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GLOBAL WEAK SOLUTIONS FOR GENERALIZED SQG
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We prove the existence of global L? weak solutions for a family of generalized inviscid surface quasi-
geostrophic (SQG) equations in bounded domains of R2 In these equations, the active scalar is transported
by a velocity field which is determined by the scalar through a more singular nonlocal operator compared
to the SQG equation. The result is obtained by establishing appropriate commutator representations for
the weak formulation together with good bounds for them in bounded domains.

1. Introduction

Let  C R? be an open bounded set with smooth boundary. Define
A =+~—-A, (1-1)

where —A is the Laplacian operator in €2 with homogeneous Dirichlet boundary condition.
We consider the following family of active scalars

00 +u-Vo =0, (1-2)
where 6 = 0(x,t), u = u(x,t) with (x,¢) € Q x [0, 00) and with the velocity u given by

u=Vity, (1-3)
v =A%, acl0,2]. (1-4)

Here, fractional powers of the Laplacian —A are based on eigenfunction expansions (see the first subsection
of Section 2 below for definitions and notations) and  is called the stream function. By (1-3) the velocity
u is automatically divergence-free. The case o« = 2 corresponds to the two-dimensional Euler equation
in the vorticity formulation. When o = 1, (1-2) is the surface quasigeostrophic (SQG) equation of
geophysical significance [Held et al. 1995], which also serves as a two-dimensional model of the three-
dimensional Euler equations in view of many striking physical and mathematical analogies between them
[Constantin et al. 1994]. The global regularity issue is known for the two-dimensional Euler equations
but remains open for any o < 2. Growth of solutions when o = 1,2 and = R2, T? was studied in
[Cérdoba and Fefferman 2002]; nonexistence of simple hyperbolic blow-up when & = 1 and Q = R?
was confirmed in [Cérdoba 1998]. We refer to [Chae et al. 2011] for a regularity criterion when « € [1, 2]
and Q = R2 On the other hand, finite time blow-up for patch solutions of (1-2) in the half plane with
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small o < 2 was recently shown in [Kiselev et al. 2016]. The velocity ¥ becomes more singular when o
decreases, and in particular, u is not in L?(2) if 6 is in L?(2) and « < 1. Equations (1-2) with o € (0, 1)
were introduced in [Chae et al. 2012] to understand solutions to the SQG-type equations with even more
singular velocity fields. More precisely, that paper established the existence of global L? weak solutions
on the torus T2, together with local existence and uniqueness of strong solutions in R2 The borderline
case o = 0 is surprisingly easy due to the cancellation of the nonlinear term: (1-2) reduces to the simple
equation d;0 = 0, and thus 6(-,¢) = 0(-,0) for all # > 0. On the other hand, if « < 0 then the stream
function ¥ = A~%6 is not well-defined when 6 € L?(2), noticing that there is no dissipation in the
equation.

In this paper, we are interested in the issue of global weak solutions for (1-2) with « € (0, 1) in arbitrary
(smooth) bounded domains of R2. Let us recall that the existence of global weak solutions for SQG
(o = 1) were first proved in [Resnick 1995] in the periodic case. This highlights a difference between the
nonlinearities of the SQG equation and the three-dimensional Euler equations: SQG has weak continuity
in L2, while the Euler equations do not. The weak continuity of SQG is due to a remarkable commutator
structure which was subsequently revisited in [Chae et al. 2011] and used in the proof of absence of
anomalous dissipation in [Constantin et al. 2014]. In [Constantin and Nguyen 2016], this structure
was adapted to arbitrary bounded domains to take into account the lack of translation invariance of the
fractional Laplacian in domains: a new commutator between the fractional Laplacian and differentiation
appears. In addition to that, with the more singular constitutive laws (1-4), in order to establish the
weak continuity of the nonlinearity u - V6 we will need to find appropriate commutator representations
for which good bounds can be derived. Let us emphasize that many known commutator estimates for
fractional Laplacians in the whole space (or on tori) are too expensive for bounded domains due to
possible singularity near the boundary or the lack of powerful tools of Fourier analysis. For further results
on the fractional Laplacian and SQG in bounded domains, we refer to [Cabré and Tan 2010; Caffarelli
and Silvestre 2007; Constantin and Ignatova 2016; 2017].

Our main result is:

Theorem 1.1. Let o € (0, 1) and g € L*(R2). There is a weak solution of (1-2), 8 € L*([0, 00); L2(2))
with initial data 0y. That is, for any T > 0 and ¢ € C5° (2 x (0, T)), 0 satisfies

T T
/ / 0(x,t) 8t¢(x,t)dxdt+/ N, ¢)dt =0 (1-5)
0 Jo 0
and the initial data
0(-,0)=00(-) in H4(Q) foralle >0 (1-6)
is attained. Here,
N, ¢) = %/ [A% VY - Véy dx — %/ ATIFOVLy AT A VY dx. (1-7)
Q Q
Moreover, 0 obeys the energy inequality

16(-, t)”]%Z(Q) = ||00||iZ(Q) ae. t>0. (1-8)
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Additionally, the stream function  is in C([0,00); D(A*™¢)) for any ¢ > 0 and its D(A%) norm is
conserved,

v (- Dllpaerzy = 1Y (-, 0l paarzy forallt > 0. (1-9)

In Theorem 1.1 and what follows,

[A,B]:= AB — BA

denotes the commutator of two operators A and B.

