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ON THE KATO PROBLEM AND
EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS

DAVID CRUZ-URIBE, JOSE MARIA MARTELL AND CRISTIAN RIOS

We study the Kato problem for divergence form operators whose ellipticity may be degenerate. The
study of the Kato conjecture for degenerate elliptic equations was begun by Cruz-Uribe and Rios (2008,
2012, 2015). In these papers the authors proved that given an operator L,, = —w~'div(4V), where w
is in the Muckenhoupt class A, and A is a w-degenerate elliptic measure (that is, A = wB with B(x)
an n x n bounded, complex-valued, uniformly elliptic matrix), then L, satisfies the weighted estimate
||\/Hf||L2(w) ~ |V fllL2@)- In the present paper we solve the L?-Kato problem for a family of
degenerate elliptic operators. We prove that under some additional conditions on the weight w, the
following unweighted L2-Kato estimates hold:

ILY2 2@y 2 1V f 2@y

This extends the celebrated solution to the Kato conjecture by Auscher, Hofmann, Lacey, McIntosh,
and Tchamitchian, allowing the differential operator to have some degree of degeneracy in its ellipticity.
For example, we consider the family of operators L, = —|x|"div(|x|™" B(x)V), where B is any bounded,
complex-valued, uniformly elliptic matrix. We prove that there exists ¢ > 0, depending only on dimension
and the ellipticity constants, such that

2n
n+2

The case y = 0 corresponds to the case of uniformly elliptic matrices. Hence, our result gives a range of

||L11//2f||L2([R{") ~ ”Vf”LZ(Rn), —&e<y <

y’s for which the classical Kato square root proved in Auscher et al. (2002) is an interior point.

Our main results are obtained as a consequence of a rich Calderén—Zygmund theory developed for
certain operators naturally associated with L,,. These results, which are of independent interest, establish
estimates on L?(w), and also on L? (v dw) with v € A (w), for the associated semigroup, its gradient,
the functional calculus, the Riesz transform, and vertical square functions. As an application, we solve
some unweighted L2-Dirichlet, regularity and Neumann boundary value problems for degenerate elliptic

operators.
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1. Introduction
We study the degenerate elliptic operators Ly, = —w ™! div AV, where w is in the Muckenhoupt class A

and A(x) is an n x n complex-valued matrix that satisfies the degenerate ellipticity condition
Aw(x)[E]> <Re(A()E,E),  [(AWE )| < Aw)[E[|nl, & neC” ae xeR",

Equivalently, A(x) = w(x)B(x), where B is an n x n complex-valued matrix that satisfies the uniform
ellipticity conditions

AlE1? =Re(B(x)E.§). [(B()E n)| < AlEllnl, &neC” ae xeR"

Such operators were first studied (with A a real symmetric matrix) by Fabes, Kenig and Serapioni [Fabes
et al. 1982]. When A is complex-valued and uniformly elliptic (i.e., w = 1), a landmark result was
the proof by Auscher, Hofmann, Lacey, Mclntosh, and Tchamitchian [Auscher et al. 2002] of the Kato
conjecture, which states that for all f € H 1

ILY2 fla ~ V£ 2.

The proof of this long-standing conjecture led naturally to the study of the operators associated with L:
the semigroup e L, its gradient /7 Ve 'L, the Riesz transform VL~/2 the H® functional calculus and
square functions; for details and complete references, see [Auscher 2007]. These estimates are interesting
in themselves; moreover, it is well known that L# estimates for these operators yield regularity results
for boundary value problems for L; for details, see the introduction to [Auscher and Tchamitchian 1998].

In [Cruz-Uribe and Rios 2015] (see also [Cruz-Uribe and Rios 2008; 2012; Auscher et al. 2015]), the
first and third authors solved the Kato problem for degenerate elliptic operators: they showed that if
w € A, and A satisfies the degenerate ellipticity conditions, then for all f € H1(w),

1LY Fllz2 ) ~ IV £ ll22w)- (1.1)

In this paper we consider the problem of determining those A, weights such that the classical Kato
problem can be solved for Ly, that is, finding weights such that L, satisfies the unweighted estimate

ILY2 f 2@y ~ IV f 2@
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for f in a class of nice functions (a posteriori, by standard density arguments, the estimate can be extended
to all £ € H'(R")). We solve this problem in two steps. The first is to prove weighted L? estimates
for some operators associated with L,, (the semigroup, its gradient, the Riesz transform, the functional
calculus, and square functions). These results, which are of interest in their own right, are analogous to
those obtained in the uniformly elliptic case. However, a significant technical obstruction is that given
a weight w € A,, while it is the case that there exists ¢ > 0 such that w € A,_g, it is easy to construct
examples to show that ¢ may be arbitrarily small. Therefore, our bounds in the range 1 < p < 2 need to
take this into account.

The second step is to find conditions on the weight w so that these operators satisfy unweighted 1>
estimates. Both steps are carried out simultaneously, and the proofs are intertwined. Our approach
is to apply the theory of off-diagonal estimates on balls developed by Auscher and the second author
[Auscher and Martell 2006; 2007a; 2007b; 2008]. We will in fact prove weighted estimates on L? (v dw),
where v satisfies Muckenhoupt and reverse Holder conditions with respect to the measure dw = w dx;
L?(w) estimates are then obtained by taking v = 1, and unweighted estimates by taking v = w~L

The unweighted L? estimates are delicate, since they require a careful estimate of the constants that
appear. Nevertheless, we are able to give useful sufficient conditions; e.g., w € A1 NRH, />4 . (For
definitions of these classes, see Section 2 below.) For example, we have the following result that is a
special case of one of our main results (cf. Theorem 11.11).

Theorem 1.2. Let Ly, = —w ™! div AV be a degenerate elliptic operator as above. If w € A "\RH,, /2415
then the Kato problem can be solved for L, for every f € H(R"),

||L110/2f||L2(Rn) ~ ”Vf”LZ(R”)

The implicit constants depend only on the dimension, the ellipticity constants, and the Ay and RH,, /511
constants of w.

Furthermore, if we define L, = —|x|” div(|x|™Y B(x)V), where B is an n x n complex-valued matrix
that satisfies the uniform ellipticity condition, then there exists 0 < ¢ < % small enough (depending only

on the dimension and the ratio A /A) such that

2n
n+2°

”L)l’/zf”Lz(R”) ~ ||Vf||L2(Rn), —e<y <

Remark 1.3. In Theorem 1.2 the operator LIIU/ 2isa priori only defined on H!'(w); however, this means
that it is defined on C§°(R") and so by a standard density argument we can extend our results to all
f € H'(R™). Hereafter we will make this extension without further comment.

We emphasize that in Theorem 1.2, when y = 0 we are back at the uniformly elliptic case, which is
the celebrated solution to the Kato square root problem by Auscher, Hofmann, Lacey, Mclntosh, and
Tchamitchian [Auscher et al. 2002]. Here we are able to find a range of y’s for which the same estimates
hold and the classical Kato square root problem (i.e., ¥ = 0) is an interior point in that range.
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These unweighted L? estimates have important applications to boundary value problems for degenerate
elliptic operators. Consider, for example, the following Dirichlet problem on R’j_"’l = R" x [0, 00):

Pu—Lyu=0 onRiH
— +1 _
u=f on IR’ "' =R".

If f e L?(R"), then u(x,t) = e_’Lllﬂ/2 f(x) is a solution, and if L, has a bounded H° functional
calculus on L2, then sup,~¢ [u(-,?)[l2 < || .fl2. Similar results hold for the corresponding Neumann and
regularity problems.

Our proofs are unavoidably technical, and the results for each operator considered build upon what
was proved previously for other operators. We have organized the material as follows. In Section 2 we
gather some essential definitions and results about weights, degenerate elliptic operators, and off-diagonal
estimates. Central to all of our subsequent work are Theorems 2.35 and 2.39, which were proved in
[Auscher and Martell 2006].

In Sections 3, 4, and 5 we prove estimates for the semigroup e ~*Lw,

t > 0, the H® functional calculus
(i.e., operators ¢(Ly,) where ¢ € H*), the vertical square function associated to the semigroup,

o _ 2 dr\'/?
et = ([ l0L0) 2 e p P 40)
and its discrete analog. Here and in subsequent sections we prove both L? (w) estimates and weighted
LP? (v dw) estimates. In many cases these results are proved simultaneously, with the unweighted results
(i.e., in L?(w)) following from the weighted results (i.e., in L? (v dw)) by taking v = 1.

In Section 6 we prove the so-called reverse inequality, ||L111,/ 2|| Lew) S IV fllLrw). that generalizes
the Lz(w) estimate in (1.1). We note that while the equivalence in (1.1) follows at once from the reverse
inequality for p = 2 by duality, the two inequalities behave differently when p # 2.

In Sections 7 and 8 we prove estimates for the gradient of the semigroup, +/t Ve *Lw_ The proof that
there exists ¢+ > 2 such that this operator satisfies L (w) estimates for 2 < p < ¢4 is quite involved as it
requires preliminary estimates for the Riesz transform and the Hodge projection. We note that, as opposed
to the nondegenerate case, here we cannot use “global” embeddings, nor can we rescale. Also we cannot
expect to obtain that the gradient of the semigroup maps globally L?(w) into L? (w) for p # 2. All these
difficulties arise naturally from the lack of isotropy of the natural underlying measure w(x) dx and make
the typical arguments used in the uniformly elliptic case (see [Auscher 2007, Chapter 4]) unusable. We
also note that in some sense our result is the best possible: even in the nondegenerate case it is known
[Auscher 2007] that given any p > 2 there exists a matrix A and operator L such that gradient of the
semigroup is not bounded on L?.

1/2

In Section 9 we prove L?(w) estimates for the Riesz transform VL™'/4, and in Section 10 we prove

L?(w) estimates for the square function associated to the gradient of the semigroup,

o0 1/2
Gt = ([ 02w P a)



ON THE KATO PROBLEM AND EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS 613

In Section 11 we prove unweighted L? inequalities for the operators we have considered in previous
sections. These are a consequence of the weighted estimates and are obtained by taking v = w™!. The
main problem is determining conditions on w for these to hold. We essentially have two different kinds
of estimates, one for operators that do not involve the gradient, and one for those that do. The latter
are more delicate as they involve careful bounds for the parameter g+ from Section 8 in terms of the
weight w. We also show that we get unweighted L? estimates for p very close to 2.

Finally, in Section 12 we describe in more detail the application of our results to L2 boundary value
problems for degenerate elliptic operators. The results in this section are the culmination of our work, as
they depend on all the estimates derived in previous sections.

As we were completing this project, we learned that related results had been obtained independently
by other authors. Le [2015] studied (among other things) the L? (w) theory for some of the operators
considered here and proved estimates for values of p in the range (2 — ¢, 2 + ¢). His proofs differ from
ours in a number of details. Hofmann, Le and Morris [Hofmann et al. 2015] established some Carleson
measure estimates and considered the Dirichlet problem for degenerate elliptic operators. Also, very
recently we learned that Yang and Zhang [2017] proved Kato-type estimates in L?(w) for p in the range
(po, 2]. Finally, we note that the paper [Chen et al. 2016] complements our work here as it considers the
conical square functions associated to the operator L.

2. Preliminaries

Throughout, n will denote the dimension of the underlying space R” and we will always assume n > 2. If
we write A < B we mean that there exists a constant C such that A < CB. We write A ~ B if A < B and
B < A. The constant C in these estimates may depend on the dimension 7 and other (fixed) parameters
that should be clear from the context. All constants, explicit or implicit, may change at each appearance.

Given a ball B, let r(B) denote the radius of B. Let AB denote the concentric ball with radius
r(AB) = Ar(B).

Weights. By a weight w we mean a nonnegative, locally integrable function. For brevity, we will often
write dw for w dx. We will use the following notation for averages: given a set £ such that 0 < w(E) < 00,

]ijfdx:|1?|/5fdx'

We state some definitions and basic properties of Muckenhoupt weights. For further details, see
[Duoandikoetxea 2001; Garcia-Cuerva and Rubio de Francia 1985]. We say that w € Ap, 1 < p < 00, if

-1
[wla, = Slép][Q w(x)dx (][Q w(x)' =¥ dx)p < 00.

or, if 0 < |E| < o0,
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When p =1, we say that w € A if
(w]a, = sup][ w(x) dx esssupw(x)~! < oco.
0 /o xeQ
We say that w € RHg, 1 <5 < 00, if

-1 1/s
[w]ry, = sgp(][g w(x) dx) (][Q w(x)® dx) < 00,

and we say that w € RHq if

-1
[WrH,, = sup(][ w(x) dx) esssup w(x) < oo.
o o xeQ

Let

do= |J 4= |J RH,

1<p<oo 1<s<oo

Weights in the A, and RH; classes have a self-improving property: if w € A, there exists € > 0 such
that w € Ap_, and similarly if w € RHy, then w € RH; 5 for some 6 > 0. Hereafter, given w € 4, let

ry =inf{p:w e Ap}, sy =sup{g:w € RHy}.

An important property of A, weights is that they are doubling: given w € A, for all T > 1 and any
ball B,
w(tB) < [w]a, " w(B).

In particular, hereafter let D < pn be the doubling order of w, that is, the smallest exponent such that
this inequality holds.

As a consequence of this doubling property, we have that with the ordinary Euclidean distance |- |,
(R", dw, |-]) is a space of homogeneous type. In this setting we can define the new weight classes A, (w)
and RHg(w) by replacing Lebesgue measure in the definitions above with dw; e.g., v € Ap(w) if

-1
[V]4, (w) =slép][g v(x) dw(][Q v(x)' 7 dw)p < 00.

It follows at once from these definitions that there is a “duality” relationship between the weighted and
unweighted A, and RH; conditions: v = wle Ap(w) if and only if w € RH, and v = w~! € RH(w)
if and only if w € Ay .

Weighted Poincaré—Sobolev inequalities were proved in [Fabes et al. 1982].

Theorem 2.1. Given w € Ap, p > 1, let p;, = pnry/(nry — p) if p < nry, and p;, = 0o otherwise.
Then for every p < q < py,, ball B and f € C§°(B),

1/q 1/p
(][ oG dw(x)) < cwm(f V£ (1 dw) . 22)
B B



ON THE KATO PROBLEM AND EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS 615

Moreover, if f € C*(B), then

1/p

1/q
(f If(X)—fB,wlqdw(X)) sCr(B)(f IVf(x)IPdw) , 2.3)
B B

where fp . = fg [ dw.

Remark 2.4. In the special case when w € A; and 1 < p <n we can also take ¢ = p; = p*, i.e., the
regular Sobolev exponent. See [Pérez 1999, Theorem 2.5.2].

Remark 2.5. If we let g =np/(n—1) < p2, then we can get a sharp estimate for the constant C in (2.2)
and (2.3): it is of the form C(p, n)[w]ﬁp, where k = (np —1)/(np(p — 1)). This follows from the sharp
weighted estimates for the fractional integral operator due to Alberico, Cianchi and Sbordone [Alberico
et al. 2009] and the standard pointwise estimates used to prove Poincaré—Sobolev inequalities; see [Fabes
et al. 1982] for details.

Remark 2.6. By a standard density argument, once we know that (2.3) holds for smooth functions in B
we can easily extend that estimate to any function f € L9(w) with V f € L?(w). Details are left to the
reader.

Degenerate elliptic operators. Given w € A, and constants 0 < A < A < oo, let &, (w, A, A) denote
the class of n x n matrices A = (4;; (x));.” j=1 of complex-valued, measurable functions satisfying the
degenerate ellipticity condition

Aw(x)[€[> <Re(AE£), (A&, n)| < Aw(x)IEllnl, & neC” 2.7

Given A € &, (w, A, A), we define the degenerate elliptic operator in divergence form
Ly =—w~divAV.

