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Abstract

The first non zero homotopy group of the Stiefel manifold O,,, . of
orthonormal k-frames in F"** is generated by the standard embedding
s =Ig: SOV 1=0,,,,—0,,,., where F is the field of the real
numbers R, complex numbers C, or quaternions H and d is the dimen-
sion of F over R. We study the Whitehead products [7,,, s, .s,.] and
(2, 4.1 © Monass 54s,) Where p,, € m,,,,(S™) is a generator. As consequences
we determine the orders of a few Samelson products in the classical
groups and obtain a relation between the stable and unstable James
numbers of the complex Stiefel manifolds.

§ 1. Introduction and statement of results
Our first result is

Theorem (1.1). If n+1 is not a power of 2, then the Whitehead
square iy, .z Insy,il is nON-zero for every k>1 and it is of order 2 except
the real case for n even.

The real case for n even has been solved completely by Mahowald
[19, Theorem B] as follows: [i,, ; x» In+s.:) is infinite cyclic and if n=£2, 4
or 8, then it generates a direct summand (see also Marcum and Randall
[21, Proposition 2.1]).

By (3.6) below, our problem in the real case for n1 a power of 2 is
the same as Problem 4 of Jones in [22, p. 436]. In [13] J. R. Hubbuck
and the author study the complex and quaternionic cases for n+1 a
power of 2.

1t is well-known that the Whitehead square w,,=[¢,, ¢,] of the gener-
ator ¢, € r,,(S™) vanishes if and only if m=1, 3 or 7. Hence [i,, 2> ln.s.4]
=lp 45 Wamsn-1) vanishes for every k>1if n=1, 3 or 7 in the real case,
if n=0, 1 or 3 in the complex case, and if =0 or 1 in the quaternionic
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case. As remarked by Marcum and Randall [21, p. 355], if w, can be
halved, then [i, ;.4 70 i,.]=0 for every k>2 in the real case. This is the
case for n=15 [39, (10.10)] and for n=31 [27, (8.31)].

Bott [8] has studied Samelson products {x, y)> in the classical groups
where x and y are in stable range. From Theorem (1.1) we shall obtain
a few results in unstable range. As it will be recalled in Section 5, the
first unstable homotopy groups ., (U(n)) and =, ,(Sp(n)) are finite cyclic.
Let @ € 7,,(U(n)) and B8 & x,,..(Sp(n)) be any generators. Then we shall
prove

Theorem (1.2). If n+1 is not a power of 2, then the Samelson products
{a, &) e m (UmM) and {B, B) € w4, {Sp(n)) are of order 2 and they do not
depend on choice of o and f.

Theorem (1.3). Let n be even with n+2 not a power of 2, and let 1
Ton ol UMN = Z o1 DZ, be any element of order (n+1)!. Then (7,7 e
T (U(R)) is of order 2 and it does not depend on choice of 7.

Theorem (1.4). Let n=3 mod 4 with n+1 not a power of 2, and let
den, (SOm)=Z, be the generator. Then {5, 6) & Ty _,(SOM)) is of
order 2.

Mahowald [19, Theorem A] has determined the order of the Samelson
square of a generator of «,_,(SO(n)) for n even and n+2, 4 or 8 (see also
Lundeli [18, Theorem 5.4]).

Theorem (1.5). The followings are equivalent:
(i) <a, a)on,+0.

(ll) [i7€+k,k°”2n+1’ i7€+k,k]$0for k=n-+2.
() [0 ® Tonars 70 ] 70 for every =1,
(iv) n is even, positive and n-+2 or 6.

Corollary (1.6). Let n be even and positive. Then {a, a) € 7,,{U(n))
generates a direct summand of order 2, and so does [i€_, ., iS,. ] for every
k>1.

First few exceptional cases in (1.2), (1.3), (1.4) can be solved easily as
follows: <{a, a)=0for n=1, 3; {B, B>=0for n=1; {r, r>=0 for n=2;
{8,0)=0forn=3,7, 15, 31. Moreover we can show that {a, «)=0 for
n="7 by [13, Proposition 1.2] and (3) of (5.10) below and that (e, &)
generates a direct summand of order 2 for n=35 by ad hoc computations.

As another application of (1.5), we obtain a relation between the
stable and unstable James numbers of the complex Stiefel manifolds.
The following completes [28, Corollary 2.4} and [29, Theorem 2].
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Theorem (1.7). The quotient W{2n—+2, n+2Y/W*{2n+2, n+2} is 2
if n=2 or 6, and 1 otherwise.

The contents of the various sections of the paper is as follows. In
Section 2, by following James [15], we shall recall some facts about the
Stiefel manifolds and their related spaces, and then we shall note that
in.z. 15 @ homotopy Thom class. In Section 3, by using EHP sequences,
we shall recall that the Whitehead square of a homotopy Thom class of a
vector bundle can be detected by a squaring operation under certain
conditions. Then, in Section 4, we shall prove Theorem (1.1) by calculat-
ing the actions of squaring operations in a suitable space. We shall prove
Theorems (1.2), (1.3) and (1.4) in Section 5. In Section 6, we shall pre-
pare a few lemmas. Using them, we shall prove Theorems (1.5), (1.7)
and Corollary (1.6) in Section 7.

This work was supported by a grant from the Japan Society for the
Promotion of Science and was performed while I was visiting Mathe-
matical Institute, Oxford. I wish to thank Professor I. M. James and Dr.
W. A. Sutherland for discussions in connection with this work.

