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ISOLATED SINGULARITIES OF POSITIVE SOLUTIONS
OF ELLIPTIC EQUATIONS WITH WEIGHTED GRADIENT TERM

PHUOC-TAI NGUYEN

Let @ C RN (N > 2) be a C? bounded domain containing the origin 0. We study the behavior near 0 of
positive solutions of equation (E) —Au + |x|*u? + |x|#|Vu|? = 0in Q\ {0}, where « > —2, B > —1,
p>l,andg>1. Whenl < p< (N +a)/(N—-2)and 1 <q < (N + B)/(N — 1), we provide a full
classification of positive solutions of (E) vanishing on d€2. On the contrary, when p > (N +«)/(N —2)
or (N + B)/(N —1) <q <2+ B, we show that any isolated singularity at 0 is removable.
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1. Introduction

Let @ C RV (N > 2) be a C? bounded domain containing the origin 0. In this paper, we study isolated
singularities at 0 of nonnegative solutions of the quasilinear equation

—Au+ |x|%u? + |x|B|Vul? =0 (1-1)

in 2\ {0} where « > -2, B > —1, p > 1, and ¢ > 1. By a nonnegative solution of (1-1) we mean a
nonnegative function u € C2(2\ {0}) which satisfies (1-1) in the classical sense.
Equation (1-1) consists of two mechanisms: the semilinear equation

—Au+ |x|*u? =0 (1-2)
in Q\ {0} and the quasilinear equation
—Au+|x|B|Vul? =0 (1-3)
in @ \ {0}. For the sake of simplicity, in the sequel, we use the notation
(F ou)(x) = |x[*u(x)? + |x|# |Vu(x)|?. (1-4)
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In the literature, many results concerning isolated singularities for (1-2) with @ = 0 have been published,
among which we refer to [Brézis and Véron 1980/81; Vazquez and Véron 1985; Véron 1981; 1996;
Baras and Pierre 1984, Marcus 2013] and references therein. Marcus and Véron [2014] provided a full
description of isolated singularities of positive solutions of (1-2) (with & > —2) when 1 < p < p. o with

Pea = (1-5)
More precisely, in this range, if v is a positive solution of (1-2) vanishing on d€2, then:
e cither v = v,? (k > 0), the solution of
—Av + |x|*v? = k& in Q, withv =0 o0n Q2 (1-6)
(here 8 is the Dirac measure concentrated at the origin) and v(x) = kcy (14+0(1))]|x|>~N as |x| =0

where ¢y = 1/(N(N —2)wy) with wy being the volume of the unit ball in RV ;

24a
e orv =0 = limg_ o v,? and v(x) =9 (1 +o(1))|x|” »=T as |x| — 0 with

9 e [(2+a)(2p+a B )]P—l (1-7)
p—1 p—1

When p > pe o, they showed that there is no positive solution of (1-2) vanishing on 9€2.

Classification of interior isolated singularities in the general framework (where the nonlinearity does not
depend on gradient term) was established in [Friedman and Véron 1986], in [Cirstea and Du 2010] (for the
p-laplacian), and in [Cirstea 2014] (for elliptic equations with inverse square potentials). A deep existence
and uniqueness result for a more general class of semilinear equations was given in [Marcus 2013].

Much less work concerning the behavior near the origin of positive solutions of equations with the
nonlinearity depending mostly on the gradient term has been investigated. See Serrin [1965] and, more
recently, Bidaut-Véron, Garcia-Huidobro, and Véron [Bidaut-Véron et al. 2014].

Recently, boundary trace problem for semilinear equation with gradient terms were studied by
P. T. Nguyen and L. Véron [2012] and by M. Marcus and Nguyen [2015].

When the nonlinearity is of the form (1-4), i.e., it depends on both u# and Vu, as well as weights, one
encounters the following difficulties:
2te o4 2+B—q

p—1 q—1 7
(1-1) admits no similarity transformation (see Section 2). Moreover, in this framework, the Keller—

(i) The first one stems from the competition of two terms |x|%«? and |x|#|Vu|?. When

Osserman estimate is no longer a sharp upper bound for solutions of (1-1).

(i1) The second one comes from the lack of monotonicity property of the nonlinearity. Furthermore, it is
noteworthy that in general the sum of two solution of (1-1) is not a supersolution.

(iii) The presence of the weights |x|% and |x|#, which may vanish or be singular at 0 according to the
value of @ and 8, make the asymptotic behavior near 0 of solutions of (1-1) more intricate.
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Fix d; € (0, 1) such that B34, (0) € Q and put d, = diam(2). Set
(24 2+B—¢q
7 = min ,
p—1 q-1
We first give sharp estimates on solutions of (1-1) and their gradient. These estimates are obtained due

} with ¢ <2+ B. (1-8)

to a combination of Bernstein’s method, Keller—Osserman estimates, and a transformation argument.

Proposition 1.1. Let o > =2, 8> —1, p > 1, and 1 < g < 2+ B. There exists a positive constant
ci =ci(a, B, N, p,q,d,dy) (i =1,2)such that if u is a positive solution of (1-1) in Q \ {0} vanishing
on 0X2, then
u(x) <ci|x|™* forall x € Q\ {0}, (1-9)
and
|Vu(x)| < ca|x|7*"" forall x € By, (0)\ {0} (1-10)

Estimates (1-9) and (1-10) give an upper bound of F o u but do not ensure that Fou € L1(2). While
investigating the integrability of F ou we are led to the following definition.

Definition 1.2. A nonnegative solution « of (1-1) is called a weakly singular solution if F ou € L'(By)
for some ¢ > 0. Otherwise, u is called a strongly singular solution.

We next introduce the definition of solutions to
{—Au—i—Fou =kéy in L,

1-11
u=20 on d€2. ( )

Definition 1.3. Let k > 0. A nonnegative function u is a solution of (1-11) if u € L'(Q), Fou € L'(R),
and

/Q(—uAg“ + (Fou)t)dx =kt(0) forall { e C3(Q). (1-12)

Remark. Clearly, if u is a solution of (1-11) then u is a weakly singular solution of (1-1).

Let I'y (N > 2) be the Newtonian kernel in RN defined by

Iy (x):=cylx]*™N = Ix|2N, x#0 (1-13)

 N(N —2)on
with wp the volume of the unit ball in RY. Denote by G the Green kernel of (—A) in Q and by G
the corresponding operator.

