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ABSTRACT. Let C[0,T] denote the space of continuous real-valued functions on
[0,T]. In this paper we introduce two Banach algebras: one of them is defined
on C[0,T] and the other is a space of equivalence classes of measures over paths
of bounded variation on [0, 7]. We establish an isometric isomorphism between
them and evaluate analytic Feynman integrals of the functions in the Banach
algebras, which play significant roles in the Feynman integration theories and
quantum mechanics.

1. INTRODUCTION

Let Cy[0, T'| denote classical Wiener space; that is, the space of continuous real-
valued functions = on the interval [0, 7] with z(0) = 0. Cameron and Storvick
[2] introduced a Banach algebra &’ of functions on Cy[0,T7], a space of general-
ized Fourier—Stieltjes transforms of the C-valued, and finite Borel measures over
the functions of bounded variation on [0,7]. They showed that S’ is isometri-
cally embedded in the Banach algebra S, a space of generalized Fourier—Stieltjes
transforms of the complex Borel measures on L?[0, 7.

On the other hand, let C[0,7] denote an analogue of a generalized Wiener
space, the space of continuous real-valued functions on the interval [0,7]. On
the space C[0,T], Ryu [9, 10] introduced a finite measure w, g,, and investigated
its properties, where a, 8 : [0,7] — R are continuous functions such that g is
strictly increasing and ¢ is an arbitrary finite measure on the Borel class of R.
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On this space (C0, T, wa,p,,), the author [3] introduced an It6 type integral I, s
which generalizes the Paley—Wiener—Zygmund integrals on Cy[0,T] and C[0,T1,
and in [4, 5] he derived two Banach algebras S, ., and S, ., by using I, g,
which generalize Cameron—Storvick’s Banach algebra § with the mean function
and the variance function determined by « and f, respectively.

In this paper, we introduce two Banach algebras 5&75%0 and M(BJ[0,T)); S, N B
is defined on C[0,T], and M(B[0, T]) is a space of equivalence classes of measures
over the paths of bounded variation on [0,7]. We also establish an isomorphism
between S}, 5., and M(B0,T]) and prove that S, 5., is embedded in S g;,. As
an application, we derive analytic Feynman mtegrals of the functions in &, B
which play significant roles in the Feynman integration theories and quantum
mechanics. In particular, if a(t) = 0, 5(t) = ¢, for t € [0,T], and ¢ = dyp, which
is the Dirac measure concentrated at 0, then S’ o =S and S, g, = S; so that
the results of this paper generalize those in [2]. We also note that every path in
C10,T] starts at an arbitrary point; so that C[0,T] generalizes Cy[0, 7.

2. AN ANALOGUE OF A GENERALIZED WIENER SPACE

In this section we introduce an analogue of a generalized Wiener space with
preliminaries which will be used in the next sections.

Let my, denote the Lebesgue measure on the Borel class B(R) of R. Let C[0, T
denote the space of continuous real-valued functions on the interval [0,7]. Let
a,:[0,7] = R be two continuous functions, where f is strictly increasing. Let
¢ be a positive finite measure on B(R). For t,, = (tg,t1,...,t,) with 0 = ¢, <
ty <o <ty <T,let Jp : C[0,T] — R™"! be the function defined by

Jp (w) = (2(to), x(t1), ..., 2(tn)).

For []}_, B; in B(R"*!), the subset thl(H?:O B;) of C0,T] is called an interval
I, and let Z be the set of all such intervals I. Define a premeasure mgqg,, on Z
by

Ma,p;0 (1) —{H?I 27r[,3 B(tj-1) J

/BU/ exp{ —alty) % “15(1;3(’5’ Dk }dmz(ul, e un)d(uo).

J:1

The Borel o-algebra B(C[0,T]) of C[0,T] with the supremum norm, coincides
with the smallest o-algebra generated by Z, and there exists a unique, positive,
and finite measure wq g, on B(C[0,T]) with wq p.,(I) = map(1) for all I € T.
This measure wqg,, is called an analogue of a generalized Wiener measure on
(C[0,T],B(C[0,T7])) according to ¢ [9, 10].

