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BILINEAR HILBERT TRANSFORMS ALONG CURVES
I: THE MONOMIAL CASE

XIAOCHUN LI

We establish an L? x L? to L' estimate for the bilinear Hilbert transform along a curve defined by a
monomial. Our proof is closely related to multilinear oscillatory integrals.

1. Introduction

Let d > 2 be a positive integer. We consider the bilinear Hilbert transform along a curve I'(¢) = (¢, 1),
defined by

Hr (£, 8)(x) =p.v. /R fa—nge—rHL, (-1

where f, g are Schwartz functions on R.
The main theorem we prove in this paper is:

Theorem 1.1. The bilinear Hilbert transform along the curve T'(t) = (t, t¥) can be extended to a bounded
operator from L? x L> to L.

Remark 1.2. It can be shown, with a little modification of our method, that the bilinear Hilbert transforms
along polynomial curves (¢, P(t)) are bounded from L? x L7 to L" whenever (1/p, 1/q, 1/r) is in the
closed convex hull of (3, 3, 1), (3.0, 1) and (0, , 3). The condition d € N is not necessary. Indeed, d
can be any positive real number that is not equal to 1.

This problem is motivated by the Hilbert transform along a curve I' = (¢, y(¢)), defined by

Hr(f)(x1, x2) =p.V./Rf(x1 —1, X2 —V(f))%,

and the bilinear Hilbert transform, defined by
dt
H(f, &)x)= P-V-ff(x —nglx+1)=".
R

Among various curves, one simple model case is the parabola (¢, #%) in the two-dimensional plane. This
work was initiated by Fabes and Riviere [1966] in order to study the regularity of parabolic differential
equations. In the last thirty years, considerable work on this type of problem has been done. A nice survey
on this type of operators can be found in [Stein and Wainger 1978]. For curves on homogeneous nilpotent
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Lie groups, the L? estimates were established in [Christ 1985a]. The work for the Hilbert transform
along more general curves with certain geometric conditions, such as the “flat” case, can be found in
papers by Christ [1985b], Duoandikoetxea and J. L. Rubio de Francia [1986], and Nagel, Vance, Wainger
and Weinberg [Nagel et al. 1983]. The general results were established recently in [Christ et al. 1999] for
the singular Radon transforms and their maximal analogues over smooth submanifolds of R" with some
curvature conditions.

In recent years there has been a very active trend of harmonic analysis using time-frequency analysis to
deal with multilinear operators. A breakthrough on the bilinear Hilbert transform was made by Lacey and
Thiele [1997; 1999]. Following their work, the field of multilinear operators has been actively developed,
to the point that some of the most interesting open questions have a strong connection to analysis on
nilpotent groups. For instance, the trilinear Hilbert transform

p [ A0 ot 420 fscxo+ 3090

has a hidden quadratic modulation symmetry which must be accounted for in any proposed method of
analysis. This nonabelian character is explicit in the work of B. Host and B. Kra [2005], who characterize
the characteristic factor of the corresponding ergodic averages

N 3
NV AT AT T — [TEC 1N,
n=1

j=1

Here, (X, o, u, T) is a measure-preserving system, and N C o is the sigma-field which describes the
characteristic factor, related to certain 2-step nilpotent groups. The limit above is in the sense of L?-norm
convergence, and holds for all bounded f1, f>, f3.

The ergodic analogue of the bilinear Hilbert transform along a parabola is the nonconventional bilinear
average

N 2
N AT AT — TTES | Hprofinice).

n=1 j=1

where Jprofiniee C o 1s the profinite factor, a sub-o-field of the maximal abelian factor of (X, o4, u, T').
The proof of the characteristic factor result above, due to Furstenberg [1990], utilizes the characteristic
factor for the three-term result. We are indebted to M. Lacey for bringing Furstenberg’s theorems to our
attention. However, a notable fact is that our proof for the bilinear Hilbert transform along a monomial
curve does not have to go through the trilinear Hilbert transform. The proof provided in this article relies
heavily on the concept of a “quadratic uniformity”, inspired by [Gowers 1998].

Another prominent theme is the relation of the bilinear Hilbert transforms along curves and the
multilinear oscillatory integrals. The bilinear Hilbert transforms along curves are closely associated to the
multilinear oscillatory integrals of the type

Afi. fon f3) = /B Fix - 00) fox - 1) f3(x - 03)e 0 dix, (1-2)
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where B is the unit ball in R3, v}, vy, v3 are vectors in R3, and the phase function ¢ satisfies a nondegenerate

condition X
[TV oo = 1. (1-3)
j=1

Here ij is a unit vector orthogonal to v;, for each j. For a polynomial phase ¢ with the nondegenerate

condition (1-3), it was proved in [Christ et al. 2005] that

3
A fon ] 2 CA+ D [ 1500 (1-4)

j=1

holds for some positive number ¢. For the particular vectors v and the nondegenerate phase ¢ encountered
in our problem, an estimate similar to (1-4) still holds. However, one of the main difficulties arises
from the falsity of L? decay estimates for the trilinear form A ;. It is to overcome this difficulty that we
introduce the quadratic uniformity, which plays the role of a bridge connecting two spaces L? and L™.

The method used in this paper essentially works for those curves on nilpotent groups. It is possible to
extend Theorem 1.1 to the general setting of nilpotent Lie groups. But we will not pursue this in this
article. There are some related questions one can pose. Besides the generalization to the more general
curves, it is natural to ask the corresponding problems in higher-dimensional cases and/or in multilinear
cases. For instance, in the trilinear case, one can consider

T(f1, fa fs)(x)ZP-V-/f1(x+f)f2(x+P1(f))f3(x+P2(l‘))%- 1-5)

Here pi, p, are polynomials of ¢. The investigation of such problems will be discussed in subsequent
papers.

2. A decomposition
Let p; be a standard bump function supported on [%, 2], and let
p(t) = p1(t) =0y — p1 (=) 11 <0).

It is clear that p is an odd function. To obtain the L" estimates for Hr, it is sufficient to get L” estimates
for Tr defined by Tt = ZjeZ Tr,;, where Tt ; is

Tr.;(f. 9)(x) = / fla—ng—192/p@/n dr. 1)
Let L be a large positive number (larger than 2!%°). By Lemma 9.1, we have that if | j| < L,

| Tr.;(f o, < CLlifllpligly

forall p,g >1and 1/p+1/q =1/r, where the operator norm C;, depends on the upper bound L. Hence
in the following we only need to consider the case when |j| > L. In fact we prove the following theorem.
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Theorem 2.1. Let Tr ; be defined as in (2-1). Then the bilinear operator Ty =7
from L*> x L>to L.

jez:ji>1 Tr.j is bounded

Clearly Theorem 1.1 follows from Theorem 2.1 and Lemma 9.1. The rest of the article is devoted to a
proof of Theorem 2.1.