When o = 0, we have u = R0, where R = (dx, A™1, 95, A~!) denotes the Riesz transforms. As
R : L*(Q) — L?(Q) is continuous, we have u6 € L1(Q) if 6 € L?(Q). In that case, @ is a weak solution
of (1-2) if

T T
//G(x,t)atqb(x,t)dxdt—i-/ / u(x,t)0(x,1)-Vep(x,t)dxdt =0 forall ¢ € Cg°(2x(0,T)).
0 JQ 0 JQ

The global existence of such solutions was proved in [Constantin and Nguyen 2016]. However, when
a < 1, we have u is less regular than 6 and the second integral in the preceding formulation is not
well-defined. Nevertheless, taking into account the nonlinearity structure to explore extra cancellations,
this integral has the commutator representation (1-7), which makes sense provided only 8 € L2(R2), as
will be proved in Lemma 3.4 below using the heat kernel approach. Let us note that the two objects are
equal if ¥ € HJ (), or equivalently, 6 € D(A'~%). This representation is good enough to well define the
nonlinearity but another representation, see (3-5), will be needed for the compactness argument. The point
is that these two representations are equivalent provided only 6 € L?(£2) (see Lemma 3.3 below). Unlike
the proof in [Constantin and Nguyen 2016], which uses only Galerkin approximations, Theorem 1.1 will
be proved by a two-tier approximation procedure: Galerkin approximations for each vanishing viscosity
approximation. This is because the nonlinearity 16 is not well-defined in L!(2) (see Remark 3.6 below).

The paper is organized as follows. In Section 2, we present the functional setup of fractional Laplacian
in domains and necessary commutator estimates, which can be of independent interest. The proof of
Theorem 1.1 is presented in Section 3. Finally, the proofs of the commutator estimates announced in
Section 2 are given Appendices A and B.

2. Preliminaries

Fractional Laplacian. Let 2 be an open bounded set of R4, d >2, with smooth boundary. The Laplacian
—A is defined on D(—A) = H2(Q)N HJ (). Let {w; }92, be an orthonormal basis of L?(2) comprised
of L2-normalized eigenfunctions w; of —A;i.e.,

—Aw; =Ajw;, wjlsg =0, /wjzdle,
Q

With0<)t1<sz---§)tj — 0Q.
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The fractional Laplacian is defined using eigenfunction expansions,

ASfE(_A)%fzzz/\ffj,wj with f =" fiw;, fj:/wajdx,
j=1

j=1
for s > 0 and
feDA%) :={f eL*(Q):A°f € L*(Q)}.
The norm of f = Z]oil Jiw; in D(A®), s >0, is defined by

00 1

2

£ lpeasy := IA® fllL2 @) = (Z Aifﬁ) :
J

=1
It is also well-known that D(A) and HO1 (£2) are isometric. In the language of interpolation theory, see
[Lions and Magenes 1972, Chapter 1],
D(A®) = [L*(Q). D(=A)]5 forall s €[0,2].
As mentioned above,
Hg (@) = D(A) = [L*(Q), D(=D)]y:

D=

hence
D(A®) = [L*(Q), H} (Q)]s forall s €[0,1]. (2-1)
Consequently, we can identify D(A®) with usual Sobolev spaces:
H(Q) ifse(3,1],
D(A®) = HO%O(SZ) ={ue H2(Q):u/\/d(x) e LX(Q)} ifs= 2 (2-2)
H3(Q) if se[0,1).

see [Lions and Magenes 1972, Chapter 1]. Here and below d(x) is the distance to the boundary of the
domain:
d(x) =d(x,09). (2-3)

Next, for s > 0 we define

o0
AT F =) A2 fw,
j=1
if £ =300, fjw; € D(A™) with

D(A™®) := {Zf,-wj €e7'(Q): fi €R, ZAJ.‘%fjw,- eLZ(Q)};
j=1 j=1

moreover,
o )
1 ams = 1A= L2 = (Z /\j‘sfﬁ) .
J

—1

It is easy to check that D(A™°) is the dual of D(A®) with respect to the pivot space L?(R).
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We have the following relation between D(A®) and H*(€2) when s > 0.
Lemma 2.1. The continuous embedding
D(A®) C H%(RQ) (2-4)
holds for any s > 0.
Proof. By interpolation, it suffices to prove (2-4) for s € {0, 1,2, ... }. The case s = 0 is obvious and the
case s = 1 follows from (2-2). Assume by induction (2-4) for s < m with m > 1. Let § € D(A™t1).
Then f := —Af € D(A™ 1) and thus f € H™ 1 (Q) by the induction hypothesis. On the other hand,
6 vanishes on the boundary d<2 in the trace sense because 6 € D(A!) = HO1 (£2). Elliptic regularity then
implies that 6 € H™+1(Q) and
101l gm+1 < CllLfllgm—1 < ClAOlm—1,0 = Cl0llm+1,D.