§ 2. The Stiefel manifolds and related spaces

Let E denote the suspension functor. That is, EX=XAS" is the
reduced suspension of a topological space X with a prescribed base point,
E: z(X)—=,,,(EX) the suspension homomorphism, and E: H*(X; M)—
H'(EX; M) the suspension isomorphism for an abelian group M. Let
E* denote the k-fold suspension. A map means a continuous map which
preserves base points if we consider them. We use, for simplicity, the
same notation for a map and its homotopy class. Let 7, € 7,(S?), v, &
7{S*) and o, € 7;,(S®) be the elements defined and named in [39, Chapter
V]; they are essentially the 2-components of the Hopf maps. Let 5,=
En_27725 Vann~4V4a o.ann—Bo.a’ vszvnovnﬂ O Onk-1 and yi:yno
Vaes- Let Z{a} be the infinite cyclic group and Z,{b} the cyclic group of
order m generated by a and b respectively. If 6 e z,(X) and 7 e 7 (X),
then [0, 7] € x;,-,(X) denotes the Whitehead product of § and = (see [40]).
Let w,=[t,, tn] € Tom-_(S™) be the Whitehead product of the identity
map ¢, of S™ with itself. It is well-known that the order of w is infinite
when m is even; two when m is odd and m=1, 3, 7; and one, that is
w,, =0, when m=1, 3, 7.

We follow the notation of James (see [15] for details). We denote
the real numbers by R, the complex numbers by C, and the quaternions
by H. Let F be one of these fields, and 4 the dimension of F over R.
Let F* denote the right F-module of n-tuples of elements of F. The
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standard inner product ( ; ) is defined on F™ by the formula (x;y)=
> x;y; where x=(x;, ---,x,), y=(»;, - -+, ¥,) and the bar denotes the
conjugation in F. The group of automorphisms of F” which preserves
this product is denoted by G,=G(F"). As usual, we write G(R™) = O(n),
G(CY=U(), G(H")=Sp(n). The group of rotations of R" is denoted
by SO(n)CO(). In F* the vectors of length 1 form a (dn— 1)-dimen-
sional sphere S(F™)=S4%"",

We embed F™ in F"*!' by adjoining zero as the last entry. Every
complex n-vector (z;, - - -, z,) determines a real 2n-vector (x,, ¥;, - * +, X5 Vo)
where z,=x,++/— 1y,, and similarly every quaternionic n-vector deter-
mines a complex 2n-vector. In accordance with these conventions we
have the embeddings G, G, ,,, Un)CSO(2n), Sp(n) C U(2n).

For n>0 and k>1, O,.,,, denotes the Stiefel manifold of ortho-
normal k-frames in F"**. Following tradition we denote O, by
Vaer,, in the real case, by W, ., . in the complex case, and by X, ,, . in
the quaternionic case. We identify O, ., , with the homogeneous space
G,../G, in the usual way. For example we see that O, ,=G,, O, =
S(F¥), and V., ,.,=SO(n+k)/SO(n) when n>1.

Embeddings i: O,, 1+ COnspsmupam 10T m>0,1": W, 0 o C Vo iopons
and 1 X, .0, Wansor,0r are defined from the above embeddings of the
groups. In particular, we write i, ,=i~,, . for the embedding Se¢+b-!
=0n+1,1C0n+k,k‘

When 1<m< k, we have the fibration

(21) On+m,mC0n+k,k_p)0n+k,k—m‘

As is easily seen, the embeddings defined above are compatible with each
other and with p. In particular we have

Lemma (2.2). The following diagram is commutative:

iC
nt+k,k

2n+1 ___ >
S '_Wn+1,1 Wn+k,k

Pl

= V2n+2,2“—“—> Vo + 200,20

P, p
Sl Lan+2k,2k—1
= Vonso,n 2 +2k,26—1"

A similar diagram consisting of X 4 and W, , is also commutative.

First few homotopy groups of O,,,, , are well-known. For example,
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from the homotopy exact sequences of (2.1), [30, p. 260] and [15, (5.8)],
we have

Proposition (2.3). (i) The space O,,,,, is (d(n+1)—2)-connected.
Excluding the real case for n=0 or n odd and k>2, w,0,,1-1(Opsr.i) IS
infinite cyclic, while it is cyclic of order 2 in the exceptional cases. For all
cases the group is generated by i, ..

(i) The group my,, (W 41) 18 Zofin, .10 Gonss}s if k=1 or n is even
>2, and 0 otherwise.

From (2.3) and the homotopy exact sequence of (2.1), we have

Lemma (2.4). If k>n+2, then the embedding induces an isomorphism
T{(Onss,ns) ET[Onir) Jor j<2dm+1)—3. Similarly 7/(0qsz,n42) =
7(0p i) Jor j <2d(n+1)—34d and k>n-+-3.

It follows from (2.4) that we can restrict our attention to the case
k<n-1 when we study [i,, 0> lnsred =lnsi,oWams1y-1) and to the case
k<n-+2 when we study

linsre Damen -1 ln+k,k]:ln+k,k*(wd('n+l)—1 ° Doatn+1)-9)-

It follows from (2-2) that [i21$L+2k,2k—1’ i£L+2k,2k—1]:i§i+2k,2k—l*w2n+1=
(poi’oif o i)sWens1=(P o i) lif i 15 I5.11,:)> and similarly that

[ign+2k,2k-—17 ig’t+2k,2k—1]=(p ° i’)*[ifﬁ»k,k? iritl—l»k,k]'
Hence we have

Lemma (2-5)' (1) If [i‘gwmc,zk—xa igb+2lc,2k—1]¢0) then [ig+k,k7 ig+k,k]$0'
(ii) If[ignz;c,zk—u ign+2k,2k-1]¢0a then [iga—k,k’ ir’b’+k,k];&0'

The converse of (i) does not hold. In fact, if 2<k<(4 then
[i€, 4,45 1€.1,] 70 by [13, Proposition 1.2] but [i%, sz s i =0 as
remarked in the introduction. I know nothing about the converse of (ii).

Next we see that it suffices for our purpose to study Whitehead
products in the stunted quasi-projective spaces Q,, .-

The topological group S(F) acts on S(F") and the orbit space P,=
P(F™) is the projective (n—1)-space over F. We embed P,CP,,, in the
obvious way. Let P, ,=P,..(F) denote the space P,,,/P, obtained
from P,,, by collapsing P, to a point. When n=0, we make the usual
convention that P, .= Py, the union of P, and a point space.

