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COMMUTATORS OF MULTIPARAMETER FLAG
SINGULAR INTEGRALS AND APPLICATIONS

XUAN THINH DUONG, JI L1, YUMENG OU, JILL PIPHER AND BRETT D. WICK

We introduce the iterated commutator for the Riesz transforms in the multiparameter flag setting, and prove
the upper bound of this commutator with respect to the symbol b in the flag BMO space. Our methods
require the techniques of semigroups, harmonic functions and multiparameter flag Littlewood—Paley
analysis. We also introduce the big commutator in this multiparameter flag setting and prove the upper
bound with symbol b in the flag little bmo space by establishing the “exponential-logarithmic” bridge
between this flag little bmo space and the Muckenhoupt A, weights with flag structure. As an application,
we establish the div-curl lemmas with respect to the appropriate Hardy spaces in the multiparameter
flag setting.

1. Introduction and statement of main results

The Calder6n—Zygmund theory of singular integrals has been central to the success and applicability of
modern harmonic analysis in the last fifty years. This theory has had extensive applications to other fields
of mathematics such as complex analysis, geometric measure theory and partial differential equations. In
the setting of Euclidean spaces R”, a notable property of standard Calderén—Zygmund singular integrals,
shared with the Hardy-Littlewood maximal operator, is that these operators commute with the classical
one-parameter family of dilations on R", § - x = (§xy, ..., 8x,) for § > 0. See for example [Stein 1993].

The product Calder6n—Zygmund theory in harmonic analysis was introduced in the 1970s and has been
studied extensively since then. The model case is a tensor product of classical singular integral operators;
such operators arise in the context of questions about summation of multiple variable Fourier series. Early
key work in this field includes that of Chang and R. Fefferman [1980; 1982; 1985], R. Fefferman [1986;
1987; 1999], R. Fefferman and Stein [1982], C. Fefferman and Stein [1972], Gundy and Stein [1979],
Journé [1985], and Pipher [1986]. Included in these works are the identification of appropriate notions of
product BMO space and product Hardy space H? (R" x R™).

More recently, the theory of (iterated) commutators has been developed in connection with the Chang—
Fefferman BMO space, including paraproducts and multiparameter div-curl lemmas; see, for example,
[Dalenc and Ou 2016; Ferguson and Lacey 2002; Ferguson and Sadosky 2000; Lacey et al. 2009; 2010;
2012; Lacey and Terwilleger 2009]. In contrast with the classical Euclidean setting, the product Calderén—
Zygmund singular integrals and the strong maximal function operator commute with the multiparameter
dilations on R", 6 - x = (81x1, ..., 8,x,) for 6 = (61, ..., 8,) € (0, c0)™.
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A new type of multiparameter structure, which lies in between one-parameter and tensor product, was
introduced by Miiller, Ricci and Stein in [Miiller et al. 1995; 1996], where they studied the L? boundedness
of Marcinkiewicz multipliers m (L, i T) on the Heisenberg group, where L is the sub-Laplacian and 7 is
the central invariant vector field, with m being a multiplier of Marcinkiewicz-type. They showed that
such Marcinkiewicz multipliers can be characterized by a convolution operator f * K, where K is a
so-called flag convolution kernel. This multiparameter flag structure is not explicit, but only implicit in
the sense that one cannot formulate it in terms of an explicit dilation é acting on x. Later, the notion of
flag kernels (having singularities on appropriate flag varieties) and the properties of the corresponding
singular integrals were then extended to the higher-step case by Nagel, Ricci and Stein [Nagel et al. 2001]
on Euclidean space and their applications on certain quadratic CR submanifolds of C". Recently, Nagel,
Ricci, Stein and Wainger [Nagel et al. 2012; 2018] established the theory of singular integrals with flag
kernels in a more general setting of homogeneous groups. They proved that, on a homogeneous group,
singular integral operators with flag kernels are bounded on L?, 1 < p < oo, and form an algebra. (See
also [Glowacki 2010] for related work.) Associated to this implicit multiparameter flag structure, the
Hardy space H }([R” x R™) and BMO space BMO = (R" x R™) were introduced by Han, Lu and Sawyer
[Han and Lu 2008; Han et al. 2014] through their creation of a flag-type Littlewood—Paley theory. More
recently, Han, Lee, and the second and fifth authors [Han et al. 2016a] established a full characterization
of H }T(R” x R™) via appropriate flag-type nontangential, radial maximal functions, Littlewood—Paley
theory via Poisson integrals, the flag-type Riesz transforms, as well as flag atomic decompositions.

In the multiparameter setting, the dilation structure 6 - x = (§1xy, ..., d,x,) for § :== (61, ...,68,) €
(0, 00)™ determines a geometry that is reflected by axes-parallel rectangles of arbitrary side-lengths.
Indeed, the strong maximal function is defined as the supremum of averages over such rectangles, and the
Chang—Fefferman product BMO space can also be characterized using such rectangles. When it comes to
the flag setting, the lack of an explicit dilation structure makes its geometry much more obscure. However,
from the study of properties of the flag singular integrals, such as the flag Riesz transforms that will be
introduced below, one realizes that the flag geometry can be reflected by axes-parallel rectangles with
certain restriction on the side-lengths. For example, the flag rectangles in R" x R are the ones of the
form R =1 x J C R" x R™ with £(1) < £(J). Compared to the multiparameter setting, the restriction
£(1) < £(J) gives rise to new difficulties. For instance, a very useful trick in the study of problems in
the multiparameter setting is to take a sequence of rectangles {/ x J;} and let J; shrink to a point yq as
i — 00. This can usually effectively reduce the problem to one-parameter. However, in the flag setting,
such an operation is not allowed anymore. Other intrinsic difficulties of the flag setting can be better
described from the analytic perspective, which will be discussed below.

A commutator of a classical Calder6n—Zygmund singular integral with a BMO function is a bounded
operator on L? with norm equivalent to the BMO norm of the symbol [Coifman et al. 1976]. Modern
methods of proving the upper bound of these commutators in the multiparameter product setting rely
upon the existence of a wavelet basis for L2(R™), such as the Meyer wavelets or Haar wavelets; see for
example [Lacey et al. 2009; Dalenc and Ou 2016]. It turns out that the behavior of the commutator is
straightforward to analyze in terms of the wavelet basis. One method of proof shows that the commutator
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can be written as a linear combination of paraproducts and simple wavelet analogs of the Calderén—
Zygmund operator in question. The other approach uses the wavelet basis to dominate the commutator by
a composition of sparse operators. In the flag setting, we lack a suitable wavelet basis and this approach
is not available. Essentially, the wavelet basis requires the construction of a suitable multiresolution
analysis, which we do not have in this flag setting. Hence, instead of the wavelet basis, we resort to using
a method based on heat semigroups and flag-type Littlewood—Paley theory, exploiting the connection
between the Reisz transforms and the Laplacian.

We now recall the flag Riesz transforms as studied in [Han et al. 2016a]. We use R( ) to denote the
j-th Riesz transform on R"*", j =1,2,...,n+m, and we use R @ 0 denote the k-th Rlesz transform
on R", k=1,2, ..., m. Namely, we have that for g e LZ(R"+’"),

M, () — —Yi L n+m
R;"g"(x) =p.V. Cugm /an e |n+m+1g () dy, xeR"™",
and for g® e L?(R™),
@ 2 _ Wj — @ m
Rg (Z)—P-V-Cm/Rm o |m+1g (w)dw, zeR™.
For f € L2(R"™), we set
2
Rik(f) =R+ R %, f (1-1)

that is, R; ; is the composition of R;l) and R,Ez). Note that the flag structure appears in R; .
Given two functions b, f € L2(R"*™), we first recall the usual definition of commutator

[b, RV, (et x2) = b(xy, ) RSV % f(x1, x2) = RV s (bf) (x1, x2). (1-2)

The commutator can also act only on the second variable:

[b, R (f)(x1, x2) := b(x1, x2) R %3 f(x1, x2) — R s (bf) (x1, x2). (1-3)

Iterated commutators arise in the study of commutators of multiparameter singular integral operators
which are tensor products. In the flag setting, our iterated commutator takes the following form:

Definition 1.1. Given two functions b, f € L>(R"*™), the iterated commutator in the flag setting of
R* x R™ is
[1b, R{"1, ROTa(f) :=b(xr, x2) REY 5 R s £ (x1, x2) = RV s (b - R 2 f) (01, x2)

R o B w1, )+ R w2 B b e, )

We point out that another possible definition via [[D, R,Ez)]z, R;l)]( f) turns out to be equivalent; see
Proposition 2.5 in Section 2.
We also introduce the big commutator in the flag setting as follows.

Definition 1.2. Given two functions b, f € L?(R"*™), the big commutator in the flag setting of R” x R™ is

(D, Rjk1(f)(x) :=DX) R i (f)(x) — Rk (bf ) (x). (1-4)
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The main results, below, of this paper relate iterated and big commutator bounds to flag BMO spaces.
As the definition of the space BMOx(R" x R™) is very technical, we refer the reader to Section 2,
Definition 2.4 for details.