For further work, we give additional conditions for o and 3. Let o and (3
be absolutely continuous real-valued functions on [0,7] such that § is strictly
increasing and |a|'(t) + 5'(t) > 0 for t € [0,7]. We note that both ||’ (f) and
B'(t) exist for mp-almost everywhere t; since « is of bounded variation, so that
|| is increasing on [0,7]. We observe that the functions o and [ induce a
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Lebesgue-Stieltjes measure v, 3 on [0, 7] by

Vo (E) = / d(lal + B)(t)

for a Lebesgue measurable subset E of [0,T]. Define L? 45[0,T] to be the space
of functions on [0, 7] that are square integrable with respect to the measure v, g;
that is,

12011 = {2011 > R: [ 0P dns(t) < oo}

The space L7, 5[0, T] is a Hilbert space and has the obvious inner product [8]

(f, G = / F(Og(dvas(t)  for f.g € I2,,[0,T).

We note that there exists a complete orthonormal set of functions in Lgﬁ[o, TY;
so that L2, 5[0, ] is separable [5].

Let S[0,7] denote the collection of all step functions on [0,7]. For f in
Liﬁ[o, T1, let {¢,} be a sequence of the step functions in S[0, T'] with lim,, .« ||¢n—
flla.s = 0. Define I, s(f) by the L?(C[0, T])-limit

T
Lop(F)(@) = i [ 6, ()de(t),
n—oo 0
for all x € C[0,T] for which this limit exists, where fOT ¢n(t)dx(t) denotes the
Riemann-Stieltjes integral of ¢, with respect to . We note that I, z(f)(z)
exists for w, g.,~almost everywhere z € C[0,7] and it is independent of choice
of the sequence {¢,} in S[0,7] to define it [3]. We also note that I, g(f) is

normally distributed with the mean fOT f(t)da(t) and the variance ||f||§ 5 if ¢ is
a probability measure [3].

Let M, 3 be the class of complex measures of finite variation on Li 5[0, T'] with
the Borel o-algebra B(L?2 4[0,T1]) of L, 4[0,T] as its class of measurable sets. If
€ Mo, then we set ||u|| = varp, the total variation of yu over L7, 5[0, T]. Then
M, g is a Banach algebra under convolution, with the total variation norm, since
L2 5[0, T] is a separable infinite dimensional Hilbert space [7]. Let S, g, be the
space of functions of the form

P = [ el @)nls), (21)

for all x € C[0, T for which the integral exists, where p € M, 5. Here we take

£} = mf{fle},

where the infimum is taken over all p’s so that F' and p are related by (2.1).
We note that F' is well-defined for w, g,,-almost everywhere x € C[0, 7] and it is
an integrable function of z on C0,T]. Moreover, it is not difficult to show that
Sa s is a Banach algebra with unit over C [5].
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Let F': C[0,T] — C be a measurable function and suppose that the integral
Je(\) = / F(A"22)dwg ()
clo,1]

exists as a finite number for all A > 0. If there exists a function Jj:(\) analytic in
Ci={ e C:ReX >0}

such that J5(A) = Jp(A) for all A > 0, then J5()\) is defined to be a generalized
analytic Wiener w, g, -integral of F' over C[0,T] with the parameter A, and it is
denoted by

anwy
/ F(2)dwa oo (1) = T5(N)
co,1]

for A € C... Let g be a nonzero real number. If [ F(2)dwe,pip(x) has a limit
as A approaches —iq through C,, then we call it a generalized analytic Feynman

Wa, gp-integral of F' over C[0,T] with the parameter ¢, and it is denoted by

anfq anwy
/ (@) duwe soo() = lim/ F(@)duwe 5o ().

clo.1] A=—ia Jofo,1)
3. A BANACH ALGEBRA OF CLASSES OF MEASURES

In this section we introduce a Banach algebra of equivalence classes of measures
over the paths of bounded variation on [0, 7).