The study of (1-1) is strongly linked to that of (1-3). As we will see in the sequel there exists an

N+p
N —1
such that if 1 < ¢ < g, g, the problem (1-3) admits weakly and strongly singular solutions; while if
de,p < ¢ <2+ B, then such solutions don’t exist. When both equations (1-2) and (1-3) are combined
in (1-1), the existence result for (1-1) is valid in the range (p. q) € (1, pc,a) X (1,¢.,g). This is reflected

exponent

9e,p = (1-14)

in the following theorems.
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Theorem A. Assume o > =2, B> —1, 1 < p < pcy,and 1 <q <q.pg. For any k > 0, there exists a
unique solution u,? e C2(Q2\{0) NC(2\{0}) of (1-11). Moreover,

Ut (x) = kG%(x,0) = GR[Foult](x) forall x € 2\ {0}, (1-15)
ust(x) = k(1+o0(1)) Ty (x) asx — 0, (1-16)

. N-1y, Q k R
|)}TEO(|x| Vit (x) + Now |x|) =0. (1-17)

Due to (1-16) and the comparison principle [Gilbarg and Trudinger 2001, Theorem 9.2], the sequence
{u,?} is increasing. Denote ugzo = limg a0 u,? The asymptotic behaviors of u?o and its gradient are
given in the following theorem.

Theorem B. Assume o > =2, B> —1, 1 < p < pcg,and 1 <q <q.g. Then u& is a strongly singular
solution of (1-1) vanishing on 02. Moreover,

lim |x|*u$ (x) = 0O, (1-18)
|x|]—0
lim (|x|f+‘w§o(x) + @ri) —0, (1-19)
|x|—0 |x|

where T is defined in (1-8) and © is a positive constant depending on N, «, B, p, q.

Remark. The value of ® varies according to the relationship between the parameters «, 8, p, and ¢. For

simplicity, set )y {
_‘tTo 9

D= X with ¢ <2+ B. 1-20
1 2184 q p (1-20)

In Theorem B, ® is the unique solution of
AP 4 i 997 (1 +2—=N) =0, (1-21)

where j and A are given by

j=0and A =1 if D <1 (hence ® =1 defined in (1-7));

j=1land A =0 if D> 1(hence ® = 6, defined in (4-3));

j=A=1 if D =1 (hence ® = 6, the solution of g{(¢) =0,
where g, is defined defined in (4-2)).

(1-22)

Theorem B shows the competition between two terms |x|*u? and |x|#|Vu|?: if D <1 then |x|*u?
plays a dominant role, otherwise |x|# |Vu|? plays a dominant role.

As a consequence of Theorems A and B, we obtain a description of nonnegative singular solutions
of (1-1) vanishing on 9€2.

Theorem C. Assumea > -2, B>—1, 1 <p<pcg,and1<q<gq.p. Letu e C2(Q\{0HNC(2\{0})

be a nonnegative solution of (1-1) in Q \ {0} vanishing on 0Q2. Then either u =0, or u = u]? for some

Q

k>0, oru=ug.
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On the contrary, the next theorem states that when p > pc o or g, g < ¢ < 2+ B there exists no positive
singular solution.

Theorem D. Assume o > =2, B> —1, p>1l,and 1 <q <2+ B. If p = pca 0r q = q. g then any
nonnegative solution u € C*(Q\ {0) N C(Q \ {0}) of (1-1) in Q \ {0} vanishing on 2 must be zero.

The paper is organized as follows. In Section 2, we prove Proposition 1.1 by treating successively
the equations (1-3) and (1-1). Section 3 is devoted to the proof of Theorem A. Construction of weakly
singular solutions ul? is based on an approximation method and delicate estimates on approximating
solutions and on their gradient. In Section 4, the existence of a strongly singular solution ugzo (Theorem B)
is obtained due to the monotonicity of the sequence {u,ﬁz} and a priori estimates established in Section 2.
In Section 5, by combining Harnack’s inequality, a scaling argument, and the asymptotic behavior of
weakly singular solutions and a strongly singular solution, we obtain a complete description of isolated
singularities (Theorem C). Finally, Theorem D is proved thanks to a nonexistence result for suitable
equations on the unit sphere SV 1,

Notation and terminology. Denote by B, (x,) the ball of center xo € R" and radius r. Henceforth, we
simply write B, for B,(0). Unless otherwise stated, Q2 is a C? bounded domain containing the origin 0.
Fix d; € (0, 1) such that B34, € Q and put d, = diam(£2).

Define, for £ > 0 and x € Q; :=£71Q,

Ro[u](x) = €V 2u(tx),  Selul(x) = LT u(lx), Tolul(x) = £ T u(lx). (1-23)

If u is a solution of (1-2) (resp., (1-3)) in 2\ {0} then Sy[u] (resp., T¢[u]) is a solution of (1-2) (resp., (1-3))
in Q¢ \ {0}. If Q = Qg and u = Sy[u] (resp., u = Ty[u]) for every £ > 0, we say that Sy (resp., Ty) is a
similarity transformation and u is a self-similar solution of (1-2) (resp., (1-3)).

2. A priori estimates
2.1. A priori estimates on solutions of (1-3). Let us start this section by recalling the comparison
principle [Gilbarg and Trudinger 2001, Theorem 10.1].

Proposition 2.1. Let O be a bounded domain in RN. Assume H : O x Ry x RV — Ry is nondecreasing
with respect to u for any (x, £) € O xRN, continuously differentiable with respect to &, and H(x,0,0) = 0.
Letuy, uy € C*(0) N C(O) be two nonnegative functions satisfying

—Aui+ H(x,u1,Vuy) < —Auy+ H(x,up,Vuy) in O

and uy < uy on 00. Then uy < u, in O.

We shall establish a priori estimates on solutions of (1-3) and on their gradients. By using Bernstein’s
method (see [Lasry and Lions 1989; Lions 1985]), we derive estimates on the gradients of solutions of (1-3).