The quasi-projective space Q,=0,(F) is defined to be the image of
the map ¢: S(F") X S(F)—G(F™), where ¢(u, q) is defined by ¢(u, g)v=
u(g—)(u; v)+v. Equivalently, Q, may be taken as the identification
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space obtained from S(F") X S(F) by collapsing S(F™) X {1} and identify-
ing (u, q¢) with (uz, z~'gz) for all z € S(F). From this description we can
see that Q, =P in the real case, and that Q,=FEP; in the complex case;
here we take the added point as the base point of P;;. We embed Q,C
Q... in the obvious way, so that Q,=0,,,.NG,. We define the stunted
quasi-projective space Q,, ;.= 0.1(F) to be the space obtained from
Q.. by collapsing O, to a point. We also regard Q,,, . as a subspace
of O, ., in the obvious way. Note that

(26) Qn+1,1=0n+1,1:Sd(n+1)—1’
and that, when 1<<m<k, we have the commutative diagram:

Qn+m,m~—_>Qn+k,k
Q2.7

0'n+m,m )0n+lc,k

where all maps are the embeddings. We write 7,,,,=iF, ., for the
embedding S2* V1 =0, ., ,C O, .y
We shall use the following (see [15, Theorem (3.4)] for its proof).

Proposition (2.8).  The pair (O, .15 Onen) is (2dn+3d—3)-connect-
ed. Hence the embedding induces an isomorphism 7{Q,,1.) =70 ii)
Sor j<2dn+3d—4.

It follows from (2.6), (2.7) and (2.8) that we can replace O, , by
Q.. ,» when we study the Whitehead product

[in+k,k °x> in+k,k] € 7r2d(n+1)-3+m(0n+k,k) fOf X € ﬂd(n+1)—1+m(Sd<n+1)“l)

and 0<m<d—1. In particular the statements obtained by replacing
0, with O, , from (2.2) to (2.5) are true.

We now see that i, ., . is a homotopy Thom class. Recall that the
canonical line bundle L=L, over P(F™) is obtained from F X S(F™) by
identifying (u, v) with (uz, vz) for all z ¢ S(F), where ue F, ve S(F™).
Let F’ be the subspace of elements. u € F such that = —u and let S(F)
act on F’ so that z € S(F) sends u into z~'uz. The real (d— 1)-dimensional
vector bundle L'= L} over P,, is obtained from F’/XS(F™) by factoring
out the diagonal action. Note that Lz=0 and L,=1, while L} is not
trivial. We can define canonically a homeomorphism between the Thom
space PO of nL@L/, over P,, and Q,, ., (see [15, Chapter 5]) so that,
when 1<<m <k, the homeomorphisms make the following diagram com-
mutative:
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nL®L'
Plc -~ Qn+lc,k

where the vertical maps are the embeddings defined in the obvious way.
Note that the embedding
inwc k: Sd("ﬂ)_l:P'{‘L@L'CPZL@L’
is called the homotopy Thom class of nLPL’. Therefore our problem on
[ins e, 10 Insi,x) 18 @ special case of the problem of Marcum and Randall [21].
From now on we shall identify P7®¥ with Q, ., , by the canonical
homeomorphism.

§ 3. Hopf invariants

We denote the ordinary cohomology with mod 2 coefficients by
H*(—). The Steenrod squaring operation of degree & is denoted by Sg¢*
or Sq(k).

We recall some facts about Hopf invariants. Let & be an m-dimen-
sional real vector bundle over a connected finite CW-complex B, where
m>2. Asusual, Bf denotes the Thom space of &, that is, the one point
compactification of the total space of £.  We take the added point as the
base point of Bf. Using the usual cell structure of B*, we can easily
prove

Lemma (3.1). The Hurewicz homomorphisms =, (B%)—H,(B%; Z)
and 7wy, (E(B!AB))—H,, . (E(B*\B*%); Z) are isomorphisms and all
groups are isomorphic to Z or Z, according as & is orientable or not.

Choose any point = of B. Let i: S™=x*CB* be the embedding,
which is called the homotopy Thom class of §&. To study [f, i]=i,w, €
Tom 1(B°), we use EHP-sequences as W. A. Sutherland has done in [35].

The embedding i induces a homomorphism between parts of the
exact EHP-sequences (see [40, p. 548]):

P
Tom e lE (S N\ %5)) —— 70 1 (%)
(.2) EGAD, l i,
Tom(B e)?ﬂ'm «~(EB E)"E‘)”m +(EBNB 6))“?)772m -1(B%).
By (3.1) we define
H,: 7ty (EBS)—>Z,
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to be H or its mod 2 reduction according as & is non-orientable or orien-
table.

Note that E(x¢ Axf)=S8**'. Since r,,,.(E(B¢AB¢), S*™)=0 by
Blakers-Massey Theorem (see (7.12) or [40] at p. 368), it follows that
E(i \i), is surjective and hence the cyclic group ,,,,(E(B*AB?) is
generated by E(i Ai)ytum.,- On the other hand, from commutativity of
(3.2), we have that [i, i]=P(E@{ A\i)ytim..)- Thus we have

Lemma (3.3). The order of [i,i] is odd if and only if there exists a
map f: S*™*'—EB* with H,(f)+#0. In particular, when m is odd or & is
non-orientable, the latter is the necessary and sufficient condition for vanish-

ing of [i, il.
From Theorem 5.14 and Corollary 5.15 of [4], we have

Lemma (3.4). Let f: S™*'—EB* be a map which induces the zero
homomorphism from H*™*'(EB*) to H*™*(S**"), and C, the mapping cone
of f. Then H,(f) is non-zero if and only if Sq™*': H™*}(C,)—H*"+*C,)
is non-zero.

Next we consider the special case: B=2P,, é=nL®L’ with d(n+1)
>3. First we prove

Lemma (3.5). If j:8*®*V"'-EQ,, . is a map and n>1, then
¥ H¥EQ, .1y M)—H*(S2®+Y=1: M) is zero for any abelian group M.

Proof. Recall from [15, p. 25] that EQ,,, . has a cell structure of
Saryete ... Jed®*®, Thus the results for the complex and quater-
nionic cases follow from dimensional reason.