These operators were developed in [Cruz-Uribe and Rios 2008] and we refer the reader there for complete
details. Here we sketch the key ideas.

Given a weight w € A», the space H !(w) is the weighted Sobolev space that is the completion of C >
with respect to the norm

1/2
1l = [, (7P +1970P) du)

Note that the space defined above would usually be denoted by HO1 (w). The space H!(w) is defined
as the set of distributions for which both f and |V f| belong to L?(w). However, since the underlying
domain is R”, this definition implies that the “boundary” values vanish in the L?(w)-sense, and both
definitions agree [Miller 1982].

Given a matrix 4 € &,(w, A, A), define a( f, g) to be the sesquilinear form

a(f.g) = /R AV f () TR0 d. 2.8)
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Since w € A, and A satisfies (2.7), a is a closed, maximally accretive, continuous sesquilinear form.
Therefore, there exists an operator L, whose domain D(L,,) C H!(w) is dense in L?(w) and such that
for every f € D(Ly,) and every g € H'(w),

a(fi0) = (Luf b = [ Luf0z0) dw. 29

We note that the operator L, is one-to-one. Indeed, if u, v € D(Ly,) are such that Ly, u = L,v, then for
all g e H'(w)
0= / AX)V(u(x)—v(x))-Vg(x)dx.
RI’I
Taking g = u — v implies Vu(x) = Vv(x) and so u = v.

The properties of the sesquilinear form guarantee that on L?(w) there exists a bounded, strongly
continuous semigroup e ~*Lw, Further, it has a holomorphic extension. Let

Yo ={z€C:z#0,larg(z)| < w}
and define ¢, 9* € [O, %) by

A2
© =sup{larg(Lf, fwl|: f € D(Ly)}, ©®* = arctan 2 1.
Then there exists a complex semigroup e ?Lw on /2— of bounded operators on L?(w). By the
weighted ellipticity condition (2.7), we have 0 < ¥ <9¥* < 7.

Holomorphic functional calculus. Our operator L, is “an operator of type w” with w = 1, as defined
in [Mclntosh 1986]. Indeed, the ellipticity conditions imply that L, is closed and densely defined, its
spectrum is contained in Xy, and its resolvent satisfies standard decay estimates [Cruz-Uribe and Rios
2008]. Therefore, we can define an Lz(w) functional calculus as in [McIntosh 1986].

Given u € (9, ), let H*°(X,) be the collection of bounded holomorphic functions on X ,,. To define
@(Ly) for ¢ € H*°(X,,) we first consider a smaller class: we say that ¢ € Hg°(Z,,) if for some ¢, s >0
it satisfies

o) <clzPA+z)7, zez,.

We then have an integral representation of ¢(L,,). Let I'g be the boundary of ¥4 with positive orientation,
and let ¥ < 6 <v < min(u, Z); then

L= [ ez, (2.10)
|
where
_ 1 tz
10 =507 | eFora @.11)

and y, (z) = Rte! sienm@)v Note that

In(z)] Smin{l, |z| 71}, z €Ty,
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so the representation (2.10) converges in L2(w), and we have the bound

lp(Lw) fllzzw) < Cllelloo I f 2wy f € H (Ep). (2.12)

Now, since Ly, is a one-to-one operator of type w, it has dense range [Cowling et al. 1996, Theorem 2.3],
and so the results in [McIntosh 1986] (see also [Cowling et al. 1996, Corollary 2.2]) imply that L,, has an
H > functional calculus and (2.12) extends to all of #°°(X,,). Moreover, in [McIntosh 1986, Section 8]
the equivalence between the existence of this H *° functional calculus and square function estimates for
Ly and L7, is established:

o dr\'"?
([ 1002l %) = Clioleol iz ¢ € 120, @13)

with similar estimates for L .
The operators ¢(Ly,) also have the following properties:

e If ¢ and ¥ are bounded holomorphic functions, then we have the operator identity ¢(L)y¥ (L) =
(py)(L).

¢ Given any sequence {¢;} of bounded holomorphic functions converging uniformly on compact
subsets of X, to ¢, we have that ¢ (L) converges to ¢(Ly,) in the strong operator topology (of
operators on L2(w)).

Remark 2.14. The H®°° functional calculus can be extended to more general holomorphic functions,
such as powers, for which the operators ¢(L,) can be defined as unbounded operators; see [Haase 2006;
Mclntosh 1986].

Gaffney-type estimates. The semigroup and its gradient satisfy Gaffney-type estimates on LZ(w). Be-
low, we will see that these are a particular case of what we will call full off-diagonal estimates; see
Definition 2.33.

Theorem 2.15. Given w € Ay and A € E,(w, A, A), for any closed sets E and F, for f € L*>(w) and

forall z € T, where 0 <v < Z =1,

(D) lle 22w (f xE)xF L2y < Ce S4BTV £y gl o0,
@) IVzZVe e (f xB) X F 2wy < Ce @ EF N £y Bl 2w,
3) lzLwe ™2 (f xE) X F |2y < Ce 4EP 1 £y el 2

Proof. The semigroup estimate (1) was proved in [Cruz-Uribe and Rios 2008, Theorem 1.6] for real z,
but the same proof can be readily modified to prove the analytic version. Alternatively, estimates (1)
and (2) follow from the resolvent bounds

11+ 22 L) (B Xl wy < Ce PP £ gl o), (2.16)
12V + 22 L) (S XE)XF L2y < Ce P BN £ gl ). 2.17)
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obtained in [Cruz-Uribe and Rios 2015, Lemma 2.10] for z € X5, together with the integral
representation of the semigroup

S = g [ L g

where I' is the boundary of Xy with positive orientation and 5 < 6 < 7 + v —arg(z).
Finally, from (2.16) and (2.17) we obtain the estimate

122 Lo (14 22 L) N (f X E) X F 2wy < Ce P EFEN £y Ell 120,

and then by the same kind of argument we get (3). O

The Kato estimate. The starting point for all of our estimates is the L?(w) Kato estimates for the square
root operator L,lu/ 2 proved in [Cruz-Uribe and Rios 2015] (see also [Auscher et al. 2015] for a different
proof). This operator is the unique, maximal accretive operator such that Lllu/ 2L11u/ 2 = Ly,. It has the
integral representation

Ll/zzi Oo\/;L e_thﬂ
v v Jo v t

(For further details, see [Auscher and Tchamitchian 1998; McIntosh 1986].)

Theorem 2.18 [Cruz-Uribe and Rios 2015, Theorem 1.1]. Given w € A and A € E,(w, A, A), the
domain of Ly, is H'(w) and there exist constants ¢ and C, depending on n, A /A and [w)a,, such that
forall f e H (w),

IV Sl < 1Ly Fllzza) < CIVFllz2qw) (2.19)

The Riesz transform associated to L, is the operator VL;I/ 2, Formally, by (2.19) we have that the
Riesz transform is a bounded operator on L2(w, C"). To legitimize this, we define

vigr— L /oo VivetLu 4t (2.20)
RV t '

However, it is not immediate that this integral converges at 0 or co. To rectify this, for € > 0 define

1 1/¢
Se = Se(Ly) = ﬁ/ Ve tw %. (2.21)
&

Since S¢(z) is a uniformly bounded holomorphic function on the right half-plane for all 0 < ¢ < 1, by the
L?(w) functional calculus described above, Sg(Ly,) is uniformly bounded on L?(w) for that range of ¢.
Further, for f € L2° we have S; f € D(Ly) C D(L,IU/ 2), and so by inequality (2.19) and the functional
calculus,

IVSe f L2y S 1LY Se f L2y = l9e(Lw) f |l 22qw)- (2.22)

where

1 1/¢
00 = = | il
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The sequence {¢, } is uniformly bounded and converges uniformly to 1 on compact subsets of the sector 3,;,
0 < < 5. Therefore, LY/2s, f — f strongly in L?(w). If we combine this fact with (2.22) we see
that {V S, f} is Cauchy and so it converges in L?(w). We therefore define

VL V2 f = lim VS f.

where the limit is in L2(w).

Given this definition, hereafter, when we are proving Lz(w) estimates for the Riesz transform, we
should actually prove estimates for VS, that are independent of . These arguments will remain implicit
unless there are details we need to emphasize.

Off-diagonal estimates. Off-diagonal estimates as we define them were introduced in [Auscher and
Martell 2007b] and we will refer repeatedly to this paper for further information and results. Throughout
this section we will assume that given a weight w, we have w € A4,.

Given a ball B, for j > 2 we define the annuli C;(B) =2/T!B\ 2/ B. We let C1(B) = 4B. By a
slight abuse of notation, we will define

1
C;(B) w(2/T1B) Jc;(B)
If w € A (as it will be hereafter), then w(2/T1B) ~ w(C '1(B)), so this definition is equivalent to the
one given above up to a constant. Finally, for s > 0 we set Y'(s) = max{s,s~!}.

Definition 2.23. Given 1 < p <g¢ < 00, a family {7} };~¢ of sublinear operators satisfies L? (w)— L2 (w)
off-diagonal estimates on balls, denoted by

Ty € O(LP(w) — LY (w)),

if there exist constants 61, 6> > 0 and ¢ > 0 such that for every ¢ > 0 and for any ball B, setting r = r(B),

‘ 1/q r 0> » 1/p

< -
(]gmugfn dw) Nr(ﬁ) (]im dw) , (2.24)
and for all j > 2,

Vg i\ 1/p
(][ |Tt()cc,-<3>f)|4dw) zszIT(—) emeHT /’(][ Fak dw) : (2.25)
B NG C(B)

1/q _ 27 1 \92 o 1/p
(., mownian) " sooe(20) e f Iflpdw) | (226)
C;(B) Vi B

If the family of sublinear operators {7;},¢x,, is defined on a complex sector X, we say that it satisfies
L?(w) — L9 (w) off-diagonal estimates on balls in X, if (2.24)—(2.26) hold for z € ¥, with ¢ replaced
by |z| in the right-hand terms. We denote this by 7, € O(L?(w) — L?(w), Z,,).

We give some basic properties of off-diagonal estimates on balls as a series of lemmas taken from
[Auscher and Martell 2007b, Section 2.2]. The first follows immediately by real interpolation, the second
by Hélder’s inequality, and the third by duality.
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Lemma 2.27. Given1<p; <g; <oo, i=1,2,if T € O(LP'(w)— L9 (w)) and Ty : L2 (w) — L2 (w)
is uniformly bounded, then Ty € O(LP% (w) — L9%(w)), 0 < 8 < 1, where

16 1-6 1 6 1-96
— +

pe P P2 48 @ G2
Lemma2.28. If 1 < p < p1 <q1 <q <00, then

O(L?(w) — LY (w)) C O(LP! (w) — L' (w)).

Lemma 2.29. If for some 1 < p < q < o0, we have Ty € O(L? (w) — L(w)), and the operators Ty are
linear, then T € O(LY (w) — L? (w)). (Here T} is the dual operator for the inner product [g, fgdw.)

Lemma 2.30 [Auscher and Martell 2007b, Theorem 2.3]. (1) If Ty € O(L? (w) — L?(w)), 1 < p < o0,
then Ty : L? (w) — L?(w) is uniformly bounded.

Q) Ifl<p<g<r<oo, Ty e O(L4(w) — L"(w)), and Sy € O(LP(w) — L9 (w)), then T; o Sy €
O(L?(w) — L"(w)).

Remark 2.31. If p < g, then Ty € O(L?(w) — L9(w)) does not guarantee that T; is bounded from
L?(w) to LY (w).

Remark 2.32. Since complex sectors ¥, 0 < u <, are closed under addition, the proof of Lemma 2.30
extends to give off-diagonal estimates on complex sectors O(L? (w) — L9 (w), X,).

Definition 2.33. Given 1 < p < ¢ < 00, a family of operators {7} satisfies full off-diagonal estimates
from L?(w) to L4 (w), denoted by

T; € F(L? (w) — LY (w)),
if there exist constants C, ¢, 8 > 0 such that given any closed sets E, F,

_ _ 2
ITe(f XE) X FllLaqw) < Ct=0e=@" EEV £y b o).

The connection between full off-diagonal estimates and off-diagonal estimates on balls is given in the
following lemma from [Auscher and Martell 2007b, Section 3.1].

Lemma 2.34. Given 1 < p <g <o0:
(1) if Ty € F(LP(w) — L2(w)), then Ty : L (w) — L49(w) is uniformly bounded,
2) Ty € F(L?(w) — LP(w)) if and only if Ty € O(LP(w) — LP(w)).
The importance of off-diagonal estimates is that they will let us prove weighted norm inequalities
for the operators we are interested in. To do so we will make repeated use of two results first proved in

[Auscher and Martell 2007a]; however, we will use special cases of these results as given in [Auscher
and Martell 2006, Theorems 2.2 and 2.4].
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Theorem 2.35. Given w € Ay and 1 < py < qo < 00, let T be a sublinear operator acting on LP°(w),
{Ar}r>0 afamily of operators acting from a subspace D of LP°(w) into LP°(w), and S an operator from
D into the space of measurable functions on R™. Suppose that for every f € D and ball B with radius r,

1/po 1/po
(][ T = A0 f17 du) SZg(j)(][ | |Sf|1’°dw) | (236)
B i=1 2/t1B
1/q0 1/po
(firasman) " <X ein(f | mrmaw) .37)
B i=1 2/+1B

where Y g(j) < oo. Then for every p, po < p < qo, and weights

v € Ap/po(w) NRH(go/ py (W),

there is a constant C such that for all f € D,

ITflLr@waw) < CISSIILr@wdw)-

Remark 2.38. In Theorem 2.35 and Theorem 2.39 below, the case gg = oo is understood in the sense
that the L9°(w)-average is replaced by the essential supremum. Also in Theorem 2.35, if go = oo, then
the condition on v becomes v € 4/, .

Theorem 2.39. Given w € A, with doubling order D, and 1 < pg < qo <00, let T : L9°(w) — L°(w)
be a sublinear operator, and { A, }r>o a family of linear operators acting from LZ° into L9°(w). Suppose
that for every ball B with radius r, f € L° with supp(f) C B and j > 2,

1/ po 1/po
(][ T( — Ap) f170 dw) Eg(j)(][ 1P dw) . (2.40)
C;(B) B
Suppose further that for every j > 1,
1/q0 1/po
(£, orman) = < (f 171maw) @41
C;(B) B

where ) g(j/)2P7 < 0o. Then for all p, po < p < qo, there exists a constant C such that for all f € L

C b
ITf e @) = ClLf e w)-

3. Off-diagonal estimates for the semigroup e ~*Lw

In this section we consider off-diagonal estimates for the semigroup associated to L,,. Throughout this
and subsequent sections, let w € A and A4 € &, (w, A, A) be fixed. Our goal is to characterize the set of
pairs (p,q), p <gq, such that these operators are in O(L?(w) — L(w)). By Theorem 2.15 we have

e~tv e F(L*(w) — L?*(w)) C O(L*(w) — L*(w)).

We will show that in the (p, g)-plane this set contains a right triangle; see Figure 1.
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: (P’Q)

4

Figure 1. (p, ¢) such that e *Lv € O(L?(w) — L4 (w))

Let 7 (Ly) C [1, 00] be the set of all exponents p such that e "*Lw : LP(w) — L?(w) is uniformly
bounded for all # > 0. By Theorem 2.15 and Lemma 2.34,2 T (L), and if it contains more than one point,
then by interpolation J (Ly) is an interval. The set of pairs (p, ¢) such that e *Lw € O(LP (w) — L? (w))
is completely characterized by the next result.