We begin the proof of Theorem 2.1 by constructing an appropriate decomposition of the operator 7Tt ;.
This is done by an analysis of the bilinear symbol associated with the operator.

Expressing Tt ; in dual frequency variables, we have

Ti (. )0 = [ [ TR m, 6. ) d i,
where the symbol m; is defined by

mj(E,n) = f p(t)exp(=2mi (27 &t +27Ymed)) dt. (2-2)

First we introduce a resolution of the identity. Let ® be a Schwarz function supported on (—1, 1) such
that @(&) =1 if |§] < 1. Set @ to be a Schwartz function satisfying

() = @(%) —~ ).

Then @ is a Schwartz function such that ® is supported on {E : % <& < 2} and

> 6(2%) =1 forall £eR\{0}, (2-3)
meZ
and for any mg € Z, o
Dy(§) =) 5(%) = ®<2nf)+1)’ (2-4)

which is a bump function supported on (—2"0F1 2mo+ly
From (2-3), we can decompose Tt ; into two parts: Tt ;1 and Tt o, where Tt ;1 is given by

27IEN\ ~ (279
> / f(é)g(n)e”’(“””‘<1>< 2f)<1>< 2m/n)mj($,n)dédn, (2-5)

meZ m'eZ:
|m’'—m|>104

and Tt ; » is defined by

2 —dj
> > f f<s>g<n>e2”’<“"”<l>( z,f) ( T ”)m]@ n) d& dn. (2-6)
meZ‘m mme‘Z<10d
Define m, by
ma(é. ) = [ p(0yexp(~2ri(er + ') ar @7

Clearly m;(§,n) = my(277&,27% ). In Tr,j 1, the phase function ¢¢ , (1) =&t + nt¢ does not have any
critical point in a neighborhood of the support of p, and therefore a very rapid decay can be obtained
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Figure 1. Decomposition of the (&, n)-plane for ), 7, when d = 2.

by integration by parts so that we can show that j Tr,j.1 1s essentially a finite sum of paraproducts
(see Section 3). A critical point of the phase function may occur in Tt ; », and therefore the method of
stationary phase must be brought to bear in this case, exploiting in particular the oscillatory term. This
case requires the most extensive analysis. Heuristically, the decomposition is made according to the
curvature of the curve (¢, t%). For example, for the parabola case, the frequency space is broken into
parabolic regions {(£, 1) : n ~ 27™&2}, as shown in the figure. Naturally, the 27" decay estimate is
expected in order to sum up all parabolic regions.

Notice that there are only finitely many m’ if m is fixed in (2-6). Without loss of generality, we
can assume m’ = m. Then in order to get the L" estimates for » j Ir,j.2, it suffices to prove the L’

boundedness of > T,,, where the T, are defined by

m

~ . ~(27TEN ~ (27
nifow=Y [f f(S)?(n)ez”’(“")“D( zf)¢( Zm")mj@,n)dwn. 238)
[jI>L

It can be proved that 7y = ngo T,, is equal to ngo 02" 11,,, where I1,, is a paraproduct studied
in Theorem 3.1. This can be done by Fourier series and the cancellation condition of p, and thus Tj is
essentially a paraproduct. We omit the details, since they are exactly the same as those in Section 3 for
the case ) ; Tt ;1. Therefore, the most difficult term is )
theorem.

{ Tn. For this term, we have the following

m=

Theorem 2.2. Let T, be a bilinear operator defined as in (2-8). Then there exists a constant C such that

> T, g)'

m>1

< ClIfllzligll2 (2-9)
1

holds for all f, g € L.
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A delicate analysis is required for proving this theorem. We prove it on page 204. Theorem 2.1 follows
from Theorem 2.2 and the boundedness of ) j Tr 1. The rest of the article is organized as follows.
In Section 3, the L"-boundedness will be established for > ;j Tr,j1. Some crucial bilinear restriction
estimates will appear in Section 4 and as a consequence Theorem 2.2 follows. Sections 5-8 are devoted
to a proof of the bilinear restriction estimates.

3. Paraproducts and uniform estimates

In this section we prove that » j Tr,j.1 1s essentially a finite sum of certain paraproducts bounded from
LPx L9t L".

First let us introduce the paraproduct encountered in our problem. Let j € Z, L, L, be positive integers
and M, M, be integers. Then

a)z’] j— | ! 2J 2’ ! 2] 2] .

Let ®; be a Schwartz function whose Fourier transform is a standard bump function supported on a
small neighborhood of [%, 2] or [—2, —%], and @, be a Schwartz function whose Fourier transform is a
standard bump function supported on [—1, 1] and 62(0) = 1. For/ € {1,2} and ny, ny € Z, define ®, ; ,,
by

. jn, (§) = (B () (Mim )

It is clear that 51, j,m 18 supported on wy ;. For locally integrable functions f;, we define f; ; by
S jn (X) = fi % Py jp (X).

We now define a paraproduct to be

2
Ly Lot My (10 2@ =Y T fijom () (3-1)

jez =1

For this paraproduct, we have the following uniform estimates.

Theorem 3.1. Forany p; > 1, po > 1 with 1/p1 + 1/ p2 = 1/r, there exists a constant C independent of
M, M>, ny, ny such that

10 10
1Ly LMy Manyna s D], < C(UA4[na]) (14 1m20) 1 fillpy 121 s (3-2)
forall fi € LP' and f, € LP2.