We consider the real case. By the universal coefficient theorem it suf-
fices to prove the assertion for M=Z. It can be shown that H**(Q, ., .; Z)
(= H"*EQy,1,1s Z)) is Z, or zero. Thus f*: H*™*EQ,,4.; Z)—
H*+(S*+1; Z) is zero for any map f: S**'—EQ, ... This completes
the proof.

From (3.3), (3.4) and (3.5), we have

Proposition (3.6). Let d(n-+1)>3. Then the order of [in, 1 insr,n) €
Toatnat)-(Cuax,x) 18 0dd if and only if there exists a map f: S?*+H-1
EQ, . . such that Sq?®*: H+O(C )— H™"*Y(C,) is non-zero. In
particular, excluding the real case for n even, the latter is the necessary and
sufficient condition for vanishing of [i, . ,u> in+zul-

Remark. The “only if” part of (3.6) can be proved by [14, § 3].
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§4. Proof of Theorem (1.1)

The following implies Theorem (1.1) by the observations in Section 2.

Theorem (4.1). If n+1 is not a power of 2, then the order of
[in+k,k9 in+k,k] € Moa(n +1)-3(Qn+k,k) is even or inﬁnite'

This follows immediately from (3.6) and

Lemma (4.2). Ifn+1 is not a power of 2, then Sq?™+b: H*®*(C,)
—H?*"*D(C,) is zero for every map f: S**V1LEQ, . .

The rest of this section is devoted to the proof of (4.2).
Let A and A(k) denote the mod 2 Steenrod algebra [34] and its k-
dimensional component respectively. The following is well-known (see

[36, (4.2)).

Lemma (4.3). If s and m are non-negative integers, then
Sq(2* 'm-+2=0 mod 3" Sq(29)A(2* *1m 4-2¢ —2%).
i=0

Remark. We can prove a result stronger than (4.3): if s>1 and
m>0, then

Sq(2* *1m 429 = Sq(2)Sq(2**'m) mod 3 A(1)Sq(2* m)AQ* —i).
=1

A slightly weaker form of this was shown to the author by W.A. Suther-
land.

Proof of (4.2). From (2.4) and (2.5), or correctly speaking, from
their corresponding lemmas for Q,, .., it suffices to prove (4.2) for k=n-1
in the real case. Hence we consider the real case only.

Let f: S*™*'>EQ,,,1.n.: be amap. Then, since f*: H**(EQ,, .1,041)
—H*™+(S**1) is zero by (3.5), it follows from the cohomology exact
sequence of the cofibration

Sm+1_f—>EQ2n+1,n+l—l_>Cf—z_>Szn+2~__>' o
that g*: H*™*(S™*)—H**¥C,) and i*: H{(C;)—H/(EQ,,,1,,.,) for
j#2n+2 are isomorphisms. Let x(r) e H(C,) be the unique non-zero
element for n4+1<r<2n+42. Setn+1=2°2m-+1). Then m>1 by the
hypothesis. I assert that

4.4 Sq2Hx(2n+2—-2)=0 for 0<j<s.
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This implies that Sg”*'x(n+1)=0. For we have Sg"*'=3%_,Sq(29)1,
for some 1, € A(n+1—27) by (4.3), and so

Sq™x(n4+-1)=>" S22, x(n+1)=0 by (4.4).
i=0
Before proving (4.4), we prove
4.5 Sq(2Nx(2n+2—-2*"Y=x(2n+2—27) for 0<j<s.

Recall that Q,,,,.,,=P(R™*"), the 2n-dimensional real projective space,
hence H*(Qy,,1,00) =2Zt)/(t*Y), and Sq7t*=C(k—r, r)t**7, where the
dimension of ¢ is one and C(a, b)=(a+b)!/(a!-b!). Also recall that the
quotient map g: Qun.1,00—>ons1,2+1 induces an isomorphism

q*: HT(QZ?HI,'/LH)—')HT(QM+1,2n) for n+lgr£2n

For simplicity, we denote g*~'(t") by t(r) for n+1<r<2n; they satisfy
the equation Sq7t(k)=C(k—r, r)t(k-+r) for n+1<k+r<2n. We then
have
Sq2Nx(2n-+2--27+Y=Sq(2)i* ' EtQ2n+1—-27+")
=i*ESq2(2n+1-27*Y)
=CQn+1-—-27+1—-21 20* ' Er2n+1-—-27)
=i*'Et(2n+1-—27%)
=x(2n+2—27%).
Here the fourth{equality is a consequence of the equation C(2n+1—27+
—271,27)=1 mod 2, which follows from [34, Lemma 2.6] and the hypo-
thesis m>1.
Now we prove (4.4) by an induction onj. For j=0, we have
Sq*x(2n+1)=Sq'Sq'x(2n), by (4.5),
=0.
Suppose inductively that (4.4) holds with j replaced by any k<j. Then

Sq(2N)x(2n+2—27)
=8q(2)Sq(2)x(2n+2—27*Y), by (4.5),

j—1
=]Z Sq(27+*—2")8q(2")x(2n+2—27*Y), by the Adem relation,
r=0

—0mod 7 37 S(2) A2/ — 27— 29Sq(2)x(2n+2— 27+, by (4.3),

7=01=0

=0mod 0, by the inductive hypothesis.
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Therefore we complete the inductive step and hence the proofs of (4.4)
and (4.2).

§ 5. Proofs of Theorems (1.2), (1.3) and (1.4)

Before proving the theorems we make preparations.
Let 4: z,(B)—n;_(F) denote the boundary homomorphism of a
fibration F—X—B. The following is well-known (see [17, Lemma 1]).

Lemma (5.1). Ifaex,, (B)andb e z,(S?, then d(ao Eb)=A(a) o b.

Let G be a topological group. We take always the unit element of
G as the base point. If a € 7,(G) and b € 7,(G) with i,j>1, then {a, b)
€ r,,,(G) denotes the Samelson product of @ and b (see [15] or [40]).
Soppose given a principal G-bundle G—X—B. Then Samelson [31, § 7]
(see also [3] or [40, p. 476]) has proven

Proposition (5.2). If a e z(B) and b € = ,(B) withi, j > 2, then A[a, b]
=(—1)"%4a, 4b}.