Let B0, T be the space of real right-continuous functions of bounded variation
on [0, 7] that vanish at T". Let A" be the o-algebra of subsets of B[0,T] generated
by the class of sets of the form

{ve B[0,T]: (v, flap < A},

where f and A range over all elements of Li’ 5[0, 7] and all real numbers, respec-
tively. Let M(B[0,T7]) be the class of complex measures of finite variation defined
on subsets of B[0,T] with A" as their class of measurable sets. If u € M(BJ0,T]),
we set ||| = varp over B[0,T]. Note that M(BJ[0,T]) is a Banach algebra under
convolution, with the total variation norm [2]. For v € B[0,T], let

T
J(z,v) = exp{i/ v(t)dx(t)} for x € C[0,T]. (3.1)
0
Define a relation ~ on M(B[0,T]) by u1 ~ pe, for py, us € M(B[0,T)), if

/B[O,T} I (@, v)dpn (v) :/ J(z, v)dpua(v)

B[0,T]
for wq g,,-almost everywhere z € C[0,7T]. It is obvious that ~ is an equivalence
relation on M(B[0, T]). Let M(B[0,T]) be the set of equivalence classes under ~.
For [pn], [ne] € M(B[0,T1]) and ¢ € C, define [pn] + 2] = [p1 + p2], c[pu] = [epa],
and [pq][pu2] = [u1 * po]. In the following lemma, we prove that these operations
are well-defined and that M(B[0,T]) is an algebra.

Lemma 3.1. M(BI0,T]) is an algebra with unit over C.
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Proof. 1t is obvious that the addition and scalar multiplication are well-defined.
Let 01 € [p] and 09 € [po], where [p1], [p2] € M(BJ[0,T]) for puy, p1o € M(B[0,TY).
Then the multiplication is well-defined, since, for w, g,,-almost everywhere x €
o, 17,

J(z,v)d(p = p2)(v) = J(@,u+ v)dp (u)dps(v)
/B[O,T] /B[O,T] /B[O )
= ][ 0t
= [ erin@] [ 7ttt
= /B[OT] /B[OT z,u+ v)doy (u)dos(v)

- / J(,v)d(o1 * 3)(v).
B[0,T]
We also have, for D € A" and p € M(B[0,T)),

Gox (D) = [ . / ol o)) = / () = (D),

where dy is the Dirac measure concentrated at the zero function in B[0,T]. So
that [0o][p] = [0 * p] = [u]; that is, [dg] is the unit of M(B[0,T7]). Now it is easy
to prove that M(BJ[0,T1]) is an algebra with unit [d] over C. O

Lemma 3.2. Define ||[1]|| = inf{|[pu| : 1 € [p]} for (1] € M(B[0,T]). Then
(M(BI[0,T)), | - II) is a normed algebra with unit over C.

Proof. By Lemma 3.1, it remains to prove that || - || is a norm on the algebra
M(BI0,T]) with unit [do]. It is clear that ||[0]|| = 0. Suppose that ||[u]|| = 0 for
(1] € M(B[0,T]). Then, for w, g,,-almost everywhere z € C[0,T], we have

/ J(:v,f)du(f)‘z/ I, P (1)) <
B[0,T] B[0,T7

for all py € [u]; so that we have

/B I D)

which implies that

< imf{{[pall = € ]} = [I[pdll =

/B T D) =0

Now we have [u] = [0]. Let ¢ € C and [u] € M(B[0,T]). If ¢ = 0, then
leilll = [el[]l. Suppose that ¢ £ 0. Then

lelplll = inf{llo]| : o € [en]}

1
= inf{ c

e [u]} — [elint{]I7] : 7 € [u]} = [ell[u].
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Moreover let [p1], [p2] € M(B[0,T]), and let € > 0 be arbitrary. Take oy € [1]
and o9 € [us] such that

€ €
lonll < [l + 5 and floaf| < [|[wa]l] + 5

Then

] + izl = o + 2l < llos + ol < ol + ol < [l + | + €
and

lllelll = o < ull < o xoall < foullond < Wl -+ 5 ) (Wbl + 5 )

Since € is arbitrary, we have

1] + T2l < Nl [V W2 | and [l {2l | < Wl [ 2] -

We also have [|[do]|| < [|do|| = 1 and [[[do]]| = [[[do][do]|| < [I[do]]l* which imply
|[d0]|l = 1 because [0] # [0p]. Now || - || is a norm on M(B[0,T]) which completes
the proof. 0

Theorem 3.3. M(B[0,T)) is a Banach algebra with unit.