which is (2-4) fors =m + 1. O
Lemma 2.2. The operator

A"V : D(AY) — D(AY™I7H) (2-5)
is continuous for any y € [0, 1] and u <y — 1.
Proof. We first note that the gradient operator V is continuous from HO1 () to L?(R) and from L2(RQ)
to H~1(); hence by interpolation,

VL2 Hyly — [H' L%,
for any y € [0, 1]. From the interpolation (2-1) we deduce that

[L% Hgly = D(AY).
[H_l’ Lz]y = ([Hl, Lz]y)* = ([Lza Hl]l—y)* = D(Al_y)* = D(Ay_l)-
Thus, for any y € [0, 1],
V:D(AY) > D(AY7Y),

and hence

A"V : D(AY) — D(AY17H)
provided u <y —1. O
Remark 2.3. The above fractional Laplacian is the spectral one. In R the well-known integral represen-

S - f)

Rd |x_y|d+2s

tation

(—ARa)° f(x) =cq s PV. dy, s>0,

holds; here P.V. stands for the principal value integral. For any domain £ C R, the restricted fractional
Laplacian (—A|gq)® is defined by

(—Al@)* f = (—Aga)* e
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for f:Q2 — R and f the zero-extension of f outside 2. It was proved in [Bonforte et al. 2015] (see
Section 3.1 there) that (—A|g)® is an isomorphism from D(A®) onto its dual D(A®)* with respect to the
bilinear form

1.1
Bifo)= [ £hrede £=al)
Hence for any scalar 6 € D(A%)* D L?(R) the stream function ¥ can be defined alternatively by

¥ = ((-Al@)2)7'6. (2-6)

Note that the resulting v is different from the one defined in (1-4). It would be interesting to see if the
results in this paper still hold with this definition. We also refer to [Ros-Oton and Serra 2014] for the
Holder regularity of the i given by (2-6).

Commutator estimates. Due to the lack of translation invariance, the fractional Laplacian does not
commute with differentiation. The following theorem provides a bound for the commutator.

Theorem 2.4 [Constantin and Nguyen 2016, Theorem 2.2]. Let p, g € [1, 0], s € (0, 2) and a satisfy
a()d(-) T e L1(@).

Then the operator a[A®, V] can be uniquely extended from C5°(S2) to LP(2) such that there exists a
positive constant C = C(d, s, p, Q) such that

e1_d
la[A®, V] fllza@) < Clla(-)d(-) 7 Lol f e (2-7)
holds for all f € L?(R2).

The bound (2-7) is remarkable in that the commutator between an operator of order s > 0 and an
operator of order 1, szhich happens to vanish when € = R?, is of order 0. The price is a singularity of
the form d(x)™*~17 7, which counts the order of A® and V.

Remark 2.5. Let us explain how Theorem 2.4 follows from [Constantin and Nguyen 2016]. In that paper,
using the heat kernel representation of the fractional Laplacian together with a cancellation of the heat
kernel of R?, we proved the pointwise estimate for f € Cse(2),

Ce_1—4d
[A%, V1 ()| < C(d.s, p, Q)dX) 77| flLr(@)-
The estimate (2-7) then follows by extension by continuity.

The next commutator estimate for negative powers of Laplacian is needed to handle the situation of
more singular velocity.

Theorem 2.6. Let s € (0,d) and a € WH(Q). Let p,r € (1, 00) satisfy

d—s _ 1
7 —1—|—r.

_l’_

-
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Then the operator [N, a] can be uniquely extended from C§°(S2) to L (2) with values in Wol’r (2)
such that there exists C = C(s,d, p,r, 2) > 0 such that

IIA™. a1/ N1 gy = Cllallw ooy L/ Lo

forall f e LP(Q).
In particular, for any p € (1,00), s € (0, %), there exists C = C(s,d, p, 2) > 0 such that

AT al flly1.r gy = Cllallwrec@ll fllr ) (2-8)
forall f € LP(R2).
With the same method of proof, we obtain:
Theorem 2.7. Let s € (0,1) anda € CY(2) withy € (0,1] and s < y. Let p,r € (1, 00) satisfy

d+s—y 1

Ly — 141
r

p d

Then the operator [A®, a] can be uniquely extended from C§°(2) to LP(2) with values in L" (2) such
that there exists C = C(s,y, p,r,d, 2) > 0 such that