We shall apply (5.2) to the principal G,-bundle G,CG,,,—>0,, .
The boundary homomorphism of this bundle is denoted by

4= AI{ ﬂi(0n+k,k)__)ﬂi (G).

We list up some well-known results on the homotopy groups of the
classical groups. ’

(5.3) (7). If0<j<n—2,then n,(O(n))is Z for j =3 mod 4; Z, for
j=0, 1 mod 8; and O otherwise.

(5.4) (6, 7, 38]). If0<j<2n—1,then z,(U(n))is Z for j=1 mod 2,
and 0 for j =0 mod 2.

5.5 (7). If0<j<4n-+1, then n(Sp(n) is Z for j=3 mod 4; Z,
for j =4, 5 mod 8; and 0 otherwise.

(5.6) ([17]). The group =,_,(0O(n)) is Z{4,.,}PZ for n=0 mod 4 and
n>4; Z{4,0,}®Z, for n=2 mod 8 and n>10; Z{d,,} for n=6 mod 8;
Z{4,.,}PZ, for n=1 mod 8 and n>9; Z,{d,¢,} for n= 5 mod 8 or n=3
mod 4 and n>11; Z{(4,:,)/2} for n=2; and 0 for n=3 or 7.

(5.7) (I5, 6, 38]). We have that =, (U(n)=Z,{4,t,,}. The group
Ton(UM)) is Z,{d 19y .1} for n=0 mod 2 and n>2; and O otherwise. The
Sroup Ty, (U®)) is Z,,1y,PZ, for n=0 mod 2 and n>4; Z,,,,,, for
n=1mod 2; and Z, for n=2.

(5.8) ([10]). 'The group r,,..(Sp(1)) iS Z 3n 41y {d1t4n s} for n=0mod 2;
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and Z g, 1y12{41t4n s} for n=1 mod 2.

If m is odd, then #,(S™) is finite for all r >m, as shown by Serre
[33, p. 494]. From the homotopy exact sequences of the fibrations G, _,
—G,—S%"1 2<u<n, it follows that

(5.9) 74n.4(G,) is finite for all ; >0 unless the case is real.

Let a € 7,,(U(n)), B € 7., o(Sp(n)) and § € m,_,(O(n)) be generators;
where we assume that n=3 mod 4 in the real case.

Lemma (5.10).

(1) (a, “>=<A1C‘2n+1’ Af‘zn+1> and <,Ba ﬁ>=<A{154n+39!A1H‘4n+3>-

(2) If2k>2n-+2+4iandi>0, then restricted to the torsion subgroup,
Ay Tonsi W)= Tan o (U () s injective.

(3) Ifxe 7r2n+j(S2n)5 then Ag[in-(-k,k 0 EX, 1y, 5] =<, a) o E™x.

Proof. Unless the case is real, the order of wy(,, .-, iS at most 2,
and hence s0 is {4it4tne1y-1> ditgmen -1y by (5.2). Therefore (1) follows
from (5.7) and (5.8).

From (5.4), (5.9) and the homotopy exact sequence of U(n)C U(n+k)
=W, inw (2) follows.

It follows that Alg[in+k,k’ in+k,k] = Akin+k,k*w2n+l = A1w2n+1 = <A1‘2n+1,
ity 1y ={a, &) from (5.2) and (1), and that [i,. ;. © EX, psr,e] =l sses
Lol o E™*'x for x e m,,, (S*™) from (8.18) at p.484 of [40]. Hence
Ak[in+k,k o Ex, in-{-k,k]:Ak[in +ky k> in+k,k] ° Eznx':(a: 0{> o E*™x by (5-1) and
(1). Thus (3) follows.

Now we begin to prove the theorems. The above (1) implies the
second half of Theorem (1.2). The first half of (1.2) in the complex case
follows from (2), (3) and Theorem (1.1).

By the same argument as the complex case, I could not obtain any
result for the real and quaternionic cases except the following: if n= 3
mod 4 and k>n+1, then x,,_,(O(n+k))=0 by (5.3) so that

Ay 7wy (V,, ko) —> T _o(O(1))

is injective.  Since A.[i, .11 in+p.ed=<{d:tn, 4,2, by the same proof as (3)
above, it follows that {4,c,, 4,¢,y#0 if and only if [i,, ;> fnsr] 70 for
some, hence every, k>n-+1. Therefore Theorem (1.1) implies Theorem
(1.4), since 4,¢,=4 by (5.6).

To settle the quaternionic case, we consider the commutative diagram:

Sp(n)——> Sp(n+ 1) —Z->Stn+s

UQn+1)—>UQn+2)-L 550+
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where the unlabeled maps are the embeddings defined in the obvious way.
From this we obtain the commutative diagram:

af
Tan +5(S4n * 3)—“—?71'5" +4(Sp(n))

AC
Tanss(S™+)—> 70, (U Q2N+ 1).

It follows from (5.2) and (1) of (5.10) that the right vertical map sends
{B, B into {Afe,.s At,,.sp. Thus, if the latter is non-zero, then so is
{B, B>. Therefore Theorem (1.1) and the first half of (1.2) in the complex
case imply the first half of (1.2) in the quaternionic case. This completes
the proof of Theorem (1.2).

Next we prove Theorem (1.3). Let n>>1. Consider the exact se-
quence:

, .
Ton 1o ST )5 1 (U)o T, U 1)) —>

4
Ton +2(SZ" * 1)'——1_)7‘7% +1(U(n))~

Since 7y, (S =Zo{nhus1} AN o0, o(S** ) = Zy{7n 11} (se€ [39] foOr ex-
ample), it follows from (5.7) i, is surjective if and only if # is even, and
that 4,73, ., generates a direct summand for n even>4.