The case r > 1 can be handled by a telescoping argument. The case r < 1 is more complicated and
requires a time-frequency analysis. A proof of Theorem 3.1 can be found in [Li 2008]. The constant C in
Theorem 3.1 may depend on Ly, L,. It is easy to see that C is O (max{251, 2£2}). It is possible to get a
much better upper bound, such as O (log(l +max{L,/L1, L1/ Lz})), by tracking the constants carefully



BILINEAR HILBERT TRANSFORMS ALONG CURVES, I 203

in the proof in [Li 2008]. But we do not need the sharp constant in this article. The independence on
M, M, is the most important issue here.
We now return to ) j Tr 1. This sum can be written as Ty | + 17 >, where T, 1 is a bilinear operator

defined by
~ . (2 TEN /2]
>y v/ f(é)g(n)ez”’(“")x@< 2,f)®( szn)mj(%‘,n)dédn,

|jI>L meZ wm'eZ
m'<m—10¢

and 77, » is a bilinear operator given by

- . [27TEN /2]
>y x|/ f(é)ég‘(n)ez”““””d>< 2,f><l>< 2m/")m,-<s,n>dsdn.

|jI>L m'eZ meZ
m<m’'—104

It is standard to verify that 77, ; and 77, » are paraproducts as defined in (3-1). Hence the L” x LY — L"
estimates of these paraproducts follow from Theorem 3.1, for all p,g >1and 1/p+1/g=1/r.

4. Bilinear Fourier restriction estimates
Letd >2,m >0, j € Z. We define a bilinear Fourier restriction operator of f, g by
Bjm(fr 8)(x) = 2—<d—1)f/2/RR¢f(2—<d—”fx —2"t)Rog(x —2"tNp(t)dt if j >0 4-1)
and

Bjm(f, g)(x) =21l / Rof(x —2"t)Reg (2@ Vix —2mtNp()dr if j <O, (4-2)
R

where Rg f and Reg are the Fourier (smooth) restrictions of f, g on the support of ) respectively. More
precisely, Re f, Rog are given by

Ro f(€) = f(&)D(®), (4-3)
Rog(¢) =)D (). (4-4)

By inserting absolute values throughout and applying the Cauchy—Schwarz inequality, the boundedness
of B, from L? x L? to L' follows immediately. Moreover, since the Fourier transforms of f, g are
restricted on the support of D, we actually can improve the estimate. Let us state the improved estimates
in the following theorems, which are of independent interest.

Theorem 4.1. Let d > 2 and B , be defined as in (4-1) and (4-2). If L < |j| <m/(d — 1), then there
exists a constant C independent of j, m such that

(d=Dl|jl=m
|1Bjm(f @, <C2 8 T lIfl2liglla forall f,gel? (4-5)

Theorem 4.2. Let d > 2 and B ; ,, be defined as in (4-1) and (4-2). If | j| > m/(d — 1), then there exist a
positive number gy and a constant C independent of j, m such that

m—(d—1)|j|
|Bjm(f. 0], <Cmax{2™ 3 27"} fll2ligll2 forall f,geL> (4-6)
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The positive number gy in Theorem 4.2 can be chosen to be 1/(8d). Theorem 4.1 can be proved by a
T T* method. However, the TT* method fails when |j| > m/(d — 1). To obtain Theorem 4.2, we will
employ a method related to the uniformity of functions.

Now we can see that Theorem 2.2 is a consequence of Theorems 4.1 and 4.2.

Proof of Theorem 2.2. Define a bilinear operator T ,, to be

—~ ) [2IEN\ /2 4]
Tjm(f. 8)(x) = f f(é)?(n)ez’”@*”)%( 2f)fb( 2mn)mj(é,n>dsdn. @7)

Let y; ,» be defined by
@=Dljl=m o em
<
it =57
_m_

d—1"

yj,m = m—(d—1)|j]| (4_8)

max{2~ 3,270} if |j| >
A rescaling argument and Theorems 4.1 and 4.2 yield

|Tim(fs @], < Criml fl2 gl (4-9)

Since Z T, = Z > Tjm, we obtain

m j:|jl=L
ZT(fg)

m=>1

<CY Y Vimlfimlzllgjmll. (4-10)

m=1j:|jl=L

where

2J+m

Frn(®) = f?s)?b< § )

— —~ A n
gimm) =gme (W)

Clearly the right-hand side of (4-10) is bounded by C|| f||2]lgll2. Therefore, we finish the proof of
Theorem 2.2.
Since ¢ is localized, it is sufficient to consider % j,m,n given by

Bim =B jml}. (4-11)

Here [ is an interval whose size is 2@ DIlil+m apd 17 = 1; * ¢, where ¢ (x) equals 2 k¢ (2 *x) for a
given nonnegative Schwartz function ¢ whose Fourier transform is a standard bump function on [—% %]
In what follows, we still use % ,, to denote the localized operator B jome

Trilinear forms. Let fi, f2, f3 be measurable functions supported on ¢ < |§| < %. Define a trilinear
form A (f1, f2, f3) by

Ajm(f1 foo 13) = (Bjm(f1, ). f5)- 4-12)

Theorems 4.1 and 4.2 can be reduced to the following theorems respectively.
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Theorem 4.3. Letd >2 and A ,,(f1, f2, f3) be defined as in (4-12). If | j| <m/(d — 1), then there exists

a constant C independent of j, m such that
—d=Dljl-m _m—(d-D|j

|
|Ajm(f1, fo f3)| <C2 2 2 o Al 221512 (4-13)

forall fi, f, f3€ L2

Theorem 4.4. Letd >2 and A ,,(f1, f2, f3) be defined as in (4-12). If | j| > m/(d — 1), then there exist
a positive number gy and a constant C independent of j, m such that

—@=1)ljl+m -
|Ajm(f1s far f3)| < Cmax{2™ 2 270l 22 1 f e (4-14)

holds for all fi, f> € L* and ]/C; € L™ such that fi, f>, f3 are supported on % <|E| < %.

A proof of Theorem 4.3 will be provided in Section 5, and a proof of Theorem 4.4 will be given in
Section 7.

5. Stationary phases and trilinear oscillatory integrals

In this section we provide a proof of Theorem 4.3 by utilizing essentially a 77* method. In this case,
one cannot reduce the problem to the standard paraproduct problem because the critical points of the
phase function may occur in a neighborhood of % <|t| <2, say % < |t] < 2, which provides a stationary
phase for the Fourier integral m,. This stationary phase gives a highly oscillatory factor in the integral.
We expect a suitable decay from the highly oscillatory factor.

