of Diff(S1,M)/Diff 0 (S1,M) on O(S1,M) (cf. (4.3.4)). Let G = 
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Ker cp / Diff 0 ( S 1 , M) be as before. In order to study the action of G 
on O(S 1 , M), we need the following lemma. 

Lemma 5.2.3. Suppose that 1r is not virtually solvable. 

(1) U(n, 1) acts properly on RcR(1r). 
(2) SO(n - 1, 1)0 x S0(2) acts properly on R 00 (1r). 

Proof. We prove (1). Recall that RcR(1r) = R(1r, U(n, 1)) ::::J 

R(1r*, PU(n, 1)) x Tk. Let P: R(1r*, PU(n, 1)) x Tk ---t R(1r*, PU(n, 1)) 
be the projection. Given a compact subset K of R(1r*, PU(n, 1)) x Tk, 
put K* = P(K). Let (u(n,i)(K) = {g E U(n, 1)1 g ·Kn K =/-0} 
where those elements of U(n, 1) act by conjugation on R(1r, U(n, 1)). 
Recall that P: U(n, 1) ---t PU(n, 1) is the projection with kernel isomor
phic to U(l). Then it follows that fo(n,i)(K) C p- 1((Pu(n,1)(K*)) ::::J 

(PU(n,I)(K*) X U(l). Since (u(n,I)(K) is a closed subset in U(n, 1), it 
suffices to show that (PU(n,i)(K*) is compact. By the hypothesis, 7r ::::J 1r* 

is not virtually solvable. Then the set R( 1r*, PU ( n, 1)) consists of stable 
representations in the sense of Johnson-Millson ([p.53, 24]). And so it 
follows from Proposition 1.1 ([24]) that PU(n, 1) acts properly on the 
subset R(1r*,PU(n,l)). Hence (pu(n,i)(K*) is compact. 
(2) follows similarly when we note from Proposition 1.1 ([24]) that the 
set R(1r*, SO(n - 1, 1)0 ) consists of stable representations. Q.E.D. 

Proposition 5.2.4. Suppose that 1r is not virtually solvable. Let 
G = Ker cp / Diff 0 ( S1, M) be as before. Then G acts properly discontin
uously on T(S 1, M) where T(S 1, M) = CR(S 1, M) or CO(S1 , M). 

Proof. When K is a compact subset of T(S1, M), it has only 
to be shown that (a(K) = {(!) E GIK o (!) n K =/:-0} is com
pact. Suppose we have sequences {Ji} E G and [Pi, devil, [p~, dev~] E K 
such that [Pi, devi] o (/i) = [p~, dev~] where {[Pi, devil} and {[p~, devm 
converge to some [p, dev] and [p', dev'] in K respectively. Then by 
the remark (1) of (5.1.5) there exists a sequence {gi} E U(n, 1) 

(resp. SO(n - 1, 1)0 x S0(2)) such that (i) gi o dev~ = devi o]i, (ii) 
gi op~ o g;:1 = Pi o µ(!;). Since each /i lies in Ker cp, it follows that 
(ii)' gi op~ o gi 1 = Pi· We note that {Pi}, {pa E RcR(1r) (resp. 
Rco(1r)), and {Pi} (resp. {pa) ---t p (resp. p'). By Lemma 5.2.3, (ii)' 
implies that the sequence {gi} converges to some g E U(n, 1) (resp. 
SO(n - 1, 1)0 x S0(2)). 

On the other hand, the maps devi, dev~ induce homeomorphisms 
A A I 

devi : M ---t sm - L(pi(r))/Pi(r), devi : M ---t sm - L(p~(r))/p~(r), 
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where m = 2n + 1 or n. Each gi defines a homeomorphism gi : sm -
L(p~(f))/p~(f) ---+ sm - L(pi(f))/Pi(f). Therefore we obtain from (i) 

that Ji= (d~vi)- 1 (gi o d~v:). Since Mis compact, (d~v)- 1 ([; o d~v') is 
A A/ A A/ 

also defined so that {Ji}---+ (dev)- 1 (godev ). Put f = (dev)- 1 (godev) : 
M---+ M. Since each /i E Kercp, it follows that f represents an element 
of G. Hence (c(K) is compact. Q.E.D. 