Theorem 1.3. Suppose b € BMOx(R" x R™) and 1 < p < oo. Then for every j = 1,...,n+ m,
k=1,...,m, f € LP(R"t™),

1 2
I, REVT, R () o @remy S b lmmo @ ciem) 1L f 1l Lo germ) (1-5)

Lacking methods related to analyticity ([Ferguson and Sadosky 2000] for the Hilbert transform) or
wavelets [Lacey et al. 2009; 2010; Dalenc and Ou 2016], we instead obtain this upper bound using
the duality argument and the tools of semigroups, harmonic function extensions and techniques from
multiparameter analysis.

Next, we introduce the little flag BMO space. The flag structure has a geometry which is reflected by
the axes-parallel rectangles R = I x J C R"™" satisfying £(I) < £(J), the collection of which is referred
to as flag rectangles, denoted by R . One can then define the little flag BMO space and the flag-type
Muckenhoupt weights Az , with respect to R r.

Definition 1.4. A locally integrable function b is in little flag BMO space, denoted by bmo r(R” x R™), if

1
1b]lbmo 7 (R2 xwry := sup —— | |b(x,y) —(b)r|dx dy < o0, (1-6)
rRers |R| JR

where (b)R = (1/|R|) fR b(xl, Xz) dx1 dXQ.

Theorem 1.5. Suppose Tr is a flag singular integral operator on R" x R™, b € bmor(R" x R™) and
1 < p <oo. Then for f € LP(R"™™),

16, TFICH I Lr@+my S I1B1lomo = @e ximy Il f | e @rtmy .- (1-7)

In the above, the flag singular integral 77 can be taken as the Riesz transform R; ;. The class of
flag singular integral operators T naturally generalize the Riesz transforms R; ; and are assumed to be
associated to kernels having a standard flag structure. We refer the reader to Definition 4.4 in Section 4
for its precise definition. To obtain this upper bound, we study the little flag BMO space bmo r(R" x R™)
and find the connection with the John—Nirenberg BMO space on R"™ and on R™. We also establish the
bridge between functions in bmor(R" x R™) and weights in Ax ,. These structures lead to the upper
bound for [b, R; ;](f).

As application, the commutator estimates obtained above imply certain versions of div-curl lemmas,
which seem to be first of their kind in the flag setting. Roughly speaking, a div-curl lemma says that if
vector fields E and B initially in L? have some cancellation (e.g., divergence or curl zero) then one can
expect their dot product E - B to belong to a better space of functions instead of just L' (as provided for
by Cauchy—Schwarz). The cancellation conditions allow one to deduce some type of cancellation, e.g.,
[ E- B =0, suggesting that the function should belong to a suitable Hardy space since it is integrable and
has mean zero. The algebraic structure of E - B coupled with the duality between Hardy spaces and BMO
spaces then points to the use of the commutator theorem to arrive at the membership of E - B in the Hardy
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space; different commutator results suggest different div-curl lemmas that can be explored. In the classical
one-parameter setting, the div-curl lemma says that given two vector fields, one with divergence zero
and the other with curl zero, their dot product belongs to a Hardy space [Coifman et al. 1993]. Later on,
Lacey, Petermichl, and the fourth and the fifth authors proved multiple versions of div-curl lemmas in the
multiparameter setting [Lacey et al. 2012], which are expected since the multiparameter setting offers
several different interpretations of the Hardy and BMO spaces. Thus, it is natural that our Theorems 1.3
and 1.5 lead to two versions of flag-type div-curl lemmas.

First, consider vector fields on R" x R™ that take values in M, 1,, , and are associated with the flag
structure (see Section 5 for the precise definitions and details). We establish the div-curl lemma in the
flag setting with respect to the flag Hardy space below, which is a consequence of Theorem 1.3.

Theorem 1.6. Let 1 < p,q <ocowith1/p+1/q = 1. Suppose that E, B are vector fields on R" x R™
taking the values in M, 4., associated with the flag structure. Moreover, suppose E = EWV x, E® ¢
L;(IR” x R™; Mpjm.m) and B = BW %, B@ ¢ LqF(R” x R™; Mytm.m) satisfy
div(y y) E}l)(x, v)=0 and curlg,, B;l)(x, yv)=0 forallk
and
divy EP(x,y) =0 and curl, BP (x,y) =0 forallx € R", forall j.

Then E - B belongs to the flag Hardy space H }(R” x R™) with

1E - Bll g1y S NEN Lo @R My | B I L8 @2 xR Mypgn) - (1-8)
= ( )

We also prove another version of the div-curl lemma in the flag setting, which is with respect to the
Hardy spaces on R"*™ and on R", respectively. This version relies on the intermediate result in the proof
of Theorem 1.5, namely, the structure of the flag little bmo space.

Theorem 1.7. Let 1 < p,q < oo with 1/p+ 1/q = 1. Suppose that E, B are vector fields on R" x R"
taking the values in R"™™. Moreover, suppose E € LP(R" x R™; R"*™) and B € LY(R" x R™; R"*™)

satisfy
diviy,yy E(x,y) =0 and curly y) B(x,y)=0

and
divy E(x,y) =0 and curlyB(x,y)=0 forallx e R".
Then we have
1E - Bll g1 geimy S NE N Lr @i motmy | Bl La (e e R+, (1-9)
and

/ IEC-, y)2BC, Wlla@ny dy S NE e s gomy | Bl La g g goemy, (1-10)

where

E(x,y)2B(x,y) =) Enx(x, y)Bi(x, y).
k=1
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It is known that the div-curl lemma in the classical setting has many applications in PDE and com-
pensated compactness [Coifman et al. 1993]. Similarly, we expect that the flag-type div-curl lemmas
described above would have interesting implications in these directions as well. For instance, following
the ideas in [Coifman et al. 1993], one can study weak convergence problems in the flag Hardy space.
And it would be interesting to know whether one can use the flag-type regularity (implied by our div-curl
lemmas) of certain nonlinear quantities to obtain improved regularity results for certain nonlinear PDE.

This paper is organized as follows. In Section 2 we provide necessary preliminaries with respect to
the flag structures. In Section 3 we study the flag iterated commutators as in Definition 1.1 and prove
Theorem 1.3. In Section 4 we give a complete treatment of the flag little bmo spaces and flag-type
Muckenhoupt A, weights, toward the proof of Theorem 1.5. In the last section, we apply the boundedness
of flag commutators from Theorems 1.3 and 1.5 to establish the flag div-curl results, Theorems 1.6 and 1.7.

2. Preliminaries in the flag setting

Recall the classical Poisson kernel on R”":
Cn
(1+ |x|2)(n+1)/2’

1 X
Pt(X) = [_”P(?>

For f € L'(R"), let F(x,t) := P, * f(x). Then we have the following standard pointwise estimates for
the Poisson integral; see in particular [Stein 1993].

Proposition 2.1. Suppose f € L'(R"). Then

P(x) =
And we define

sup  "KIVE F(e, 01 < ClLF - @2-1)

1
(x,0)eRYT

We now recall the flag Poisson kernel given by

Px,y) =PY spn P<2>(x,y):f PO, y—2)P?P(2)dz,

m

where

1) _ Cn+m 2) _ Cm
PV (x,y)= (1+|x|2+|y|2)(”+m+1)/2 and P (z) = (1+|Z|2)(m+1)/2

are the classical Poisson kernels on R"*" and R™, respectively. Then we have
1 2
P,l’,z(x, y) = Pl(| ) kRm P[i )(x, y)

We define the Lusin area function with respect to u = P;, ;, * f as follows.

Definition 2.2. For f € LY (R* x R™) and u(x;, x2, t1, 1) = Py, 1, * f(x1, x2), the Lusin area integral of
u(xy, x2, t1, t), denoted by Sr(u), is defined by

1

dwy dty dwy dt )2

SF(u)(x1, x2) = {/ / Xes 1 = wi, x2 = w) | VOBV P u(wr, wa, 1, )P —— —5
RV_:_+1 RT_Jrl tl t2
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where VU = (3,,, 3y, -+ 0w, ., Oy, -+ - Oy, ) is the standard gradient on R"*”+! and VP = (9,
1 1,1 1,n 2,1 2,m g )
0w, +* Ow,,,) 1s the standard gradient on R”*1, and
1 2
Xt (X1, X2) i= Xz(l ) st X,(z )(x1, x2), (2-2)

1 - 2 _
xh Cer, x2) = 7y D ey /11,300 /1), X072 = 57" @ (z/1), and x D (x, y) and x @ () are the
indicator functions of the unit balls of R"*" and R", respectively.

Definition 2.3. The flag Hardy space H }(R” x R™) is defined to be the collection of f € L' (R" x R™)
such that S(u) € L' (R" x R™). The norm of H}([R{" x R™) is defined by

I L e ey = ISFO L1 e ey - (2-3)
We now recall the definition of the flag BMO space.

Definition 2.4. The flag BMO space BMO £ (R" x R™) is defined to be the collection of b € Llloc([R" x R™)
such that

) dw; dtidw, dt>
I515)

1
] 2
||b||BMof<wm>:=sup(— f 1tV DRV Ouwy, wy, 11, 1) )<oo, (2-4)
T(2)

o \I$

where the supremum is taken over all open sets in R” x R with finite measures, and 7(Q) = g o T (R)
with R=1 x J, £(I) <£(I) and T(R) = I x (3(D), &(1)] x J x (3¢(J1), €()].