Let Aju(f1, f2, f3) = (%j,m(fl, fz), fg). To prove Theorem 4.3, it suffices to prove the following
L? estimate for the trilinear form A im(f1, f2, f3):
—(d=Dljl-m _m—(d=D]|j

2 2

|
|Ajm(f1, far f3)] <C2 o Al 221512 (5-1)
holds for all fi, f2, f3 € L?. Clearly A ,,(f1, f2, f3) can be expressed as

2(d1>j/2/ AEDE) LMD (279" Ve +n)ma(27E, 2" n) dE dn
if j > 0, and as
2@=Dj/2 / AEDE) D) f3(E +27DIn)ma (2", 2™ n) d& dn

if j <0,

Whenever &, n € supp ®, the second-order derivative of the phase function ¢y, ¢ ,(t) =2" (51 + ntd)
is comparable to 2. We only need to focus on the worst situation, when there is a critical point of the
phase function in a small neighborhood of supp p. Thus the method of stationary phase yields

mg (2§, 2"n) ~ 27" 2 exp(icg2"g Yy~ @D, (5-2)

where ¢4 is a constant depending only on d (see [Sogge 1993; Stein 1993]). Henceforth we reduce
Theorem 4.3 to the following lemma.
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Proposition 5.1. Let A;m be defined by

~ ~ . d_ __1_
N5 (f1s fan f3) = f LIEPE) Lo f3(27 Vg + ) explics2"Ed-Tn d-T)dédn (5-3)
if j > 0, and by
~ ~ . d 1
Ay o £ = [[ HOB@ LB (e +29- V) explicae sy T 1) de . (54

if j <0. There exists a positive constant C such that

m—(d—1)|j|

A% o B 2C27 6 Al AL L (5-5)
holds for all fi, f>, f5 € L.

Proof. Without loss of generality, we assume that d is supported on [%, 2] or [—2, —%] And we only
give a proof for the case j > 0, since a similar argument yields the case j < 0. Let ¢4, be a phase
function defined by

$am(E. 1) = cg€ /=Dy~

andlet by =1 —2"9@=DJ apnd p, =2-@=DJ, Changing variables & — & —n and n — b1 + byn, we have
that A%, (fi. f2. f3) equals

/ F1E =) fo(briE +ban) LE)DE — )P (b1& + byn)e' " demEnbiE+00) g gy,
Thus, by Cauchy—Schwarz, we dominate |Ajf7m( f1, f2, f3)| by
T jm (f10 S|, 312,
where Ty ; » is defined by
Tijm(fro f2)E) = / S1(E =) (01§ +bam)BE — D (b1§ +byn)e! > dmEZIIETRD gy,

It is easy to see that || Ty m(f1, f2) ||§ equals

/(//F(g, n1.n)GE. 1. nz)eizm(m,m(s—m,bls+b2m>—¢>d,m<s—nz,hls+hznz>>dmdnz) dt,

where

F(E, m,m) = (Ai®)E —n)(fiP)E —n),
G(&, 11, m) = (/2®)(b1& +ban)) (/2®) (b1& + byna).

Changing variables 1 — 1 and 1 — 1+, we see that || Ty jm(f1, f2) ||§ equals

f(// Fo(6 — )Gy (b1 + bnp)el 2" @ E=nbrE+bam—un E =1 biE+ba(10) g dn) dr.
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where

Fo() = (AR AP~ 1),
G:(-) = (L®)()(L®)(- +b21).
Changing coordinates to (1, v) = (§ —n, b1&€ + ban), the inner integral becomes
// Fr ()G (v) exp(i 2" Q- (u, v)) du dv, (5-6)
where Q- is defined by
O: (4, v) = Pam (1, V) = P (4 = T, v + ba1).
When j is large enough, the mean value theorem yields
1949y @ (u, v)| > Cr, (5-7)

fu,vu—t,v+byt e suppa
A well-known theorem of Hormander on the nondegenerate phase [Hormander 1973; Phong and Stein
1994] gives for (5-6) the estimate

Cmin{1,27"2|| " 2HIF, |2 |G o

Hence, by the Cauchy—Schwarz inequality, | Ty ; . (f1, f2) ||§ is bounded by

ol fill3 ||fz||§+Cf min{1, 27"2|7| 72} Fe |2 |G- |2 dT

To<|t|<10

| T4 jm(fis f2)]; is dominated by

for any 79 > 0. By one more use of the Cauchy—Schwarz inequality,

(to+ Cro_l/22_m/22(d_1)j/2)||f1 I3 1| £2113 for any 7o > 0. Thus we have
d=1)j—m
|A% s f ] =C2 S fillz A2l L f3l. (5-8)
This completes the proof of Proposition 5.1. ]
It is easy to see that
A% (f1s fan P < C27 I fill2 1 fallz 1 312 (5-9)

fails for all |j| > m/(d — 1). Indeed, let us only consider the case j > m/(d — 1). Assume that (5-9)
holds for all j > m/(d —1). Let j — o0; then (5-9) implies

AL fr fon B = C27 N fill2 L 2ll2 1L f3 2, (5-10)
where

AL (f1, P ) = / FEDE) L D) f3(n) exp(ica2™ e @Dy~ 1/@=D) g ap,

Simply taking f> = f3, we obtain

sup

; / F1E)D(E) exp(icg2™g @Dy~ V=) gg| < C275™|| f1 5. (5-11)
.
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This clearly cannot be true, and hence we get a contradiction. Therefore, (5-9) does not hold for
j >m/(d—1). Hence the TT* method cannot work for the case |j| > m/(d — 1). In the following
sections, we have to introduce a concept of uniformity and employ a “quadratic” Fourier analysis.

6. Uniformity

We introduce a concept related to a notion of uniformity employed by Gowers [1998]. A similar uniformity
was utilized in [Christ et al. 2005]. Let o € (0, 1], let 2 be a collection of some real-valued measurable
functions, and fix a bounded interval I in R.

Definition 6.1. A function f € L?(I) is o-uniform in 9 if

/ f(é)e"q@ds’ <ol fllza (6-1)
1
for all g € 9. Otherwise, f is said to be o-nonuniform in 9.