I[A®% al fllLr @) < Cllallcr@)l f Lz @) (2-9)

forall f € LP(RQ2).
In particular, for any p € (1, 00), if

s € (max{)/ — %, O}, max{)/ — % +d, y})
then there exists C = C(s, y, p,d, ) > 0 such that
A% al fllLr@) = Cllaller@ll f lliLr)- (2-10)
Remark 2.8. In view of the identity
AT[AS al f =[a, AT5|A® S,
it follows from (2-8) that

A% al f I par-sy < Cllallwroco@ll fIpas. s (0.%). (2-11)

This exhibits a gain of 1 — s derivatives of [A® a] when acting on D(A®). On the other hand, the estimate
(2-10) shows a gain of s derivatives when acting on L2 Both (2-8) and (2-10) make use of the fact that
€2 is bounded.

The proofs of Theorems 2.6, 2.7 are given in Appendices A and B.
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3. Proof of Theorem 1.1

Commutator representations. First, we adapt the well-known commutator representation of the nonlin-
earity in SQG [Resnick 1995], see also [Chae et al. 2012; Constantin et al. 2001; Constantin and Nguyen
2016], to take into account the lack of translation invariance of the fractional Laplacian and the more
singular constitutive law (1-4):

Lemma 3.1. Let ¢ € Ho1 (Q), u=VLty,and 0 = A*y. Let ¢ € Cy°(R2) be a test function. Then

/ Ou -V dx = 1/ A% VL] - Vo dx — 1/ Vg (A% Vely dx 3-1)
Q 2 Ja 2 Ja

holds.

Proof. We have

/9u-V¢dx=/ A“ww.wczx:—/ YVLEA%Y -V dx,
Q Q Q

where we integrated by parts and used the fact that V- V¢ = 0. The first and middle terms are well
defined because fu = VL € L1(R), noticing that v € HO1 (Q) and § = A%y € D(A'™%) C L2(Q).
The last term is defined because V¢ - VEA%Y € H™1(Q) and ¢ € HO1 (). Commuting V+ with A%
and then with V¢ leads to

/Qu-Vd)dx:—/ w[VL,A“]w-Vqﬁdx—/ YAYVLy -V dx
Q Q Q
=—/ 1//[VJ',A°‘]1//~V¢dx—/ Vg - A% (V) dx
Q Q
=—/ VL, A%y - Vo dx—/ V4t - [AY V¢]wdx—/ Vi - VoA*y dx
Q Q Q

= —/ VL, A%y - Vo dx—/ Vg - [AY Voly dx—/ Ou -V dx.
Q Q Q
The above calculations are justified by means of Theorems 2.4 and 2.7. Noticing that the last term on the
right-hand side is exactly the negative of the left-hand side, we proved (3-1). O
Remark 3.2. The representation (3-1) was derived in [Constantin and Nguyen 2016] for the SQG equation
(¢ =1). When Q = R? or T2, (3-1) reduces to

/Hu-ngdx:—%/ Vi [A% Vely dox.
Q Q

Integrating by parts yields

1 1 o _1 1 o _1 oL
—5 | Vv Ve dr =3 [ gV vely ax= 5 [ WA Vel ax

where we used in the second equality the fact that V- V¢ = 0. This representation was invoked in [Chae
et al. 2012] to prove the existence of global L? weak solutions of (1-2) in the periodic setting. More
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precisely, the authors proved the commutator estimate
1AV, glhll 22y = CllhllL22) gl as+2+e 2y + CHA R 22y 18 | 2+ (12
for any s, &€ > 0. In arbitrary bounded domains, we were not able to establish such a commutator estimate.

We observe that by virtue of Theorem 2.4, the first integral on the right-hand side of (3-1) is well-defined
provided only ¥ € L2(2); moreover,

[ 1A%y Ty x| < CIVOAC) iV

where by applying the Hardy inequality three times, together with the fact that « € (0, 1), we get

IVod(-) ™l L2@) = CIIVd(-) > L2 = ClIVHliL20) < Clidllg+()-

Consequently,
[ 1A% 54y Tov ax| = Clolnsa V1 ey 62)
Regarding the second integral, we prove:
Lemma 3.3. Assume W € D(A%). Then
Nah)i= [ ATV AN Vgly da (33
satisfies ®
N2, )| < ClIVPllwroo |V | (ac): (3-4)

For any § € (0, min(a, 1 — ) we have
Na (¥, ) =[ AT gLy A[Vp, AT Ay dx—i—/ ATIHevLy AVe, AT Ay dx. (3-5)
Q Q
Moreover,

IN2(¥. 9)| = ClIVEllwr.llV I paa—8) 1V DAy + CIIVEIlw 1oV DAy 1V I Das)-  (3-6)

Proof. (1) By Lemma 2.2,
”A_H'aVJ'W”LZ =< ||W||D(A°‘)'