Proposition 3.1. There exists an interval J(Ly) C [1, 00] such that p,q € J(Ly) if and only if e "'Lw €
O(L?(w) — L9(w)). Furthermore, J (L) has the following properties:
(1) J(Lw) C j(Lw)-
(2) Int J(Ly) = Int 7 (L)
(3) If p—(Ly) and p4(Ly) are respectively the left and right endpoints of J (Ly,), then p—(Ly,) < (23)'
and p4(Ly) > 23, where 2 is as in Theorem 2.1. In particular, 2 € Int(J (Ly)).

Remark 3.2. The smaller the value of ry,, the better our bounds on the size of the set J(Ly). In the
limiting case when w € Ay, we have p_(Ly) <2n/(n +2) and p4+(Ly) > 2n/(n —2). These values
should be compared to the estimates in [Auscher 2007, Corollary 4.6] for the nondegenerate case that
corresponds to the case w = 1.

We get two corollaries to Proposition 3.1. The first gives us weighted off-diagonal estimates.

Corollary 3.3. Let p—(Ly) < p = q < p+(Lw). If ve€ Ap/p_(r,)(w) NRH(p, (L,,)/q)y (W), then
e~ tlw ¢ O(LP (vdw) — L9 (v dw)).

Proof. By Proposition 3.1, if p_(Ly) < p <q < p+(Ly), then e *Lv € O(LP (w) — L9(w)). Therefore,
by [Auscher and Martell 2007b, Proposition 2.6], if v € A,/ ,_(L,,) (W) NRH(,, (L,,)/q) (W), then we
have e *Lw € O(L? (v dw) — L9 (v dw)). O

As our second corollary we get off-diagonal estimates for the holomorphic extension of the semigroup.
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Corollary 3.4. For any v, 0 <v < Z —1, and for any p < q such that e~ thw € O(LP(w) — L9(w)),
then for allm € NU{0}, (zLy) e ?Lw € O(LP (w) — L1(w), T).

Proof. This follows from [Auscher and Martell 2007b, Theorem 4.3] and the fact that, by Theorem 2.15,
e ?Lw ¢ F(L2(w) — L%(w)) for these values of z. O

Proof of Proposition 3.1. Fix 2 < q <2} . (If w € A we let ¢ =27 = 2*) We will show that e~tlw ¢
O(L?(w) — L4 (w)). Given this, then we also have e *Lw € O(L? (w) — L?(w)). For if LY is the
adjoint of Ly, (with respect to L?(w)), then L = —w™! div(4* V f) and the same estimates hold for L% .
Hence, e ~"Lw € O(L%(w) — L4(w)), and so by Lemma 2.29, e~*Lv € O(L? (w) — L%(w)). Since
e~'Lw is a semigroup, by Lemma 2.30 we have e "*Lw € O(L4 (w) — L4(w)). Therefore, by [Auscher
and Martell 2007b, Proposition 4.1], we have that there exists an interval 7 (L, ) and properties (1) and (2)
hold. Moreover, we have [¢’, g] C J(Ly), so if we let ¢ — 27, then we immediately get property (3).

It therefore remains to prove that e *Lv € O(L?(w) — L9(w)). We first show (2.24). Fix B and
for brevity write r = r(B) and C; = C;(B). By our choice of ¢, the Poincaré inequality (2.3) holds.
Moreover, as we noted above, e “‘Lw, /f Ve~ Lw € O(L?(w) — L?(w)); we may assume that the same
exponents 67, 6, hold for both operators. We thus get that

1/q
(][B e (x5 £ dw)

1/q
<l ™ (x5 /)Bwl+ ( ]g le™ v (xp ) (x) = (e (x f)Bw|’ dw(x))

1/2 1/2
< (][B |€_th(XBf)|2dw) “(][B |Ve—fLw<xBf>|2dw)
r r 0> 5 1/2
5(“%)*(%) (J[B'f | d“’)
r 1+6> ) 1/2
<x(Z) (frea)

The proof that (2.25) holds is gotten by nearly the same argument:

1/q
(]fB e (e, )l dw)

1/q
<1 (xe, £l + (]g e (xe, £)(0) — (@ (xe, £ dw(x))
1/2
< (f |e—’Lw(xC,-f)|2dw) +r(][ |Ve—’Lw(ijf)|2dw)
B B
e &)92 _curz/t( 2 )”2
<2 (1+ﬁ)r(ﬁ e ][Cj|f| dw

i \N146 A 1/2
52,-91T(2’_") 2e—c4”2“(][ Iflzdw) .
Vi G

1/2
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Finally, to prove that (2.26) holds we use a covering argument. Fix j > 2; then we can cover the
annulus C; by a collection of balls { Bx }]]cv=1, r(By) =2/72 r, with centers xB, € C;. The number of balls
required, &V, depends only on the dimension. For any such ball, since dw is a doubling measure, we have

1/q
(][B e (g £ dw)

<1 (15 £)a, 0] + ( f

By

1/2
s(][ |e—’LW(xBf)|2dw) +r<Bk>(][ |V€_th(XBf)|2dw)
By By

1/2 ) 1/2
S (][ | |€_th(XBf)|2dw) +2fr(][, | |Ve—’Lw<xBf>|2dw) |
2/+2B\2/-1B 2/+2B\2/-1B

If j >3, then 2/ 2B\ 2/7!B = Cj4+1 U C; UC;_q; then to estimate the last two terms we use the
fact that e 7*Lw, /tf Ve Lw ¢ O(L?(w) — L?(w)) and apply (2.26) with p = ¢ = 2 in each annulus C;,
j—1<i<j+4 1. (These annuli have comparable measure since dw is a doubling measure, so we can
divide the average up into three averages). If j = 2, then 2B\ 2B = C3 U C, U (4B \ 2B). On C3 and
C, we argue as before using (2.26). On 4B \ B we apply [Auscher and Martell 2007b, Lemma 6.1]. (We
note that in the notation there, C; (B)=4B\2B))

If we combine all of these estimates, we get that for every j > 2,

—tLy 61 - 2
(f, emamnan) =2 (1 e () (f 1)

i N1+6 . 1/2
< 2j91 T(Q,J_r) 2e_c41r2/t (f |f|2 dw) ]
Vi B

Since C; C | J; Bk, we can sum in k to get

1/q
™0 (5 )(0) = €% (13 )3 0| dw(x))

1/2

N

(f |e—fLw(xBf>|4dw)l/q<Z(f |e—fLw<xBf>|4dw)l/q
C;(B) - By

k=1

i \146 , 1/2
52j9‘T(2j—r) 2e—C“”z/’(][ Iflzdw) : O
va B

This completes the proof that e v ¢ O(L2(w) — L9(w)).

4. The functional calculus

In this section we show that the operator L., has an L?(w) holomorphic functional calculus. As we
discussed in Section 2 above, we know already that if ¢ is a bounded holomorphic function on X,
w € (93, ), then ¢(Ly) is a bounded operator on L?(w). Recall that for any p € (J, ), we say that
¢ € HP(Zy) if for some ¢, s > 0,

lp(z)| <clzF(1+1z)7%, zeX,. 4.1
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We say that L, has a bounded holomorphic functional calculus on L?(w) if for any such ¢,

lo(Lw) flLrw) < Cliellooll fllLray, /€ LP(w)N L2 (w), 4.2)

where C depends only on p, w, ¢ and u (but not on the decay of ¢). By a standard density argument,
(4.2) implies that ¢(L+,) extends to a bounded operator on all of L?(w). Furthermore, we then have this
inequality holds if ¢ is any bounded holomorphic function. For the details of this extension, see [Haase
2006; McIntosh 1986].

Proposition 4.3. Let p_(Ly) < p < p+(Ly) and ju € (3, ). Then for any ¢ € H3°(X,,),

lo(Lw) fllLraw) = Cllelloo I fllLr ). (4.4)

with C independent of ¢ and f. Hence, Ly, has a bounded holomorphic functional calculus on L? (w).
Moreover,if v€ Ap)p_(L,)(W)NRH(p, (L,,)/ py (W) then Ly, also has a bounded holomorphic functional
calculus on L? (v dw):

lo(Lw) fllLrwaw) < Clelloollf L2 @ aw) (4.5)
with C independent of ¢ and f.

Proof. For brevity, let p_ = p_(Ly) and p4+ = p4+(Ly). By density it will suffice to assume that
f € L. Fix ¢ € H3°(X,,); by linearity we may assume that [|¢||co = 1.

We divide the proof into two steps. We first obtain (4.4) for p— < p < 2 by applying Theorem 2.39
and following the ideas in [Auscher 2007]. To do so, we will pick go = 2 and po > p— arbitrarily close
to p—. In the second step, using some ideas from [Auscher and Martell 2006], we will use Theorem 2.35
to get (4.5); in particular this yields (4.4) for every 2 < p < p4 by taking v = 1. To apply Theorem 2.35
we will choose pg > p— arbitrarily close to p— and g¢ < p4+ arbitrarily close to p4. We will also use the
fact that ¢ (L) is bounded on L?°(w); this follows from the first step choosing p— < po < 2.

To apply Theorem 2.39, fix p— < po<p <2andletgo=2, T = ¢(Ly), and
_p2
Ar f(x) = (I = (I =™ Fn)™) f(x), (4.6)

where m is a positive integer that will be chosen below. We first show that inequality (2.41) holds. By
Proposition 3.1 we have e *f» € O(LP°(w) — L?(w)). Using

A, = i (’Z)(_l)k-i-le—krsz’ 4.7

k=1
and that for each fixed mand 1 <k <m

r r c4/r? c 4/r?
v( ) =vmr(F) e oot ) sew(- )

Proposition 3.1 implies

Ar € O(LP(w) — LY(w)) forall p_(Ly)<p <q < p+(Ly). (4.8)
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In particular, we have A, € O(L?°(w) — L?(w)). Thus, given any ball B with radius r, if supp( f) C B,

then for all j > 1,
1/2 , . ; 1/po
(][C » |A,f|2dw) <200y (27)02 et (]i|f|p0 dw) . (4.9)
J

This establishes (2.41) with g(j) = C 2/ (91+92)6_C4j, for in this case we have

Z 2J(01+62+D) ,—c4/ _ 00,
Jjz1

where D is the doubling constant of w.

We next prove that (2.40) holds. Since ¢(z)(1 — e_rzz)m € "o (Zmin{u,x/2}})» by the functional
calculus representation (2.10) we have

oL — A f = fr L f(2) dz.

where I' = 0¥, /59, with 0 <9 <6 <v < min{u, %}, and we choose 0 so that the hypotheses of
Corollary 3.4 are satisfied for z € I'. Moreover, we have the estimate

2m
In(z)| < |Z|T+1;

see [Auscher 2007, Section 5.1] for details.
We can now argue as follows: given a ball B with radius r, for each j > 2, by Minkowski’s inequality
and Corollary 3.4 (since pg € Int 7 (L)),

1/po
(f L = A 179 dw)

i
2 1/po
= (][ / e ?lv fn(z)dz dw)
C,(B)|JT
L 1/po r2m
< e~k g0 dw) Lz
/r(][cj(B) |z|m+1
1/p 2 N )
S e
B r |zt ||
1/po 1)
= (][ | £]Po dw) 2](91—27”)/ GZmT(O)Qze—CGZ d_a
B 0 o

. 1/po
< 0/ (01—2m) (][ | £ |70 dw) : (4.10)
B

the final inequality holds (i.e., the integral in o converges) provided 2m > 6,. Moreover, if we choose
2m > 0 + D, we have that (2.40) holds with g(j) = C 2U~D1=2m) 4pq

Jj=2 Jj=2
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We have shown that inequalities (2.40) and (2.41) hold, and so by Theorem 2.39 inequality (4.4) holds
for all p such that p_ < p <2.

We will now apply Theorem 2.35 to show that (4.5) holds for p— < p < p4. (Inequality (4.4) then
follows for 2 < p < p4 if wetake v=1.) Fix p, p_ < p < py,andv e Ay/,_(w) NRH(p, /py ().
By the openness properties of the A, and RH; classes there exist pg, go such that

P—<po<min{p,2} < p <qo < p+, VEApp,(w)NRHy, py(w).

Let T = @(Ly), Ar=1—-( — e_’ZLW)’", S = 1, and fix the above values of pg and g¢. By the
previous argument we have that ¢ (L) is bounded on L7°(w).
We first show that (2.36) holds. Fix a ball B and decompose f as

f=) frem=) 5 4.11)

j=1 j=1

Then, by the same functional calculus argument as given above, we have that for each j,

1/po
(]i\go(Lw)(l—Ar)mm dw) ’

Po 1/po
:(][ /e_Zwajn(z)dz dw)
BlJr
I 1/po r2m
—zLw g,
< [(f e sman) i
1 N2 N
5 (][ | £ [P0 dw) /poszl—zm)/ (_2” ) mr( 2r )  gmeair2)iz| 1421
i (B) r\yz| Viz| k4

. 1/po
< 2/61=2m) (][ | f [P0 dw) ;
C;(B)

the last inequality holds provided 2m > 6,. Hence, since 2/ 1B > C 7, by Minkowski’s inequality we
have (since the sum ) _ f; is finite for f € L2°)

1/po 1/p0
(£ 1owura —ansiman) ™ < X ( f jowara - a0 5" dw)

j=1
1/po
| ]P0 dw) .

< 3707 61-2m) ( ][
2 :

Jjz1

Jj+1B

This establishes (2.36) with g(j) = C 2/01=2m)_[f we take 2m > max{6y, 6,}, then > g(j) <oo.
We now show that (2.37) holds. Fix aball B and j > 1. Since A, € O(LP°(w) — L9°(w)) (see (4.8)),

1
(]i A (e, a2 (L) £)[© dw)

/q0

. . ; 1/po
st (i)
C;(B)
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Therefore, since ¢(Ly,) and A, commute, by Minkowski’s inequality we obtain
1/q0 ) ; 1/po
(][ (L) A £10 dw) < 320140 et (f (L) £170 dﬂ) |
B = C;(B)
This establishes (2.37) with g(j) = C 2j(91+92)e_04j; again, »  g(j) < oo. Therefore, our proof is
complete. O
5. Square function estimates for the semigroup

In this section we prove L?(w) norm inequalities for the vertical square function associated to the

semigroup e *Lw:

o0 1/2
ngf(X)=(/0 |(er>1/2e—fwa(x)|2d’) .

t
Proposition 5.1. Let p—(Ly) < p < p4+(Ly). Then
lgLw fllLrawy = | f e w)- (52)

Conversely if for some p the equivalence (5.2) holds, then p € J (Lw)—1.e., the interior of the interval
on which (5.2) holds is (p—(Ly), p+(Lw)).
Moreover, if ve Ap/p_(rL,)(w) NRH(, (L,)/p)y (W), then

1&Lw fllLr@waw) = I f lLr@wdw)- (5.3)

We note that the upper bounds in the previous result could be obtained by combining Proposition 4.3
with the operator theory methods developed in [Cowling et al. 1996]. To reach a wider audience we
present a self-contained harmonic analysis proof. We will use an auxiliary Hilbert space related to
square functions, following the approach in [Auscher and Martell 2006]. Let H denote the Hilbert space

LZ((O, 00), #) with norm
> dr\'"?
i = ([~ o <)
0

8Ly S (X) = llo(L.) fF(II.