Proposition 2.5. Given two functions b, f € L>(R"*™), we have
(b, R"1, R f) = [1b, R T, RV1(S). (2-5)
Proof. By definition, we see that

(16, R{V1 RO L(F)(x1, x0) = [0, RIVIRY 50 £ (x1, x2) — R 52 ([b, RV1(f)) (1, x2)
= (1. )R % R 3 f(x1.00) — RV % (b R 0 (31, 12)
~ R %2 (0 RV 5 f = RV % (b )1, x2)
=b(x1, )R % R 53 f(x1.x2) = R % (b RYY %2 f)(x1, x2)
—RP 52 (b R % f)(x1, x2) + R s RV 5 (b f) (31, x2).
And we also have
(16, R, REVIA) (1, x2) = [b, RPT RS 5 £ (x1, x2) = RS ([b, RP T2 (£)) (x1, x2)
= b(x1, xR wa Ry % f (x1, x2) — R 52 (0 RV % f) (w1, x2)
=R (b R 2 f = R 52 (b £))(x1, %)
= bx1, x) R 0 R s f (1, x2) = R 2 (b RYY s £) (31, x2)
~ RV % (bR 52 )61, 1) + RV R 53 (b (w1, x2).
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It is direct to see that, by changing of variables,
2 1 2 1
R g RV s f (x1, x0) = / R (x2 — )R (x1 = y1. 2= y2) f(v1. y2) dz dyy dys
= | R?G— )RV (a1 - -z dzdyd
= y @—Y2)R;(x1 =y, x2—2) f (31, y2) dzdyidy,

= [ B =i = DROGE = 320 f vz dyr

= R4 R v f (211,
which implies that (2-5) holds. [l

3. Upper bound of the iterated commutator [[b, R;l)], RJ(.Z)]Z

In this section, we prove Theorem 1.3, i.e., the upper bound of the iterated commutator [[b, Rl.(l)], R}z)]z.
As we pointed out earlier, in the flag setting, there is lack of a suitable wavelet basis or Haar basis
and hence the approaches in [Lacey et al. 2009; Dalenc and Ou 2016] are not available. We establish
a fundamental duality argument (Lemma 3.3) with respect to general flag-type area integrals and flag
Carleson measures, and then apply the technique of harmonic expansion to obtain the full versions
of flag-type Carleson measure inequalities (Proposition 3.5), which plays the role of “paraproducts”.
Then, by considering the bilinear form associated with the iterated commutator [[b, Rl.(l)], R}z)]z and
by integration by parts, we can decompose the bilinear form into a summation of different versions of
“paraproducts”. Then the upper bound of the iterated commutator [[b, Ri( 1)], R;z)]z follows from applying
Proposition 3.5 to each “paraproducts”.

Extension via flag Poisson operator. For any f € L'(R" x R™), we define the flag Poisson integral
of f by
F(x1, x2, 11, 12) := Py 1, % f(x1, y2), (3-1)
where
P _p, . p® 32
o (X1, X2) = Py kg P70 (X1, X2). (3-2)

Since P(x1, x2) € L'(R" x R™), it easy to see that F(xy, xp, t1, tp) is well-defined. Moreover, for any
fixed #; and 1o, we know P, ;, * f(x1, x2) is a bounded C* function and the function F(x1, x2, t1, t2) is
harmonic in (x1, x2, t;) and (x3, #), respectively. F(x1, x2, t1, t2) is the flag harmonic extension of f to
R x R™T. More precisely,

Attt F(x1, x2, 11, 12) = () + Ay ) F(x1, X2, 11, 1) =0 in R 23
ARm+|F(x1,x2,t1,t2):(8,22+AXZ)F(x1,x2,t1,t2):0 in RZ_H_I, G5

and

; 1
hmO 3, F(x1, %2, 11, 1) = —(Ayy xy) 2 PP s f(x1,x2) on R,
Hh—

- — ;p) ntm
hﬁ})azzF(xl, X2, 11, 1) = —(Ay,)2 P % f(x1, x2) on R"™™,
h—
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lim F(xy, x2, 11, 2) = PP s f(x1, x2) on R"*™,
t1—0

lim F(xy, x2, 11, 2) = PV x £ (xq, x2) on R"*",
th—0

lim  F(x1,x2,t, 1) = f(x1,X2) on Rt
t1—0, Hh—0

lim F(x1,x2,t1,10) =0,

[(x1,x2,11)|—>00
lim F(x1,xp,t1,1) =0.
[(x2,12)|—>00

We then have the following lemma providing a connection between the boundary values f and the flag
harmonic extension F. This follows from the decay of the flag harmonic extensions of f and repeated
applications of integration by parts in the variables #; and 1.

Lemma 3.1. For f € L'(R" x R™), let F be the same as in (3-1). Then we have

/ f(xl,xz)dxl dsz/ 2‘18?1 t28,22F(x1,x2,t1,t2)dx1 dx> dt dt. (3-4)
R" x Rm

n+1 m+1
R xRE

Proof. We start from the right-hand side of (3-4). We write
/ tlafl l‘zaéF(xl,)CQ,l‘l,l‘z)dxl dx, dty dty
Ri—H XRZZ‘H

2 1
_ /R o 92 P s ( /R 0 92 P\ x f(x1, x2) dxy dtl) dx; dt
+ +

=/ (f 41 tl atzlplgl)*f(xlvxz) dx] dt]) dXZ,

where the last equality follows from decay of the flag harmonic extensions of f and using integration by
parts in the variable ;. To continue, we write the right-hand side of the last equality above as

Rnrt+m

/ o 32 P\ x f(x1, x2) dxy dxp dty = F(x1, x2) dx1 dxa,
R+

which yields (3-4). Again, the last equality follows from decay of the flag harmonic extensions of f and
using integration by parts in the variable #;. ]

Flag area functions and estimates. We also have a more general version of the area function.

Definition 3.2. For a function G (x1, x2, t1, t2) defined on [Ri'j:rl X RTH, the general flag-type Lusin area
integral of G is defined by

) dwy dty dwy dty %
SFL(G)(x1, x2) = Xes (X1 —wi, X2 —w2) |G (wr, wa, 11, )" — g — = - 3-9)
R IRYT h b
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Lemma 3.3. Suppose F(x1, x2, t1, t2) and G(x1, x2, t1, 12) are defined on R"+1 X R:’f“. Then the follow-
ing estimate holds:

/ / F(x1,x2,t1, )G (x1, x2, 11, 1) dx1dxadty dty
Rn-H Rm-H

| 12
<C sup (—/ t1 12 |F (1, y2. 11, ) dyy dys dty dtz)
acrxke \ 2] Jr (@)

, dy1dy,dty dt
/ f (/ . / Xt =y 2 = GO, 2 n o) y,;myjl mlHZ) dxidxs.  (3-6)
n m R" RW’

Proof. Suppose both factors on the right-hand side above are finite, since otherwise there is nothing to
prove. We also note that the second factor is actually ||S7(G) || L1 g xrm)-
We now let
Q= {(x1, x2) € R* x R" = Sz 1(G)(x1, x2) > 25}

and define
Bii={R=1xDL: |(Il x L)\l > 31 x L, [(I1 x ) N Qupr] < 111 x b},

where I and I, are dyadic cubes in R"” and R with side-lengths £(/) and £(J) satisfying £(I) < £(J).
Moreover, we define

Q= U R and 4= {(x1,x2) € R* x R™ : Mpag(x0,) (x1, x2) > 5}
Re By

Next, we have

/ +1/ » F(x1,x2,t1, )G (x1, x2, 11, 1) dx1dxodty dty
Rfl Rm

G(xy, x2,t1,t
—Z Z f Vb F(xy, xo, t1, 1) del dx) dty dty
k Rep Y TR Vi

(2

12
ni|F(x1, x2, 11, 1) |* dxy dxa dty dfz)
ReB, VTR

dxydx, dt; dty 172
X(Z/ Gy, 3.1y, 1) 2 L1241 A1
Rep Y T(® 315}

1 12
=Z<— Z/ ni|F(x1, x2, 11, 1) |> dxy dxa dty dtz)
—\ %] = Jri
k 1/2
zdxldedtldQ)

(|szk| > [ 16t P S

ReB, VTR
12

1
SZ(Q—/ t1t2|F(x1,X2,l‘1,l‘2)| dxydx, dt; dty
— \ S Jrp , dxydxydty di

1/2
(|szk| Zf G (x1. x2. 11, 1)) T)

ReB, VTR
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1 1/2
< sup (—/ t1t2|F(x1,XQ,t1,l2)|2dx1 dx>dh dl‘z)
acrrxre \ 2| J7(@)

dxydxydty di \'?
x2<|szk| Z/T |G<x1,xz,zl,r2)|2$)

Rep, Y TR nn

As for the second factor in the last inequality above, note that

MG\l = / Sr.1(G)(x1, x2) dxy s
Qi \ Q%

» dyrdydty dn

— G JH,h)|" —F—————dxid
/Qk\szk/%"“/nae'"“ X (61 = y1, X2 = y)IG (y1, y2, 11, ) T x1dx;

dyldyzdtl dn
Y Xt (X1 = Y1, X2 — y2) dx1 dx2 |G (y1, yo. 11 1) T

1 5
ydyrdy,diydn
/ / IG(y1, y2, 11, 12)|*
Rn+l Rm+1 Hht
dxy dx, dty dtp
> 2/ G (x1, x2, 11, )P —————
ReB, Y TR i

Thus, we have

/n / F(x1,x2,t1, )G (x1, x2, 11, 1) dx1 dxa dty dta
R++I R:Z_H

- QCR"x

1 dxydxy dt; dtp 172
= sup <_/ |t1t2F(x1,x2,t1,t2)|2— Z|Qk|2k
acrexkn \ || Jr(@) fit p

1 ) dxydx, dt; dtp 172
S Sup Tl |t1t2F(xlsx29 t17t2)| ”S}',L(G)”Ll(RnXRm),
ackxrm \ 2| J7() 53

which gives (3-6). O

1 1/2 - -
sup (@ f 1ol F(x1, X2, 11, )1 dxi dxo diy dtz) D (11271 Qi \ )
Rm T(Q) a

From Lemma 3.3 above and the definition of BMO £(R” x R™), we can obtain the following corollary
immediately.