Proof. Tt only remains to be shown that M(B[0,T]) is complete under the norm
given by Lemma 3.2. Let {[u,]}22, be a Cauchy sequence of elements in M(B]0,T)
and take a subsequence {[un,|}52, of {[un]}o2, satistying

1
i = o ]I < p for b=2.3,....

Take o € [pn,] with
loa]] < ([ ]Il + 1.
For each k = 2,3, ..., take o}, € [tn, — fin,_,] With

1
lowll < Mlrms] = Lt ]Il + -

Then we have

0o 00 1
D ol < flmll + St < OO
k=1 k=1

Let p=> 7, 0 € M(B[0,T]). Then we also have

10 = ol == 3l = ] = ]| = [ = e
S DI B S T

which converges to 0 as k — oo. Since {[u,]}22, is a Cauchy sequence it follows
that

lim {[[u] =[]l = 0;

n—oo

so that M(B[0,T]) is complete as desired. O
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4. A BANACH ALGEBRA OF TRANSFORMS OF MEASURES

In this section, we introduce a Banach algebra of generalized Fourier—Stieltjes
transforms of the C-valued finite Borel measures over B0, 7.
Let S’ be the space of functions of the form

B0
F(z) = / I () (4.1)

for wq, g,,-almost everywhere x € C0,T], where p € M(B[0,T]) and where J is
defined by (3.1). Here we take

11" = inf {1},
where the infimum is taken over all u’s; so that F' and u are related by (4.1). By
using the same method as the proof of Lemma 3.2, we can prove that (S, 5., || -[|')
is a normed space over C.
Lemma 4.1. For each positive integer n, let F), € S&yﬁ;@ with
SSIEN < oo
n=1
Then the sum defined by
F(x) = Z F,(z), for wg, g.,-almost everywhere x € C[0,T], (4.2)
n=1

converges absolutely and uniformly, and it is an element of 5;75#’.

Proof. For each positive integer n, take u, € M(B[0,T]) such that
1
liall < NEI +

and F,, and p, are related by (4.1). Then, for w, g,-almost everywhere x €
10,1,

o0 o0 oo 1 o0
S IR < 3l < 3 (IR0 + 57 ) = L IR +1< .
n=1 n=1 n=1 n=1

Hence the absolute and uniform convergences of the right-hand side of (4.2)
follow for wq g.,-almost everywhere x € C[0,7]. Define p € M(B[0,T]) by
p=> " fiy. For f € B[0,T] and = € C[0,T], let

Ty, f) = exp{;m}
when, for m = —2F +1,-2F +2, ... 28 Kk =1,2,.. .,
m—1 m
o T < ArgJ(z, f) < oTEL
Then Ji(z,-) is a simple function with respect to each of the measures py, po,
..., and pu, and

lim Ji(z, f) = J(x, )
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uniformly for all f € B[0,T]. Since Jy(z,-) is a simple function and > 7 ||, ||
converges, it follows that

/B e Pt )

o0

-y / I, F)dpa(f)
B[0,T]
uniformly. Taking limits on the both sides of the above equality, we obtain

/B A D) = g [ e )

= lim / (x, f)dpn(f

k—o0

A /B AL

n=1

= an(;,;) =

for wq, g.,-almost everywhere x € C0,T7; so that F' € S(’X’ﬁ;‘p. O

Theorem 4.2. S’

w5 1S @ Banach space.

Proof. Tt suffices to be shown that S, 5., is complete under the norm || - ||. Let

{F,}>°, be a Cauchy sequence of elements in S

w500 and take a subsequence
{F,, }72, of {F,}2, satisfying

1
| Frny — Frp I < = for k=2,3,....

ok
Let G1 = F,, and G = —F,,_, for k=2,3,.... Then > 7, [|Gk||' < oo and
cach Gy, € S, 4. » By Lemma 4.1, there exists a function G € S, 4 , such that

= Gilx)

for w p,,-almost everywhere x € C[0,T]. Let {u4}72, be a sequence of measures
in M(B[0,T]) such that G} and py, are related by (4.1) with

el < Gl + =

By Lemma 4.1, G and ).,y are related by (4.1). Now, for w, g.,-almost
everywhere z € C|0,T],