In particular, we have

where ¢(z,1) = (1z)/2e~"%. Furthermore, we define Lﬁ(w) to be the space of H-valued functions with
the norm

1/p
g = ( [ Wt duo)

The following lemma lets us extend scalar-valued inequalities to H-valued inequalities. For a proof, see
[Auscher and Martell 2006, Lemma 7.4].
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Lemma 5.4. Given a Borel measure  on R", let D be a subspace of M, the space of measurable
functions in R", and let S, T be linear operators from D into M. Fix 1 < p < q < oo and suppose there
exists Co > 0 such that for all f € D,

ITf e < Co Y aiISS Lo (r;,w-
Jj=1

where the F; are measurable subsets of R" and oj > 0. Then there is an H-valued inequality with the
same constant: for all f :R" x (0, 00) — C such that for almost allt >0, f(-,t) € D,

||Tf||L§(M) <Co Zaj ||Sf||Lﬁ(F_,-,M)-
Jj=1

The extension of a linear operator 7" on C-valued functions to H-valued functions is defined for x € R”
and t > 0 by (Th)(x,t) =T (h(-,t))(x); that s, ¢ can be considered as a parameter and 7 acts only on
the variable in R”.

Proof of Proposition 5.1. We shall first prove the upper bound inequalities. We first claim that the upper
bound inequality in (5.2) holds for p = 2. Indeed, since ¢(z) = z}/2¢7% € Hoo(2,.), it follows from
(2.13) that we have the bound

gL f 2wy S I1F lL2qw)-

For brevity, let p— = p_(Ly) and p4+ = p4+(Ly). As in previous proofs, we divide our proof into
two steps. We will first prove the upper bound in (5.2) for p— < p < 2 by applying Theorem 2.39. Fix
p—<p<qo=2,andlet A, =1—(1 —e_rsz)m, where m will be chosen below. Notice that, by (4.8),
A, is bounded on L9°(w) for each m. Fix f € L°; the result for general f € L?(w) then follows by a
density argument.

We have (tLy)Y 2™ Lw (I — A,) f = @(Ly.1) f, where

(p(z’ Z):(tZ)l/ze_tZ(l _ e—rzz)m'

Moreover, since @( -, 1) € Hg°(Zmin{u,x/2}})> by the functional calculus representation (2.10) we have

(L) Pe o (1 — A, f = / 1(z.0e e £ dz,
r

where I' = 0¥, /5_¢, with0 <9 <6 <v < min{;L, %}, and we choose 6 so that the hypotheses of
Corollary 3.4 are satisfied for z € I". Moreover, we have the estimate [Auscher 2007; Auscher and Martell

2006]

1/2,2m

<
In(z. 1) < (2l £y zell.

oo dt 1/2 p2m
|||n(z,.)|||=( [ meop 7) S o 55)

Therefore,
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Now let f € LZ° with supp(f) C B. For j > 2, we have

1/p 00 zdt 1/2
(£, teat=ansran) "= (f ([ @)
C;(B) C;(B) 0
. )4 1/p
E(][ / =L | lnG. )l d 2] dw)
C;(B)|/Tr/2—0
L 1/p F2m
< e wfV’dw) LT
/1:‘71/2—«9 (][C_/(B) |z|m+1

1/p i\ O . 2
52]01(f |f|pdw) / T(zjr)ze_c4fr2/z|r m d|Z|
B | S Vi |Z| |Z|m |Z|
) _ 1/p
<20 g—mJ (][ |f|Pdw) : (5.6)
B

—z Ly

p 1/p
dw)

/ n(z,0)e v fdz
Lry2-6

in the second inequality we applied (5.5) and the off-diagonal estimates for e
and the last inequality holds provided 2m > 6,. Thus, if we take m > 61 + D, where D is the doubling
order of w, the operator gz, satisfies (2.40) in Theorem 2.39 with g(j) =C 2/(01=2m) Since we already
established (2.41) in (4.9) with g(j) = C 2/ O1402)4=mJ the hypotheses of Theorem 2.39 are satisfied if
m > 61 + 6, + D. Therefore, for each p_ < p < 2 there exists a constant C such that

gz, fllLr @y = CILS e @w)- (5.7)

In the second part of the proof we will show thatif p— < p < p andv € Ay/p_(w) NRH(,, /py (W),

from Corollary 3.4,

then the upper bound inequality in (5.3) holds. If we take v = 1, then we immediately get (5.2). To do so,
first note that if we fix p and v, then by the openness properties of weights there exist pg, go such that

P— < po <min{p,2} <max{p,2} <qo < p+

and v € A,/ ,_(w) NRH g,/ py ().

We will apply Theorem 2.35 with T = g7,,,, S = I and D = LP°(w) (again, note that by (4.8), A, is
bounded on L?°(w)). We first prove that inequality (2.36) holds. For each j > 1, let fj = fxc;(B); then
we can argue exactly as we did in the proof of (5.6), exchanging the roles of B and C;(B), to get

1/p ) ) 1/p
(][ gl —Ar)fjl”dw) < 214 (f Ifl”dw) .
B 2/+1B

Inequality (2.36) follows if we sum over all j and take g(j) = 2/014=/.

We will now show that inequality (2.37) holds. To do so, we need to prove a vector-valued version
of a key inequality. By Proposition 3.1, given a ball B with radius r, we have for all j > 1, g with
supp(g) CCj(B),and 1 <k <m,

—kr2L o 1(01+62) , a4’ H/po
le w g|90 < Cp2/\"1T%2)e |g]?° dw ) (5.8)
B C;(B)
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We now apply Lemma 5.4 with S = [ and T : LP°(w) — L9°(w) given by

_lw(2j+lB)1/P0

_ j(01+62) ,—a4’
Tg = (Co2 e ) w(B)1/a0

_ 2
xge v (g xe )

This yields the H-valued extension of (5.8): for all g € Lﬁo (w) with supp(g(-,1)) C C;j(B), t >0, we

have
1
—kr2Ly, q0 a0 J(01+62) ,—ad’
llle g(x, )[* dw < Cp2 e
B C;(B

J

1/po
gt du) 69
Given an arbitrary g € Lﬁo (w), decompose it as

gx.0) =) gx.Dxc;x) =Y gi(x.1).

Jjz1 Jj=1

Then inequality (5.9) yields

k 2L l/qo k 2L l/q()
(]i e wg(x,->|||q°dw) fZ(ﬁ e wg,-<x,-)|||q°dw)

Jj=1

, , 1/po
522’(91”2)8_“4](][, Illg(xn)llll’Odw) . (5.10)
i1 2/t1B

Define g(x,¢) = (tLy)"/2e~"Lw f(x). Then 8L, f(x) = |lg(x.-)|l; by our choice of pg and the first
step of the proof we have g € Lﬁo (w). Moreover, since for each 7 > 0 we know that (¢Ly,)/2e~*Lw and
ekr?Lu commute,

gLy (e K7 Lw £)(x) = [le * Lw g (x, ).

We can now use (4.7) and (5.10) to get

1/q0 m 2L 1/q0
(1. |ngArf|40dw) sZ(]i fle~*r wg<x,-)|||'1°dw)

k=1
, , 1/po
2](91+92)e—a4/ (][ |ngf|p dw) .
2/+1B

A

J=

—

This proves (2.37) with g(j) = C 2/®1+62)¢=c4’ Therefore, by Theorem 2.35 we get

1gLw flILr@waw) SIS Le@dw)-

It remains to show the reverse inequalities. We will prove the lower bound in (5.3); then the lower
bound in (5.2) holds if we take v =1. Fix p- < p<pyandv € Ay/p_(L,)(w)RH(,, (L,)/py(w). By
the duality properties of weights [Auscher and Martell 2007a, Lemma 4.4] and since p+(Ly)" = px(L}),
where L7 is the adjoint (on Lz(w)) of Ly,

v € Apyp ey (W) NRH(p, (1, pry (W) (5.11)
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We now proceed as in the proof of [Auscher and Martell 2006, Theorem 7.3]. Given F € Lﬁ(v dw) N
L2(w) and x € R", we set

* dt
TL, F(x) =/ (t Ly) /% e v F(x, 1) - (5.12)
0

Recall that (¢ Ly,)"/2 e 72w F(x,t) = (t Ly)Y/? e "Ew (F(-,1))(x). Hence, T, maps H-valued func-
tions to C-valued functions. For h € L? (v!=7" dw) N L?(w) with 170l »7 (w1=2" gy = 1, we have

_ 1%
'/ TLthdw‘= | [ Pent Ly e i & )
R7 T J0

< /R IHE e llgry, 7 (x) dw(x)

< ||F”L[ﬁ(vdw)||gLﬁ)h||Lp’(vlfp’ dw) S ”FHLﬁ(vdw)’

where the last estimate uses the fact that g7 » is bounded on L” "(v1=P" dw). This follows from the upper
bound in (5.3) (with L} in place of L,,), which we proved above, and (5.11). Taking the supremum over
all such functions / and using a standard density argument we have obtained that 77, is bounded from
Lﬁ(v dw) to L? (v dw).

Next, given f € L?(vdw) N L3(dw), if we define F(x,t) = (tLy)"2e7tLw f(x), then F €
Lf(vdw) N LZ(w) since IFN 22w dw)y = I18Lw f L (v dw) and analogously for L?(w). Also, by the
L?(w) functional calculus we have

o0
f(x) = 2/ (tLy)Y e w F(x, 1) % =271, F(x). (5.13)
0
Therefore,

I lzr@dwy = 2011, FllLr@aw) S NF L2 @awy = 181w flLr @ dw)

and this completes the proof of (5.3).

To finish the proof of Proposition 5.1 we need to show that the equivalence of norms in (5.2) implies
that the semigroup is uniformly bounded. However, this follows immediately from the definition of gz,
and the semigroup property: for any s > 0,

o0 1/2
ng(e_Swa)(X)=(/0 ILi)/ze_(H’)wa(X)lzdt) < 8L, f(x). O

We conclude this section by proving a version of Proposition 5.1 for the “adjoint” of a discrete square
function. We will need this estimate in the proof of Proposition 6.1 below.

Proposition 5.14. Define the holomorphic function Y on the sector X5 by

L[t
W(z)—ﬁfl ze NG (5.15)
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If p—(Ly) < p < p+(Ly), then for any sequence of functions {B }kez,

1/2
>y (FLy) Be < (Z |ﬁk|2) . (5.16)
kez LP(w) ke7z LP(w)
Proof. By duality and since p4(Ly)" = px(L?}), it will suffice to show that for every p_(L}) < p <
p+(L3y),
) 1/2
(X eEne) < hllr. 517
kez LP(w)

The function ¥ satisfies | (z)| < C|z|'/2e¢I? uniformly on subsectors Zu, 0 < pu < Z. Thus the
operator on the left-hand side of (5.17) is a discrete analog of the square function gy » , changing continuous
times ¢ to discrete times 4€ and z'/2¢77 to ¥ (z). Since ¥ (z) has the same quantitative properties as
z1/2¢72 (decay at 0 and at infinity), we can repeat the previous argument and obtain the desired estimates
as in the proof of Proposition 5.1. O

Remark 5.18. In Proposition 5.14 we can also get L? (v dw) estimates, but in the proof of Proposition 6.1
below we will only need the unweighted estimates. Further details and the precise statements are left to
the interested reader.

6. Reverse inequalities

In this section we will prove L?(w) estimates of the form ||L110/2f||Lp(w) < C|IV flLr @), which
generalize the L?(w) Kato estimates in Theorem 2.18. These are referred to as reverse inequalities since

if we replace f by L;l/ 2 f, then formally we get a reverse-type inequality for the Riesz transform:

1/ lLry < CIVLS fllo).

Since these estimates involve the gradient, in proving them we will rely (implicitly and explicitly) on
the weighted Poincaré inequality (2.3). This will require an additional assumption on p when p < 2. To
state it simply, define

nry p—(Ly)
—(L = —(Lw).
(P—(Lw))w,x e+ p—(Lw) < p-(Lw)
Proposition 6.1. Let max{ry, (p—(Lw))w.x} < p < p+(Ly). Thenforall f €S,
1232 FliLew) < CIV £ e ). 62)

with C independent of f. Furthermore, if

max{ry, p—(Ly)} < p < p+(Lw) and v € Ap/max{ry,p—(Ly)} (W) ﬂRH(p+(Lw)/p)/(w),
then for all f € S,

1Ly fllLr@aw) < CIV flLraw):- (6.3)
Remark 6.4. The quantity max{ry, (p—(Lw))w,+} can be equal to either term. For instance, it equals

rw if p—(Ly) < n’ry. From Proposition 3.1 we know that p_ (L) < (23)" = 2nry, /(nry + 2), but this
only implies the previous inequality for some values of n and ry,.
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Proof. As before, let p— = p_(Ly) and p+ = p4+(Ly). Fix p, max{ry, (p—)w s} <p <2,and f €S.
We will first show

ILY2 fllrcotwy S UV FILrw)- (6.5)

First note that since p > ry,, we have w € Aj. Therefore, given o > 0 we can form the Calderén—Zygmund
decomposition given in [Auscher and Martell 2006, Lemma 6.6]. There exist a collection of balls {B; };,
smooth functions {b;}; and a function g € Llloc(w) such that

f =g+ Zbl (6.6)
i
and the following properties hold:
[Vg(x)| < Ca for w-ae. x, (6.7)
supp(b;) C B; and / Vb | dw < Ca®Pw(B;), (6.8)
B;
C
Su) = [ Vs dw. 69)
; a? R”
> xB =N, (6.10)
i
1/q
(][ |b,-|‘1dw) <Car(B;) forl<g<ps, (6.11)
B;

where C and N depend only on n, p, ¢ and the doubling constant of w.
To prove (6.5) we will prove the corresponding weak-type estimates with f replaced by g and b;.
For g, we use the L?(w) Kato estimate (2.19), (6.7), and the fact that p < 2 to get

1/2 o 1 1/2 12
o(fieize=5) = 5 [ 1Li2erao
1
s [ Vel
07 R7
1
S— | [VglPdw
oP R”

< ! / [V fI? dw + ! pd
— w — w
NOlp R” a?

Rn

Z Vb,
i

1
s— | 1vfIPdw,
(024 R”

where the last estimate follows from (6.10), (6.8), and (6.9).
To prove a weak-type estimate for Lllu/2 (Zl b,'), let r; = 2K if 2% < r(B;) < 2%¥*1. Then for all i,
ri ~r(Bj). Write
L, 4t 1% dt

2

1 [
L1/2:—/ Lye +— | Lye 't — =T+ U;
RV P NN =T N
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then we have

(leenl-3)
cufUsn)+uf{[Sun]-4) s (=0 )|

1
< — VP dw+ 11 + I,
a? R”?

-4))

ZTibi
i

where the last inequality follows from (6.9).
We first estimate /. Since p > (p—)w,+ we have py > ((p—)w, x)s, = p—, and we can choose
g € J(Ly) such that (6.11) is satisfied. By Corollary 3.4, tLye*Lv € O(L9(w) — L4 (w)), and so

1
nsl ZZ/Cj(Bi)|Tibl-|dw

i j=>2

2
1 ; i ¢ _ dt
< JR. tLyy,, _
<y E E w(2 B,)/0 o 5 |tLye bi| dw 37

i j>2
1 iD ri2 0 . 92 4j 2/[ dt 1/q
1 J . J J . —c4/rift ©F .14
< ZZz w(Bl)/O 2 nr(z rl/«/;) e 7 (]i |b; | dw)
i j=>2 i
< ZZZjD e w(B;)
i j>2

1
<> w(B) S a—pfw IV £17 dw,
i

where we have used (6.11) and (6.9), and D is the doubling order of dw.
We will now estimate /7. For ¢ as above, by Proposition 4.3 we have an L4 (w) functional calculus
for Ly,. Therefore, we can write U; as ri_ll/f(rl-sz) with ¥ defined by (5.15). Let i = Ziri=2k bi/ri;

then,
Y Uibi=Y y@ Lw)( >, 'Z—) = V@ Ly)py.

kez irg=2k ! kez

Therefore, by Proposition 5.14, (6.10), (6.11), the fact that r; ~ r(B;) and (6.9), we have

Z Uibi (Z |,3k|2)1/2

kez

1 |bi |4 1/
S— | Y rdws> wB)s— | IV/IPdw.
Naq\/Rni q ww - w( l)r\»(xp IRn| fl w

q 1 q
5_

1
hs—
o4 L4 (w) ol

Li(w)
rl

If we combine all of the estimates we have obtained, we get (6.5) as desired.