On the other hand, a direct calculation gives
A™[A% Vol = [Vé, A™*]A%Y,
which, by virtue of Theorem 2.6, belongs to D(A) and satisfies
IAIVG, AT*IA*Y |12 = CIVellw1.= A Y2 = CIVellwr. IV Da).-

Therefore, the integral defining N> (¥, ¢) in (3-3) makes sense and obeys the bound (3-4).
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(2) Let § € [0, min(x, 1 —)). According to (3-3),

No(¥,¢) = (A1 HeVEy, AT[AY VeTY) 0 4
— (A—1+Ot—8 VJ_Wv Al—a+8 [A(X, Vd)]w)D(AS),D(A—S)'
Now we write
Al—a+8[Aa, V¢]W — AA_(H_S[A“, V(P]W
= A{A° (Vo) — AT (VoA y))
= A{[A%, VlY + VoATy — A= (VoA y)}
= A{[A°, Vol + VoA FIA* Y — A= F (VpA*y))
= A[AS VoY + A[Ve, A4 TIA%y,
where, according to (2-11),
[A%, Vgly € D(A'),
SO
A[A%, VY € D(ATP);
on the other hand, according to Theorem 2.6,
AV, A" TA%y € L2(Q) c D(ATP).
Thus, we can write

I = (A—l+(¥—8vLW, A[V(b, A_a+8]AaIﬁ) A—l-’ra—avJ_W, A[AS, V(p]w)

Dp(A%),D(a—3) T D(A%),D(AD)

:/ A_H_a_SVJ‘l//'A[VqS,A_OH_S]Aal/f dx+/ A_I—HXVJ'Iﬂ'Al_S[AS, V¢]1ﬁ dx
Q Q
=/ ATy Lly AV, AT A%y, dx—i—/ ATIrevLy A[Ve, ATOASY dx.
Q Q
As in (1), an application of Theorems 2.4, 2.6, and (2-5), with (y = ¢ — 8,4 = —1 —a —§) and

(y = a, u =—1+4 ), leads to the bound (3-6). O

Let us define

Ny (Y ) = fQ (A% Y4y -V dx, .

N ¢) = INi(¥. ¢) — N2V, ¢).
Putting together the above considerations, we have proved:
Lemma 34. If ¥ € H}(Q) then
/Que-qu =N, ).
If 6 € L?(Q) then
INW. ) < CliglgallV 7>+ ClIVlwreoll¥ I Bac
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and for any § € (0, min(«, 1 — ),
N W, )| < Cligllga ¥ 172 +ClIVElwreoll¥ I pac—s)l¥ Ipaey +C 1 Vo llw o 1V I Daay 1V | p(as):

Viscosity approximations. Let us fix 6y € L?(2) and a positive time 7. For each fixed £ > 0 we consider
the viscosity approximation of (1-2)

{8t98+u8-v98—8A9£:O, t >0,

3-8
6¢ = 0y, t =0, (3-8)

with u® = V4Eye, 8 = A~%6%,
Equation (3-8) can be solved using the Galerkin approximation method as follows. Denote by P, the
projection in L2(2) onto the linear span L2,($2) of eigenfunctions {wy, ..., wy}; i.e.,

[P’mf:ijwj forf:ijwj.
j=1 J=1

We recall the following lemma which shows that P,,¢ are good approximations of ¢ in any Sobolev
space for ¢ € C§°(S2).

Lemma 3.5 [Constantin and Nguyen 2016, Lemma 3.1]. Let ¢ € C5°(R2). For all k € N we have
im0 =Pm) | g @) =0 (3-9

The m-th Galerkin approximation of (3-8) is the following ODE system in the finite-dimensional space
PnL2(Q) = L2
{0,‘;‘,+Pm(u,“;1-V0,f1)—eA0,§1:O, t>0, (3-10)

02 = Ppbp. t=0,

with 0,,(x,1) = Zj—l 9]('") (H)w;(x) and u,y, = V4 A~%6,, automatically satisfying div u,, = 0. Note
that in general u,, ¢ L2 The existence of solutions of (3-10) at fixed m follows from the fact that this is

an ODE:
de"”) m

+ Z (Z’ll)ej(m)e(m)_i_gklel(m) —
Jj.k=1

with
J(Z'l) =A; 2/ (VJ‘wJ -Vwg)w; dx.