Lemma 2.2. Assume > —1 and q > 1. There exists c3 = c3(N, g, B) such that ifu € C*(2\ {0}) is a
solution of (1-3) in Q \ {0} then

Vu(x)| < eslx| 70T forall x € Bg, \{0}. @-1)
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Proof. Pick an arbitrary point xq € lT,vl \ {0} and denote pg = |xo|. Take n € C®(R™) suchthat 0 <n <1,
supp) C B/ and 7= Lin B /3. Put §(x) = n(py (x—x0)): then | D2g| < ¢} pp > and | V| < &, oy ' ¢

with ¢} = ¢4 (N). Set w = ¢*"|Vu|? with m = ﬁ and define the operator

Llw] := —Aw + ¢|x|#|Vu|?2Vu - Vw.
Due to (1-3) we get
Llw] = —2m@2m — 1)¢* " V|V |*|Vu|* = 2m¢>" ' Ad|Vu|* —8me*™ 1> "0 djudiju
i,j
— 24> D%u|? = 2B|x|P 72> Vu|?x Vu + 2mq|x P> |[Vu|1V ¢ Vu.
By virtue of the inequality N |D?u|?> > (Au)? and the inequality 2ab < a® + b? for any a,b € R, we
obtain, in B, />(xo),

¢>" x|*P|Vu|*
N

where ¢4 = c4(B,¢, N). Denote by x* a maximizer of w then L[w](x*) > 0. In light of the relation
|Vu| = ¢_mw%, the fact that %,00 <|x| < %po with x € B, />(x¢) and (2-2), we deduce

_ — — _ _1
£lw) < ca(pg 20>~ [Vul® + pf 192" [Vl + pf 9?3 Vu| 7+ ) (2-2)

— — - a—1
w(x*)q 1Scs(pOZ(ﬂ+1)+,00(ﬂ+1)w(x*) > ),

where ¢5 = ¢5(8, ¢, N). Consequently,

_20+58)
max (¢*"|Vul?) Sw(x*) < cfpg ot
XGBpo/z(x()
_1+8
Therefore, |Vu(xg)| < cg|xo| ¢-1, where c¢ depends on N, ¢, and f3. O

Remark. From Lemma 2.2, one can verify that if u € C2(Q2\ {0}) is a positive solution of (1-3) then,
for every x € By, \ {0},

u(x) < max{u(x):x € 0Bg, } + c3
ifg#2+ B, and
u(x) <max{u(x):x € 0By, } +c3(Ind; —1In|x|) (2-3)

if ¢ =2 4+ B. Consequently, when ¢ > 2 + 8, we can conclude that # remains bounded. Therefore, in the
sequel, we consider the case ¢ <2+ .

We next derive an upper bound for subsolutions of (1-3) with 8 > 0.

Lemma 2.3. Assume K >0, B>0,and 1 <q <2+ B. If u e C*(Q\{0}) NC(Q\ {0}) is a positive

Sfunction such that
—Au+ K|xP|Vul? <0 (2-4)
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in Q\ {0} and vanishing on 0Q2, then

2+B—q

u(x) < cqlx|” e (2-5)

for every x € Q\ {0}, where ¢7 = K_ﬁ(l —|—,3)‘1%1(q— 1)37:%(24-,3 —q)~ L

Proof. Let € > 0 be small, and put ®¢(x) = c7(| x| —e)_ o + ¢ with x € BS. By a simple computation,
we get —A®D, + K|x|B|VD|? > 0in Q\ Be. Since . dominates u on d$2 U 3B, it follows from
Proposition 2.1 that ®¢ > u in Q \ Be. Letting € — 0 leads to (2-5). O

Combining Lemmas 2.2 and 2.3 we get:
Lemma 2.4. Let B > —1 and 1 <q <2+ B. There exists a constant cg = cg(N, q, B, d1, d>) such that if
ueCHQ\{0)NC(Q\{0}) is a solution of (1-3) vanishing on IQ then
u(x) < cs|x|_2ﬁ1_q forall x € Q\ {0}. (2-6)

Proof. If B > 0 then (2-6) follows from (2-5). Next we consider 8 € (—1,0). Fix x € By, \ {0} and
pick z € 0By, such that |z — x| = d; — |x|. By Lemmas 2.2 and 2.3,

_2+B8—q _2+4+B8— _ +13—q
u(x) < epd T ey Il x| T < el

for all x € By, \ {0}, -7

248
where cg = ¢9(N.q. B.d;.d;). Next put cg > max{co,c7} so that the function x - cg|x|™ o= i

is a supersolutlon of (1-3) in @\ By, /> which dominates u on 92 U 0By, />. By Proposition 2.1,
2
u(x) < cglx|” a1~ =57 for every x € Q\ By, /». This, together with (2-7), implies (2-6). O

By a similar argument, we obtain the following result.

Lemma 2.5. Let 8 > —1 and 1 < g <2+ B. There exist ¢; = ¢;(N, q, B) withi = 10, 11 such that if
u € C2RN\ {0Y) is a solution of (1-3) in RN \ {0} satisfying lim |00 u(x) = 0 then

2+8 148
u(x) <crolx|" a1 and |Vu(x)| <cpy|x|TT T forall x € RN\ {0}. (2-8)
2.2. A priori estimates on solutions of (1-1). We recall that t is defined in (1-8). Due to the Keller—
Osserman estimate and the above result, we obtain a sharp upper bound for solutions of (1-1).

Lemma 2.6. Leta>—2, B>—1, p>1,and 1 <q <2+ B. There exists c1» =c12(c, B, N, p,q,d1,d>)
such that if u is a positive solution of (1-1) in Q \ {0} vanishing on 0S2 then

u(x) <cpa|x|”% forall x € 2\ {0}. (2-9)

Proof. Since u is a positive subsolution of (1-2), due to Keller—Osserman estimate, there exists a constant
c13 = ¢13(NV, p, ) such that
_2ta
u(x) <cy3|x| 71 forall x € 2\ {0}.
We consider two cases: D <1 and D > 1 where D is defined in (1-20).

Case I1: D <1. In this case, 1 = ?FTOf and hence we obtain (2-9).
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Case 2: D > 1. Notice that in this case T = 2;#. For € € (0,d), let we be the solution of

—Aw+ |x|#|Vw|? =0 in Q\ B, suchthatw = {u on 9B, (2-10)
0 ondf.

By Proposition 2.1, u < we in Q \ Be. Therefore, u < we < we in Q\ B for 0 < € < €', It can
be checked that the function x — cl4|x|_i+f(f (with ¢4 > cq3 large, depending on N, p, q, «, B,
and d») is a supersolution of (1-3) which dominates we on 92 U dBc. By the comparison principle,
we(x) < cl4|x|_i+T‘f for x € Q\ B¢. Consequently, the sequence {we} is locally uniformly bounded in
@\ {0}. In light of local regularity results for elliptic equations [DiBenedetto 1983], for every compact
subset O € Q \ {0}, there exist constants M > 0 and u € (0, 1) depending on N, p, ¢, «, B, d», and
dist(0, O) such that ||wel|¢1.u(0y = M. Therefore, {we} converges to a function w in CI(I)C(Q \ {0}) which
is a solution of (1-3) in 2\ {0}, vanishing on 92, and satisfying @ > u in 2\ {0}. By virtue of Lemma 2.4,
W < cs|x|_% for every x € Q \ {0}. Consequently, u < cs|x|_2qT_q for every x € Q \ {0}. This
completes the proof. O

We next establish a sharp estimate from above for the gradient of solutions of (1-1).