Suppose that n is even with n42 not a power of 2. Let 7' e ,,, (U(n))
=Z 1 ®Z, be any element of order (n+1)!. Then i, generates
Ton s UM+1)=Z,, ., as seen above. Thus {7, i,7/>=1i,{¥, 7> is non-
zero by Theorem (1.2) and so is {7, 7). By (2.2), i’: S*"**=X, /0,1, C
W, ,s.. 18 a cross-section of p: W, ., ,—>W, ., =873 so that m,, , (W, 1,5
is a direct sum of the images of i, and the upper 7, in the following com-
mutative diagram:

. l-/
Zz{ﬂ%n +1} = Ton +3( W, +1,1)‘l—*>7f2n +3( W, +2,2)¢*—7f2n +3(Xn/2+1,1) = Z{lzn +3}
A€ 48 . 47
1
Z(n+l)1@Z ;ﬂ2n+2(U(n)) = Ton +2(U(n)) <i71'27; +2(Sp(n/2))

Ton 4o U(n4-2)) = 0.

Since 4¢3, ,, generates a direct summand of order 2 as seen above, ¥y=
ACi% ity s is of order (n+1)!. By (5.8), 47¢,,.; generates m,,,,(Sp(n/2)).
Thus, by Theorem (1.2), {48¢,, .5, 4¥¢,,,,> is of order 2, and it is sent
into (7, 7, under the lower i, so that the order of (7, 7,) is at most 2
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and hence just 2.
We have

<Af77§n+19 Afv§n+l> =Af[7)§n+1’ 7)%"‘*1]’ by (5‘2)’
zdlc(wzrwl ° ﬂin +1)s by [405 b. 484] and [2’ (212)]’
=0, since 5%,,,=0 by [39],

and, by [15, (15.2)],
<To: Agﬂ§n+l> == <A16'7}gn+“ 7’0>

Therefore the biadditivity of the Samelson product implies
<T0+ Afvgn +1s 7,0'*' Afvgn +1> - <r0> 7’0>‘

Since any 7 of order (n+1)! is an odd multiple of either 7, or 7+ 4595, .1
we have (7, 7Y =¥, I',p. This completes the proof of Theorem (1.3).

§ 6. Lemmas

We prepare several lemmas which will be used in the proofs of (1.5),
(1.6) and (1.7) in Section 7.

Let i: G,—O(dn) denote the identity map in the real case and the
embeddings i’: U(n)C O(2n) and i”’: Sp(n)C U(2n)C O(4n) in the other
case. Let J: 7, (O(n)—rx,.,(S") be the J-homomorphism (see [39] for
example). James and Whitehead [16, pp. 200-201] has shown

(61) wd(n+1)—1=(_l)dEd_l'Ii*Alld(nH)—l'
‘We then have

Lemma (6.2). Exclude the real case for n even. If X € nyi.1)-:(Gy)
and moreover if x is a multiple of 4,¢, in the real case, then

(X, xy=x0E% i x
where E~'y means an element z with Ez=1y.

Proof. Unless the case is real, z4(,.1,_.(G,) is a cyclic group gener-
ated by ditgmin-: by (5.7) and (5.8). Thus x=kdt4(,.1,_; for some
integer k in any case.

In the real case, since n is odd, w, is desuspendable by [1, Corollary
1.3].

For simplicity, set ¢=¢,4¢,.1,-;. Then
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<x, Xy =K AW 4011
—(—1)%k*4,EE*-2Ji 4., by (6.1),
— (= 1)%k(dye 0 E*-2Ji\ dys), by (5.1),
=((—1)%kdy) o E*~*Ji (kdy0), by (8.3) at p. 479 of [40],
=xo0E%%Ji,x, since —AR:=A4F: by (5.6).

This completes the proof.

Although the following is well-known, I could not find its precise
proof anywhere, so we give it for completeness.

Lemma (6.3). Ifnis even, then HJi%, A%, ., =1n.,_, and HJi{4%¢,, .,
=V, Mmod 27, (S Y). Here H denotes the generalized Hopf homomor-
phism, as usual.

Proof. By EHP sequences, we see that the kernel of the suspension
E: 1,(S*™)—>m,, (S™*") is generated by w,,ox,,_, which is sent, under
H: 7,(S")—n,,(S*"), into zero, since H(Wy, o Du,_1)=HWy,) 0 1=
(£24,_1) ©Psn_;=0. Thus Hr is the same element for all ¢ with Er=
Wensi- On the other hand there exists a of order 2 such that Ea=w,,,,
and Ha=1,,_, by [39, Proposition 11.10]. Therefore HJi 4¢¢,,.,=Ha=

Tin-1 DY (6.1).
For the quaternionic case, consider the diagram:

Ton + 4(S8n * l) Ten +5(SB” * 3) Tsn +6(S8n * 5)

P P P
S4n E S4n+l E S4n +2 E (S4n + 3)
Tan +2( ) >y, +3( )—_>778n+4( )——>71'5n+5
H

Tn+2(S 7).

We first determine H(Kernel (E®). Since the kernel of each E is the
image of the appropriate P, it is generated by W,, © €n_1» Win+1° Jon+: and
Wins2© anss Tespectively. Here g,: S"™—S* is the Hopf map and g,=
E™*g,. By the first part of this proof and [26, 4.19] (see also [9]), there
exist a e 7,,(S**) and b € 7y, _,(S*"~®) such that Ea=w,,,,, Ha=y,,_, and
E®h=w,, ;07 .;- Thus the kernel of E?® is generated by

2 3
W4n°g8n—1a a°7]8n, E b
which are sent, under H, into

+2860-1 77272—1:41)811—17 0
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respectively. Since g,,_, generates m,,,,(S*!) and g,,_, =vs,., mod
274,.:(5%""Y), we then have H(Kernel (E®)=2r,, (5.

On the other hand, by [37, 3.13], there exists ¢ & 7y, ,,(S*") of order 8
such that Ec=w,,,, and Hc=y,,_,. Hence Jij{4%¢,, ,—c is contained
in Kernel (E®) by (6.1). Therefore

HJi[48¢,, ;= Hc mod H(Kernel (E%))

=g Mod 27y, ,(S*Y),
This completes the proof of (6.3).