Corollary 3.4. Suppose G(x1, x2, 11, ) is defined on IRZ’:“I X RTH, and F(xi,x2,t1, 1) := Py 4, *
f(x1, x2), where f € BMOx£(R" x R™). Then we have

/ f VOV F(xy, x2, 11, 12)|1G (x1, X2, 11, 1) | dxy dxy diy diy
Rn++l Rm-H
< Cll flIBMOF® xrm) | S7. LG L1 @r xmmy- (3-7)

Moreover, based on Lemma 3.3, we can also establish the following estimates.
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Proposition 3.5. Suppose F(xi, x2, t1, t2) = Py 1, % f(x1,x2), G(x1,x2,11,12) = Py, 4, ¥ 8(x1, x2), and

B(x1, x2,t1, t2) = Py 1, x*b(x1, x2). Then we have
f 1t VOVDB(xy, x2, t1, )] Vy, 1, Vi, VOVE G (x1, x2, 11, 1)
R1+IXR$+1 (1 )
x |V )V( )F()Cl, X2, 1, b)|dxidx,y dt) dty

1 1 1 1
=< C”b”BMO]:(R"XRm) || (_Axl,xz) 2 (_sz) 2g”LP(R" x[R™) || (_Axl,xz)z (_sz) 2 f”Lp,(R”xIR’")’

/ ol VOVEI B, x, 101, 0)] Ve 0 Ve VO VO G122, 1, 1)
Rn XRm
T x VD F(xy, xa, 11, 02)| dxy dxa dty dia

1 1 1
< ClIblIBMOz @ xim) (= Ay x:)2 (=A%) 28 L Lr e xremy [ (= Ay ) 2 Il Lof (e ey »

/ ol VOVEBG x, 1, 0)]1V 0 Vi VO VI G a1, 22, 11, 1)
R xR
! ' X |V(2)F(X1,XQ,Z‘1,Z‘2)|dX1 dx,dt; dty

1 1 1
< ClIbllBMO 7 ) [ (= Ay x2) 2 (= Ax)) 28 | Lo e xemy (= D)2 fll o7 (e s

/+. N 116 VOVIB(xy, x2, 11, )| Ve 1, VIVA G (x1, x2, 11, 1)
Rn Rln
T X |F(x1, x2, t1, )| dxy dxp dty ditp

1
< ClIblleMoz @ xim) (= Ay )2 gl e @ ey | f 1 o7 (e seem)»

/ 1t VOVDB(xy, x2, 11, )] Ve (s VIVEG (x1, x2, 11, 1)
Ri—FIXRZI-H : 5
x VOV F(xy, x2, 11, 12)| dx1 dxa dty dia

1 1 1
< ClIbllBMO 7@ ) [ (= Ay x2) 2 8l Lo @ xemy (= Ay ) 2 (=A%) 2 fll 1 (e ey »

/ o VOVE B, x0, 10, 0)[ Ve VIV G 1, 22, 11, 1)
R xR
o x [V F(xy, xa, 11, 02)| dxy dxa dty diy

1 1
< ClIbllBMOF @ xrm) | (= Ay x2) 28l L e x ey (= Ay ) 2 fll Lo (o seemy

/ I tt| VOV B(xy, x2, 11, )| | Vi 1, VIV G (x1, x2, 11, 1)
R xR™
i i X |V(2)F(X1,XZ,Z‘1,Z‘2)|dX1 dXle‘l dl‘z

1 1
=<C ”b”BMOF(R”me) | (_Axl,xz) 2 g”L"([R”xR'”) I (_sz) 2 f”Lp’(RnX[Rm),

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)
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1 2 1 2
/I;)H»l Rm+1 t1t2|V( )v( )B('xl’ x2, t], t2)| |VX1,)C2V( )v( )G(xl, x2, [1, [2)'
X
o X |F(x1, x2,t1, t2)| dxy dxp dty dty

1
< ClIbllBMO @ xm) [ (= Ay x2) 2 8l r @y | f Nl Lo o seem)»

/ 16| VOVOB(xy, x2, 11, )|V, VOVI G (x1, x2, 11, 1)
Ri+lXer+l | )
X |V( )V( )F(xl,XQ, t, )| dxy dx,dt; dty

1 1 1
=< C ”b”BMOF(R”me) ” (_sz) 2 g”Ll’([R"me) ” (_Axl,xz) 2 (_sz)z f”Lp’(RnXRm),

/+. L 1l VOVEI By, x, 11, 0)| [V VI VO G, 2, 11, 1)
R xRY M
x |V F(x1, x2, t1, )| dx1 dxa dty dtr

1 1
< ClIbllBMO 7 xRy [ (= A ;) 28l Lp @r ey 1 (= Doxy x2) 2l Lo (o ey »

/ 1 1t1t2|V(1)V(2)B(x1,x2, t1, )|V, VOV G (x1, x2, 11, 1)
R < RYT )
x |V F(xy, x2, t1, )| dxy dxp dty dty

1 1
< ClIbllBMOF @ x ) [ (—Ax,) 2 gl L@ ey 1 (= Ax,) 2 fll L (e ey »

/+. 1l VOVE By x, 11, 0)| [V VI VE Gy, 2o, 11, 1)
Rn Rm
o X |F(x1, x2, 11, )| dxy dxp dty dty

1
< ClIbllBMO» @ xrm) [ (— Ay ) 2 gl Lo @ ey | f 1l L7 (e sy »

f 11 VOVIB(xy, xp, 11, ) IVVVI G (x1, x2, 11, 1)
RKT—IXRZI-H | 5
x VOV F(xy, x2, 11, 12)| dx1 dxa dty dia

1 1
=< c ”b”BMO}-(R"xR’”) ”g”LP(R”XRm) ” (_Axl,xz) 2 (_sz) 2 f”LP’([Rn x[Rmy>

/ 1| VOVIB(xy, x2, 11, ) IVVVI G (x1, x2, 11, 1)
n+1 m+1
[R+ ><[R€+ )
X |V F(xy,x, 11, t2)| dxidxydt; dty

1
< ClIbllBmOF @ xrm 8 Il L @ x ey 1 (= Ay )2 fll Lo o seem)»
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(3-15)

(3-16)

(3-17)

(3-18)

(3-19)

(3-20)

(3-21)
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/ 116 VOVOB(xy, x2, 11, )| |[VOVP G (x1, x2, 11, 1)
RrrlXRrﬁJrl 2)
X |V( F(xl,xz,tl,t2)|dx1 dx, dty dty

1
< ClIbllemo z @ ey 18 | L ) (=D, 2 fll Lot (o sy (3-22)

/ o i VOVI B o, 1, ) [VOVP Gy, 2,11, 1)
R)l Rm
A X |F(x1, x2, t1, )| dxy dxp dty dtr

< ClIbllBmOy @ xrm 8 Il L@ ey | f 1l Lo’ (o - (3-23)
Proof. We first point out that for f € Cgo([R"er), F(x1,x2, 11, 02) = Py, * f(x1, x2),

Sup |F(YIaYZ,t1,l‘2)|§ Sup |Pt1,t2*f(y1’y2)|
V1,y2:t1,12) (V1,y2:t1,12)
Xty (X1=Y1,%2—y2)#0 [x1—y1l<ti+t2,|x2—y2|<t2

<M (Ma(f (1, -))(2)) (X1, x2),
where M| and M, are the Hardy-Littlewood maximal functions on R"*" and R™, respectively.
Next, based on the estimate above and from the property of the Poisson semigroup, we have

1 1
sup 104, 0, F (Y1, y2, 11, 12)]| < sup [P nx((mA@1)2(=A02)2 (1, y2)I
V1,y2,11,12) V1,y2,11,12)
Xip.ty (1= y1,02—y2) #0 [xi=yil<ti+2,lx2—y2|<t2

< My (Mo (= Dy ) (A7 )15 ) (2)) (X1 x2).
Also, we have

sup |Vy1,yzvy2F(ylayZatlatZ)l =< sup |Pll,t2*(v'1,'zv'zf)(yl,y2)|
1,y2:t1,12) (1,y2:t1,12)
Xy, (X1=y1,X2—y2) #0 lx1—y1l<ti+t2,|x2—y2| <t

< Mi(My((V-, -,V )1 (2)) (x1, x2).
Then, we first consider (3-8). Based on the estimates above and Corollary 3.4, we have

/ il VOVE B x0, 0, 0)] Ve Vi VI VI G (20,11, 1)

R)l XRm

i i X|V(1)V(2)F(X1,X2,ll,t2)|dxl dxydtydt)
< C”b”BMO;(R”xIR"’)/ Sr LtV 5, Vi, VO VP G) (x1, x2)

R7 xR
X (Ml (Ma((—Axy )2 (=) )10 (2)) (21, X2)
+M (Ma((V-,,, Vo, )1 '))('2))(x1,x2)) dxydx;

< C|IbllBMO £ (" xRm)
I L e NN CN R [
X (M] (MZ(((_Axl,xz)%(_sz)%f)('1 L)) (+2)) (x1, x2)
FM (Ma((V-) Ve (=) TH (= A) T (A )T (= AT (1)) (2)) (51, 2)) dxy

1 1 1 1
< C”b”BMO]:(R" xR™) || (_Axl,xz)z (_sz) 2g”LP(I]"\!’” x R™) || (_Axl,xz) 2 (_sz) 2 f”LP’(R"x[Rm)’ (3'24)
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where in the second inequality the area function Sr is defined as in Definition 2.2, and the last inequality
follows from Holder’s inequality and boundedness of the maximal functions as well as the boundedness
of the flag Riesz transforms. Hence we see that (3-8) holds.