Proposition 2.7. Leta>—-2, B>—1, p>1,and 1 <q<2+8. There exists c;5 =c15(c, B, N, p,q, d1, d>)
such that if u is a nonnegative solution of (1-1) in Q \ {0} vanishing on 02 then

|Vu(x)| < c15]x|7CTY forall x € By, \ {0}. (2-11)
Proof. Let xq, po, 0, ¢, w, m, L[w], and x* as in the proof of Lemma 2.2. Then we get

Llw] = —2m@2m — D> DIV|? |Vu|* — 2m¢>™ ' Ap|Vu|* —8mp>™ 1> "0 9ju 0;ju

i’j
—2¢>™|D*u|? = 2a|x|* 2> uP x Vu — 2 p|x|%*$*"u? " | Vu|?
—2B1x|B729>™ | Vu|? x Vu + 2mq|x P> | Vu|TV $Vu.
Case 1: D > 1. In this case, we have
(-2

q-—1
where t is defined in (1-8). By Lemma 2.6 and Young’s inequality, proceeding as in the proof of
Lemma 2.2, we obtain in B2 (xo)

w(x*)473 < e1(pg 2TV w(x*)2 4 p2 2B 4 pr BTy (e 3), (2-13)

where ¢ = c16(, B, p.q, N, dy, d3). By Young’s inequality, we get
_ _ —1 ®6+va-
R T L N AR LR e (2-14)

From (2-12), (2-13), and (2-14), we deduce

w12 <7 (o P Wt +py a0, (2-15)
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which implies

A w3 < e (0 T w4 1), 2-16)

where ¢17 = ¢y7(a, B, p.q. N, dy, d3). Consequently, w(x™*) < Clsp(?Z(flljlﬁ), and therefore

1+8

|Vu(x)| < cy9lx|"a=1 forall x € By, \ {0}, (2-17)

1+
qg—1

Case 2: D < 1. Take xo € By, \ {0}. Put £ = [x¢| € (0,d;) then Sy[u] is a solution of

where ¢; = ¢i(a, B, N, p,q,d1, dy) with i = 18, 19. Notice that

= 7 + 1; hence we obtain (2-11).

pQR+B—)—a(q—1)—q—B
p—1

—Av + |x[*v? + £ 1|21Vl =0 in Qg )\ {0} (2-18)

By the regularity result in [DiBenedetto 1983], there exists ¢y9 = ¢20(, B, p, ¢) such that

sup{|VS¢[u](x)| : x € B33 \ B3/a} < c20.

Consequently,
1+p+a
Y p’il |Vu(£x)|5021 for all .XEB3/2\B3/4'

. _ . _1tpta . .
By choosing x = £~ xq, we derive |Vu(x)| < ¢22|x0| =1 . This completes the proof since

1
p—1
Proof of Proposition 1.1. Estimates (1-9) and (1-10) follow directly from Lemmas 2.2, 2.4, and 2.6, as
well as Proposition 2.7. U

3. Weakly singular solutions

We start with the existence of weakly singular solutions of (1-1). The construction is based on approxi-
mation method.

Proof of Theorem A. We prove the theorem in five steps.

Step 1: Construction of solutions. Let k > 0. For every € > 0, let u,?e be the unique solution of
—Au+ |x|%u? + |x|B|Vul? =0 in Q\ Be,
u=0 on 92, (3-1)

u=kIny(e) ondB..

The existence of u]?’e can be obtained by using an argument similar to the proof of [Gilbarg and Trudinger
2001, Theorem 11.4] and the uniqueness follows from the comparison principle Proposition 2.1. Moreover,
by the comparison principle, 0 < u,%e <kTw in Q\ Be and “l?,e < ul?’é, in Q \ Be forevery 0 < e < €.
Therefore, ulsg = limg u,?,e satisfies

U (x) <kTy(x) forall x € Q\{0}. (3-2)

By regularity results for elliptic equations, u,? is a solution of (1-1) in € \ {0} vanishing on 9€2.
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Fix an arbitrary point x € szl \ Bc and put £ = |x¢| € (¢, d;]. Note that Rg[u,?e] solves

—Av + (N FTe—p(N=2)| y|ayp +€N+,3—q(N—1)|x|B |[Vu|? =0 in Qg \ Jf/(
v=20 on 092y, (3-3)
v=kIn(§) ondBy.

Since 1 < p < peo and 1 < g < g, g, it follows that
(NHemP(N=2) | 1@ < max(1,3%} and VTAIN=D |4 f < max{1,3%} forall x € By )\ By.

By the maximum principle, R¢[u{} ] < kT in Q¢ \ B¢, which implies Re[u ] < kTy(1) in B3\ By.
Due to local regularity for elliptic equations (see, e.g., [DiBenedetto 1983]), there exist constants
cy3 =c3(N, o, B, p,g. k) and u = u(N,a, B, p,q,k) € (0,1) such that

H Re[“lscz,e]Hcl-M(Bs/z\zm) = C23.

Again by the regularity results (see [Lieberman 1988, Theorem 1] and [DiBenedetto 1983]), there exists
¢4 = c24(a, B, N, p,q, k) such that

N sup{| Vg (0x)] < |x] =1} < ca4.
By choosing x = £~ !x(, we deduce |Vu,?,E (x0)| < c24]x0| V. Thus
|Vu,?’€(x)| 5025|x|1_N forall x € 2\ B¢ (3-4)
with ¢35 = ¢25(0, B, N, p,q, k., dy,d3).
Step 2: Proof of (1-16). The solution uﬁe can be written in the form
U (x) = kTy(€) —GHF[Fouf |(x),
where GQ\E is the Green operator in € \ B [Marcus and Véron 2014, Theorem 1.2.2]. Hence, by (3-4),
kTN () Z U (6) 2 kT (x) = 266 - [T PN )P40 N (x) - forall x € 2\ Be.