For example, G = Ker cp / Diff0 ( S1, M) is trivial if dim M = 3 ( cf. 
[26]). However in general there are examples in higher dimentions for 
which G is nontrivial. For them we have the following. 

Proposition 5.2.5. Suppose that 1l" is not virtually solvable. 
Then G acts freely on T(S1, M), where T(S1, M) = CR(S1, M) or 
CO(S1,M). 

Proof. We prove the case that T(S1, M) = CR(S1, M). Suppose 
that [p, dev] o (!) = [p, dev]. Then there exists an element g E U ( n, 1) 
such that (1) go dev = dev of, (2) go po g- 1 =poµ(/) = p. If p* is 
the corresponding element in R(f*, PU(n, 1)) then (2) implies that (3) 
g* op* o g*- 1 = p* for g* E PU(n, 1). The group p*(f*) acts invariantly 
in Hlj. Suppose that p* (f*) leaves invariant a totally geodesic subspace 
H~ of Hlj for 1 ~ k ~ n. Then p*(f*) leaves S 2k-l invariant so 
that it belongs to the subgroup AutcR(s 2n- 1 , S 2k-l) = P(U(k, 1) x 
U(n - k)). Let Q: P(U(k, 1) x U(n - k))---+ PU(k, 1) be the projection 
whose kernel is isomorphic to U(n - k). We can assume that k is the 
smallest dimension. And so Q(p*(f*)) is Zariski-dense in PU(k, 1). The 
condition (3) implies that g* leaves also s2k-l _ It implies that g* E 

P(U(k, 1) x U(n - k)). Then the element Q(g*) centralizes the group 
Q(p*(f*)) and so does its algebraic closure. Since the algebraic closure 
is PU(k, 1) by the above remark, Q(g*) must be the identity map. 
In particular we obtain that g* E U(n - k). As U(n, 1) = P(U(n, 1) x 
U(l)), it follows that g E U(n - k) x U(l) (= P(Z(k, 1) x U(n - k) x 
U(l)) ) where Z(k, 1) is the center of U(k, 1). On the other hand, 
dev: M---+ s2n+l - L(p(7r)) is homeomorphic and by (1) it follows that 
f = (dev)- 1 o go dev. It is noted that L(p(7r)) = L(p*(7r*)) C s2 k-l 

and s2k-l is the fixed point set of U(n - k). We can choose a path c in 
U(n - k) between g* and the identity map. By the above remark there 
is a lift c of the path c starting at g with its endpoint c(l) E U(l). Since 
dev is equivariant with respect to S1 and U(l) actions, we conclude that 

/ is isotopic to c(l). It is easy to check that/ is isotopic to the identity 
map of M. Hence f belongs to Diff0 (S1, M). That is, (!) = 1 in G. 
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We can prove similary for the case that 7(8 1 , M) = C0(80(2), M). 
Q.E.D. 

Corollary 5.2.6. Let M be a closed 8 1 invariant spherical CR 
manifold of dimension 2n + 1 ( resp. a closed 8 1 invariant confor
mally fiat n-manif old). Suppose that the orbit space M* is a complex 
Kleinian orbifold D 2n - L(1r*)/1r* with nonempty boundary (resp. a 
Kleinian orbifold on-l - L(1r*)/1r* with nonempty boundary) and n* is 
torsion free. 
If n 1 (M) is not virtually solvable, then 

(1) hol: CR(81, M)------, RcR(n*)/ PU(n, 1) x Tk is a covering map 
whose fiber is isomorphic to G. 

(2) hol: C0(81, M) ------, R 00 (n*)/80(n - 1, 1)0 x Tk is a covering 
map whose fiber is isomorphic to G. 

Proof. The group G acts properly discontinuously and freely on 
T(U(l), M) by Lemma 5.2.3 and Proposition 5.2.4. Thus there exists a 
neighborhood U in T(U(l), M) such that U o g n U = 0 if and only if 
g -=f-1 for g E G. Then the result follows from Proposition 5.2.l. 

Q.E.D. 
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