By using an estimate similar to that above, we can obtain the estimates in (3-9)—(3-23). We omit the
details here since they are straightforward. U

Upper bound for iterated commutators.
Theorem 3.6. For every b € BMO£(R" x R™), g € C°(R" x R™) and for anyi =1,2,...,m +n,
j=1,...,n, there exits a positive constant C depending only on p,n and m such that

L5, R,-(])], R;Z)]z(g)lle(Wme) < C|IbllBMO»®e x &) |1 81 Lr (R xR - (3-25)
Proof. Recall that

(1. RV, RP12(8) (x1, x2) = b(x1, xRV 5 R 9 g (x1, x2) — R (b - R 53 8) (x1, x2)
— R w0 (b R x @) (1, x2) + R 2 R 5 (- ) (51, 32

Hence, for every f € C°(R" x R™), we have

(f. (16, RV R () = (f b RV % R o g) + (R % f.b- R 57 g)
+(RPx f.b- R % g) + (R s RV fb - g).
Denote by B, F, G the flag harmonic extensions of the functions b, f, g, respectively, as defined
in (3-1). And for each fixed i, j, denote by (R x f)™, (R s, )™ and (R{" R/ s, f)™ the flag

harmonic extensions of R(l) * f, R( )>x< f and R( ) R(z) *y f.
Then we write

(f. [[b, BT, RV Ta(9))
=/ 1097 032 (F-B-(R{V+R P 508) "+ (R % )™ B-(RP428)™
n+1 m+1
R R @ 0 @, )
+(R;H2 )7 -B-(R; " g) "+ (R %2R "+ f)7-B-G) dxy dxy dty dty.  (3-26)
We now claim that the right-hand side of (3-26) is bounded by

ClIDliBmMO £ @ xrm) 18 1 Lr @ xwey | f Il Lo oo sy - (3-27)
To see this, we compute the derivatives #; 8,21 zga}; for the integrand in the right-hand side of (3-26).

Then we have the following terms:

Cl:/ (0B F (R xR 509 100, 0B (R # )7 (R 428)”
RrHr XRm+
+19; bd B (R %0 ) - (R“) )"
+002 2B (R % RV x f)™ G)dxldxzdtldtg; (3-28)
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szf _— 102 120, B0, (F- (R %R 40.8)") 41102 120, B3, (R{ 5 )™ (RP 428)™)
R" R
+0102 00, B - 3, (R %2 )7 (R % 9)™)
+ 1107 00, B - 3, (R %2 R % )™+ G) dxy dxy dty diy;  (3-29)

C3:/ » » h 8t|[28 B- 8“ (F- (R(l)*R(Z)*zg) Y+ 8[1128 B. atl((R(l)*f) (R(z)* g) )
R" RW
+1 0,607 9, (R 50 ) - (R %))
+11 9002 8,23 O ((R;Z) *2 Rz‘(l) * )7 - G)dxydxydt; dty;  (3-30)

C4:/ H1 ] 010112 91, B0, 3,2(F-(Rl.(l)*R]Q)*zg)N)—Hl 0y, 1201, B0, 8tz((Ri(l)*f)w'(R;Z)*Zg)w)
Rﬂ Rm N N
1 84,12 3, B0y, 3, (R4 )™ (RVg) ™)
1 0y, 12 0, B3y, 0, (R 2RV f)™-G) dxy dxadny ;- (3-31)

Cs = f o B3, 0)(F- (R %R %28) ) 118,180, 8 (R % /) - (R}V%29)")
R R
+110,12B - 9, 0L (R 52 )™ - (R %))
+11 9,08 - 8,02 (R %2 R % )™ - G) dxy dxy dty diy; (3-32)

Co= / 000, B0, (PR R 0 9) ) 411020, B-02 0, (R ) (R x29))
Rn XRI}I
+ 1112, B - 070, (R 2 )™ - (R{Y %))
+ 112 8,B - 929, (RP %2 RV % )™ - G) dxy dxy diy dia; (3-33)

G = /er - tity 823 32(F : (R,'(l) * RJQ) *28)7)+ht 8zzzB : 82((R,-(1) * ) (RJ('Z) *28)")
+1n B E (R % )™ (R % )™)
+00 2B} (R % R % )7 G)dxy dxydiydiy: (3-34)

Co= [ BB R R g ) 00 B (R ) (R 429))
n+ m—+
Ry xRy 25 42(R® )
+1un 0B -0, (R, *2 f)" - (R; %))
+10 2B 0F (R % R % )7 G)dxy dxydiydiy: (3-35)

Co = n0B 002 (F- (R % R %2 2)™) +1102B - 0202 (R % )™ - (R %2 8)™)
R R+ J
+06B 0L (R %0 )™ (R % ¢)™)
+10B - 20L (R %o R % )™ - G) dxy dxy dty dy. (3-36)
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We first consider C;. Note that 8,223 =—Ay,B=—V,,V,,B and that BIZIB =—AyB=—Vy-
V.,.x, B. So, integration by parts gives

C = fww 12V Vi B Vi, Vi (F - (R % R 55 8)™)
L 00V 0 V6B Ve Ve (R ) (R 40 8)7)
+ 115 Ve, 0, Vi B - Vi 1y Vi (R 52 )™ - (R{Y % 9)™)
+ 16V, Vi B Vi, i, Vi (R 50 RV 5 )™ - G) dixy dxy dty dity
=:C1,1 +C12+C13+Ci4.

For the first term, it is clear that

1 2 ~
Cii= / 16V Vi B Vi, Vi F - (R 5 R 3 )™ dixy dxy dty dit
R’IFIXRZZ-FI
1 2 ~
=/ 16V, Vi B Vi o F - Vi (R 5 R 3 ¢)™ dixy dxy dty dit
R1+1XR$+1
1 2 ~
:f 10Vs, Vi, B Vi, F - Vi o (R % R 50 ¢)™ dixy dxy dity diy
Rr:rlxRT_Jrl

1 2 ~
=/ o VeV B F Ve Vi (R % R 40 )™ dy dxa diy diy
R xREY

=:C11,1tCi12+C113+Cr1 14
It is direct that C; 1,1 and Cq,1 .4 can be handled by using (3-9), and C;,12 and C; 1 3 can be handled by
using (3-10), which gives
Ci,1 = ClIbllsmo @ xrm &l L@ ey | f 1 Lo (e sy -

Symmetrically we obtain the estimate for C; 4, and using similar estimates we can handle C; » and C; 3.
All these three terms are have the same upper as C;,; above.

Next, for C,, note that 8,21 B=—A x,B=—Vy x, Vi x,B. Thus, similar to the term Cy, by integration
by parts, we have

Cr=— /R - 1102Vx, 0B+ Vi, 0y (F - (R % R 55 8)™)
110V, 3, B - Vi, 0y (R % )7 (R 52 8))
+ 1103V, 03 8, B - Vi 9 (R 52 )™ - (R %))
+110 Ve, 0, B - Vi, sy 0y (R 5o RV 5 )™ G dixy dxy dty dy
=:C1+C2+Co3+Cog.

Again, the upper bounds from the four terms above can be obtained by applying Proposition 3.5, and they
are all controlled by

ClIbliBmo £ @ <) 18 1L e ey | f 1| Lo (g sy -

The term C; can be handled symmetrically to C; and we obtain the same upper bounds.
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For the term C4, by noting that |9, 9;, B(x1, x2, t1, )| is bounded by IVOVO B(x;, x2, 11, 1), we
obtain that C4 is bounded by
ClIbllBmO - @ < 8l L @ ey | f 1l o7 (g sy

where we apply again the upper bounds in Proposition 3.5.
We now turn to the term Cy. We first point out the following equalities:

B (R{V % R 50 )™ (41, X2) = —€ xy i (RYY %2 8)™ (21, x2),
2 ~ 2 ~
O (R{V 5 R s €)™ (x1, X2) = —€ 8y, a0 (R 32.8)™ (21, x2),
8, (R{V % R 50 )™ (x1, x2) = —c iy, (R % )™ (21, x2),
OF(R{Y % R 50 )™ (x1, x2) = —c 9,1, , (R % 8)™ (31, x2),
9 (R % )™ = =€ 8x, 51 ()7
(R % £)™ = = 8,8, ()
atz(RJQ) *2 g)N == axz,j (g)"*’
2 ~ ~
O (RP 52 8)™ = —c 0, (3)™
Then for the term Co, we get
0202 (F- (R R 528)" + (R /) (RP#28) "+ (R 52 )™ (R xg)" +(RP 52 RV 5 )™ G)
= 48(x1,x2),i8t1 8}62,1' atz (FG)
1 ~ 1 ~
=2V 0 Oy (Vi g (R )™ G) =2V Oy, (F - Vi iy (R 508)™)
+2Vs, 55 0y, 0, (Vg o F- (R %)) 42V, 8y, 8, (R % )™ -V, 1, G)
—2 0, p),i 9, Vi (Viy (R % ) G)
Ve Vi (Vo Vg (R 52 Rk )G+ Vi, 1, Vi, (Vi (R 32 )™V, o (R 58)™)
2 ~ ~ 2 1 ~
~ Vi1 Vi (Vs Vis (R 52 )7 (R 58) ) = Vi) sy Vi, (Vi (R 52 R )™ Vi, 1, G)
—2 0y 0,19, Vi (F- Vi (R 5.8)™)

+ V0 Ve, (Vs RV 5 )V (RP 50.8) ) 4 Vi, Vi, (F- Vi, Vi, (R 5 RP 50 2)™)
xp,x2 Vo UV, VR ;728 Xp,x2 VX2 x1,x2 Vg U j *28
_VX],xzvxz (VX] ,xzvxz(R](m *2 f)N'(Ri(l)*g)w)_vxl,xzvxz(vxz(REZ) *2 Rl‘(l)*f)N'VX|,sz)

+2 01,1, 0 Vi (Vi, F- (R %) ™)
(1) ~ () ~ (1) (2) ~
_vxl,xzvxz(vxl,xzvxz(Ri *f) '(Rj *Zg) )_Vxl,xzvxz(vxzF'Vxl,xz(Ri *Rj *Zg) )
1 2 ~ 1 ~ 2 ~
+vx1,x2vx2(vx1,xzvxzF'(Rl'( )*R; )*Zg) )+Vx1,xzvxz(vxz(Ri()*f) 'Vxl,xz(Rj(' )*28) )
+20(1.10,i 0 Vio (R % )™ -V, G)
Vs, Vi, (Vi RV RP 0 £)™ -V, G) = Vi, 1, Vi, (RP 52 )™ Vi, 1, Vi, (RV 5 g)™
x1,x Yo\ Vaxy,xo i j 2 X2 X1,x2 Yxp j 2 X1,X2 Y X2 i *g) )
V510 Vay (Vi ey (R 30 ) Vi (R 5.8) ) 4 Vi 1y Vi (R 5 RP 0 )™V, 1, Vi, B).
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Thus, we input the above 25 terms back into the right-hand side of Cy and obtain the terms as follows:
1 2 ~ 1 ~ 2 ~
Co =/ ntB -0 (F- RV R 408)" + (R % /) - (R %2 9)
RYIxRY™ P O T B
R+ )T (R x)TH (R xR % )7 G)dx dx, dty di

= 4[ 1385 a(xl’m),iaxljB . 8,1 3;2 (FG) dx1 de dl‘l dl‘z
R R
-2 / 162V, 2 05, B - 3, (Vay i, (R % )™ - G) dxy dxz dty dy
Rgl:%—] XR$+1

1 2 ~
+ f _— 16V Vi B (R % R 5 )7 Vi, V., G) dxy dxy dty diy
R xR

=C91+Cyo+---+C9 s,

2

where we get all these terms from the equality 97 8t22(- --) by integration by parts and taking all the

gradients or partial derivatives with respect to xy, x; to the function B. By applying Proposition 3.5 to all
these terms, we obtain that they are all controlled by

ClIbliBMO £ @ <y 18 T Lr e ey | f 1| Lo (g sy -

Next we consider the term Cs, which can be considered as a cross term in between C; and C9. To
continue, we write

1 2 ~ 1 ~ 2 ~ 2 ~ 1 ~ 2 1 ~
OF(F- (R RP s08)” + (R 5 )7 (R 52 8) "+ (R 42 /)™ - (R 58)™ +(RP 3o R 5 )™ G)
2 1 ~ 2 ~ 1 ~
= OF (R w2 (R )™+ (R 52 7 (R 5 9)7) o
HOR(RMY % ) (RP #28)" + (R 52 (R % )™ - G)
=F + E>.
For the term E, we write
El =2 8x2,_/' 8,2(F . (Rl(l) * g),\’) + sz (VXZ(R]Q) %9 f)N . (Rl(l) >;<g)N + F- sz(RJ(.Z) *9 Rz(l) * g)w
2 1 ~ 2 ~ 1 ~
~ Vi F-(RP %2 RV % g)” = (R 52 )7 Vi (R 8)7).
For the term E,, we write
Ey =20y, 0, (R % /)™ G) + Vi, (Vs RP 52 R 5 )™ G+ (R 5 )™ Vi, (RP 52 8)™
~ Vo RV % )7 (RP 52 9)" — (R %2 )™ - V,,G).

As a consequence, by substituting the above 10 terms in the right-hand side of the equalities £} and E»
back into the term Cs5, we have

Cs = 2/ 11 012 Bxy B - 3, 3, (F - (R % g)™) dxy dxa dty dt
R::H XRZFH

- / 1 3,12V, B+ 3, (Vay (R 5 )7 (R % @)™) doxy dxy ity dty
R1+1XR$+I
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- f 11 3,12V, B - 31, (F - Vi) (R 52 R % 8)™) dixy dxy dty diy
RTlXR:ﬁH J
+ / 1 9,02V, B 0y (Vi F - (R 5 R{Y %)) dixy dxy dty diy
Ri+1><|R:”_H
2 ~ 1 ~
+ / 1 9,12V, B 3, (R 53 )™ Vi (R % 9)™) dxy dxy d1y dity
R’:HXRZ’:FI
+2 / 11 012 85, , B - 0,0, (R % )™ - G) dxy dxa dty diy
Rn+lme+l *
+ +
- / 1 3,02V, B3, (Vi, (R 50 RV 5 )™ - G) dxy dxy dny diy
R1+1><|Rli+l
1 ~ 2 ~
- / 1 9,02V, B 0, (R % ) Vi (R 52 ) ™) dxy dxy d1y dity
RrrrlXRr:t_Jrl
1 ~ 2 ~
+ / o VB3 (Ve (R % )7 (R %2 9)7) day duy diy di
R xREY

+ / f 9,02V, B 8, (R 53 )™ - Vi, G) dxy dxy dty diy
Ri—%—] XRZ’,"’I
=:Cs,1+- - +Cs, 10
By applying Proposition 3.5 to these terms, we obtain that they are all controlled by
ClIbllBmox @ xrm) 8l L @ ey | f 1l o' (s oy -

The estimates for the term Cg can be handled symmetrically, and we get the same upper bound for Cg as
that for Cs5 above.
For the term C7, first note that 8,22B =—A,,B=-V,, - V,,B. Hence we can write

Cr=— / lllzvsz . sz 8121 (F - (Rl.(l) * R]Q) Ed) g)N + (Ri(l) * f)w . (R]Q) *9 g)N
RLT <R @ o~ e o~ p@ L () e~
+ (Rj % f)7 - (Ri xg) + (Rj %o Ri ¥ f)7 - G)dxydxydt dty.
Similar to the calculation in the terms £, and E; in the estimate of Cs, we can now decompose
OF(F-(RV* R #20)" + (R + )™ (RP 428)" + (R 42 /)™ (R %)+ (RP 52 RV % )™ G)

into 10 terms, which further gives
C7=Cy1+---+C110

Then by applying Proposition 3.5 to these terms, we obtain that they are all controlled by
ClIbllBMOz @ xrm) 8 Il L @ scmy | F 1l o7 (e s oy -

The estimates for the term Cg can be handled symmetrically, and we get the same upper bound for C;
above. ]
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4. Upper bound of the big commutator [b, R; i]

We derive a general upper bound result for commutators of any flag singular integral. The proof is
based on the Ar , weighted estimate of flag singular integral operators and a Cauchy integral trick that
goes back to the work of Coifman, Rochberg, and Weiss [Coifman et al. 1976]. Roughly speaking, this
technique allows one to bootstrap the weighted estimate for an arbitrary linear operator to that of its
commutators of any order. This is the first time this idea is explored in the multiparameter flag setting.
In fact, although not needed for our upper bound proof, we demonstrate the bootstrapping result in the
general higher-order, two-weight setting.

A, weight and little bmo in the flag setting. To begin with, we define the Muckenhoupt A, weights in
the flag setting, which consists of positive, locally integrable functions w satisfying

1 1 : =l

[w]az, := sup (—f w(x, y)dx dy) (—/ wi(x, y)l_” dx dy) <00, l<p<oo, (4-1)
" Rerr\IR| JR IRl Jr

where p’ denotes the Holder conjugate of p. The following result of [Wu 2014] provides a way of

approaching the A r , weights via the classical weights:

A;’p:ApﬂAfnz) forall 1 < p < o0, (4-2)

where A, is the classical Muckenhoupt A, class of weights on R"*", and Ag) consists of weights w(x, y)
such that w(x, -) € A, with uniformly bounded characteristics for a.e. fixed x € R".

We first show that a similar relation holds true for bmoz, which will be a useful tool for us in the study
of this space.