By letting € — 0, we get

KTy (x) = uit(x) = kT (x) — G| - |2FPC=N) | |BHa0=N](x)  forall x € 2\ {0}. (3-5)
It is classical (see [op. cit.]) that

G2 (x, y) ~min{|x — y*~, p(x)p(y)|x — y| 7V}

for every x, y € Q,x # y, where p(x) = dist(x, dQ2). Therefore there exists ¢y7 = ¢»7(V, ) such that,
for x near 0,

G| - |2tP2=N) 4 |.|A+a(1=N)|(x)
Iy (x)

< cyq|x|V 72 /Q Ix — y[2N |y PN 4|y PraN D) gy (3-6)
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Choose &’ and B’ such that p(N —2) — N <o’ <min{o, p(N —2) =2} and ¢(N —1)— N < ' <
min{8, (N — 1) —2}. Then by [Lieb and Loss 1997, Corollary 5.10],

/ |X _y|2—N |y|0£—P(N—2) dy < Czsdg—a/|x|2+o/—p(N—2)’
Q

(3-7)
/ |x _y|2—N |y|ﬂ—q(N—1) dy < ¢,q df—ﬂ’|x|2+/3/—q(N—l).
Q
Combining (3-6) and (3-7) yields
GL[|. |@tp2—N) 4 |.|B+q(1-N)
G -] ) _, a8
|x[—>0 I'n(x)
From (3-5) and (3-8), we obtain (1-16).
Step 3: Proof of (1-17). For £ € (0, 1), put vy = Rg[u,?] then vy is the solution of
—Av +ZN+a—p(N—2)|x|otvp +gN+B—q(N—1)|x|ﬂ |[Vv|9 =0, inQy\ {0} (3.9)
v=0 ondQy.

Since 0 < ui? < kIy in 2\ {0}, it follows that 0 < vy < kT in Q¢ \ {0}.

Since 1 < p < pco and 1 < g < g, g, by local regularity for elliptic equations [DiBenedetto 1983],
the Arzela—Ascoli theorem, and a standard diagonalization argument, there exists a subsequence {vy, }
converging to a positive harmonic function in Chl)C (RN \ {0}) as £, — 0. On the other hand, from (1-16),
we deduce that {vg} converges to kI'y uniformly in B, \ B;/, as £ — 0. Therefore, the whole sequence
{ve} converges to k'y in Cléc(lRN \ {0}) as £ — 0. In particular, Vvy — kVIy in B, \ Bj/,, which
implies (1-17).

Step 4: u,? is a weak solution of (1-11). By a similar argument as in Step 1, we derive
Vil (x)] < caok|x]'"™N  forall x € Q\ {0} (3-10)

where ¢29 = c29(ct, B. N, p.q.dy. d>). This, together with (3-2), implies u* € L' (Q) and Fouf* € L'(Q).
For every € > 0, by Green’s formula, one gets

Q Q dug? Q98

/ (—u A§+(Fouk)§)dx:—f —;dS+/ uy — dS, (3-11)
Q\E dB. on 3176 on

where n is the outward normal unit vector on dB¢. Due to (1-17), the right-hand side of (3-11) converges

to k¢(0). Therefore, thanks to dominated convergence theorem, by letting ¢ — 0, we obtain (1-12).

Finally, by [Marcus and Véron 2014, Theorem 1.2.2], we get (1-15).

Step 5: Uniqueness. Assume u’ is a positive solutions of (1-1) satisfying (1-16); then

ue

m =
lx|=>0 u/(x)

Hence, for every § > 0, there exists r(8) > 0 such that (1 + 8)14]? + 6 > u’ on 0B, (5). The function
(1 +5)u]§2 + 6 is a supersolution of (1-1) which dominates u" on d$2U dB, (5 therefore, by the comparison
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principle, (1 + 5)u]§2 +8>u"in Q\ B, ). Letting § — 0 yields u,? >u"in Q \ {0}. By permuting u,?

and u’, we derive u’ = u,? O
If Q is replaced by RY, we have the following variant of Theorem A.

Proposition 3.1. Assume a > =2, B> —1, 1 < p < pc.o,and 1 <q < q g. Then for any k > 0, there
exists a unique solution u,”fN e C2(RN\ {0}) of (1-1) in RN \ {0} satisfying

lim ”k (x)—O and “k (x) k(14+0(1)Tx(x) as|x| — 0. (3-12)

|x|—o0

Moreover, u/”f € Lloc (RN), Fo u}? e L! (RN), and there holds

loc
/ (—uf AL+ (Foulf™ ) dx = k£(0) forall ¢ € CZRYN). (3-13)

RN
Proof. For each R > 0, let u,fR be the unique solution of (1-1) in Bg \ {0}, vanishing on dBg and

JR(x)

|xwgo FN(X)

satisfying

(3-14)

By the comparison principle, uBR < uBR’ <kTy in Bg\ {0} for every R < R’. In light of local regularity
[DiBenedetto 1983] and a standard argument,

u,[fN = Rli_r)noo u,fR e C(RN \ {0})

is a solution of (1-1) in RV \ {0}. By combining (3-14) and the fact that u® < u,"fN < kTx in Bg \ {0}
for every R > 0, we derive (3-12). Uniqueness follows from the comparison principle. By proceeding as
in the proof of Theorem A, one can verify (3-13). O

By a similar, and more simpler, argument as in the proof of Theorem A, one can easily obtain the
existence of weakly singular solutions of (1-3).

Proposition 3.2. Assume B > —1 and 1 < q < q. g with q. g defined in (1-14). For any k > 0, there
exists a unique solution w,? e CH(Q\{0H)NC(Q\{0}) of

—Aw + |xB|Vw|? =kSy in Q, withw =00ndSQ. (3-15)
Moreover,
wi =kG(-.0) =G| |P|Vw|); (3-16)
w(x) =k(1+o(1)Tn(x) as |x|—0; (3-17)
k x
li N=1yy$ — ) =o. 3-18
i (s Va0 ) o

Remark. In addition, by proceeding as in the proof of Proposition 3.1, we obtain the existence of the
weak singular solutions w,”fN of (1-3) in RV \ {0}.
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4. Strongly singular solutions

SN=1 the unit sphere in RY and let (r, ) € (0,00) x SN~! be the spherical coordinates

in RV \ {0}. Let V/ and A’ denote respectively the covariant gradient and the Laplace—Beltrami operator

Denote by

on SN1. In order to characterize strongly singular solutions of (1-1), we study the following quasilinear
SN

q

8 2

N o+ Ao +((—+ﬂ1q) +|V/a)|2) —Aw =0, (4-1)
q_

equation on

where

2 —
2>0, and A=A(N,q B):= J”glq(q”f—zv).
g—1 \q-

We introduce an auxiliary function

Cta)g—1) 2 —q\?
gr(t) = At SR + (ilq) 97 A, te(0,00), A>0. 4-2)
q_

It is easy to see that if 1 < ¢ < g, g then A > 0; therefore, the algebraic equation g, () = 0 admits a
unique positive solution 6;. Obviously, ), is a positive solution of (4-1), and 6y is explicitly given by

1
1 1
O = —2 (q +5 N) . (4-3)
24+B—¢q 1
Proposition 4.1. Leta > -2, B> —1, 1 <q <24 B, and A > 0. Denote by & the set of C? positive
solutions of (4-1)in S N-1
) If g =qc,p, then & = &
(i) If 1 <q <qc,p. then &, = {0 }.