Lemma (6.4). Let n>>1 and exclude the real case for n even. Then
Ep AFW, o1y I8 equal to 0, [(n+1)12,, t:,] or [(n-+1i,, 2,,] according as
FisR, Cor H Herep: G,—0, ,=S8%""is the canonical fibration.

Proof. We have the commutatve diagram:
P
1y ~1 -1
Toatn+1) -3 D104 41y (S 7Y
Af’ =

Dk -
Toatn s -(G)—>T24n r-4(S4 7).

Consider first the real case. From [30], x,_ (V... is Z if n is odd,
and Z, if nis even. It then follows from the homotopy exact sequence
of S" 'V, ,1,—>S" that dy, is £2¢,_, if n is even, and 0 if » is odd.
Hence p, dw,=4d,w,=4,z, o E~'w,=0 for n odd.

Next we consider the complex case. The result for n=1 is true,
since wy=0 and [27%, ¢,] € 27,(S*)=0 by [39]. Hence we assume that n>2.
By (5.4) and (5.7), we see easily that z,,(W,,,,) is Z, if nis odd >3, and
0 otherwise. It then follows from the homotopy exact sequence of S*~!
W o1,.—>S7" that

(6 5) A ( + 1) Non -1 lf}’l iS even
’ lon 1=\ o -1 == ) ]
o %o if 7 is odd.

Thus we have

Ep*Alw2n +1 :EAZWZn +1
=E4,EJi{4d,¢,, ., by (6.1),
=E(dytsn 410 Jildity.), by (5.1),
=FEdyts,.10Wensys by (6.1),
=+ Do 0 Wons1, by (6.5),
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=[(1+1Dpen, (14 D]
=[(n+1)"720, tn], by [40, p. 484] and [2, (2.12)],
2[(’1 + 1)773719 lzn]a since 277§n =0.

Finally we consider the quaterinionic case. The result for n=1 is
true, since w,=0 and [212, ¢,] € 27,,(S*)=0 by [39]. Thus we assume that
n>2. From [24], 7., . (Sp(n—1)) is Z(y,,.nDZ, if nis odd, and Z,, .,
if n is even, where (s, t) denotes the greatest common divisor of s and z.
By using exact homotopy sequences of reasonable fibrations, we can see
that 7., ,o(Xp 01,0 = Z s nsp and Ay, ..=24, n+Drg,,_, for some r with
(r,2)=(r,3)=1. Note from [39] that g,, ,0g..., is a generator of
Tin (S ) =2Z,{1,_;} and hence g,,_; 0 g, ,,=2%,_,. By the similar meth-
od as the complex case, we then have Ep,dw,,, ,=[(24, n+ 1), t,,]=
[(n+1)3,, ¢,,). This completes the proof of (6.4).

Lemma (6.6). Letn>2. Then [y, ¢,]#0 if and only if n=0 mod 4
and n=+4 or 12.

Proof. By using [39], we can show that [}, ¢, ]=w, o 5},_,=0 for
n=2,3 or4. We omit the details.

Let n>5. Then y5,=4y, by [39, (5.5)], and so [7}, ¢,]=4[v,, ¢.).
Suppose first that 7 is odd. From the observations in Chapter XI of [39],
[v.» €.] is contained in the image of

i* En-t n-1 Pk n
Tn +3(P7L+1,1)'—'—_>7rn+3(P7L+k,k)——)7r2n+2(E Pn+k,k)—>7f2n oS )

for every k>1, where P,,, ,=P,,, . (R) (see [39] for the details). Since
TasslPriz, ) =055V ie,2) bY (2.8), and since the latter is Z,Z, by [30],
we have 2[y,, ¢,]=0.  Hence [73, ¢,]=0. The order of [y,, ¢,] has been
determined by several persons but we shall not need it.

Suppose next that n is even >6. When n=2 mod 4, the order of
[V, ¢.] is 4 by [11, (3)], so that [y}, ¢,]=0. When n=0 mod 4 and n=+12,
20 or 28, Theorem C of [20] implies that the order of [v,, ¢,] is 8 so that
[7%, ¢]5=0. On the other hand, by [39, Theorem 10.3], [23, Theorem B]
and [27, Theorem 3, (b)], we can see that the order of [y, ¢,] is 4, 8 or §
according as n is 12, 20 or 28. Hence [y, ¢,]=0 and [7}, ¢,]50 for n=
20 or 28. This completes the proof of (6.6).

Remark. One can prove non-triviality of 4[y,,,, ¢,.,], at least for m>8
and m=15 mod 16, by using [25, 26] instead of [20]. The author is
grateful to Professor Y. Nomura for informing him of this.
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§7. Proofs of Theorems (1.5), (1.7) and Corollary (1.6).

In this section we consider the complex case only.

It follows that (i), (ii) of (1.5) are equivalent from (2), (3) of (5.10),
and that so are (ii), (iii) of (1.5) from (2.4).

We prove that (i), (iv) of (1.5) are equivalent at least when n=46. The
case n=6 will be studied later. Throughout the proof we assume that
n>1. From (1) of (5.10), it suffices to study the case o=4,¢,,,,. Then
{at, @) © Pun="i[2n 11> t2041] DY (3) Of (5.10). It follows from [12, (4.4) and
(4.11)] that [1,, 1, ¢5n.,]=0 if and only if nis odd. Thus {a, &) o7,,=0
for n odd. Next we assume that n is even. Let p: Un)—W, =S
be the usual map. Then

EP*(<C¥" Of> o 774n) =Ep,{a, ayo Dan +1
=Ep, AWy, 0 Nan +1 by (3) of (5.10),

=[7]§n’ ‘Zn] © Nian +1o by (64)5
=[ni., t,,], by (8.18) at p. 484 of [40].

Thus (6.6) implies that (&, &) o7,,#0 when n is even and n==2 or 6.
Since the 2-torsion element {(4,¢;, 4,¢,) o 7, is contained in 7 (U(2)) = 74(S?)
=Z,,[39], it is zero. Therefore (i) and (iv) of (1.5) are equivalent when
n==6.