Since Py, is self-adjoint in L2, u,, is divergence-free and w ; vanishes at the boundary 92, integration
by parts with 6, gives

Q Q

—/ N dxz/ |VOE | dx.
Q Q

and
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It follows that
1d
B Om (. D22 + IV 122y =0,

and thus for # € [0, T'],

t
%”0;1( s Z)HIZJZ(Q) + 5/(; ||V951( ’ S)”iz(g) ds= %Heriz( ’ 0)”1242(9) = %||90||i2(9)' (3'11)

This can be seen directly on the ODE because y}Z’l) is antisymmetric in k, /. Therefore, the smooth

solution 62, of (3-10) exists globally and obeys the L2 bound (3-11). The sequence (6%,), is thus
uniformly in m bounded in L*([0, T]; L2(2)) N L2([0, T]; Hy (2)). Consequently, for any p € [1, 00)
and any ¢ € [1,2/(1 — )], we have

65, € L2([0. T): Hy(R)) C L2([0. T]; L” (%)),

ué, = VA0, € L2([0, T); H*(Q)) € L2([0, T]; L1()),
with bounds uniform with respect to m, where we have used Lemma 2.1 to have
A™%B,, € L2([0,T]; D(A'T®)) c L2([0, T]; HT¥(Q)).

In particular,
[ - VOl 0,751 (@) = I divQus, - 05) 1 qo,7:5-1 (@)
2 C 2
= C ||6,8n ||L2([0,T];Hl () = ;”90”}11 Q) (3'12)

where (3-11) was invoked in the last inequality. Therefore, using (3-10) we obtain that (9;0;,)m is
uniformly in m bounded in L1([0, T]; H~1(Q)). Then according to the Aubin-Lions lemma [Lions
1969], there exist a 6%,

6° € L*®([0, T]; L*(2)) N L*([0, T]; Hy (), (3-13)
and a subsequence of (6},),, such that
6: — 6¢ strongly in L? ([0, T]; H *(Q)) N L*([0, T; H(}_M(Q)) (3-14)

for any p < oo and u € (0, 1).
Integrating by parts the first equation of (3-10) against any test function ¢ € C5°(2 x (0, T')) gives

T T T
//9;8t¢dxdt+/ / Q;M;-Vﬂmm¢(x,t)dxdt+8/ / O, A dx dt =0. (3-15)
0 Ja 0o Ja 0o Ja

In the limit m — oo, the first term and the third term converge respectively to

T T
/ / 0°0;¢ dx dt, 8/ / 0°A¢p dx dt.
0 JQ 0 JQ
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It remains to study the nonlinear term:

T T
N := / / anufh-Vqudedt—/ / 0°u®-Vo dx dt
0 JQ 0 JQ

T T T

= / / Q,f,ufn-V(Iquﬁ—qb)dxdl—l-/ /(Gi—es)ufn-Vqﬁdde—/ / 0% (ut,—u®)-Vo dx dt
0 JQ 0 JQ 0 JQ

=: N1+No+N3.

Lemma 3.5 ensures that lim,;,—.oc N1 = 0. On the other hand, the strong convergence (3-14) with
sufficiently small u implies limy;—o0 N2 = limy, o0 N3 = 0. Thus, we have proved that 6% satisfies

T T T
//Gsaﬂpdxdt—l—//Qaus-Vgi)dxdt—i-s//98A¢dxdt=0
0 JQ 0 JQ 0 JQ

for all ¢ € C3°(2 x (0, T)). Here, 0° has the regularity (3-13), and in view of (3-11),
g2 e12 2
”9 ”LOO([(),T];LZ(Q)) + 28”9 ”L2([O,T];H3(Q)) = ”90”L2(Q)‘ (3'16)

Since ¥8(-,1) € D(A'T%) C HO1 () for a.e. t > 0, using Lemma 3.4 for the representation of the
nonlinearity, we obtain for all ¢ € C§°(2 x (0, 7)),

T T T
/ / 0% 0:¢ dx dt +/ Ne ¢)dt + 8/ / 0*Ap dx dt = 0. (3-17)
0JQ 0 0JQ
Moreover, integrating by parts (3-10) with v, leads to
1d
EE ||er1( B z)||2D(Aa/2) + 8”1#:;1( Ty t)||2D(A1+Ot/2) = 07
where we used the fact that the nonlinear term vanishes:
/ YE P (ul, - VOE) dx = / Y div(VEYE, 0) dx = —/ Ve - VEYE Oy dx = 0.
Q Q Q

Consequently, integrating in time and letting m — oo results in

t
lye(-, t)”zD(Aa/z) +23/(; ||‘/’8('73)||2D(A1+a/2) ds=[v°(-, 0)||2D(Aa/2) forall z > 0. (3-18)

Vanishing viscosity. In order to extract a convergent subsequence of 8¢ we need, in addition to (3-16),
a uniform bound for d,6% in a lower norm. Let us note that the bound (3-12) is not uniform in . By
(3-13), B%(-,t) € D(A) for a.e. t > 0, which implies ¥¢(-,¢) = A~%0%(-,t) € D(A'T®) C D(A) for
a.e. t > 0. Lemma 3.4 then gives