Proof. (i) Suppose by contradiction that  is a positive solution of (4-1) and w(0max) = max sN-1@ >0
with omax € SV~ From (4-1), we get

a 2 — q
Ao (Omen) T (%) 0(Om)? — A (Orman) < 0. (4-4)

Since ¢ > g, g, we know A < 0. Therefore, the left hand side is positive, which is a contradiction.

(ii) If w is a positive solution of (4-1), let Omax, Omin € S N—=1 guch that
W(Omax) = maxgy—1 @ = MiNgN—1 ® = ®(Omin) > 0.
Clearly, omax satisfies (4-4) and oy, satisfies

a(q 1)+q+B 24+
A (Grin) + (ﬂ

] ) CO(Umln) - Aa)(omm) > (). (4_5)

Consequently, g3 (w(0max)) <0 < g3 (w(0omin)). Since g, is strictly increasing in (0, 00), it follows that
®(0max) < 0y < @(Omin). Thus, w = ;. This completes the proof. O

The next lemma states existence result for both equations (1-3) and (1-1).
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Lemma 4.2. Let Q be either a smooth bounded domain containing the origin 0 or RN.

(i) Assume > —1and 1 <q <gq.g. Then wézo = limy o w,? is a nonnegative solution of (1-3) in
Q\ {0} satisfying either wgzo = 00n dQ if Q is bounded or lim|x|_>oo wgzo(x) =0if Q =RN

(ii) Assumea>—=2, f>—1, 1 < p < pc.a,and 1 <q <{c,p- Then u =limg o uk isa nonnegative
solution of (1-1) in Q\ {0} satisfying either u =00ndQif Qis bounded or lim| |00 uoo(x) =
if @ =RN

Proof. We only demonstrate (ii) since the proof of (i) is similar and simpler. It follows from Theorem A

— 2+o
and Proposition 3.1 that {u,i2 } is increasing and bounded from above by the function U (x) = ¢3¢ |X|™ P
where ¢3¢ is a large positive constant depending on N, p, and «. Therefore, ufjo = limy 00 u,? is a

solution of (1-1) in 2\ {0} and ugzo <U in 2\ {0}. O
The asymptotic behavior of wgo near the origin 0 is analyzed in the following result.

Proposition 4.3. Assume B > —1, 1 <q < q, g, and Q2 is either a smooth bounded domain containing

the origin 0 or RN, Let wS be the solution in Lemma 4.2(i). Then wS

of (1-3). Moreover, with 0y as in (4-3),

is a strongly singular solution

lim |x|22§1ﬂ wézo(x) =6y (4-6)
|x]—0
+B N
.l
lim (|x|q 'Vl (x) + (" N) i) —0. (4-7)
|x|—>0 q—1 x|

Proof. The proof is based upon the similarity argument.

Case I Q =RN. For k >0, recall that w2 & 1s the weakly singular solution of (1-3) in RN, For every £ >0,
Ty [wk ] is a solution of (1-3) in R™ \ {0} which satisfies

N
Te[w 1(x) _ N,
Ix|=0  I'n(x)

Due to the uniqueness,

R RN
Te[wk ] =Wy+p-a9)/(g—D+2—Nf-
By letting & — oo, we deduce that T, g[w&N] = w&N, ie., wi,R; is self-similar. Consequently, w;, can be
written in the form
24—
W&N () =Ix|" ‘I—lqa)(x/lxl) for all x # 0, (4-8)

where  is a positive solution of (4-1) with A = 0. Since 1 < ¢ < ¢, g, by Proposition 4.1, w = 6.
Therefore,

wl (x) =

=: Wy(x) forall x #0,

the unique self-similar solution of (1-3) in RV \ {0}.
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Case 2: Q is a bounded smooth domain. Since Tg[w,?] = w% +B-a)/(a—1)+2—N DY uniqueness, it follows

that 9 o
TZ [woo] = wooe- (4'9)

Since wf,zo(x) <cglx|” =i in 2\ {0}, woo satisfies the same estimate in €24 \ {0} for every £ € (0, 1).
By local regulanty for elliptic equations and Arzela—Ascoli theorem, there exists a subsequence {weg " }
loc L (RN \ {0}) to a function wq which is a solution of (1-3) in RN \ {0}.

IfQis star—shaped with respect to the origin 0 then we get wl?‘f < wQZ for every k >0 and 0<{' <t<l,

converging in C,

which 1mphes that woo < wizoe for every 0 < ¢/ < £ < 1. Therefore, the whole sequence { woo “} converges

to wo in C! (RN \ {0}) as £ — 0. By (4-9), for any £, ¢’ > 0,

loc
/7 Q /
Ty T [wl]] = Telwe!] = wet'™.

By letting ¢ — 0, we obtain T;[wg] = wq for every £ > 0, namely wy is a self-similar solution of (1-3)
in RV \ {0}. Therefore, wy = wRN = Wo and consequently,

—q

hmﬁ i w (Ex)—00|x|_

By putting y = £x with |x| = 1, we get (4-6).

In general, if Q2 is not necessarily star-shaped with respect to the origin 0, since l?dl C Q2 C By,, it
follows that w23 < ws < wBd2 A (4-6) holds for w3 (e, Qis replaced by B34, ) and wBax we
derive (4-6). Consequently, for every x # 0,

248—q _
wo(x) = hm wgo"(x) = hm 07w (LX) = 90|x|_2251q = Wo(x).

Hence the whole sequence {u)oo }¢ converges to Wy in 1OC(IR{N \ {0}) as £ — 0. By using a similar
argument as in Step 3 of the proof of Theorem A, we obtain (4-7). This implies |x|# |Vwoo|q ¢ L'(B,)

Q

for every € > 0. Thus wg; is a strongly singular solution of (1-3). O

Note that (1-1) does not admit any similarity transformation, except when D = 1. However, due to the
asymptotic behavior of vgzo (the strongly singular solution of (1-2)) and of wgo near 0, we can establish
the asymptotic behavior of ugzo Put

D ifD<l1,
=106, ifD=1, (4-10)
6y if D> 1,

where ¢ is as in (1-7) and 8 (A =0, 1) is given in (4-2).
Now we are ready to deal with strongly singular solution of (1-1).

Proposition 4.4. Assume o > -2, f>—1, 1 <p < pc a>and 1 <q < g p. Let Q be either a smooth
bounded domain containing the origin 0 or RN and u be the solution of (1-1) defined in Lemma 4.2.
Then uoo is a strongly singular solution of (1-1). Moreover (1-18) and (1-19) hold.