To prove (6.2) from the weak-type estimate (6.5) we will use an interpolation argument from [Auscher
and Martell 2006]. Fix p and r such that max{ry,, (p—)w,«} <7 < p <2. Then by (6.5) and (2.19) we
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have that for every f € S,

ILY? fllzreoay SIV LIy NLY2Fllzw) S IV L2w)- (6.12)

Formally, to apply Marcinkiewicz interpolation, we let g = V f to get a weak (r, r) and strong (2, 2)
inequality; this would immediately yield a strong (p, p) inequality. To formalize this we must justify
this substitution.

For every g > ry, by [Auscher and Martell 2006, Lemma 6.7] we have that

E={(=M)2f: feS, supp f CR"\{0}}

is dense in L4 (w), where f denotes the Fourier transform of f. Moreover, since r > ry,, we have w € A,
and the Riesz transforms, R; =0, (—A)_l/ 2, are bounded on L” (w) [Garcfa-Cuerva and Rubio de Francia
1985]. It follows from this and the identity —/ = R? +--- + R2 that for g € L" (w),

lgllzr @y ~ IV(=A)"2gl|Lr ).

Thus, for g € £, we know L,lu/z(—A)_l/zg = L,lv/zf if f=(—A)""2gand IV £z @)~ 1€l (w) for
r > ry. Thus (6.12) becomes weighted weak (r, ) and strong (2, 2) inequalities for 7 = L1/ %(—A)~1/2,
and this operator is defined a priori on £. Since £ is dense in each L9(w), we can extend T by density in
both cases and their restrictions to the space of simple functions agree. Hence, we can apply Marcinkiewicz
interpolation and conclude, again by density, that (6.2) holds for all p with r < p < 2. Since r is arbitrary,
we get (6.2) in the range max{ry, (p—)w x} < p < 2.

For the second step of the proof we will prove (6.3) using Theorem 2.35. Inequality (6.2) for its full
range of exponents then follows by letting v = 1. Define p— = max{ry,, p—} <2, and fix p_ < p < p4
and v € Ap/5_(w) NRH(,, /py(w). By the openness properties of A; and RHy weights, there exist
Do, qo such that

P— <po<min{p,2} < p<qo <pt, VEAy p,(w)NRHyy py(w).

To apply Theorem 2.35, let T = L}U/Z, S=V,and A, =1—-(1 —e_rzLW)m, where the value of m
will be fixed below. We will first show that (2.37) holds. By (4.8) we have A, € O(LP°(w) — L9°(w))
since po, go € J(Ly). Let h = L,lu/ 2 f and decompose h as we decomposed f in (4.11). Then, since

L,lu/ 2 and A; commute, it follows that

1/2 q0 Hao .190 a0
Ble Ar f170 dw 52 BIAthI dw

Jj=1

jo VAL c4/ D 1/po
<Y 20y (2)02,m (][ || Odw)
> .

Jj=1

< N 0146 et ( ][
2 g

1/po
L2 i au)
j=1

J+1B

This gives us (2.37) with g(j) =C 2j(91+92)e_04j; clearly, > g(j) < oo.
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We now prove that (2.36) holds. Fix f € S and let ¢(z) = z'/2(1 — e_rzz)m so that
(L) f = Lif>(I =& Fo)m f.
By the conservation property [Cruz-Uribe and Rios 2015; Auscher 2007, Section 2.5],

¢(Lw) f =¢(Lw) (f = fapw) =Y ¢(Lw) hj. (6.13)
Jj=1
where h; = (f — faBw) ¢j» #j = Xc;B) for j = 3, ¢1 is a smooth function with support in 4B,
0<¢1 =1, ¢1=1in2B and Vo1 < C/r, and ¢ is chosen so that 3 ;- ; ¢; = 1.
We estimate each term in the right-hand side of (6.13) separately. When j =1, since p— < po < p+, by
the bounded holomorphic functional calculus on L?°(w) (Proposition 4.3) and the fact that (L) k1 =
= e_’sz)m L,lv/zhl, we have

l@(Lw) hillLroqw) S 1LY 2R1 1 Lrow)

uniformly in r. By the above argument we have that (6.2) holds for p = pg since p— < po < 2. Further,
since f €S, we have i € S by our choice of ¢;. This, together with the L”°(w)-Poincaré inequality (2.3)
(since po > ry, w € Ap,) and the definition of /1 yield

1LY 21 lLro ) S 1V Lr0 ()
SNV xaBllLroaw) + 1 I = fagw) xaBllLrow) S 1V F) xaBllLeo @w)-

1/po 1/po
(f 19(Luw) hy|P0 dw) s(][ IVfIPOdw) .
B 4B

When j > 3, the functions 5 associated with ¢ by (2.11) satisfy

Therefore,

2m
In(z)| < W’ z€lya9.

Since po € J(Ly), by Corollary 3.4, e7?L% € O(LPo(w) — LP°(w), =,,). This, together with the
representation (2.10), gives us that

1/po 1/po
(f |¢(Lw)h,~|1’0dw) < / (][ |e—th,~|P0dw) In(2)l1dz]
B Fr/j2—9 \/B

. 27 \P2 . 2m 1/po
on L (el )
| R |z| |z|™ C;(B)

. 1/po
2O 01 fapaldu)
2/+1B ’

A J 1/po
52J<91—2m—1>22l(][2]+13|Vf|”°dx) ,

=1
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provided 2m + 1 > 6,. The last estimate follows from the L?°(w)-Poincaré inequality (2.3) (here we
again use that pg > ry, and so w € Ap,):

1/po 1/po J
(][ = fapawl? dw) < (][ If—fzj+13,w|”°dW) 3 st — a1l
2/+1B 2/+1B =2
J 1/po
< _ POd
< Z(][zIHB |f = far+13l x)
J , 1/po
< 2 V £flPod . 6.14
sy 2(f,, 9ima) (6.14)

=1
When j = 2 we can argue similarly, using the fact that

|ha| < | f = faB,wl XsB\2B < |f — f2B,w| XsB\2B + | f4B,w — f2B,w| X3B\2B-

If we combine these estimates, then by (6.13) and Minkowski’s inequality we get

(f (L) ]P0 dw)l/p0<2(f (L) B[P0 dw)l/po <Zg(j)(][ 1V £170 dw)
B ~ B / - B

j=1 j>1

1/po

with g(j) = Cp, 270172M) provided 2m + 1 > 6,. If we further assume that 2m > 61, then > 8(j) <oo.
This proves that (2.36) holds. Therefore, by Theorem 2.35 we get (6.3) as desired. O

7. The gradient of the semigroup /7 Ve ~*Lw

Let K(Ly) C [1, 00] be the set of all exponents p such that </t Ve *Lw : LP(w) — L?(w) is uniformly
bounded for all £ > 0. By Theorem 2.15 and Lemma 2.34, 2 € K(Ly,) and if it contains more than one
point, then by interpolation K(Ly) is an interval. In this section we give a partial description of the set of
(p.q) such that /tVe tLw € O(LP(w) — L7 (w)).

Proposition 7.1. There exists an interval K(Ly) such that if p, ¢ € K(Lw), p < ¢, then /t Ve 'Lv ¢
O(L?(w) — L2(w)). Moreover, K(Ly,) has the following properties:
(1) K(Lw) € K(Luw).

(2) If q—(Ly) and q4+(Ly) are the left and right endpoints of K(Ly), then q—(Ly) = p—(Ly),
2 <q+(Lw) = (q+(Lw))y < p+(Lw). Inparticular,2 € K(Ly) and K(Ly) C T (Lw)-

(3) If ¢g=2and p < q, and if \/t Ve tLw € O(LP(w) — LY(w)), then p, g € K(Ly).
4) sup K(Lw) = ¢+(Luw).

Remark 7.2. Unlike in the unweighted case [Auscher and Martell 2007b], we are unable to give a
complete characterization of /C(L,,). More precisely, if we have an off-diagonal estimate and p < g < 2,
then we cannot prove that p, g € K(Ly).

Remark 7.3. In Section 8 below we will show that g+ (L, ) > 2; in particular, this gives that 2 € Int C(L,).
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As an immediate consequence of Proposition 7.1 we get weighted inequalities for the gradient of the
semigroup. The proof is identical to the proofs of Corollaries 3.3 and 3.4.
Corollary 7.4. Let ¢—(Lw) < p < q < g+(Lw)- If v € Apq_(r,)(w) N RH g (L,)/q) (W), then
Vi Ve v e O(LP(vdw) — L9(vdw)) and /z Ve ?Lw € O(L? (vdw) — L4 (vdw), X)) forall v,
0<v<Z -0

The proof of Proposition 7.1 requires two lemmas.

Lemma 7.5. Given w € Ax and a family of sublinear operators {T; }s>o such that Ty € O(LP (w) —
L9(w)), with 1 < p < q < o0, there exist a, B > 0 such that for any ball B with radius r and for any

0,
() el () ()" o

Proof. This result is implicit in [Auscher and Martell 2007b, Proof of Proposition 2.4, p. 306]; here we
reprove it with a small improvement in the constant. There it was shown that in Definition 2.23 it is
sufficient to consider the case where r ~ /7. But in this case we get that Y (r/+/t) ~ 1 and for all j > 2,
Y (2/r/+/t) ~ 2/. The argument in [loc. cit., p. 306] shows that if we assume that (2.24)—(2.26) hold
when r &~ /¢, then (2.24) holds in general with constant max{1, (r/+/1)*} for some o > 0 depending on
P, q and w. In this maximum the 1 occurs when r < J/t; therefore, to prove (7.6) we need to show that
if » < /7, then we can replace 1 by the better constant (r/+/7)? for some g > 0.

Fix r < 4/t. If B = B(x,r), then B C B; = B(x, +/t). As in [loc. cit., p. 306] we apply (2.24) to T;

and By; this yields
1/q 1/q 1/q
(][B To(xs 1)) dw) ) ( Ty f)l"dw)
l) 1/q 1/p
) ( : |xBf|Pdw)

1/p—1/ 1/
) p— Q(][ |f|Pdw) P‘

B B r On
B|) = .
Since p < g we have

. ¢y 1/qr< r (1/p—1/q)0n by 1/p
(][Bu(xBfn w) N(ﬁ) (]im w) .

Therefore, if we combine this with the argument from [loc. cit., p. 306] described above, we get that (7.6)
holds with 8 = (1/p—1/q) On. O

The second lemma gives the close connection between off-diagonal estimates for e "L and /7 Ve ~*Lw
for p < 2.

A

A

Since w € Ao, we have that for some 6 > 0,

w(B)
w(By) ~

(v
(v
(v
“(ia
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Lemma 7.7. Given 1 < p < 2 the following are equivalent:

(1) e7tw e O(LP(w) — L*(w)).
(2) V1 Ve v e O(L? (w) — L*(w)).
(3) 1Ly e v € O(LP(w) — L%(w)).

Proof. We follow the proof of [Auscher and Martell 2007b, Lemma 5.3]. To prove that (1) implies (2), note
that by Theorem 2.15, 4/t Ve tLw € O(L2(w) — L?(w)). If we compose this with (1), by Lemma 2.30
and the semigroup property, we get (2).

To prove that (2) implies (3), define S; ]7 = Jte Lw (w1 div(4 f )). By duality, we have

(St &) 12w = (W' div(Af)), VieT i g) 2y = (div(AS)), VieFig),
f A* \/_V€ 1L ")g L2_<f w_lA \/_Ve 1L “’g)Lz(w).

The matrix w—' A* is uniformly elliptic, and so multiplication by it is bounded on L?(w). Furthermore,

ViVe L € O(L%(w) — L?(w)). Therefore, it follows that S; € O(L?(w) — L2(w)). If we combine

this with (2), we get that —tL,, e 2*Lw = §, 0 /t Ve~ Lw € O(LP(w) — L?(w)). This proves (3)
Finally we show that (3) implies (1). We first prove (2.24). Fix B and f, g such that (f5 | /|7 dw) 1/p

(f5 lg|? dw ) 172 _ = 1, and assume also that f € L?(B, dw). Define

h(t) =]€9 e (xp )(x)g(x) dw(x).

By duality it will suffice to show that |A(r)| < Y (r/+/7)?. (Note that our assumption implies that ¢/’ (z)
satisfies such a bound.) First, we claim that

lim A(t) = 0.
t—>00

To see this we use the fact (discussed in Section 2) that L, has a bounded holomorphic functional calculus

—tz

on L?(w). Given this, since z — e~*? converges to 0 uniformly on compact subsets of Re z > 0, we get

the desired limit.

Hence, we can write h(t) = — ftoo ' (s) ds. Notice that |th'(t)| < Y (r/+/1)%2 but this does not give a
convergent integral. However, if we apply Lemma 7.5 to L, e “*fv € O(LP (w) — L?(w)), we get that
Ith'(t)] < ?(r/ V1) with ’?(s) = max{s?, s#}. It follows from this estimate that

o ®~(r\d IVt _ 4 ~(r r O\ tA
'h(”'fft |h/<s)|dss/t T(ﬁ)?s“/o T(s)TSsT(ﬁ)sr(ﬁ) _

To prove (2.25) we argue as before, but with (fc (B) | f|? dw)l/p (f lg|? dw) Y2 _ | and

W) = ][B e (ye, ) ) ()2 () dw(x).
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Since d(B, C;(B)) > 0, by Theorem 2.15 and Holder’s inequality, 2(t) — 0 as ¢ — 0. Therefore,
h(t) = fé h'(s) ds. Since tLy, e Lw € O(L? (w) — L?(w)), we have

t . t 2] 6> . d
h([) = / |h/(S)| ds 5 2]91/ T(—r) e_C'4'/r2/S _S
0 0 \/E S

%2j91/00 T(S)92e_”2 ﬁ S2j91T(2J—r)02€_C4jr2/t.
27r/t S NG
This is (2.25).
Finally, the proof of (2.26) is essentially the same and we omit the details. This completes the proof
that (3) implies (1). O

Proof of Proposition 7.1. Define the sets K_(L ) and K4 (L) to be

K_(Ly)={pe[l,2]: vVt Ve tlv e O(L? (w) - L*(w))},
Ki(Lw)={p€[2,00]: vt Ve tlv e O(L*(w) — L (w))},

and let K(Ly) = K—(Ly) U K4+(Ly). The set is nonempty, since 2 € K(L,,). By Lemma 2.28 it
is an interval. Now fix p,q € K(Ly) with p <q. If p <g <2 or 2 < p < g, then by Lemma 2.28,
ViVe L e O(LP (w)— L9(w)) since p,q € K_(Ly) or p,g €K1 (Ly). If p<2<gq,then /t Ve 'L e
O(L*(w) — L4(w)) and by Lemma 7.7, e 'L € O(L?(w) — L?(w)). Hence, by Lemma 2.30 and
the semigroup property, /7 Ve 'L € O(L?(w) — L9(w)). Thus, in every case we get the desired
off-diagonal estimate.