Lemma 4.1. Let BMO(R"*™) denote the classical John—Nirenberg BMO space on R"™™, and BMO(Z)(R”‘)
be the space consisting of functions f(x,y) such that f(x,-) € BMO(R™) for a.e. fixed x € R" with
uniformly bounded norm. There holds

bmo+(R"*™) = BMO(R"*") nBMO® (R™)

with comparable norms.

Proof. The inclusion
bmo £(R"™) c BMO(R"™) NnBMO® (R™)

can be easily verified. Indeed, the inclusion bmo(R"*") C BMO(R"*™) is obvious from the definition.
Now fix x € R". For any cube J C R™, one can find a sequence of cubes I, C R" such that £(I;) < £(J)
and I shrinks to the point {x} as k — oco. The containment thus follows from the Lebesgue differentiation
theorem.

The other inclusion (“D”’) of the lemma follows from Proposition 4.2 below, which establishes the
exp-log connection between Ar , weights and bmoz(R"™"), much as in the one-parameter and the
product settings. U



1346 XUAN THINH DUONG, JI LI, YUMENG OU, JILL PIPHER AND BRETT D. WICK

Proposition 4.2. Suppose w is a weight and 1 < p < co. We have
(i) if w € Ar,,, thenlogw € bmoz(R"™™);
(ii) if logw € bmoxr(R"™), then w" € Ar,, for sufficiently small n > 0.
Proof. One observes directly from the definition that
Ar,CAr, foralll <p=<gqg<oo,

and

weAr), w!™ e Ar, foralll < p <oo.

Therefore, it suffices to prove the case p = 2.
We first prove (i). Suppose w € Ar» and let y =log w. Then, for any R € Rr the A, condition

1 1
(m/ e? CN=IR gy dy) (ﬁ/ eVR=Y (LY gy dy) < [w]A]-",Z < 00.
R R

By Jensen’s inequality we have each of the factors above is at least 1 and at most [w]4 . ,. Therefore, the

implies

inequality

L/ V=Kl gy dy < 2[wla,,
IRl Je |

holds, which, using the trivial estimate ¢ < ¢’, implies

1
—f v (s ) — ()&l dx dy < 2[wla, ..
A

Hence, y € bmor(R"™™),

We now prove (ii). Let y = log w € bmox(R"*™); it follows from Lemma 4.1 that y € BMO(R"*™)
and y € BMO® (R™). According to the classical exp-log connection between BMO and A,, there hold
for sufficiently small n > 0

e ) e AR,

e ™) e Ay(R™)  uniformly in x € R™
Hence, (4-2) implies "’ € Ax, for sufficiently small n > 0, which completes the proof. ]
Upper bound of the commutator. Given an operator T, define its k-th order commutator as

CH(T) := by, [bg-1, -, [b1, T1--- 11,
where each b; is a function on R" x R forall 1 < j <k.

Theorem 4.3. Let v be a fixed weight on R" x R™, 1 < p < 00, and T be a linear operator satisfying

ITllLry—>LrG) < Com.p.7()az s [Max,)s
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where Cy . p,7( -, ) is an increasing function of both components, with i, .. € Ar , and /A = vP. For
k> 1,let bj € bmor(R" x R™), 1 < j <k; then there holds

k
ICET) Lo y—£rGy < Crm.pit (daz,» [Maz ) [ T 157 lomos-
j=1

Assuming Theorem 4.3, in order to derive an (even unweighted) upper estimate for commutator of
operator 7, it suffices to know the corresponding weighted estimate for 7 itself. When T is a flag singular
integral operator (which includes the flag Riesz transform R; ), such a result was obtained by Han, Lin
and Wu [Han et al. 2016b].

Definition 4.4. A flag singular integral Tr : f +— K x f is defined via a flag kernel I on R" x R",
which is a distribution on R"*™ that coincides with a C* function away from the coordinate subspace
{(0, y)} C R"*™ and satisfies:

(i) (differential inequalities) For each o = (@1, ..., o), B = (B1, ..., Bn)
070K (e, I S 1l (x| 4 [y~
for all (x, y) € R"™ with |x| # 0.

(i1) (cancellation conditions)

< Cylx| ™1

me WK (x, Y)Y (8y) dy

for every multi-index ¢« and for every normalized bump function 1| on R and every § > 0;
[ b yvaenar] < oy

for every multi-index 8 and for every normalized bump function i, on R" and every é > 0;

<C

/ K 3G, S dx dy
Rn m

for every normalized bump function 3 on R"™™ and every 81, 8, > 0.

Theorem 4.5 [Han et al. 2016b, Remark 1.4]. Let1 < p <ocoand w € Ar, p([R{”+m); there holds

”T]'—(f)”Li(R”'H") S Cp”f”Lﬁ(R/H—m) fOr all f S LZ}(RI’!—H’H)

Applying Theorem 4.3 (with the choice u = A = w) together with Theorem 4.5, one obtains immediately
the following.

Corollary 4.6. Letw € Ar ,, 1 < p <00, and T be a flag singular integral operator as defined above.
Foranyk > 1, b= (b1, ..., by) where bj e bmor(R" x R™), j =1, ..., k, there holds
k

ICET) Loy Loy < Compkew, [ ] 157 lomos-
j=1
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Obviously, the result above in the first-order unweighted case is precisely the desired upper bound
estimate in Theorem 1.5.

The core of the proof of Theorem 4.3 lies in a complex function representation of the commutators
and the Cauchy integral formula. This method has been widely used to obtain upper estimates for linear
and multilinear commutators in various settings; see [Chung et al. 2012; Coifman et al. 1976; Hytonen
2016; Bényi et al. 2017; Kunwar and Ou 2017] for examples. The main new challenge in our problem is
the unique structure of the little flag BMO space and flag weights, which for instance doesn’t seem to fall
into the category of spaces recently studied in [Bényi et al. 2017].

Proof of Theorem 4.3. Observe that
CET) =, -0, FO), FE) :=eDmnaTe Tiabia,

which generalizes a classical formula representing higher-order commutators. We remark that when all
the symbol functions b; are the same, one can work instead with a simpler formula using single variable
complex functions and their k-th order derivatives. According to the Cauchy integral formula on polydiscs,

f f F(Z)dZ1 dzk
(2mi)k ’

where each integral is over any closed path around the origin in the corresponding variable. For fixed

CH(T) =

(81, - .., 8x) which will be determined later, there holds by the Minkowski inequality

ICET | Lruy— Loy

1 ldzi|- - - |dzi]
< — ITH et e preek_ be
2m)* Jiz)1=5, |2k |=5% Lr(e J=UT iy~ LP (e J=17%) &6
1 yg Re (Y, biz;) Re (X, bjz;) ldzy] - - |dz]
< C ([eP ™ 2 j=1bjzj wla [eP "¢ 2j=1bjzj Al J——
= % n,m,p,T Fop? Ar, D) D) s
Q" Jiai=s Jiai=s ’ IR

k k
where we have used the fact that (e” Re (X)- bfzf),u, ePRe(Tiey bf'zf)k) is a pair of weights satisfying
ePRe(Zjibiz) _E_
ePRe(Tioibiz) ;A '

Now we choose {§;} according to Lemma 4.7 below, which is the key ingredient of the proof concerning
the relation between A r , weights and little flag BMO functions. Let

_ 6n,m,p
max((M)A]:YP’ ()\')A}‘,p) ”bl ”meJ: ’

where for any w € Ar ),

(w)A]-'.p = max([w]A}jp’ [G]A;_p/)' (4'3)

Here we have used the notation o := w!~?" to denote the dual weight of w, and the relevant property of

(w)ay,, to us is that
max(1,p —1)

W)y, =max(lwlay,,, [wl}, ) = [wli"



COMMUTATORS OF MULTIPARAMETER FLAG SINGULAR INTEGRALS AND APPLICATIONS 1349

Recursively, for any j > 2, choose

S = €n,m,p
T max((ePRe (X2 0z) 1y, (ePReCEZ ) 0) 4 |1 ooy
Piz): lz11=61, ... |zj—11=8;—1 H)Ax > Az p)10]1lbmo

Then applying Lemma 4.7 iteratively shows that
koo =1y
[ePRC(Z/‘:l bJZ’)M]Af,,, < Cn,m,p[epRe(ZF‘ b"Z")M]AF,p <...< Cﬁ,m,p[M]Af,pv
and similarly

k
[ePRe (Z_[:l ijj))\‘]A}_‘p < Crli,m,p[)\‘]AFP’

which in turn via the monotonicity of C, ,, . 7(-, -) leads to

k . k .
Cn,m,[J,T([epRe(Zj:1 bJZJ)M]AJ:,p’ [epRe(ijl bjz’))‘]A}',p) = Cr/z,m,p,k,T([:u]AJ-‘,p’ [)"]A}‘,p)'

Therefore,

ICE (D Lroy—rr0 < ,

_8] L 8k n,m,p,k,T([’u’]A]—',p’ [)\']A}—,P)

k
< Comp it (1tlar,» [Maz,) [ 1) llbmos- O
j=1
Lemma4.7. Letw € Ar p, 1 < p <00, and b € bmor(R" x R™). There are constants €, . p, Cpm,p >0
such that
[XPDw]a,, < Com plwlas,

whenever z € C satisfies
Gn,m,p

lz| < ,
||b||bmo}-(w)A}—_,,

where (w) a5, is defined as in (4-3).