Theorem 6.2. Let L be a bounded sublinear functional from L>(I) to C, let S, be the set of all functions
that are o -uniform in 9., and let

L
Uy = sup Lf)l (6-2)
res, Wf ez
Then, for all functions in L*(I),
IL(f)| <max{Uy, 20~ O} fll2q1). (6-3)
where .
Q =sup |L(e')]. (6-4)

qged
Proof. Clearly the complement S¢ is a set of all functions that are o-nonuniform in 2. Let us set

A:= sup M and Ap:= supM

FeL(I) ||f||L2(I) fese ||f||L2(I)'
Clearly A = max{A1, U,}. In order to obtain (6-3), it suffices to prove that if U, < Ay, then

A <207 '0. (6-5)
For any ¢ > 0, there exists a function f € SS such that
(A1 =l fllz2ay = [LOI (6-6)
Let (-, - )7 be an inner product on L?(I) defined by
(f. &)1 =/f(X)g(X)dx,
I

for all f, g € L>(I). Since f is o-nonuniform in 9, there exists a function ¢ in 9 such that

(f e )| = all fll2a- (6-7)
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There exists g € L>(I) (depending on f) such that g | €9, lgllz2ry =1, and

(f,er
=L/ g>1g+T€lq- (6-8)
Sublinearity of L and the triangle inequality then yield
ILH] < [(f gl |L@|+HI7H(f e |[LeD)]. (6-9)
Notice that A= A if U, < A and
2 _ gy 12
o D=+ e (6-10)
Then from (6-6) and (6-9), we have
(A1 =l = Al f 2y MH II7Y(f. )] Q. (6-11)
- LIS )
Applying the elementary inequality /1 —x <1—x/2if 0 <x <1, we then get
20 £l 2 21 £13,
<2 D g e 2 (6-12)
[(f.e)1] |(f, eia)]
From (6-7), we have
A <207 'Q+2¢|I1072. (6-13)
Now let ¢ — 0, and we then obtain (6-5). Therefore we complete the proof. ]

7. Estimates of the trilinear forms

We now start to prove Theorem 4.4, and we only present the details for the case j > 0, since the other case
can be done similarly. Without loss of generality, in the following sections we assume that f; is supported
on I; fori € {1, 2, 3}, where I, is either [116 ?2] or [ ‘;’2, —%]. Let 9 be a set of some functions defined
by

91 = {ag" 4 bg : 2771 < ja| <2""'% and a, b € R}. (7-1)

Proposition 7.1. Let f; &i be o -uniformin 21, and let j > 0 and A ,,(f1, f2, f3) be defined as in (4-12).
Then there exists a constant C independent of j, m, n, fi such that
_d=Dj m 1)]+m
|Ajm(fis fo )| <C27 272 max{z*‘”m,z 1'[ I fill 2y (7-2)
holds for all f> € L*(I) and f3 € L*(I»).

Proof. Since B ,, is supported in an interval with size 2@=Dj+m without loss of generality, we may
assume that it is restricted to the interval I =[0, 2¢~D/+"] Let1,,; =1; ,, where L,;=[2"1,2"({1+1)].

m,l>

Also let % ,,; be a bilinear operator defined by

Bjmi(f, 8)x) =Bjm(f, &) (x) Ly (x),
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for all f, g. Decompose A, (f1, f2, f3) into > Ajm,1, where
ANjmi(f1, 2, 3) = (%j,m,l(fl, ), f3)
Let o, be a fixed point in the interval I, ;. And set Fo, (X, 1) to be
Fo, jmi(x,1) = Ro, fi(27“" Y x —2"1) — R, f1 (279 Dy, — 2"1).
Split %j,m,l(fl» fz) into two terms:
B i ) +B2 (i ).

where %5.1) l(fl, fz) is equal to

,m,

2-=Djp2 fR For jni (e )Ro, Jo(x — 219)p(6) di (1, ()1 1)),
and %f,)n’l(f], fg) equals
2_(d_1)j/2/[RR¢l [ (27 a, =21 R, fo(x — 271 p (1) dit (1, (x) 11 (x)).
Fori=1,2,let AY) (f1. f2. f3) denote

Y (@B, (i ), fa)-

/

We now start to prove that
AL (fi. fon )] < 27@7DIRa=@=DImy Bl 1 o (7-3)
The mean value theorem and the smoothness of ®; yield that for x € I,, ,
|Forjni0e, 0] < Cllfilloo2™ ™ [x = e | < €270+ filoc. (7-4)
Because |¢| ~ 1 when t € supp p, %yl)n,l(fl, fz) can be written as

2-@=-Dif2 /R Fo, jmi. )Y (LnagiyRo, f2) 0 = 2"t p(8) dit (1, () 11 (), (7-5)

Iy

where [y is an integer between —10 and 10. Taking absolute values throughout and applying (7-4) plus
the Cauchy—Schwarz inequality, we then estimate \Agll)n( fi, 2, f3)| by

10
C27 IRy F ST ST Ly Ro fo |
=10 1

>

which clearly gives (7-3) by one more use of the Cauchy—Schwarz inequality.
We now prove that

A (fin o ] 22790227 fl L Al 1 sl (7-6)
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From (7-5), we get that A(/li)n (f1, f2, f3) equals

10
27 @DIEN NN gt (fis fo ) = A jmior2(f1. fo f3),

where Aj . i.0,1(f1, f2, f3) 18 equal to

2Rq>1 fl (2_(d—1)jx - 2’”1‘) (lm’l+[0R¢1 fz) (x — thd)p(t) (1701;11,1];3)()6) dt dx
and Aj,m,lo,lﬁfl’ f2, f3) equals

/ Ro, fi(2 Moty = 2"1) (i Ro, o) (r = 21D p (6) (111 f3) (6) dit dx.
R
The Cauchy—Schwarz inequality yields that

1A jmtot 21y foo < C27 Fil | Lty Ry fo | 1L f3 12 (7-7)

In order to obtain a similar estimate for A ; ,, 1,.1,1(f1, f2, f3), we change variables by u = 2—d=Djx _pmy
and v =x — 2"t to express Aj m.1o.,1(f1, f2, f3) as

dudv
J(u,v)’

where J (1, v) is the Jacobian d(u, v)/d(x, t). It is easy to see that the Jacobian d(u, v)/d(x, t) ~2™. As
for A n.i,1,1, we dominate the previous integral by

/ f Ro, f10) (.14, Ro, o) ) p (2, 0)) (1] L f3) (x (1, v))

5 5 5 2 12
C2_”’/|Rq>,f1(u)|||1m,1+10R<1>1f2H2<f‘(lm,z]%)(x(u, v)p(t(u, v)) dv) du.