We now prove (1)—(4). By Lemma 2.30, off-diagonal estimates on balls imply uniform boundedness,
and so0 (L) C K(Ly). This proves (1).

To prove (2), we first note that if p < 2, then by Lemma 7.7, p € J(Ly) if and only if p € K_(Ly).
Thus J(Ly) N[1,2] = K—(Ly) and s0 ¢—(Lw) = p—(Ly). To show that (¢4+(Ly))5 < p+(Ly), first
note that if g4 (L) = 2, then by Proposition 3.1 we have (¢+ (L)), =25 < p+(Lw). If g+ (Ly) > 2,
then we proceed as in the proof of this proposition. Let 2 < p < g4+ (Ly) and p < g < p;. Then by (2.3),
and the facts that e *Lv € O(L2(w) — L?(w)) and /7 Ve 'Lw € O(L?(w) — LP(w)), we get

1/q 1/2 1/p
(][ e () dw) < (f |e—’Lw<xBf)|2dw) +r(][ |Ve—’Lw(xBf>|Pdw)
B B B

ol ")

This gives us inequality (2.24). The other two inequalities in Definition 2.23 can be proved in exactly the
same way. Thus e~*Lv € O(L?(w) — L4 (w)), which implies ¢ < p4(Ly). Letting p /' ¢+ (L) and
q /" pr, we conclude that (¢4 (L)), < p+(Ly).

The last estimate implies in particular that ¢4 (Ly) < p+(Lyw). If g+ (Ly) < 00, we clearly have
g+ (Ly) < p+(Ly) and so K4 (Ly) C J(Ly). Otherwise, p4+ (L) = oo and again we have K4 (L) C
J(Ly). This completes the proof of (2).
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To prove (3), suppose first that 2 < p < g and /7 Ve L € O(L?(w) — L4 (w)). We will show that
p.q € K(Ly). Since we also have /7 Ve 'L € O(L?(w) — L?(w)), by interpolation (Lemma 2.27),
ViVe L e O(LP9 (w) — L9 (w)), where 1/pg = (1—6)/p +6/2, 1/g9 = (1 —0)/q +6/2 and
0e(0,1).If p¢ K+ (Ly), then g > sup K4+ (Ly). We can choose 6 such that pg < sup K+ (Ly) < gg.
Since K4 (Lyw) C J(Ly), we have pg € J(Ly); ie., e L € O(L2(w) — L?%(w)). By composition
and the semigroup property, /7 Ve 'Lw € O(L?(w) — L9 (w)); hence, gg € K (L), a contradiction.
Therefore, p € K4 (Ly). As we have +/7 Ve 'Lw € O(LP(w) — L9(w)) by assumption and e *Lw ¢
O(L?*(w) — L?(w)) since p € J(Ly), by composition and the semigroup property, /7 Ve *Lw ¢
O(L*(w) — L9(w)). Hence, g € K4 (Ly).

The case p < 2 < q is straightforward. Since /7 Ve 'Lw € O(L? (w) — L9(w)), by Lemma 2.28 we
have /7 Ve 'Lw € O(L?(w) — L4 (w)) and /7 Ve tLw € O(L?(w) — L?(w)). Hence, p € K_(Ly)
and g € K4 (Ly)-

Finally, we prove (4). Suppose to the contrary that sup K(Ly) > ¢+ (Ly). Then there exist p, ¢
such that ¢4 (Ly) < p < g < sup K(Ly). Fix r such that p_(Ly) = g_(Ly) < r < 2. Then we have
that /7 Ve™*Lw is uniformly bounded on L4 (w) and in O(L" (w) — L?(w)). By Lemma 2.27 we can
interpolate between these to get that /7 Ve 'Lw € O(LS(w) — L?(w)) for some s < p. But then by
the above converse, we have p € K(L,, ), which is a contradiction. O

8. An upper bound for KC(L )

In this section we will prove that g4 (L) > 2; that is, the set X(Ly, ) contains 2 in its interior. In general,
all we can say is that g4+ (L) > 2; as noted in [Auscher 2007, Section 4.5], even in the unweighted
case this is the best possible bound, since given any € > 0 it is possible to find an operator L such that
q+(L) <2+ ¢. In Section 11 below we will give some estimates for g (L) in terms of [w]4,.

We have broken the proof that g1 (L) > 2 into a series of discrete steps where we borrow some
ideas from [Auscher and Coulhon 2005]. We first prove a reverse Holder inequality and use Gehring’s
inequality to get a higher-integrability estimate. We then prove that the Hodge projection is bounded
on L4(w) for a range of ¢ > 2 and use this to prove the Riesz transform is also bounded for exponents
greater than 2. (In Section 9 we give a more complete discussion of the Riesz transform.) From this we
deduce that g4 (Ly) > 2.

A reverse Holder inequality. Fix aball By and let u € H'(w) be any weak solution of Ly,u = 0in 4B,.
Then for any ball B such that 3B C 4By, we can again prove via a standard argument a Caccioppoli

12 ¢ 1/2
(f |Vu|2dw) 5—(][ |u—u23,w|2dw) .
B r 2B

where C1 = C(n,A/)t)[w]l/2 > 1. Fix ¢ such that

An
2(n—1 2
max% (n ),rw, w } <q<?2; (8.1)

inequality:

24nry
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such a g exists since ry, < 2. Our choice of ¢ guarantees that 2 < ¢,;, and also that 2 < ngq/(g — 1). Then,
by the weighted Poincaré inequality, Theorem 2.1,

| 1/2 1/q
—(][ |u—u23,w|2dw) Scz(][ wuttdw) 82)
r'\J2B 2B

where Cp = C(n)[w]l’f12 >landk = (ng—1)/(ng(g —1)). (By our choice of ¢ we can get this sharp
estimate; see Remark 2.5. Since ¢ < 2 we could write [w]4,, but we use that [w]s, < [w]4,.) If we
combine these inequalities, we get a reverse Holder inequality:

1/2 1/q
(][ |Vu|2dw) §C1C2(][ |Vu|qdw) .
B 2B

We now apply Gehring’s lemma in the setting of spaces of homogeneous type [Bjorn and Bjorn 2011,
Theorem 3.22] to get that there exists pg > 2 such that for every such B,

1/po 1/2
(][ |vu|P0dw) gco(][ |vu|2dw) . (8.3)
B 2B

Moreover, we can take the values Co = 8C12C22[w]f1; and

2—q

24/q+1C12C22[w]f1/2q+17‘

po=2+ (8.4)

In Section 11 below we will need these precise values. Here, it suffices to note that in inequality (8.3)
we have pg > 2.

The Hodge projection. Define the Hodge projection operator by
T =YL, 2(V(Ly) )"

where the adjoint operators are defined with respect to the inner product in LZ(w). As we noted in
Section 2, the Riesz transform is bounded on L?(w); hence, the Hodge projection is also bounded. By
duality, (V(L*w)_l/z)*f = —L;l/z(w_1 div(w f)), and so

Tf=-VL 2L 2w div(w f) = —VLy (w™! div(w /).

Now fix ]? e L%(w,C") N LPo(w, C") such that supp(]?) C R\ 4By. Let u € H'(w) be a solution
to the equation

Lyu=w"! diV(wf);

by a standard Lax—Milgram argument because A satisfies (2.7) [Fabes et al. 1982, Theorem 2.2], we
know u exists. Then

Tf=-VL;'Lyu=—Vu,
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where equality is in the sense of distributions. In particular, since f = 0 on 4By, we know L, u =0 on
4 Bg. Therefore, we can apply (8.3) to u: on any ball B such that 3B C 4By,

. 1/po 1/po 1/2 . 1/2
(][ |T f|Po dw) = (][ |Vu|Po dw) 500(][ |Vu|2dw) = (][ |Tf|2dw) .
B B 2B 2B

As a consequence of this inequality, by [Auscher and Martell 2007a, Theorem 3.14] (see also Section 5
of the same paper), for all ¢, 2 < ¢ < po, we have T : L9 (w,C") - L2 (w,C").

Boundedness of the Riesz transform. To show that the Riesz transform VL;I/ 2 is bounded, fix q such
that @)
NFy p—
max{p_(L*), rw, Dt =max{ —(L%), ry, /,w—}< "< 2.
{p—(L3y). Tw. Po} p—(Ly). 1w, po )| 4

(The reason for 1nclud1ng p—(L7, ) will be made clear below.) By the above argument we have that 7*
is bounded on L4 (w), where T* f =-V(L) Y w div(w f )). Furthermore, by Proposition 6.1, we
have
L2 F o ) < CIV f L -
Therefore, R R
1OV LGY2)* Fllar oy = L5 ™2™ diviw ) e o)

= @) (L) ™ divw ) Lo )
S IVELE) ™ @™ divw 1))l Lo )
=1T* FllLa wy S 1 e -

JV2. e (w) — L9(w) for all g such that

Hence, by duality we have VL,
2 <gq <min{p4(Lw). 7. Po} = qu:
here we have used the fact that by duality, p—(L}) = p4(Ly).

Boundedness of the gradient of the semigroup. Finally, we show that if 2 < g < gy, then /f Ve tLw :
L9(w) — L4(w). The desired estimate for ¢ (L) follows from this: by Proposition 7.1, part (4),

q+(Lw) = supK(Lw) = gu > 2.
Fix such a g; then by the above estimate for the Riesz transform,
IVTVe™™ e fllLaw) = IVLy 2@ Lw) 2™ fllLaqw)
SNLw) 2™ fllzaq) = Ier(Lw) f o).

where ¢;(z) = (tz)l/ 2712 For all ¢ > 0, this is a uniformly bounded holomorphic function in the right
half-plane. Therefore, since 2 < g < p4+(Ly), by Proposition 4.3 we have

IV1Ve™ ™ fllLaqw) S I¢tlloollf ILoqw) S 1 e qw)

and the bound is independent of ¢. This completes the proof that g4 (L) > 2.
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9. Riesz transform estimates

1/2

In this section we prove L?(w) norm inequalities for the Riesz transform VL, ’“. We have already

proved such inequalities for a small range of values g > 2 in Section 8. Here we prove the following result.

Proposition 9.1. Let g_(Ly) < p < q+(Ly). Then there exists a constant C such that

IVLG 2 fllLr ) < CIF e w)- 9.2)

Furthermore, if v € Ap/q_(L,)(w) NRH g, (L,,)/py (W), then

IVLZY2 flLewaw) < CIFIlLewaw)- 9.3)

To prove Proposition 9.1 we would like to follow the same outline as the proof of Proposition 4.3.
The first step (i.e., proving (9.2) holds when ¢_(Ly,) < p < 2) does work with the appropriate changes.
However, the second step (i.e., the proof that (9.3) holds) runs into difficulties since VL;U 2 and the
auxiliary operators A, do not commute. One approach to overcoming this obstacle would be to adapt
the proof in [Auscher and Martell 2006]; see also [Auscher 2007]. In this case we would need to use an
LP0(w)-Poincaré inequality, which may not hold unless we assume w € Ap,. This would yield estimates
in the range max{ry,q¢—(Ly)} < p < g+(Ly), analogous to those in Proposition 6.1.

There is, however, an alternative approach. In [Auscher and Martell 2008] the authors considered
Riesz transforms associated with the Laplace—Beltrami operator of a complete, noncompact Riemannian
manifold. Their proof avoids Poincaré inequalities for p close to 1 as these may not hold. Instead, they
use a duality argument based on ideas in [Bernicot and Zhao 2008]; this requires that they first prove that
the Riesz transform is bounded for p > 2 in the appropriate range of values. This reverses the order used
in the proof of Proposition 4.3.

Proof of Proposition 9.1. For brevity, let g— = g—(Ly) and g+ = g+(Ly). To implement the approach
sketched above, we divide the proof in two steps. First we will prove that (9.2) holds when 2 < p < ¢g+4.
We do so using Theorem 2.35 and some ideas from [Auscher 2007; Auscher and Martell 2006]. We
note that since the Riesz transform and A, do not commute, we will use an L?(w)-Poincaré inequality.
This holds since w € Ay; the problem with using the Poincaré inequality only occurs with exponents
less than 2. The second step is to prove that (9.3) holds by adapting the proof in [Auscher and Martell
2008]. Here we will use duality and a result from [Auscher and Martell 2007a] that is based on good-A
inequalities. Inequality (9.2) then holds when g— < p < 2 by taking v = 1.

To apply Theorem 2.35, fix 2 < p < g4 and let T = VLwl/z, S=71andD= L. Let po =2 and
fix go such that 2 < p < go < g+. As before we take A, =1 — (I — e"zLW)m, where m will be chosen
below. We first show that (2.36) holds. Let f € L2° and decompose it as in (4.11); then we have

1/2 1/2
(][ VL V2(1 — e Lwym £ |? dw) < Z(][ VL2 (1 —e ™ Luym g2 dw) :
B B

Jj=1
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To estimate the first term, note that VL;I/ 2

and 2.18. Hence,

and e="’Lv are bounded on L?(w) by Theorems 2.15

1/2 1/2
(ﬁ\w;l/z(l—e—’sz)mfl\zdw) < (]ﬁg |f|2dw) . 9.4)

Fix j > 2; to get the desired L? estimates we will use the L? bounds for the gradient of the square
function. If 1 € L2(w), by (2.20)

l o0
VL;I/Z(I _e—rsz)mh = ﬁ/(; \/;VQO(st t)h %’ (95)

where ¢(z,1) =e 2 (1—e™" 2z )™ € Hg°(X,,). We can therefore use the integral representation (2.10)
for ¢(-,t). The function n(-,¢) in this representation satisfies

2m

r
|7](Z,t)|sW, ZEF,t>0.

By Theorem 2.15, \/z Ve ?L% € O(L?(w) — L?(w)); hence,

2 1/2
(][ ‘/ n(z) Vi Ve LV f; dz dw)
BlJr

1/2 «/;
< —zLw |2
_fr(]ngw £l dw) Sneldz]

6, 1/2
52]91 T(2J7’) —O(4jr2/|Z‘ \/_ d ( 2d )
J; NE S el J[c_,-(m'f v

i N> 2 1/2
<2/% /wr(zj—r) e wa/rfs T mde (][ Iflzdw) :
0 Vs Vs (s+1) C;(B) (9.6)

2jr —a 4/r2/s \/; r2m d jm
[ L ltnstcon o

If we insert this into the representation (2.10) we get

) 1/2 00 1/2
(][B}Ve_”””(l—e_r Lw)mf,-}zdw) 5/0 (][B|«/?Vgo(Lw,t)f,-|2dw) %

' 1/2
< /(61 —2m) (][ |f|2 dw) . (9.8)
C;(B)

If we now combine (9.4) and (9.8) we get (2.36) with g(j) = Cyn, 27172 if we also fix 2m > 0;, we
get that )~ g(j) < oo.