Proof. We consider three cases.
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Case I1: D = 1. In this case, Sy is a similarity transformation for (1-1). Therefore, (1-18) and (1-19) can
be obtained by proceeding as in the proof of Proposition 4.3 and consequently ugzo is a strongly singular
solution of (1-1). Notice that if @ = RV then Q; = R" and u = 0 on 92 is understood as u(x) — 0

as |x| — oo.

Case 2: D > 1. Forevery £ € (0, 1), put W, = Tg[u?o]. Then W, is a solution of

a(g—D)+g+B—pQ2+B—q)
—Au+ T T T 1w x| VUt =0 in g\ {0}, withu =00n dQ,.  (4-11)

By the regularity result [DiBenedetto 1983], for every R > 1 there exist M = M («, B8, p,q, N, R, dy, d>)
and n= //L(C(, ﬁ’ P-4, N’ dl ) dz) € (09 1) SUCh that

IWellc1.u(Bg\Br-1) <M.
Consequently, there exists a subsequence {W;, } which converges to a function W in Cl(l)c([R{N \ {0})

as £, — 0. The function W is a solution of (1-3) in RV \ 10} satisfying lim|y|— oo W(x) = 0. By
Proposition 2.1, w&N > W > ulﬂfN for every k > 0. Therefore, thanks to (3-12), we get
¥ (x) W (x)

. . W)
lim inf = liminf = liminf — =
x—0 wlﬂf (x) x—0 kTn(x) x—0 ulﬂf (x)

1.

By using a similar argument as in the proof Proposition 3.1, together with the comparison principle, we
deduce that W > w){RN in RV \ {0} for every k > 0. It follows that W > w&N in RV \ {0} and hence

W = w&N in RV \ {0}. Thus the whole sequence {W;} converges to w&N in C! (RN \{0}) as £ — 0.

loc
This leads to (1-18) and (1-19). Consequently u& is a strongly singular solution.

Case 3: D < 1. Forevery £ € (0,1), put Vy = .Sy [ufjo]. Similarly, we can show that the sequence {V}
converges to U&N (the strongly singular solution of (1-2)) in CI(I)C(RN \ {0}) as £ — 0. This yields the
desired result. O

Proof of Theorem B. The theorem follows from Lemma 4.2 and Proposition 4.4. O

5. Classification and removability of isolated singularities
5.1. Classification of isolated singularities. The following lemma plays an important role in proving
the classification result.

Lemma 5.1. Assume 2 is a bounded domain containing the origin 0, « > =2, f > —1, 1 < p < p¢.a,
and 1 <q <gqcp. Letu € C2(\{0})NC(2\{0}) be a nonnegative solution of (1-1) in Q\ {0} vanishing
on 02. Then there exists c31 = c31(N,a, B, p,q,d1,dy) such that for any § € (0, %dl), there holds

sup{u(x) : x € 0Bs} < c31 inf{u(x) : x € dBs}. (5-1)
Proof. Fix § € (0, {d1) and take xo € 0B; \ {0}. Put ro = |xo, y, =ry 'x, € IB,

_[Spolu] if D <1,
T\ Tylu] if D> 1.
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It is easy to see that ¢, is a nonnegative solution of one of the following equations
PR+B—q)—a(g—1)—q—B

—Ag + |x|%P + 1, = Ix|#|Vpla=0 ifD<1,
“Ag+ rooc(ll—l)-ﬁ-q;é?p(%l-ﬁ—‘” Ix|%@? + |x|B|Vp|9 =0 if D>1,

—Ap + |x|ap? + |x|B |Vl =0 if D=1.
inQ, = rO_IQ. By Lemma 2.6, for every y € By /4(y0),

@ro (V) =rgu(rgy) < ci2ly|™ " <c122".

By Harnack’s inequality (see, e.g., [Trudinger 1980; 1967]) there exists ¢3, = c32(c, 8, p,¢q, N, d1, d>)
such that
sup{er, (1) 1 ¥ € Biys(yo)} = ca2 inf{gy, (¥) 1 y € Byys(yo)}-

As 0Bg can be covered by a finite number (depending only on ) of balls of center on dBg and of
radius %8, we obtain (5-1). O

Proof of Theorem C. The proof is based on Lemma 5.1, scaling argument and asymptotic behavior of
weakly singular solutions and strongly singular solutions. Put

: u(x)
L :=lim sup >0.
x>0 In(x)

(5-2)

Case 1: L = 0. Then for every € > 0, there exists § = §(¢) > 0 such that § - 0 ase — 0 and u < el'y
on dBjg. Thanks to Proposition 2.1, u < e[’y in Q \ Bg. Letting € — 0 yields u = 0.

Case 2: L = oco. By (5-1),

. ou(x)
lim inf = 00,
Ix|>0 T'v(x)
which along with (1-16) implies
1iminf$ — oo forall k>0.
|x]—0 uy (x

By the comparison principle, u > u,? in 2\ {0} for every k > 0. Hence u > ugzo in 2\ {0}. Consequently,
by Theorem B, we derive

liminf|x|Tu(x) > lim |x|*u% (x) = ©. (5-3)
|x|—0 |x|—=0
We next prove that!
lim sup|x|fu(x) < ©. (5-4)
|x|]—0

For any € > 0, it can be checked that there exists ®, > 0 with ®. — ® as € — 0 such that O|x|77 € is
a supersolution of (1-1) in By, \ {0} when D = 1 (respectively, of (1-2) in By, \ {0} when D < I and of

IThe proof of (5-4) was proposed by a referee.
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(1-3) in B4, \ {0} when D > 1). Then by (2-9) and the comparison principle, we find that
u(x) < Qx| T+ maxaBd1 u
in By, \ {0} for every € > 0. Letting € — 0 for fixed x € By, \ {0}, then |x| — 0, we obtain (5-4).
Case 3: 0 < L < oo. Inlight of (5-1), there is a positive number & such that

) sl (5-5)

lim inf
Ix|-0 In(x)

here ¢34 = c34(N, o, B, p,q,dq,d>) > 1, which implies

= 1. (5-6)

By Proposition 2.1, u > u/? in 2\ {0}. From (5-6), there exists a sequence {x,} converging to 0 such that

. u(xn)
lim =

=1
n—o0o M]?(Xn)

Put ry = |Xnl, Vk n = Ry, [u,?] and v, = R, [u]in Q,, = r,I_IQ. Then both vg , and v, are solutions of
—Av  pNTemPN=D) | ey p b NEA=a(N=D) 1B 17y|9 =0 in Q,, \ {0}.