Now we prove Corollary (1.6) when n=+6. Let n be even >2. First
assume that n==2 or 6. If (@, &) did not generate a direct summand in
7.,(U(n)), then there would exist an element x e x,,(U(n)) such that
{a, ay=2x and s0 {a, @) o P, =2X 0 ,, =X o 297, =0, and hence we should
obtain a contradiction to Theorem (1.5). Therefore {a, a) generates a
direct summand, and hence so does [i, ;1> Insr,cl> SINCE Ailin i i.is Insr el =
{a, a) by (3) of (5.10), and since [i,, 4,z Zn+z,] i of oder 2 by (1.1). Next
we consider the case n=2. Since the embedding i’: S*=Sp(1)C U(2)
induces an isomorphism #,(S*) =#,(U(2)) for r >2, it suffices to show that
{ns» 3y € (S®) generates a direct summand. This is the case, because
7(SH=Z, by [39], and i, (55, 159 = {I%7s» %75y 70 by Theorem (1.2). This
completes the proof of Corollary (1.6) for n+6.

Note that {z, ¢;) is a generator of z,(S®) as shown by Samelson [32,
8§87 and 9], so the Samelson products in S® can be determined up to
reasonable dimension by [15, (15.4)], [39] and others.

To study the case n==6 in (1.5), and to prove Theorem (1.7), we need
some facts about the James numbers. We recall them briefly. See [29]
for the details.

By the James number W{n-+k, k} and the stable James number
W#{n-+k, k}, we denote the order of the cokernel of
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Dy ﬂz(n+k)—1(Wn+k,k)'_—>772(n+k)—1(Wn+k,1)EZ,
P’ Tnaw i W, >3 0 1 - W s ) =Z
respectively, where z.(—) is the stable homotopy theory.

Using the stunted quasi-projective spaces Q, ., , instead of W, , ;,
we can define the numbers Q{n-k, k} and Q*{n+k, k}. 'We have always
O{n+k, k}=W*{n+k, k}. We have also that the stable number is a
divisor of the unstable one, and that if k<<n+1 then Q%{n+k, k}=
Qin+k, Ky=Ws{n+k, ky=Win+k, k}.

Consider the case k=n-+2. We shall compute W{2n+2, n42}/
W:{(2n+2, n+2}. Since the pait (Wa,,s,n42 Qonsoynes) 18 (414 3)-con-
nected by (2.8), it follows that

02n+2, n+2}=W{2n+2, n+2}.

For simplicity, we denote Q,,.5,.. by O, and iy, .5, S '—
Q:niomsz DY i. We denote the torsion subgroup of a group by Tor. Since
i, .(Q)/Tor=Z, it sufficies for (1.7) to see the homomorphism =, ,,(Q)/
Tor—z3, .,(Q)/Tor induced by the stabilization homomorphism E=. Itis
not difficult to show that E*= induces an isomorphism

Tsn +4(EQ)/T0r = ﬂin +3(Q)/Tor'
Thus the order of the cokernel of the homomorphism
E: Tin 13(Q)/ TOr—> 1,  (EQ)/Tor=Z

induced by E is equal to
O2n+2, n+2}/0*2n+2, n+2}=W{2n+2, n+2}/W*{2n+-2, n+2}.

Since p: U(2)—S* has a cross section S*=Sp(1)C U(2), we have that
W{2,2}=W+{2,2}=1. Thus we assume that n>>1. Then we have the
commutative diagram of the exact EHP sequences:

H P
Tan +4(S2"+2)—_) Tsn +4(S4n+3) Py, +2(S2"+1)
Eiy E@ N« ix
E H P
Tin s Q>4 (EQ) — 74 , (E(Q N Q) —> T4 Q).

1t follows that E(i /\i), is surjective, so that r,,,,(E(Q /N Q)) is generated
by E(i A1) yun+s and

(7.0 T A E(QNQN=Z, or 0.
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By chasing the diagram, we see that, when n is odd, £ is surjective
and hence

W{2n+2, n+2}/W{2n+2, n+2}=1 for n odd.

Let n be even. By (7.1), the cokernel of E is Z, or 0, and hence
W{2n+2, n4+2}/W{2n+2,n+2}is 2 or 1. Suppose that it is 2. Then
H is surjective onto 7, . (E(QNQ))=Z,, so P(E(i \i)y)um+5)=0. Hence
[i,i]0 Nan+1 = i*(W2n+1 ° 7]4n+1) = i*P774n = P(E( /\i)*774n +3) =0. It then
follows from the observations in Section 2 that [iy,.sq40 fanso,nsa] © Dens1
vanishes in 7, .o{ Wy 12,n42), and

<C¥, (X> ° 774n=An +2([i2n +2,n+25 iZn +2,m +2] ° 774n+1)=0-
Therefore, from Theorem (1.5) for n==6, we have

W{2n+2, n+2}/W*{2n+2, n+2}=1if nis even and n2 or 6. On

the other hand, we have proved in [28] that

W{2n+2, n+2}yW{2n+2,n+42}=2 for n=2 or 6.

This completes the proofs of Theorems (1.5) and (1.7). _
To prove Corollary (1.6) for n=6, we consider the homomorphisms:

H
T U5 7, (S5 >, (S*9).
Lemma (7.2). If nis even, then Hp,{a, &) =7}, ;.
Proof. We have

Hp e, a) = Hp, {ditons1s ditsnrs by (1) of (5.10),
=Hp(ditsn 110 Ji%ditsn 1), Y (6.2),
=Hon_y 0 Ji%ditsr.1), by (6.5),
=E@n_o/\Yon_s) o HJi} 4,5, .y, by [39, Proposition 2.2],
=73 DY [2, (2.12)] and (6.3).
Note that this lemma gives an alternative proof of non-triviality of

{a, ay for n even.
Now we prove Corollary (1.6) for n=6. Consider the sequence:

2 (U(O) L5 (S 7, (S7).

By (7.2), Hp.{a, o)=n5+0. On the other hand, by [39], =,(S') =
Z®Z,HZ,HZ,. Therefore, {a, «) can not be halved, so it generates a
direct summand. This completes the proof of Corollary (1.6).
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