‘We now show that (2.37) holds. As we remarked above, the Riesz transform does not commute with A,.
To overcome this obstacle, we will prove an off-diagonal estimate for the gradient of the semigroup (using

When 2m > 6,,

the L2 (w)-Poincaré inequality), and then use an approximation argument to get the desired estimate for
the Riesz transform.
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More precisely, we claim that for every f € H!(w) and 1 <k <m,
) 1/q0 1/2
(f wetrtnppoan) "< (f | wrpan) ©9)
B = i+1pB

where g(j) = Cp, 2/ > I>j 219 o=a4' Assume for the moment that (9.9) holds. Then for every € > 0 we
can apply this estimate to S f, defined by (2.21), since S, f € H'(w). Moreover, we have that .4, and
Se commute, and so if we expand A, =1 — (I — e_rzL)m and apply (9.9), we get

(][ |V Se Ay f90 dw)l/qo <Cny_2(j) (][ IVSef1? dw)
B /1B

Jj=1

1/2

If we let € go to 0, we obtain (2.37). (The justification of this uses the observations made in Section 2
after (2.21) and is left to the reader.) Moreover, we have ) i>1 g(j) < oo, and so by Theorem 2.35 with
v = 1, which trivially satisfies v € A, /5(w) NRHg, /)y (w), we have that (9.2) holds for f € Lg° and
forevery 2 < p < q+.

To complete this step we need to prove (9.9). Fix | <k <m and f € H'(w). Leth = f — faB.w,
where fap .y = f4 g J dw. Then by the conservation property (see [Cruz-Uribe and Rios 2015], or the
proof in [Auscher 2007, Section 2.5]), e tLw] =1 forall t > 0, and so

Ve_k r2wa — ve—k 2Ly (f o f4B,w) — Ve_k r2Lwh — Z Ve_k rszhj’
Jj=1
where hj = h ) c;(B)- Hence,

1/qo0 1/q0
(][ |Ve_kr2wa|q°dw) <Z(][ |[Ve —kr? Lwp ;|90 a’w) :
B

Jj=1

Since 2 < ¢o < g+, by Proposition 7.1, /t Ve~ Lw € O(L?(w) — L2°(w)). If we apply this and the
L?(w)-Poincaré inequality (see Remark 2.6 with p = g = 2), then for each j > 1 we get

1/q0
(][ Ve 7?Luw ;|40 dw)
B

- 2/(01+62) ,—a 4/

~

1/2
|h;|? dw)
r c, (B)

2Jj(01+62) ,—a 4/ (

1/2
If—f43,w|2dw)

r 2/+1B
2/ (61462) ,—ac 4/ /2 J
< ((][ 1~ fareigal dw) +Z|fzzB,w—fzz+nB,w|)
r 2/+1B =2

2/,(01462) p—a 4l J 1/2
< — 2 dw
ST (1 )

=1

o J
< 2/@1462) p=ad/ 37l (][
2

=1

1/2
|Vf|2dw) .

I+1p
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If we combine these two estimates and exchange the order of summation we get (9.9) with 6 = 61 + 6,.
This completes the proof that (9.2) holds when 2 < p < g+.

For the second step of our proof we show that (9.3) holds for all p, g— < p <g4,and v € A,/ (w) N
RH(y, /py (w). Fix such a p and v; then by the openness properties of 4, and RH; weights, there exist
Do, qo such that

g— < po <min{p,2} <max{p,2} <qo <q+ and v € A,/ ,, (w) NRH,, py(w).
By the duality properties of weights [Auscher and Martell 2007a, Lemma 4.4],
w=0""""€ Ay g (w) NRH(py 7y ().

Let T = VL;I/Z; then 7' is bounded from L?(R",vdw) to L?(R";C",vdw) if and only if T* is
bounded from L? (R"; C", u dw) to L? (R"; u dw). (Note that T takes scalar-valued functions to vector-
valued functions and 7* does the opposite.)

Therefore, it will suffice to prove the boundedness of 7* We will do so using a particular case of
[Auscher and Martell 2007a, Theorem 3.1]. This result is stated there in the Euclidean setting but it
extends to spaces of homogeneous type. Here we give the weighted version we need; see [loc. cit.,
Section 5].

Theorem 9.10. Fix 1 <g <00, a > 1 andu € RHy(w), 1 <s < co. Then there exists C > 1 with the
following property: suppose F € LY(w) and G are nonnegative measurable functions such that for any
ball B there exist nonnegative functions Gg and Hp with F(x) < Gg(x) + Hp(x) for a.e. x € B and,
forall x € B,

1/q
(][ H} dw) <aMyF(x), ][ Gpdw < G(x), (9.11)
B B
where My, is the Hardy-Littlewood maximal function with respect to dw. Then for 1 <t < gq/s,

My F Lt aw) < CIGI Lt udw)- 9.12)

To apply Theorem 9.10, fix f € L°(R";C"), and let h = T* f and F = |h|90. Then F € L' (w); by
the argument above, since 2 < go < ¢+, we have that T is bounded from L9°(R", w) to L9°(R"; C", w),
thus, 7* is bounded from L9 (R™; C", w) to L% (R™, w).

Nowlet A, =1 —(1 —e™" 2Lw)m, where m > 0 will be fixed below. Given a ball B with radius r, we
define

F <297V (I — A;)*h|% 429071 | A*h|% = G + Hp.

where, as before, the adjoint is with respect to LZ(w). To complete the proof, suppose for the moment that
we could prove (9.11) with ¢ = p;/qq and G = Mw(|f|46). Since u € RH(,; /7y (), by the openness
property of reverse Holder weights, u € RHy (w) for some s < pg/p’. Then if we let t = p’/q( =
(Po/44)/(po/P") < q/s, we have u € A;(w), and so M, is bounded on L’ (u dw). Therefore, by (9.12),

1T S0 ey =< 1M Fllztawy < CIG Izrawy = CIMuw (S 1%0) s uawy S U170 g, guy:
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To complete the proof we need to show that (9.11) holds. We first estimate Hp. By duality there exists
g € LPo(B, dw/w(B)) with norm 1 such that for all x € B,

1/(q q¢)
(][B H} dw) gw(B)—I/Rn |h||Arg| dw

o , 1/45 1/q0
<Y 2P (f 1] dw) (][ Ay g0 dw)
i=1 C;(B) C;(B)

Lo . 1/po ,
< My F(x)"/40 ZZJ(D+91+92)e—Oé4J (][B |g|Po dw) < My F(x)"/9,
j=1

where in the second-to-last inequality we used the fact that by our choice of pg, ¢o, we have e Lv ¢
O(LPo(w) — L9°(w)), and so A, is as well.

We now estimate G g. Again by duality there exists g € L99(B, dw/w(B)) with norm 1 such that for
all x € B,

1/q5 -
(][ G dw) < w(B)—lf T = A dw
B R7

o ., 1/4 1/q0
S Z 2D (][ | /|40 dw) (][ IT(I — Ay)g|9° dw)
= C;(B) C;(B)
= ’ i . 1/q0
< My (| f19%)(x) /% Y 27P (f IT(I — Ar)g|®0 du) . 9.13)
i C;(B)
Jj=1 4

To estimate each term in the sum, we argue as in the first half of the proof. When j = 1, we know that
VL;I/ 2 and e="*Lv are bounded on L9° (w) by the first part of the proof and Theorem 2.15. Hence,

1/q0 1/q0
(][ IVLZV2( — e Lwymg|ao dw) < (][ |g|20 dw) =1. 9.14)
4B B

For j > 2 we use the integral representation (9.5). If we estimate as in (9.6), with the roles of B and
C; (B) switched and using the fact that \/z Ve 7Lw € O(L90(w) — L99(w)) since 2 < go < ¢4, We see

that
q0 1/q0
d w)

’ 1/q0 ﬁ
- / (f |VEVezLw g0 dw) M ez
r\Jc;®) Vzl

, 27 \92 : 7 1/2
<2/t / T( r) e—““"’z/'Z'iwzn|dz|(f |g|q0dw)
r ¥4 V1zl B

-6 oo 2y 0> adir?s \/? F2m
<2 T[— ) e ———ds.
0 Vs Vs (s +ymtl

/ n(z)Vt Ve ? Vg dz
r
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If we take 2m > 65, we can combine this with (9.7). We can then insert this estimate into the representation
(2.10) to get that for every j > 2,

1/q0
(f |ve_th ([ _e—r2Lw)mg|qo dw)
C;(B)

oo 1/q0 di ‘
5/ (][ |Vt Vo(Ly.1)g|" dw) 4l <2/Oi=2m) (g 15)
0 C;(B) t

Taken together, (9.13)—(9.15) yield

oo

1/(]6 - ’ . = 7 / 4
(][ Gs d“’) S Moy (| f190) (x) /90y~ 2/ PHO=2m) <, (| 190)(x) 190 = Gi(x) 40,
B .
j=1

provided we take m large enough so that D 4 6; —2m < 0. This completes the estimate of Hp and Gp
and so completes our proof. O

10. Square function estimates for the gradient of the semigroup

In this section we prove L?(w) estimates for the vertical square function

*° dr\'"?
Gt = ([ 102vebe P 4)
0
Proposition 10.1. Let g—(Ly) < p < g+ (Ly). Then

1GLy fllLrw) S I llLr@w)- (10.2)

Furthermore, if v € Ap/q_(L,,)(w) NRH g, (L,,)/py (W), then

IGLy, fllLr@waw) S | fIILe@dw)- (10.3)

We can also prove a reverse inequality for G,,,. To do so we need to introduce an auxiliary operator.
Define the weighted Laplacian by A,, = —w~!divwV; i.e., Ay is the operator L, if we take the
matrix A to be wl, where [ is the identity matrix.

Proposition 10.4. Let g4 (Ay) < p < 0o. Then
A Py S NGLy fllLr@w)- (10.5)
Furthermore, if v € Ap/q. (A,y (W), then

”f”LP(vdw) < ”Gwa”Ll’(vdw)- (10-6)

Proof of Proposition 10.1. The proof could be done in a way similar to those for the square function gz,,,
in Section 5. However, we will give a shorter proof that uses the Riesz transform estimates from Section 9.

Let g— = g—(Lw) and g4+ = g+ (Ly). Fix p,

q—=p—(Ly) <p<q+ = p+(Lw),
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and v € Ap/y_(w) N RH(g, /py(w). Then by Proposition 9.1, the Riesz transform is bounded on
L?(vdw), and so by Lemma 5.4 it has a bounded extension to Lﬁ(v dw);ie., if g(x,1) € Lﬁ(v dw),
then [|[VL, %¢g|| 120 dw) S 121112 (> Where the extension of VL3'/? to H-valued functions is defined
for x € R” and ¢t > 0 by (VL;l/zg)(x, t) = VL;l/z(g(- 1)) (x).

Define g7 (x,1) = (tLy)"/2e7v f(x) and Gs(x,1) = t'/2Ve~"Lw f(x); then we clearly have
lgLw fllLrwaw) = 187 IL2waw) a0d IGLy, fllLraw) = |G llL2 v dw)- Furthermore, G (x,1) =
VLG (g7 (.0)(x) = (VL gg)(x.1). Hence,

1G Ly flLrwaw) = 161z wawy = IVL 5 12w dw)

SEr Lz wawy = 181w S lILr@aw) S I1f e @ dw)-

To prove the last inequality, we used Proposition 5.1; we also used the fact that g— = p_(Ly) < p <g4+ <
P+(Ly)andveAd, , (w)NRHg, /py (w), which together imply ve€ A, ,_(L,,)(W)NRH (., (L,,)/p) (W)-
This proves (10.3). To prove inequality (10.2), we take v = 1. O

To prove Proposition 10.4 we need the following identity relating Gr,,, and A,,. It is a straightforward
extension of a similar unweighted result given in [Auscher 2007, Section 7.1]. For completeness we
include the proof.

Lemma 10.7. If f, g € L°(w) then

| ot au

<(A+1 /I;En G, f(x)Ga,g(x)dw.

Proof. By the definition and properties of the operators L, and A, we have
/ F(x)g(x)dw = lim / e ?Lw f(x)e—tBwg(x)dw — lim / e RLu f(x)e~RAwg(x) dw
R &0 Jrn Rtoo Jrn
o0 d -

= —/ —/ e v f(x)e~tBwg(x) dw dt
o dt Jpn
o0 e

= / / (Lwe_tL"’ f(x)e Bwg(x) + e Hw f(x)Awe_tAwg(x)) dw dt

0o Jrn

= /Ooo /[R” (A@)w(x)™ ' + I)(Ve_’wa(x) Ve tAwg(x)) dw dt.

Since ||[Aw ™! s < A, if we apply Holder’s inequality in the ¢ variable we get the desired result. O

Proof of Proposition 10.4. As a consequence of the Gaussian estimate for weighted operators with real

symmetric coefficients that were proved in [Cruz-Uribe and Rios 2008], we have that A,, € O(L'(w) —

L*(w)). Inparticular, g_(Ay) = p—(La,,) = 1. Further, by the results in Section 8 we have g1 (Ay) > 2.
Therefore, by Proposition 10.1, if 1 < p’ < g4+ (Ay), and

u € Ap (W) NRH(g, (a,)/py (W), (10.8)
then
||GAwf||Lp’(udw) < ”f”Lp’(u dw)* (10.9)
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We want to apply inequality (10.9) with u = =7 By [Auscher and Martell 2007a, Lemma 4.4], the
condition (10.8) is equivalent to v € Ay /4, (wy (W).
Now fix f, g € L and a weight v € A, /4., (wy (w). Then by Lemma 10.7, for g+ (Ay)" < p < oo,

[ reeeaw

<A [ Gry f(6)Ga, 20 du

=(A+ 1)/ Gwa(x)GAwg(x)vl/p v P gy
Ri’l

<A+ DIGL, fllLrwam 1Ga,8llLr wi-r guw)
s ”GLu) f ”Ll’(v dw) ||g||LP/(vl_1’/ du))’
the last inequality follows from (10.9). If we take g = sign(f)| f|?~'v, we get

112 00 dy S 162w £ 1Ly 11770 Lo orm aiy = 162 f 20 aw) LA 120 -

This immediately gives us the desired inequality. O

11. Unweighted L? Kato estimates

In this section we prove unweighted L? estimates for the operators we have considered in the previous
sections. These will all be consequences of the weighted L? (v dw) estimates we have already proved:
it will only be necessary to find further conditions on w € A, so that the weight v = w™! satisfies the
requisite conditions.

We are particularly interested in power weights and we recall some well-known facts about them. Define
we(x) = |x|% a > —n; this restriction guarantees that wy, is locally integrable. We can exactly determine
the Muckenhoupt A4, and reverse Holder RH; classes of these weights in terms of «: if —n <a <0,
then w € Ay; for 1 < p < oo, we have w € Ay if —n < a <n(p —1). Furthermore, if 0 < a < oo, then
w € RHqo; for 1 < ¢ < 0o, we have w € RHy if —n/q < o < co. Hence, we easily see that

Fw, = max{l, 1 +a/n}, syp, = (max{l, (1 +a/n)"1}). (11.1)

We first consider the semigroup e ~*Lw, the functional calculus, and the square function gL, since
these estimates will depend on p_(Ly) and p4 (L) and we have good estimates for these quantities.

Theorem 11.2. Given a weight w € A, suppose 1 <r,, < 1+% and sy, > grw +1. Thene ttw. 12512
is uniformly bounded for all t > 0. Similarly, ¢(Ly,) : L* — L2, where ¢ is any bounded holomorphic
function on X, € (9, 7),and g, : L*> — L%

In particular, these L? estimates hold if we assume that w € Ay N RH| 4, /2, or more generally if
w € Ar NRH@/2)r 41 for 1 <r <1+ %, or if we take the power weights

2n
W (x) =|x|% ———<a<?2.
w) =l S
Proof. Let p =q =2, po=(2}), go =2}, and let v = w~ L. Then by Proposition 3.1, Corollary 3.3

and the nesting properties of weights, e *Lw € O(L2 — L?) if w™! € A3/ po(w) N RH (g, 2y (w); in
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particular, by Lemma 2.30, e~*Lw : .2 — 2 is uniformly bounded. However, this weight condition is
equivalent to
w € RH(2/pgy M Ago/2-

A straightforward computation shows that

2 /
q_oz nry ’ 2 Zﬁrw-i-l.
2 Nry —2 Po 2

Since ry, <1+ %, we have ry, <nry, /(nry —2), so we automatically have w € Ago/2- Therefore, the
desired bounds hold if we have s, > %rw + 1. Ifwe A "RH/2),41 With 1 <r <1+ %, then ry <r
and sy > 51 + 1> Zry + 1. The desired conclusion for power weights follows at once from (11.1).