Notice that |0x/dv| ~ 1 whenever ¢ € supp p. We then estimate
A jmtot 1 Cfra fon 3] < C27 il | Lty Roy o) 1 g fll2 (7-8)
(7-6) follows from (7-7) and (7-8). An interpolation of (7-3) and (7-6) then yields

d-1)j m —(d— 1)]+m

1AL (fis fo ) <C27 2 H 1fill 2, - (7-9)

We now turn to prove that
@) ~bim —100m ’
A2 (f fa ] <Cv2T 2 T 2 max27 " o} [T £y (7-10)
i=1

In dual frequency variables, Af,)n( f1, f2, f3) can be expressed as

10 _@=D)j - . _ _—
Sy f FAE®1E) expri 2™V oy 18) Py 1y 1 ()0, 0) Fa 1 () dE d,

lo=—10 [
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where
m(, n) = fp(r)exp(—zm(z’"gt +2"mneh) dt, (7-11)

y Ly
Fom gt = InivigRo, 2, and  F3 0 =17 1y f3.

If n is not in a small neighborhood of ®,, then there is no critical point of the phase function ¢¢ (1) =
£t +nt occurring in a small neighborhood of supp p. Integration by parts gives a rapid decay O (2~V™)
for m. Thus in this case, we dominate |A§2,)nn( f1, 2, f3)| by

3
v M [Tl (7-12)
i=1
for any positive integer N. We now only need to consider the worst case, when there is a critical point
of the phase function ¢¢ (1) =&t + nt? in a small neighborhood of supp p. In this case, 7 must be in a
small neighborhood of ®,, and the stationary phase method gives

m(&, ) ~ 27" exp(2mic 2"y~ /@~ Vgd/@=D), (7-13)
where ¢4 is a constant depending on d only. Thus the principal term of Af,)n( f1, f2, f3)is

10 :
_@=Dj_m -~ . —
Y Y27 2 //fl E)P1(E)e 1) Fy oy 13,1 (1) P2(1) F3, .1 () dE dn,

lp=—10 1
where ®, is a Schwartz function supported on a small neighborhood of ®,, and
Gamn(§) =2meg2"n~ @DV 4 2 07 Dig, 1.

The key point is that the integral in the previous expression can be viewed as an inner product of F3 ,,
and M F3 1,1, where Jl is a multiplier operator defined by

MF () =mg jm(n) F ().

Here the multiplier my, ; ,, is given by
My, jm (1) = f [P (E)e! PO dg. (7-14)
Observe that ¢y, ,(§) +b& is in 21 for any b € R and n € supp ®,. Thus o-uniformity in 2 of f] yields

Ima,jmlloo < Coll fill L2y (7-15)
And henceforth we dominate Af,)n( f1. f2, f3) by

10 _@=Dj m
Y2 T 20l fill ey | Famdod | 1 Fsmtlas
lp=—10 1

which clearly is bounded by
@—Dj_m

2 2 2o [ [ il (7-16)
i=1
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Now (7-10) follows from (7-12) and (7-16). Combining (7-9) and (7-10), we finish the proof. [l

Corollary 7.2. Let A, (f1, f2, f3) be defined as in (4-12). Then there exists a constant C independent

of j, m, n such that

—(d—1)j+m _
|Ajm(f1. fo f3)] < Cmax {2719 27727 o}l fill 2y 12Nl 2y | f3lloo (7-17)

holds for all f € L*(I,) which are o-uniformin 2y, f» € L*(I) and ]/C; € L.

Proof. Since there is a smooth restriction factor 1}‘0 in the definition of % ,,, the right-hand side of (7-2)
can be sharpened to

_@-Dj m Ctooy o =d=Ditm . y
c2 2 T rmax{27' 27 2 ol filleay 1alleay |10 4maf3 s (7-18)
which is clearly bounded by
—1o0m == Ditm n
C max{2 2 2 o Al zzay L2l z2a 1 f3 oo O

Proposition 7.3. Let A ,,(f1, f2, f3) be defined as in (4-12). Then there exists a constant C independent
of j, m, n such that

Ay (@, fo, f)] < C272CI 2 Bl oy |l Filloo (7-19)
holds for all g1 € 21, f> € L*(I,) and f3 € L™, where ©(d — 1) is the positive constant defined in (8-3).
A proof of Proposition 7.3 will be provided in Section 8.

Proof of Theorem 4.4. Corollary 7.2, Proposition 7.3 and Theorem 6.2 yield that ‘A im(f1, f2, f3)| is
dominated by

—(d-1)j+m
2 , O

—Dd—1)m/2
C(max{z—loo'", 2 2—)

I il 2y 120l 22y I 3 lloo (7-20)

for all fi € L2(IY), f>» € L*(I,) and f5 € L™®. Take o to be 272@=Dm/4; then we have

—d—=1)j+m .
|Ajm(fis oo £ < Cmax{2™ 2 272W=DmBY £l Bl 2y | Bl (7-21)
This gives the desired estimate for the case j > 0. Similarly, for j # 0, we have
@d=Dj+m .
|Ajm(fis fon ) <Cmax{2 2 273} fill oy L2l 2y 11 5 o (7-22)
Combining (7-21) and (7-22) proves Theorem 4.4. |

8. Proof of Proposition 7.3

Lemma 8.1. Let ! > 1. Let I and I, be fixed bounded intervals, and let ¢ : I} x I : R satisfy
|8L9,p(x, )| =1 forall (x,y) e I x L. (8-1)

Assume an additional condition holds in the case | = 1:

20,0 (x, y)| £0  forall (x,y) € I x L. (8-2)
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Set

‘ yen iz,
1/2+e) ifl=1,
for some & > 0. Then there exists a constant depending on the length of I and I, but independent of ¢, A
and the locations of I and I such that

D() = { (8-3)

<CA+1AD2D)fl2lgl2, forall f,geL?  (8-4)

/ / 9 £ (1)g(y) dix dy
11><12

This lemma is related to a two-dimensional van der Corput lemma proved in [Carbery et al. 1999].
The case [ > 2 was proved in [Carbery et al. 1999], and a proof of the case / =1 can be found in [Phong
and Stein 1994]. The estimates on (/) in (8-3) are not sharp. With some additional convexity conditions
on the phase function ¢, one can improve D (/) to 1/(l + 1) (see [Carbery et al. 1999] for some such
improvements). But in this article we do not need to pursue the sharp estimates.