G(2) = Fu(2) = G(2) = Ezj Gj(z) = /B . f)d(j:;luj) (F):
so that
! - > > 1 1
I6-Fal < | X < 3 i< X (16l +5) < 5

j=k+1 j=k+1 j=k+1
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which converges to 0 as k — oo. Since {F,,}°, is a Cauchy sequence, it follows
that

lim ||G — F,||' =0,
n—oo
which proves this theorem. (]

Theorem 4.3. The space St’ww 15 a Banach algebra with unit. Moreover, S&ﬁ;(p

is isometrically isomorphic to M(BI0,T)).

Proof. Let F,G € 5&”3;@, and let € > 0 be arbitrary. Let F,G and u, v be related
by (4.1), respectively, with

el < 1FI + € and |lv[| < [|G]]" + €.
It is not difficult to show that F'G and p * v are related by (4.1). Moreover,
IFGI < vl < [lellivl < (I + e UG+ €);
so that
IFG|" < [IFIIGII,

since ¢ is arbitrary. The constant function 1 is the unit of S&,B;w since 1 and dy

are related by (4.1). By the definition of [ - [|', we have ||1]|" < [|dg|| = 1. Since
1] = )" < 1]+ [|1])" and 1 # 0, we have 1 < [|1]’; so that |[1]]' = 1 and S/, .,

Es a Banach algebra with unit by Theorem 4.2. Define ¢ : M(B[0,T]) — S, 5.,
y

o([u]) = /B I )

for w, g.,-almost everywhere x € C[0,T]. Let ¢, ca € Cand [u], [ua] € M(B0,T)).
If (1] = [p2], then gy ~ ps. By the definition of ~, we have ¢([u1]) = &([u2]),
which implies that ¢ is well-defined. Now we have

P(crp] + ealpa]) = ¢([erpn + capa])
= /B[O . J(x, fd(cipn + copz)(f)

= 6([p]) + c20([pa])-

Since J(z, f +g) = J(z, f)J(x,g), for f,g € B[0,T] and for w, g,,-almost every-
where x € C0,T], we also have

o(lulli)) = @[ * pia)
- / T N = )

_ / / J(x, f + g)dpi (f)dp2(g)
B[0,T] J B[0,T]

_ [/B[OT] J(a;,f)dm(f)] [/B[OT} J(x, g)dpa(g)
— () ((us)). |
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By the definition of &/, 4., it is obvious that ¢ is onto. If ¢([u1]) = ¢([ua]), then

Bip?

/B[O . J(x, fdpa (f) = o([p]) = o([pe2]) = / J(z, f)dps(f)

B[0,T)

for wq g.p,-almost everywhere x € C[0,T7; so that j; ~ ps. Thus we have [p1] =
[pt2], which implies that ¢ is one-to-one. Moreover, we have

/
([l = /B[ . J( fdpa(f)|| = inf{|[p]l : p € M(B[0,T]) and o ~ p1 }
0,
= inf{|[u]l : p € (]} = [[palll;
so that ¢ is an isometric Banach algebra isomorphism. O

’(I‘he)orem 4.4. S;,B;so C Sa,gw, which 1s the Banach algebra of functions given by
2.1).

Proof. If F € S/, 5., then there exists y/ € M(B[0,T]) such that (4.1) holds.
Note that B[0,T] € L? 4[0,T}; so that if E' € B(L2 4[0,T7]), then ENB[0,T] € A’
by the definition of A’. Define a measure p on L7, 5[0, T] by

w(E) = p/(EN B0, T]) for all E € B(L2 4[0,T7).

Then we have, for w, g.,-almost everywhere = € C10, T,

Py = [ e )= [ et )

B[0,T)
= [, ewlilap(O)@)du(r), (13)
Lgﬁ[o,T]
by Theorem 3.8 of [3], which completes the proof. O

Remark 4.5. It is not obvious whether 5(’17 5. 18 Isometrically embedded in Sa i

or not. By Theorem 4.4, we can know that S/, . is only a subspace of S, g., as

a,Bip
a vector space.

Corollary 4.6. If F € S, 5., then |F|| < ||[F|, where ||F|| is the norm of F in
Sapip; SO that 5’;75W is continuously embedded in Su.p.,.