By the Arzela—Ascoli theorem, regularity theory of elliptic equations and a standard diagonalization
argument, up to subsequences, {vx ,} and {v,} converge respectively in Ckl)C (RN \ {0}) to nonnegative
harmonic functions V;* and V* in RN\ {0}. Since u > u,?, it follows that V* > V}*. Put

u(x)

ug (x)

Kp = sup{ IX E 8Brn} €1, c34]

and y, = r,'x, € dB;. Therefore, up to subsequences, k, — « € [1,c34] and y, — y* € 9By.
Consequently, V*(y*) = V*(y*). By the strong maximum principle, we deduce that V* = V;* in
RN\ {0}, which implies ¥ = 1. Thus, for every € > 0, there exists n, > 0 such that

n>=ne = u,?fuf(l—i—e)u,i2 in 0B,,.

The comparison principle implies u < (1 + e)u,? in Q\ B;,. Letting € — 0 yields u < u,? in Q\ {0}.
Thus u = ”152 O

5.2. Removability. We shall treat successively two cases: ¢, g <¢ <2+ f and g =2+ B.

Proof of Theorem D with q. g < q <2+ B. The proof is divided into three cases and strongly based upon
Proposition 4.1 and self-similarity arguments.
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Case 1: If D =1then p> pcy and g > g, g. For 0 <4 < %dl and R > d, = diam(£2), let ug g be the
solution of

—Au+Fou=0 in4BR\\Z%,
u=c336"° on dB;g, (5-7)
u=~0 on dBp,

where ¢33 = max{cg,c12, ©}. By the comparison principle, u < us g < ugy g in Q \ Bg for every
0<8=<§ and0< R <R Putii:=limg_oolims_ous g; then @ is a solution of (1-1) in RV \ {0}
and u < u in Q\ {0}. By uniqueness, Ty[us r] = us;¢,r/¢ for every £ > 0. Letting § — 0 and R — oo
successively implies Ty[ii] = i for every £ > 0. Hence i is a self-similar solution of (1-1) in R \ {0}
and can be represented in the form

+B—
u(x) = |x|_2f1*1qa)(x/|x|) for all x € RV \ {0},

where o is a solution of (4-1). Since ¢, g < ¢ <2+ f, from Proposition 4.1 we deduce that w = 0. It
follows that & = 0 and thus u = 0.

Case 2: If D > 1 then we must have ¢ > g, g. For any 0 < § < R, let ws g be the solution of

—Aw + |x|B|Vw|? =0 in Bg\ Bj.
_2+B—q
w=c338 9-1  ondBy, (5-8)
w= on 0Bg.

By the comparison principle, u < ws g < wg g/ in 2\ By forevery 0 <§ <4 and 0 < R < R’. Put
W :=limg_, o lims_, o ws, g then w is a solution of (1-3) in RN\ {0} and u < W in 2\ {0}. By uniqueness,
Ty[ws,r] = ws/¢,r/¢ for every £ > 0. Letting 6 — 0 and R — oo successively implies Ty[w] = w for
every £ > 0. Hence 1 is a self-similar solution of (1-3) in RV \ {0} and can be represented in the form

- _2+ﬂfq N
w(x) = x| 4T w(x/|x|) forall x € R™ \ {0},

where o is a solution of (4-1) with A = 0. Since ¢, g < ¢ <2+ B, from Proposition 4.1 we deduce
that w = 0. It follows that w = 0 and thus u = 0.

Case 3: 1If D < 1 then we must have p > pc o. One can use an argument similar to the proof in Case 2
to obtain u = 0. O

Remark. Theorem D with ¢ < 2 + B can be obtained by a different way which is suggested by the
referee. The proof, that we present below, is more direct, independent of Proposition 4.1 and does not
require any self-similarity arguments.

Assume that either p > p¢ o Or ¢ > g g. We distinguish two cases:
Case 1: If D > 1 then we must have ¢ > ¢, g.
Case 2: If D < 1 then we must have p > pc 4.

If ¢ > g.pinCase 1 or p > pcq in Case 2, then by (1-13) and (2-9), we deduce that

u(x) _o

1m =
Ix|—0 I (x)
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Since u = 0 on €2, the comparison principle gives that u = 0 in Q \ {0}.
If ¢ =g¢ pin Case 1 or p = pc o in Case 2 then by (1-13) and (2-9), we deduce that

u(x)

1m
Ix|—>0 I (x)

<0

For every € > 0 small, it can be easily checked that there exists C¢ > 0 with C¢ — 0 as € — 0 such that
Se(x) := Ce|x|*~N~¢ is a supersolution of (1-3) in By \ {0} when ¢ = qc,p in Case 1 (respectively, a
supersolution of (1-2) in By \ {0} when p = p. o in Case 2). Since

o u(x) _
Ix|—>0 Se(x)

’

by the comparison principle, u(x) < S¢(x) +maxpp, u in By, \{0}. Letting € — 0, we get u < maxyp, U.
Since u = 0 on a2 \ {0}, we find that u = 0 in Q \ {0}.

In order to prove Theorem D in the case ¢ = 2 + 8§ we need the following lemma.
Lemma 5.2. Let B > —1. Ifw € C2(2\ {0}) N C(Q \ {0}) is a nonnegative solution of
—Aw + [xB[Vw* P =0 in Q\ {0}, (5-9)
which vanishes on 02 then w = 0.

Proof. By (2-3), there exists a positive constant ¢35 = c35(N, q, B, d1, d>, ”w”Loo(aBdl)) such that
w(x) <c35—c31In|x|in By, \ {0}. The constant c35 can be chosen such that ®(x) := ¢35 —c3 In|x|is a
positive superharmonic function in 2 \ {0}.

For € € (0,d), let he be the harmonic function in  \ B¢ such that i = w on dB¢ and he = 0
on 0L2. By the comparison principle, w < /¢ in Q \ B for every € € (0, d;). Consequently, i¢ < h¢ for
0 < €/ < e. On the other hand, since @ is a positive superharmonic function in Q2 \ B¢ which dominates /.
on 02 U 0B, by the comparison principle, £ < ® in Q \ B¢. Therefore, {h¢} converges, as € — 0, to a
harmonic function / in \ {0} which vanishes on 02 and satisfies w < h<®inQ \ {0}. Since N > 2,
we deduce that };(x) = o(I'y(x)) as |x| — 0. Therefore /i =0. Thus w = 0. O

Proof of Theorem D with ¢ = 2 + B.

For € € (0, dy), let we be the solution of (2-10) with ¢ =2+ 8. The sequence {w,} converges, as € — 0,
to a solution w of (5-9) in  \ {0} which vanishes on d€2. Since u < w, for every € € (0, dy), it follows
that u < w. By Lemma 5.2, @ = 0 and thus u = 0. O
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