Lemma 8.2. Let ¢, T € R and ¢ be a function defined by
0c(x, ) = (x =y +¢)". (8-5)
Define Q. j.(x,y) by
Qc.jir (. ¥) = ¢, ) = pe(x + 27" Ve y 4 7). (8-6)
Then there exists a constant Cy depending only on d such that
8¢ 719y Qc.jc(x. )| = Caltl (8-7)
for all y such that y +t € [27190_ 21901 Moreover, if d = 2,
10,95 Qc.jx (x, y)| = Calt] (8-8)
for all y such that y +t € [27100, 21007,
Proof. A direct computation yields
8¢9y Qe (. y) = Ca((y + 1)V =y M=), (8-9)

Hence the desired estimate (8-7) follows immediately from the mean value theorem. The bound (8-8) can
be obtained similarly. ([l

Lemma 8.3. Let I be a fixed interval of length 1, and let 0 be a bump function supported on [W’ 2] (or

[—2, —ﬁ]). Suppose that ¢q,j,m is a phase function defined by

d
G jm(x, ¥) = Ca jm2" (x =y +¢j ), (8-10)

where Cy_ jm, Cjm are constants independent of x, y such that 27200 < [Ca,jm| < 2200 1ot Ng,jm,1bea
bilinear form defined by

Adjmi(frg) = / / im0 £ (0~ 2= 1) 6 ()1, ()0 (1) dx d. (8-11)



BILINEAR HILBERT TRANSFORMS ALONG CURVES, I 215

Then we have
|Ad,jm 1 (f, )] < C272"D2) s llglloo (8-12)

forall f € L? and g € L°, where C, is a constant depending only on d.

Proof. The bilinear form Ay ;. 1(f, g) equals (Td,j,m,l(g), f}, where Ty j 1 is defined by
Ty jmig(x)= fexp(icpd,j,m(x +274DIt 1)) (g1 (x +27“" D)o (1) dt. (8-13)

2
Ty jmi18 ||2 can be expressed as

/ ( / / ' eimr DG (x 427U DI O, (1) dx dt) dr,

Dy jm (1) =g jm(x +27 DVt ) — gy (x 427D 427 @D 47,

Go(x) = (118)(x)(11g) (x +27=Diz),
O (1) =01)0(t + 7).

By a change of variables,

where

Changing coordinates (x, t) — (u, v) by u = x +27@=DJjt and v = ¢, we write the inner double integral
in the previous integral as

/feXP(iCd,j,m2m Qc; i, )G (W)O: (v) du dv,

where chYm,j,f is defined as in (8-6). From (8-7), (8-8) and Lemma 8.1, we then estimate || Ty jmi18 ||§
by

10
Cd/ min{1, 27 2@ =2E@=DY G |1, |0, ||, dx,
~10

which clearly is bounded by
Ca27 ™™g 2.

Hence (8-12) follows and therefore we complete the proof. U

We now turn to the proof of Proposition 7.3. For simplicity, we assume p is supported on [%, 2]. For

any function ¢; = a&4/@=D 4+ pg € 9, we have

R, (e (x) = f ®1(8) exp(iag®/ =) exp(i (x + b)) d, (8-14)
where |a| ~ 2™. The stationary phase method yields that the principal part of (8-14) is
P(g) () = Calal ™ explicia™ "V (x + b)) By (c2a” "V (e +5)), (8-15)

where Cy, c1, ¢y are constants depending only on d. Thus to obtain Proposition 7.3, it suffices to prove
that there exists a constant C such that

Dd-1)m

A jm@ ™, fo, )] <C27 2T (A Al (8-16)
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holds for all g € 9y, f» € L%, and f; € L, where A, ,(¢?", fa, f3) is defined to be

27D [ p(gy) (279D x —2m1) fo(x — 217 (15, f3) (x)p (1) dt dx.
Observe that ® is supported essentially in a bounded interval away from 0. Thus we can restrict the
variable x in a bounded interval I, ;,, whose length is comparable to 2¢=1/*™ and reduce the problem
to showing that D(d—1)m

_Dd-bm
A jmdy s (s D] <C27 2 | f2ll2ll f3lloo (8-17)

for an absolute constant C and all fz eL? f3 € L™, where Njmn a2, 13) is equal to

_@d=-Dj m . . .
27772 f / Py, jm @V =271 fo(x — 2"t (A4, F3) () p (1) dt dx. (8-18)
Here R
Py, jm(x) =explicia” "V (x + b)) @1 (coa” "V (x + b)), (8-19)

Let I be an interval of length 1. A rescaling argument then reduces (8-17) to an estimate of a bilinear
form A, »,1 associated to I, that is,
D(d—ym

|Ajma(f. )] <C27 2 (I fl2llglloos (8-20)
where A, 1(f, g) is defined by

// Py jm(2"x —=271) f(x =27 D) g (x) 11 (x)p (1) dt dx.
Notice that
P jm(2"x —2"1) = exp(iCy, j 2" (x — 1+ ¢jm) ) ®1 (CaCam(x — 1t + )71, (8-21)
where Cy4,jm, Cam, Cj.m» Cm, Cq are constants such that |Cy j !, |Cam| € [2—100 21007, Clearly
D1 (CyCam(x —t+cn)®)

can be dropped by utilizing Fourier series since @, is a Schwartz function, because x € I, 1 € supp p are
restricted in bounded intervals. Then (8-20) can be reduced to Lemma 8.3 by a change of variable ¢ — ¢.
This proves Proposition 7.3.

9. Appendix

In this appendix, we consider a simple bilinear operator associated to a polynomial curve without
singularity. A counterexample is given to indicate that the range of (1/p, 1/q, 1/r) must depend on the
degree of the polynomial when the linear term does not vanish. Let p be a Schwartz function supported
in the union of two intervals [—2, —%] and [%, 2].