Proof. This estimate is a consequence of (4-2), Lemma 4.1 and a one-parameter version proven by
Hytonen [2016], which states that for any w € A, the classical Muckenhoupt A, class on R 1< p<oo,
there exist €4 ,, C4,, > 0 such that

[eRCDw]y < Caplwla,

for all z € C with
€np

lz] £ ——"—"——.
IbllBMO(W) A,

To see this, by (4-2) and Lemma 4.1, given w € Ar , and b € bmoy, there hold w € A, N Ag) and
b € BMO(R"*) nBMO® (R™). Hence, taking €n,m,p > 0 sufficiently small, for all z € C satisfying

o] <
o ||b||bmo}- (w)A}—_,,

one has

[*PDw]a, < Cogm,plwla, < Complwlas,
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and
Re(b(x,)2) ) <C . <C R"
[e w(x, )]a, < Cpplwx, )]s, < Complwlar, ae xeR",

by observing that

||b||bmo; Z maX(||b||BMO(R"+m)a sup [|b(x, ')“BMO(Z)(R"’))
xeRn

and that

(W)ay, 2 max([wla,, sup [w(x,)]a,)- O
xeR"?

5. Applications: div-curl lemmas in the flag setting

Let E( be a vector field on R"*™ taking the values in R+, and let E® be a vector field on R™ taking
the values in R™. Now let M4, ,» denote the set of all (n 4+ m) x m matrices. We now consider the
following version of vector fields on R” x R™ taking the values in M,,4,, ,», associated with the flag

structure:
EVwE? . EVsEY
E=EVxE® = ; : , (5-1)
ED, % EP .. EL % EY
where

EV s EP (x,y) = / EP(x,y—2EP () dz.

m

Next we consider the following L? space via projections. Suppose 1 < p < oo. We define Lf—_([RR" x R™;
M4m.m) to be the set of vector fields E in L? (R" x R™; M,+m.») such that there exist ry, ry € (1, 00)
with 1/r +1/ry=1/p+1, EW e L"(R"™; R*™), E® e L>(R™; R™) and that E = EW %, E?);
moreover,

IE N 22 e xr; My 2= I0F IE D 1 gt gy | E @] 2 s o)
where the infimum is taken over all possible r, > € (1, 00), E(V € L' (R*+™; R*t™), E® ¢ L2 (R™; R™).

Given two matrices A, B € M,,4,;.m, we define the “dot product” between A and B by

n+m m

AB=)"% AjBji.

j=1 k=1

We point out that this is the Hilbert—Schmidt inner product for two matrices and more generally this is
referred to as the Schur product of two matrices.

Proof of Theorem 1.6. Note that B is a vector field on R” x R™ taking the values in M, 4, , associated
with the flag structure (5-1). Then there exist certain vector fields B on Rtm taking the values in R"*™
and B® on R” taking the values in R” such that B = B s, B® and that

~ 1 2
BN L4 @ xom Ay ) 2 A0E 1B Nt oo ooy 1B | oo o oy

with 1/q1 +1/g2 = 1/q + 1.
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Thus, curl(y,y) BV = 0 implies that there exists ¢! € L4 (R"™™) such that
1 1
B(l) — (Ri )¢(1)’ e Rr(l—gmqﬁ(l))

with ||BW | Lo o guemy = |¢WD | Lot go+my. Again, curl, B® = 0 implies that there exists ¢? ¢
L% (R"™) such that

2
B® — (Rf )¢(2)’ o R’(n2)¢(2))
with || B® || 1o (R ey R 6@ || o2 @m). As a consequence we get that the matrix B has elements
Bix=Rjr*x¢, j=1,....,n+m, k=1,...,m,

where ¢ = ‘P(l) *2 ¢(2) and ”B||L‘}([R<”><R’";M,,+,,l,,,,) ~ ||@ |l L wntm).

Similarly, note that E is a vector field on R" x R™ taking the values in M4, »,, associated with the
flag structure (5-1). Then there exist certain vector fields E()) on R"*™ taking the values in R"*" and
E® on R™ taking the values in R” such that £ = ED %, E® and that

- 1 2
IEN L e x®n: My ) inf | ED| Lo qosm:goomy | E@ || L2 o o)

with 1/p1+1/p2=1/p+1.
Thus, the conditions div(, y E? = 0 and div, E® =0 imply

n—+m m
1 2 2
ZR;I)*E](.)(x,y)=0 and Z ,(C)*zE;(c)(y)ZO-
j=1 k=1
Hence, we get
n—+m m
2
D RV xEj(x,y)=0 and Y R Eji(x,y)=0.
j=1 k=1
With these facts, we have
n+m m n+m m
EQ@,y)-B(x.y) =Y Y Eju(x,»)Bjx(x.y) =YY Eju(x. )Rk x$(x.y)
j=1 k=1 J=1 k=1

m

{Ej (e, y)Rigex ¢ (x, ) + R % Ej i (x, )R 52 6 (x, )
1
+ R # i (xRS % ¢ (x, ) + Ry Ejic(x, ) (x, ) ).

Now testing this equality over all functions in the flag BMO space, i.e., for every b € BMO £(R" x R™),
and then unravelling the expression with the Riesz transforms we see that

n+m
j=1k

n+m m

| ey Banbedsdy =33 [ 1 ROL RO R0 6 ) drdy.

j=1 k=1 YR"xR"

Then based on Theorem 1.3, since b € BMO =(R"” x R™) we have that each of the above commutators is
a bounded operator on L?(R" x R™) with norm controlled by the norm of b, i.e., ||b|lBMO - (R? xR™)-
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As a consequence, we get

f E(x,y)-B(x, y) b(x, y) dx dy| S 1bllBMOr® x®m) | E L2 @ scn: Ay 19| L @7
R xR

5 ||b||BMOf([R<"><Rm) l E”L;(R"me;MHm,m) | B ”L_qr(WxR’";MHm,m)'

Then from the duality of H }(IR” x R™) with BMO £(R" x R™), we obtain

IE - B”H}([Rgnx[@m) § ||b||BMOf(R"xIR'")||E||L2(Rn><|Rm;M,l+m,m)||B||qu(Ranm;Mn+m_m)- U

Proof of Theorem 1.7. Suppose that E, B are vector fields on R" x R™ taking values in R"*™. Moreover,
suppose E € LP(R" x R™; R"*™) and B € L(R" x R™; R"*™) satisfy

dive ) E(x,y) =0 and curly ) B(x,y) =0

and
divy E(x,y)=0 and curl, B(x,y)=0 forallx e R".

We now define the projection operator P as

n+m n+m
PE = <E1 +R§])<Z RIE])Ek>’ Cee, En+m +R,(12m(z RIE])Ek>>
k=1 k=1

Then by definition, it is direct that
div(y,y) PE=0

since
n+m n+m
& (5em (L r ) =0 e
j=1 k=1

Moreover, we also have P o PE = PE. Next, we point out that applying [b, P] to the vector field E,
we can get that the j-th component is given by

n+m

> b, RVRVIED).
k=1

Suppose now b € bmo r(R"” x R™). Then from Lemma 4.1 we know
bmor(R") = BMO(R"™™) N BMO® (R™)
with comparable norms. Hence, we have b € BMO(R"*) with

16 lleMo@+7) S 1D 1lbmo - e x ).

With all these observations, an application of the Coifman, Rochberg and Weiss theorem demonstrates
that [b, P](E) is bounded on L? (R" x R™; R"*") with

D, PICE) | Lr @r scren;otmy S B llBMO@s+m) [| E || L (R s R+

S 18 llbmo @7 ey | E Nl Lp (e sciem: etmy -
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As a consequence, from the definition of [b, P] and (5-2) we get

/R Ex,y)- B(x, y)b(x, y) dx dy‘ _

/ [b, PIE(x,y) - B(x,y)dxdy
Rn+m

S 11bllBMo@+m) | E |l Lr @ xiem: etmy | Bl L4 (e e jeo+m)
S 116 1lbmo » e sy | E | Lo (e sciem s oty | Bl La (e scm gty -

Thus we get that E - B is in H!(R"*™) with

|E - Bll g nimy S NE Lo e s mo+m) | Bl La e cmm; moemy

To show the second result, we now define the projection operator P as

m m
P@Ez<&H+R9<ZF&THOMWEHm+ﬂ$(Zy$THO)
k=1

k=1
Then, again, by definition, we have
divy PPE =0

m m
3 RO (Em +R? (Z RE’En+k)) —o. (5-3)

j=1 k=1

since

Now fix x € R"; by using the definition of PP and the fact (5-3), we get that for b € bmor(R" x R™),

/ E(x,y) -zB(x,y>b<x,y)dy=f [b(x, ), POIE(x, )9 (x. ) dy.

m

Integrating the above equality over R”, we have

/ / E(X,Y)‘ZB(X»)’)b(X»)’)dydx

f [b(x, ), PPIE(x, y) -2 B(x, y)dy dx
n R"’l
5/ 16Cx, ) lIBMO®) 1E(x, )l Le@my | B(x, <) || La@m) dx

N ”b”bmo}-(R"me)/ 1ECx, L@l B, )l Lawm) dx
Rﬂ

S 161lbmo » (e &) | E | Lo (rem xrsgeotmy | Bl L e e getmy -

Here we use again Lemma 4.1 and Holder’s inequality. Taking the supremum over all b € bmo x(R" x R™)
we obtain that

f NEC-, y)2BC, Dlla@n dy S NELe@nxwm;goemy | Bl La @ g goomy. U
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