/ 0°u® -V dx
Q

and hence, in view of (3-17),

T
//esa,qsdxdz
0 JQ

< Clgllas@ 1V Ipaay = Cllglaa)lfol72(q)s

< ClollL1qo,r:m4@) (100l L2(@) + ||90||22(9))
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for all ¢ € C3° (2 x (0, T)). Consequently,
19:6° 1l Loo o, 7114223 = C (I160llL2() + 16017 2(q2))- (3-19)
In view of the uniform bounds (3-16) and (3-19), the Aubin-Lions lemma ensures the existence of a 6,
6 e L0, T]; L2(Q))NC([0,T]; H~V(Q)) forall v >0,
and a subsequence 6° such that
6 —~ 6 weakly in L2([0, T]; L*(Q)), (3-20)
6° — 0 strongly in C([0, T]; H"(R2)) forall v > 0. (3-21)
Consequently, with ¢ := A740,
Y € L0, T]; D(A*)) N C([0, T]; D(A*™") forallv >0,

we have
W&~y weakly in L2([0, T]; D(A%)), (3-22)
Y& — 1 strongly in C([0,T]; D(A*™")) forallv > 0. (3-23)

Let ¢ € C§°(2x (0, T)) a be fixed test function, we send ¢ to 0 in the weak formulation (3-17). The first
term converges to |, OT /. o 0 0:¢ dx dt and the last term converges to 0. Regarding the nonlinear term, we
shall prove that

T
Re= [ N9 - N dr
0
converges to 0. In view of (3-1), (3-5), we have 2R® = 216:1 Ij‘? with
1§ = [ 1A% 5410 - ) - Vo d.
15 = [ A 94y - Vot — ) dx.
T
5= _/ / ATV (Y — ) AV, ANy E dx dr,
0 JQ
T
It = _/ / AT gLy A [V, AT TSN (Y — v) dx dt,
0 JQ
I5 = ‘/ ATV —9) - A[VH, AT JA Y dx,
Q

IE = _/Q ATty AV, ATSAS (e — ) dix,

where § € (0, min(o, 1 — ).
By virtue of Theorem 2.4 and the fact that ¢ € C5°(2),

Tl = COVe = V2@ IVelr2@): Uzl = C@IIVe = V2@ YLz g)-

Hence limg o I{ = limg—o 5 = 0 in view of the convergence (3-23) with v < .
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As for (3-6),

1131 < ClIVllL1qo,r1:w1-00) 1V =V ll oo 0, 77: DAy ¥ [ Lo (0, 71D (A %))

which combined with (3-23) leads to limg—o /§ = 0. Because A[V¢, A‘“”]A“ is norm continuous
from L2([0, T]; D(A%)) to L?([0, T]; L?(R2)) (according to Theorem 2.6), it is weak-weak continuous,
and thus lim, ¢ /; = 0 noticing that by (2-5),

ATy € L0, T): D(A)) € L2(0. T]: L*(Q)).

Similarly, limg—o /£ = 0 since A1Vl (g, — ) — 0 in L2([0, T]; D(A%)) by (3-22), and since
A[V¢, A=8|ASy e L2(]0, T]; L%(2)) by Theorem 2.6. Finally, by (2-5) and Theorem 2.6,

[IEL < ATV el L2y IAIVS, APTAS (Ve =)l 2@ < [Well peamllve — ¥l pcasy = O,

noticing that § < o. We conclude that

T T
/ / 00:¢dxdt +/ N, ¢)dt =0 forall ¢ € Cg°(2x(0,T)).
0 Jo 0
Moreover, because of the strong convergence (3-21) the initial data is attained:
O(-,0) = lim 6°(-,0) = lim Oy(-) = Op(-) in H " () for all v > 0.
e—0 e—0

Let us now show the conservation (1-9). In view of (3-16) and the fact that 6 = A%y we have

A1+ot

2 2 2
”AOCWSHLOO([O,T];]}(Q)) + 28” ‘ﬂSHLz([O,T];Lz(Q)) = “90“L2(Q)

By interpolation,
AT E Y2y < CIAT Y290 o IA%Y® 150, a=1-&.

Holder’s inequality then yields

DR

1+2 62 2(1-a) 1+ 2
1AV o1y = CIAY oo o, rz2an IV 22 g0 2 T
<CT3|6ol}2qe™ " "2 forall T >0.
In particular,
: 1+% 2 —
slgl}) e|A T2 w6||L2([0,T];L2(Q)) =0 forall T >0.

Letting ¢ — 0 in (3-18) we obtain (1-9).
Finally, the energy inequality (1-8) follows from (3-16) and lower semicontinuity.

Remark 3.6. If we implement directly the Galerkin approximations for (1-2) then in view of (3-1), we
need to bound

‘/ [Aa’ VJ_]K/fm VP Vm dx|.
Q

However, the commutator [A%, V-] then cannot be bounded by means of Theorem 2.4 because VP, ¢
does not vanish on the boundary even though ¢ has compact support. In [Constantin and Nguyen 2016],



1044 HUY QUANG NGUYEN

we overcame this by first using Lemma 3.5 and the fact that u,, 0y, is uniformly bounded in L!(2) to

approximate fQ UmOm VP, ¢ by fQ UmbmVd. When o < 1, this argument breaks down since U, 6y, is

not anymore uniformly bounded in L' (2). This explains why we proceeded in the proof of Theorem 1.1

using vanishing viscosity approximations.