The same argument holds for ¢(Ly,) and gy, , using Proposition 4.3 or Proposition 5.1, respectively. [

It is straightforward to construct weights more general than power weights that satisfy the conditions
on ry and sy, in the above theorems. For instance, w € A112/, NRHz4, /2 (which corresponds to the
choicer =1+ %) if and only if there exist u1, up € Ay such that

w = 2O+, 2Un

This follows from the Jones factorization theorem and the properties of A; weights; see [Cruz-Uribe and
Neugebauer 1995].

Remark 11.3. We can modify the proof of Theorem 11.2 to get unweighted L? estimates for values
of p close to 2. We leave the details to the interested reader.

For the reverse inequalities we must take into account the slightly stronger hypotheses in Proposition 6.1;
otherwise, the proof of the following result follows exactly as in the proof of Theorem 11.2.

Theorem 11.4. Given a weight w € A,, suppose that

2 2V n
1<rp<l4+-— and sy >maxi|{ — |, =ryw+1;.
n

Tw 2
Then
ILY2f N2 <CIVSl2, feS. (11.5)

In particular, this is the case if we either assume that w € A1 N RHyy, /2, or more generally that
w € Ar NRHpax{2/ry,(n/2)r+13 With 1 <r <1+ %, or for power weights if we take

2n . (n 2n
— =—min{ -, ——; <o <2.
n—+2 2 n+2

Wy (x) = |x|%,

Remark 11.6. Note that max{(2), 2r + 1} = Zr + 1 provided r <2~ 2 and this always holds if n > 4
as 1+ % <2- % In this case, the conditions in the second part of Theorem 11.4 simplify to the same
conditions as in Theorem 11.2.

Remark 11.7. We note that in Theorems 11.2 and 11.4 we can replace 1 <ry, <1+ % with the possibly
weaker condition 1 < ry, < p4+(Ly)/2. The proof only requires us to take go = p+(Ly).
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For the gradient of the semigroup /7 Ve ~*Lw, the Riesz transform VL;,I/

our estimates depend on g4 (L,).

2, and the square function G,,,,,

Theorem 11.8. Given a weight w € Aj, suppose 1 < ry < q+(Ly)/2 and sy > 5ry + 1. Then
ViVe tLw : 2 5 2 is uniformly bounded for all t > 0. Similarly, we have VL;I/2 :L? — L% and
Gr,:L*— L%

In particular, this is the case if we assume that w € Ay NRHy /2 1. Furthermore, these L? estimates
hold if the following is true: given ® > 1 there exists ¢9 = g9(®,n, AJ/A), 0 < g9 < %, such that
W € A1+ NRH@ /2y (146)+1, 0 < € <e&o, and (w]a, < O.

For power weights, there exists €1 = 1(n, AJA), 0 < &1 < 3, such that these estimate holds for

2n
n—+2

we(x) = |x|%, - <a<eg.

Proof. We will prove this result for /7 VeI using Proposition 7.1. The proof for VL;I/ 2 or G, is

exactly the same, using Proposition 9.1 or Proposition 10.1.
By Proposition 7.1, v/fVe ™ lv : 12 5 L2 if w™l =v € Ayyy (1, (W) N RHy, (L,)/2)y (w), which
is equivalent to

w € RH@ /g (L)Y N Ag i (Ly)/2-

Therefore, we need ry, < g4 (Ly)/2. Furthermore, since we have ¢—(Ly,) = p—(Lyw) < (2})’, we can

take
2 "n
we\egy) T2t

To get the particular examples stated in the theorem, note first that if we let r, = 1, then it clearly

suffices to assume w € A1 NRH,; /241, since we showed in Section 8 that g4 (L) > 2 for every w € A».

We now prove the condition for weights w € Aj4.. In this case it is more difficult to satisfy the
condition ry, < g+(Ly)/2 since the right-hand side can be very close to 1, depending on w. Assume
then that w € A1+ NRH(;/2) (146)+1, With0 <& < g9 < ﬁ [w]a, < O, and with g9 > 0 to be fixed
below. Then we have

n n
Sw>5(1+8)+125rw+1

Therefore, in order to apply the first half of the theorem we need to show that we can choose ¢¢ sufficiently
small so that ry, < g+ (Ly)/2. To do so we will use the notation and computations from Section 8. There
we showed that g4+ (Ly) > g, and so it will suffice to show that

2ry < gw = min{ry,, p+(Lw), po}. (11.9)

We will compare ry, to each term in the minimum in turn.

The first two terms are straightforward. First, we have ry, <1 +e <1+ % < % and 0 2ry, < r},.
Second, ry < 1 + % <1+ %, and it follows at once from this that 2r,, < 2} . By Proposition 3.1,
23 < p+(Lw) and 50 2ry < py(Ly).
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Finally, we estimate pg, the exponent from the higher-integrability condition (8.3). We will use the
formula (8.4). First, we need to fix the exponent ¢ from the Poincaré inequality (8.2). Letg =2 —1/n;
this value satisfies (8.1) since ryy < 1+ % <14 % With this choice of ¢ (that only depends on n), we
have

2—q 1

+ =2+ ,
24/a+1C2C2w] Y nCn. AJA) Wl

po=2

where C(n, A/A) > 1 depends only on n and the ratio A /A of the ellipticity constants of the matrix A
used to define L,,, and where 6,, > 1 depends only on n. Then, since we also assumed that [w]g, < O,

we get that
1 1
po=2+ >2+ =2+ 2¢o,
nC(n, A/2) w7, nC(n, AJL)©bn

and g9 = 2nC(n, A/X) ©®%)~1 is such that 0 < g9 < % Thus 2ry <2(1 4+€) <2(1 4+ &9) < po and
s0 21y < po. This completes the proof that (11.9) is satisfied, and so the L? estimates hold for weights
that satisfy w € A14¢ NRH(;/2)(146)+1-

Finally, we consider power weights. First, it is easy to see that
—2n
we(x) =1|x]%, ——<a=<0
n+2

yields the desired estimates, since in this case ryy = 1 and sy > 5 + 1 = 5ry + 1.

Now consider the case @ > 0. If we assume that o < %, then w € A141/(2n) NRHx. Moreover, it is
straightforward to show that for all such «, there exists ®, depending only on 7, such that [wg]4, < ©.
Now apply the above argument to find &g € (O, %], this value will only depend on n and the ratio A/A.
If we let £1 = neg and assume that 0 < @ < 1, then o < % and wy € A1+ for some € < g¢ as desired. [

To find examples of weights other than power weights to which Theorem 11.8 apply, we argue as
before. If u; € A1, then
w = M%/(n+2) S Al ﬂRHn/2+1.

To get weights that are not in A1, take u € A and let w = ub If 6 is sufficiently small (depending on n,
the ratio A /A and [u]4,), we can show that w satisfies the final conditions given in Theorem 11.8. Details
are left to the interested reader.

Remark 11.10. To get the unweighted lower estimate

I/l = ClIGLy, f L2,

we note that by (10.6) we need w™! € A2/q. (Ay) (W), or equivalently, w € RHz/4, (a,,)) - Hence, it

suffices to assume
q+(Aw)

G+ (D) =2

Arguing as above we can construct weights that satisfy this condition; details are left to the interested

Sw > 14

reader.
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If we combine Theorems 11.4, 11.8, and Remark 11.7 we solve the Kato square root problem for
degenerate elliptic operators.

Theorem 11.11. Let Ly, = —w ™! div AV be a degenerate elliptic operator with w € A,. If

L 2y
1§rw<M and sw>max{(—),zrw+l§,
2 rw 2

then the Kato problem can be solved for L.; that is, for every f € H(R"),

1Ly f 2@y = IV f L2g@ny (11.12)

where the implicit constants depend only on the dimension, the ellipticity constants A, A, and w.

In particular, (11.12) holds if w € A1 NRHy, /24 1. Further, (11.12) holds if the following is true: given
® > 1 there exists g =e9(0O,n, A/L), 0<eo < ﬁ, such that w € A14+e NRHpmax{(2/(1+¢)Y, (n/2) (1+8)+1}
0<e<ep,and[w]g, <O.

For power weights, there exists €1 = e1(n, AJA), 0 <e1 < 1

< 5. such that inequality (11.12) holds (with

Wqy in place of w) if

2n
wy (x) = |x]% “a T3 <a<ey.

We can restate the final part of Theorem 11.11 as follows: consider the family of operators L, =
—|x|” div(|]x|~Y B(x)V), where B is an n x n complex-valued matrix that satisfies the uniform ellipticity

condition
AE[* <Re(B(x)E.§). [(B()E | <Al[ln]. & neC’ ae xeR"
Then,
1/2 2n
1Ly fllez@wny = IV 2@y, —e1<y< —— 2 (11.13)

When y = 0 we get the classical Kato square root problem solved by Auscher, Hofmann, Lacey, Mclntosh,
and Tchamitchian [Auscher et al. 2002]. Inequality (11.13) shows that we can find an open interval
containing 0 such that if y is in this interval, the same estimate holds.

12. Applications to L2 boundary value problems

In this section we apply the results from the previous section to some L2 boundary value problems
involving the degenerate elliptic operator L,,. We follow the ideas in [Auscher and Tchamitchian 1998]
and consider semigroup solutions: for the Dirichlet or regularity problems we let u(x,¢) = e ‘L W’ f(x);
for the Neumann problem we let u(x,¢) = —L;l/ze_””l”/2 f(x). In each case, for ¢ > 0 fixed, Lyu(-,1?)
makes sense in a weak sense since u( -, ¢) is in the domain of L. Further, derivatives in ¢ are well-defined
because of the semigroup properties. Finally, note that by the strong continuity of the semigroup and
the off-diagonal estimates, in the context of the following results we have e_tLllv/2 f— fast—0Tin
L?; see [Auscher and Martell 2007b, Section 4.2]. Further details are left to the interested reader.



ON THE KATO PROBLEM AND EXTENSIONS FOR DEGENERATE ELLIPTIC OPERATORS 657

We first consider the Dirichlet problem on [Ri:’fl = R" x [0, 00):

B%u —Lyu=0 onR"

U|3Rn+l =f on BR’_"_H =R". (z.h

Theorem 12.2. Given a weight w € Az, suppose IL<ry<l+% 2 and sy > 5rw + 1. Then for any
f € L2(R™), we have that u(x,t) =e 1Ly f(x) is a solution of (12 1) with convergence to the boundary
data ast — 0% in the L?-sense. Furthermore, we have

sup lu(-.OllL2 < Cll fll2. (12.3)
>0

In particular, this is the case if we assume that w € Ay N RH;4,/2, or w € Ay N RH, /5,41 with
l<r=<1+ %, or if we take the power weights

2n
we(x) =x|% ——<a<?2.
W) = ol ==

Proof. Formally, it is clear that u is a solution to (12.1), and this formalism can be justified by appealing
to the theory of maximal accretive operators; see [Kato 1966]. Alternatively, the weighted estimates for
the functional calculus in Proposition 4.3 show that both (3%/9t?)u(-,t) and Lyu(-,t) belong to L?
for each ¢ > 0 and that they are equal in the L2-sense. To see that inequality (12.3) holds, it suffices to let
pr(z) =e? vZ Then ¢¢ is a bounded holomorphic function on X, and so by Theorem 11.2 we get the
desired bound. O

Remark 12.4. Note that as observed in Remark 11.7, in the previous result we can replace 1 <ry, <1+ %
with the possibly weaker condition 1 < ry, < p4(Ly)/2. Also, by Proposition 4.3 we also have that for
u as in Theorem 12.2 and all £ > 1,

sup
>0

ok _r1/2
(0| =sup|[ @ LA e T £ < CILf e (12.5)
8l L2 >0

For the regularity problem we have the following.

Theorem 12.6. Given a weight w € A,, suppose

L 2y
1§rw<M and Sy > max{| — ,zrw—i—l .
2 rw/) 2

1/2
Then for any f € HY(R"), we have u(x,t) = e *Lw” f(x) is a solution of (12.1) with convergence to
the boundary data as t — 0% in the L?-sense. Furthermore, we have

sup [V cu (-, 1) |2 < Cl[V £l 2. (12.7)
t>0

In particular, (12.7) holds if we assume that w € Ay N RH4,/5. Furthermore, it holds if the

following is true: given © > 1 there exists ¢g = €0(®,n,A/A), 0 < gg < %, such that w € Aj4¢ N

RHumax{(2/(1+6)).(n/2) (1 +e)+1} 0 = & < €0, and [w]a, < ©.
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For power weights, there exists €1 = e1(n, A/1), 0 < g1 < %, such that (12.7) holds if

n
we (x) = |x]%, —5 <e<er
Proof. Arguing as before, it suffices to prove that (12.7) holds. For any ¢ > 0 we have, by Theorem 11.11,
guing p y y
_ _rl1/2 172
IV D)l < VLG 2Ly e fllpa + 1Ly 2™ [l 2

_ 1/2 _ 1/2

SIL e fllpa = lle™ " Ly flli2 SISl S IV Sl O

Note that under the hypothesis of Theorem 12.6, and as observed in Remark 12.4, we have that
1/2

u(-,t) =eLw’” f satisfies (12.3) and (12.5). Additionally, from the functional calculus estimates on
L? it follows that

_71/2
sup 1 V(- Ol 2 % Ly %™ f 2 % 1S e (12.8)
1>

Finally, we consider the Neumann problem

3%u —Lyu=0 onR"

Octtlygr1 = f on IR™H! = ™. (12.9)

Theorem 12.10. Given a weight w € Ay, suppose 1 < ry < q+(Ly)/2 and sy > 5ry + 1. Then for
— 1/2

any f € L*(R"), we have u(x,t) = —Lwl/ze_’Lw f(x) is a solution of (12.9) with convergence of

u(-,t) — f ast — 0% inthe L?-sense. Furthermore, we have

sup [|V,su (-, 0)llp2 < C|ll fll2- (12.11)
t>0

In particular, (12.11) holds if we assume that w € A1 NRH 4, /5. Furthermore, it holds if the following
is true: given © > 1 there exists eg = c9(®,n, A/1), 0 <gg < ﬁ, such that w € A1+ N"RH(/2)(146)+15
0<e<eo,andw]y, <O.

For power weights, there exists €1 = e1(n, A1), 0 <eg1 < %, such that (12.11) holds if

2n
=x|% ——<a<e.
We (x) = |x| nt2 a<ep

Proof. Again, u is clearly a formal solution of (12.9); see [Kato 1966]. The proof that (12.11) holds is
similar to the proof of (12.7):

—1/2 —tL /2 _tL1/2 _tL1/2
IVaqu- 0)llg2 < IVL 2™ fllpa + e fllga S lle™™ 0 fli2 S0 flz2s

where we have used Theorem 11.8 (for the Riesz transform) and Theorem 11.2 (for the functional calculus
with ¢(z) = e~1V7). O

Remark 12.12. As we noted in Remark 11.3, we can also get unweighted L# bounds for these operators
for values of p close to 2. As a consequence we can also get estimates for L? boundary value problems
for the same values of p. Details are left to the reader.
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