Proof. Let F € S, 5., Take any p in M(BI0,T]) such that (4.1) holds. Let p
be the measure defined in the proof of Theorem 4.4. Since F' and p are related
by (2.1) from (4.3), we have ||F|| < ||u||; so that

| < |lpll = varpgjo,rji + varrz lo,r)-Blo,T]H = Val”B[o,T]M/ +0= ||M/H~
Since p' is an arbitrary measure satisfying (4.1), we have
IF] < imf{[|p[|} = (1]

so that the proof of this corollary is completed. O
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Remark 4.7. Assume that the following condition [4] holds: ¢ is a probability
measure on R, « is absolutely continuous, 4’ is continuous, positive, and bounded
away from 0, and L2 40, T] = L 5[0, T] as sets. Then ||F|| = || F|", for F € S, 4.,
by the uniqueness of the measure which is related by (4.1); so that S . fip 18

isometrically embedded in S, 4.,. In particular, if a(t) = 0, 3(t) = t for t € [0, T],
and ¢ = &y, then we have S’ w s = S and Sapp = S, where &’ and S are the
spaces of Fourier—Stieltjes transforms of measures of finite variation on B0, T
and L?[0, T], respectively. So that S, 5., and S, s, generalize 8" and S in [2],
respectively.

5. APPLICATIONS TO THE ANALYTIC FEYNMAN INTEGRALS

Feynman integrals are introduced by Feynman in his formulation of quantum
mechanics, but they are inadequate mathematically [6]. One of approaches to
define rigorously them, is to use an analytic continuation from real to imaginary
time, which is now called the analytic Feynman integral [7].

In this section we evaluate analytic Feynman integrals of the functions in &/, B
which play important roles in treating the heat equation and the Schrodmger
equation by integration over the Wiener space [1].

Theorem 5.1. For u € M(B[0,T]) and F € S, 5., let F and p be related by
(4.1). Then we have, for A >0,

T 1 T
T3 = o®) | Mexp{—;A /0 [F(D]2B(t) + ix~} /O f(t)da(t)}dum. (5.1)

In addition, if there exists M > O satisfying

/B[QT] eXp{Re(Mé)/OT f(t)da(t)}dM(f) <M, (5.2)

for any A € C,, then fg’gwf F(x)dwg g, (x) is given by the right-hand side of
(5.1). Moreover, if (5.2) holds for all A € {z € C: Rez > 0,z # 0}, then, for
any nonzero real q, fggf;] F(x)dwqp,,(x) is given by the right-hand side of (5.1)
with replacing A\ by —iq.

Proof. Let pg = @gp. Then ¢y is a probability measure on R; so that wq gy,
is also a probability measure on C[0, 7], and wq g, = @(R)wq g, by their def-
initions. Now the null sets with respect to w, ., are equivalent to the null sets

with respect to wq g.,,. Moreover, as a function on (C[0, T, Wa.gip,) fo (t)dx(t)
is normally distributed with the mean fo (t)da(t) and the variance | f||g 5 for
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fe L2 400,T] (see [3]). We now have, for A > 0,

Te(N) = /C PO b))

—em [ [ {7 [ 10(0) v 1001

= o) [ ew{=g; [rorase) + ot [ r0aa(0 fa)

by Fubini’s theorem, since B[0,T] € L? 4[0,T], which proves (5.1). If (5.2) holds,
then we have the remainder part of this theorem by the analytic continuation and
the dominated convergence theorem. O

By letting M = ||| in (5.2) of Theorem 5.1, we now have the following corol-
lary.

Corollary 5.2. For ,u € M(B[0,T]) and F € 8, 5., let F and p be related by
). If fo = 0 for p almost everywhere f € B[0,T], then we have, for
any )\ € C+,

/M Pt =o®) [ oo [irorasoja. 63

anf
o1&

side of (5.3) with replacing \ by —iq.

Moreover, for any nonzero real q, [, (x)dwq g, (x) is given by the right-hand

Remark 5.3. All the results of this paper are independent of choice of the initial
measure ; that is, they does not depend on particular initial positions of the
generalized Wiener paths.
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