Lemma 9.1. Let P be a real polynomial with degree d > 2. And let 2 < n < d. Suppose that the n-th
order derivative of P, P™, does not vanish. Let T (f, g)(x) = f fx—t)gx—P())p(t)dt. Then T is
bounded from L? x LY to L" for p,q > 1,r > (n—1)/nand 1/p+1/g=1/r.
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Proof. We may without loss of generality restrict x, and hence likewise the supports of f, g, to fixed
bounded intervals whose sizes depend on the coefficients of the polynomial P. This is possible because
of the restriction |¢| < 2 in the integral. Let us restrict x in a bounded interval /p. It is obvious that T is
bounded uniformly from L x L* to L*° and from L? x LY toL'forl<p<ooand1/p+1/p =1.
When P'(t) # 1 in % < |t| < 2, the boundedness from L' x L' to L! can be obtained immediately by
changing variable u = x — ¢t and v = x — P (¢), since the Jacobian d(u, v)/d(x,t) =1 — P’(¢). Thus T
is bounded from L! x L' to L1/2, since x is restricted to a bounded interval Ip, and then the lemma
follows by interpolation. When there is a real solution in % < |t| <2 to the equation P’(t) = 1, the trouble
happens at a neighborhood of #y, where #y € {t : % <|t] < 2} is the real solution to P’(t) = 1. There
are at most d — 1 real solutions to the equation P’(¢t) — 1 = 0. Thus we only need to consider a small
neighborhood containing only one real solution 7y to P’(z) = 1. Let I (#p) be a small neighborhood of 7
which contains only one real solution to P’(¢) — 1 = 0. We should prove that
flx—0)glx—P@®)p(r)dt

/IP I (1)

forp>1,g>1landr > (n—1)/nwith1/p+1/qg =1/r. Let py be a suitable bump function supported
in % < |t| <2 such that Z/ po(2/t) =1. To get (9-1), it suffices to prove that there is a positive € such
fx=1)gx — P@)p(t)po(2’ (t — 19)) dt

that
~/1 p 1/ 1(i0)

for all large j, p>1,g>1landr > (n—1)/n with 1/p+1/q = 1/r, since (9-1) follows by summing

dx < CplfIlgll, O-1)

r

dx <C27| fI5 gl (9-2)

for all possible j > 1. By a translation argument, we need to show that

J,

for all large j, p > 1,g > 1andr > (n —1)/n with 1/p+1/g = 1/r, where P; is a polynomial of
degree d defined by Py (t) = P(t +19) — P(tp). It s clear that P/(0) =1 and Pl(") #0. When |f| <27/*1,
|P1(¢)| < Cp2~/ for some constant Cp > 1 depending on the coefficients of P. Let Ip =[ap, bp] and
Ay be defined by

dx < C2 | fIL gl 9-3)

/ f(x—1)gx — Pi(t)po(2/t) dt

(bp —ap)-2/

Notice that for a fixed x € Ip, x —t, x — Pi(¢t) isin Ay_1 UAN UAp4 for some N. So we can restrict x
in one of the Ay. Now let Ty (f, g)(x) =14, (x) f fx—1)g(x — Pi(t))po(2/t) dt. Due to the restriction
of x, we only need to show that

Ay=[ap+NCp27/ ap+(N+1)Cp27/] forN=—1,...,

[T (f @ = C2 Nt lignl, (9-4)

foralllarge j>1,p>1,g>1landr > (n—1)/nwithl/p4+1/g=1/r, where fx = fla,, gn =814,
and C is independent of N.

By inserting absolute values throughout, we get that Ty maps L” x L4 to L” with a bound C27/
uniform in N, whenever (1/p, 1/q, 1/r) belongs to the closed convex hull of the points (1, 0, 1), (0, 1, 1)
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and (0,0, 0). Observe that P;(r) = 1+ Y42} (P (0)/(k — 1)!)£*~! since P{(0) = 1. By P (0) # 0
and applying the Cauchy—Schwarz inequality, we obtain, for all j large enough,

1/2 ] 1/2
f|TN<f, Q)| dx < Cp2 Ty 1
< Cp2I220=DIl2) |2 g |11 /2 = Cp20 22 £ 11 gl

Hence, an interpolation then yields a bound C 2~%/ for all triples of reciprocal exponents within the convex
hull of (1, 1/(n —1),n/(n— 1)), (1/(n—1), 1,n/(n — 1)), (1,0, 1), (0, 1, 1) and (0, 0, 0). This finishes
the proof of (9-4). Therefore we complete the proof of Lemma 9.1 ]

Notice that if P is a monomial ¢, then the lower bound for r in Lemma 9.1 can be improved to %
This is because P;(r) = P(t +19) — P(tg) = (1 + 1) — 1 has nonvanishing P*(0) when 1 < 1| < 1.
We now give a counterexample to indicate that the lower bound (n — 1)/n for r is sharp in Lemma 9.1.

Proposition 9.2. Let d, n be integers such that d > 2 and 2 < n < d. There is a real polynomial Q of
degree d > 2 whose n-th order derivative does not vanish such that T¢ is unbounded from L? x L9 to L"
forallp,g>1andr <(n—1)/nwith1/p+1/q =1/r, where Ty is the bilinear operator defined by

To(f, e)(x) = [ f(x —)g(x — Q(1))p(2) d.

Proof. Let A be a very large number. We define Q(¢) by
1
Ad!
It is sufficient to prove that if T is bounded from L? x L4 to L" for some p,g > land 1/r =1/p+1/q,
then r > (n —1)/n. Suppose there is a constant C such that | To(f, )| . < Cll fll,liglly forall f € L?
and g € LY. Let 6 be a small positive number, and let fs = 1{0,225) and g5 = 1;1—s,1]. Let D be the
intersection point of the curves x = Q(¢) 4+ 1 and x = +2"§ in the tx-plane with ¢ > 1, and let D; be the
intersection point of the curves x = Q(¢) + 1 — 6 and x = ¢ in the tx-plane with r > 1. Let D; = (¢, x1)
and D, = (1, x2). Then

00 = (=D + =1+ - 1), ©9-5)

1+217nAn) s < 1 < 1+ 2(An)Y"8Y"  and
L1427 An)/ 18V <, < 14 (An)/78'/7,
Thus we have
12171 An) /81 /m 428 < x; < 1+42(AnD)!/"8'/" 42" and
1427V An) /81 < xy < 1+ (An)V/781/7,
When A is large and § is small, any horizontal line between line x = x| and line x = x» has a line segment
of length §/2 staying within the region bounded by curves x =¢, x = Q(x) +1 -6, x = ¢+ 2"§ and
x = Q(t) + 1. Hence, we have
(%) (Anhyl/ngl/n

100 ©-6)

1To(fs. 85)]. =
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By the boundedness of T, we have
| To(fs. g5)|, < C @8y Ps7/a = cm2m/vs.

By (9-6), we have
10027 +7/PCr

e § -
8" < (Anhi/n 8. -7
Since A can be chosen to be a very large number and § can be very small, (9-7) implies r > (n —1)/n,
which completes the proof of Proposition 9.2. (I
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