Appendix A: Proof of Theorem 2.6

In view of the identity

o
D77 = cr/ 1~ 177D gy
0

with D, r > 0 we have the representation of negative powers of Laplacian via heat kernel:

oo
A_Sf(x):cs[ 171 2!A f(x)dt, s> 0.
0

Let H(x, y,t) denote the heat kernel of 2; i.e.,

2 f(x) =f H(x,y.t)f(y)dy forallx €.
Q

We have from [Li and Yau 1986] the following bounds on H and its gradient:

lx—y|2

H(x,y,t)fCt_%e_ Ki |

d lx—y|2

|VxH(x,y,1)| <Cz_%_7e‘ K1

forall (x,y) e 2 xQ and ¢ > 0.
We will also use the elementary estimate

/Ooo 1% ek di < Ckmp™ m.p.K>0.
Let f € CS°(S). Using (A-1) we have
Aalfw =c [ i | H 0t £y d =ecat) [ h
=cs/0°°z—1+5/QH(x,y,t)[au)—a(x)]f(y)dr.

In view of (A-2), (A-4), and the assumption that s < d, we deduce that

d

(A-1)

(A-2)

(A-3)

(A-4)

+3 / H(x,y.0) f(y) di
Q

(A-5)

A% alf ()] < ClallLo / / 1574 B ar) £ () dy

< Clali | Ay

(A-6)
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Let us recall the Hardy-Littlewood—Sobolev inequality. Let « € (0, d) and (p, 1) € (1, 0o) satisfy

%+%=1+%. (A7)
A constant C then exists such that
ILf 117 or ey < CIF Lo @ay- (A-8)
Applying (A-8) with @ = d — s leads to
AT al fllr @ < CllallLe |l fllr @) (A-9)

Let yg denote the trace operator for Q. It is readily seen that yo(A™° f) = 0 because A=° f € D(A™)
for all m > 0; hence yo(aA™°f) = yo(a) yo(A™° f) = 0. In addition, af € HO1 (2) = D(A); hence
A~5(af) € D(A'%) C HJ(R) and yo(A™5(af)) = 0. We deduce that

vo([A™%alf) =0. (A-10)
Next, for gradient bound we differentiate (A-5) and obtain
VIASal e = [ [V Gy 0l0) el 0) d
—o [ [ Gy 0Va o) ar
=:1+1I. ’ "
The term /1 can be treated as above and we have

1) < ClIVallLe|l fllLr(e)- (A-11)

For I, we use the gradient estimate (A-3) for the heat kernel and the fact that

la(x) —a(y)| < [[Val Lo |x — y|

to arrive at
* _14s_l_d _lx—y?
[1(x)| = C|Val|Lee o 1722 2T Koo dtlx —y|[f(y)]dy
0
(»)
< C|Valp [ AT
Q |x—yl

Appealing to (A-8) as before gives
Il @) = CliVallLe | fllzr (@)
which, combined with (A-9), (A-11), (A-10), leads to
IIA™.a) f gy = Cllallwroo@ L/ ILre). (A-12)

where p,r satisfy (A-8) with o = d —s. Using the density of C5°(£2) in L?(2) for p € (1, 00), and
extension by continuity, we conclude that the estimate (A-12) holds for any f € L?(R).
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Now, for any p € (0, 00), if s < % then r € (1, c0) given by

1 1 s
,

p d

satisfies (A-8). Because r > p and €2 is bounded, the continuous embedding Wol’r(Q) C Wol’p (R2) yields

IIA™. a1/ N0y = Cllallwrso@l £ lLr@)-

Appendix B: Proof of Theorem 2.7

In view of the identity
oo 3
A2 =cs/ i1 —e MY dt
0

with 0 < s <2 and

o0
1= cs/ T2 (1 —e ) dt,
0
we have the representation of the fractional Laplacian via heat kernel
o0 S
A° f(x) = cs/ T3 (1 =) f(x)dt, 0<s<2.
0

Appealing to this representation, we have for f € C§°(2)

A% 4] f(x) = ¢, /0 (13 /Q H(x,y.0)dt [a(0) —a()] /() dy.

In view of (A-2), the fact that
la(x) —a(y)| < llallcr|x = yI?,

and (A-4), we deduce that
s o —1—s_4d _lx=yi? v

|[A,a]f<x>|5csna||cy/[ 134T ar 7| £ ) dy

- eele / | fO))

|d+s )/

(A-13)

(B-1)

Then as in the proof of Theorem 2.6, if s < y (note that d + s — y > 0), an application of the Hardy—
Littlewood—Sobolev inequality leads to the bound (2-9). Finally, (2-10) follows from (2-9) and the fact

that 2 is bounded.
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