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ABSTRACT. Starting from the finite adele ring Ag, we construct semigroup
dynamical systems of Ag, acting on certain C*-probability spaces. From
such dynamical-systematic C*-probability spaces, we construct Banach-space
operators acting on the C*-probability spaces and corresponding Banach -
probability spaces. In particular, we are interested in Banach-space operators
whose free distributions are the (weighted-)semicircular law(s).

1. INTRODUCTION

The main purpose of this paper is to construct-and-study semicircular-like
and semicircular elements induced by crossed product algebras of a semigroup
dynamical system of the finite adele ring Ag.

To do that, we study (i) functional analysis on the x-algebra Mp, consisting
of measurable functions on the finite adele ring Ag, in terms of “nontraditional”
senses of free probability theory and its Hilbert-space representation and the cor-
responding C*-algebra Mp, (ii) a system of C*-probability spaces M7’ of Mp, for
all p € P and j € Z, where P is the set of all primes in the set N of all natural
numbers and Z is the set of all integers, (iii) Banach-space operators acting on
the C*-subalgebras &p of Mp generated by certain projections for all p € P and
J € Z, (iv) certain semigroup dynamical system of the o-algebra o(Ag) acting on
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arbitrarily fixed unital C*-probability spaces (A, 1) and the corresponding crossed
product algebras of the systems, (v) functional analysis on the structures of (iv)
and (vi) establish-and-study Banach %-probability spaces £& 4(p, j) for all p € P
and 7 € Z. Then, our semicircular-like laws and the semicircular law are obtained
“locally” for a prime p. Such “local” semicircular-like laws and the semicircular
law will be globalized over primes under Adelic analysis.

Our main results not only illustrate relations between primes and Banach-space
operators, but also provide connections among number theory, representation
theory, operator theory, operator algebra theory, and dynamical system theory,
via free probability theory.

1.1. Remark: NonTraditional vs. Traditional. In the beginning of this
section, we mentioned about “nontraditional” senses of free probability theory.
Note that the (traditional) free probability theory is a noncommutative operator-
algebraic version of measure theory and statistics (e.g., [3, 4, 5, 9, 11, 29] through
[18, 33] through [37]). However, such noncommutative free probability well-covers
the cases where given algebras are commutative, even though the freeness on such
algebras is trivial. In other words, the techniques and concepts in (noncommu-
tative) free probability are applicable to commutative algebras (if we are not
interested in freeness on them).

Recall that A is a noncommutative (topological x-)algebra, and ¢ is a (bounded,
or unbounded) linear functional on A; then the pair (A, ¢) is said to be a (non-
commutative) free probability space. In the following text, even though a given
algebra B is commutative, if ¢ is a well-defined linear functional on B, then we
will say the pair (B, 1) is a free probability space “nontraditionally,” and use no-
tations, techniques, and concepts of free probability theory for studying statistical
data of operators of B in terms of ¢, as in the earlier works of [7, 8, 10, 11].

With help of such (nontraditional) free-probability-theoretic approaches, we
consider (traditional) free-probability-theoretic structures of Banach x-algebras
under crossed products for dynamical systems.

1.2. Background and Motivation. The relations between primes and opera-
tors have been studied in various different approaches (e.g., [2, 12, 6, 13, 15, 14,
19,20, 21, 22, 23,25, 26, 32]). For instance, in [9], we considered free-probabilistic
structures on a Hecke algebra H (GL2(Q,)) for primes p, where GLo(X) are the
general linear groups in the matricial sets My(X) over X.

Independently, in [11], by using number-theoretic information from a certain
nontraditional C*-probability space induced by a p-adic number field Q,, for ar-
bitrarily fixed p € P, we established and studied weighted-semicircular elements
in a certain Banach *-probability space (implying p-adic number-theoretic data).
Such weighted-semicircular elements naturally generate semicircular elements.

In [7], we extended the (weighted-)semicircularity of [I1] in a free product Ba-
nach x-probability space over primes. The main results of [7] demonstrate that
indeed the (weighted-)semicircularity of [11] are well-determined as traditional
free-probabilistic objects.
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By globalizing the main results of [7], we could construct weighted-semicircular
and semicircular elements from the finite adele ring Ag in [10], by applying nontra-
ditional free-probability-theoretic approaches of [8]. In this paper, we generalize
the main results of [10] in the traditional sense of free probability theory under
dynamical systems.

1.3. Overview and Main Results. In sections 2, we briefly introduce back-
grounds and motivations of our proceeding works.

Our nontraditional free-probabilistic model on the x-algebra Mp is established
from Adelic analysis, and the statistical data on Myp are considered in section
3. Then, a suitable Hilbert-space representation of our free-probabilistic model
of Mp, preserving the statistical data implying number-theoretic information,
is constructed in section 4. Under representation, the corresponding C*-algebra
Mp is defined.

In sections 5 and 6, functional analysis on the C*-algebra Mp is considered
by putting a system of linear functionals dictated by the Adelic integration un-
der free-probability-theoretic language. In particular, distributions of generating
operators of Mp are studied by computing moments of them. We in particular
focus on certain projections of Mp. C*-subalgebras &, and the corresponding
nontraditional C*-probability spaces generated by the projections are observed.

In sections 7, 8, and 9, we construct semigroup dynamical systems of the o-
algebra o (Ag), regarding o (Ag) as a semigroup with set-intersection and the
corresponding crossed product C*-algebras of the dynamical systems. The tra-
ditional free-probabilistic structures are constructed, and free-distributional data
on them is studied for our main purpose. Especially, Theorem 9.2(and Corol-
laries 9.3 and 9.4 illustrates how our dynamical systems affects the original free
probability determined by (weighted-)semicircular law(s).

In section 10, we consider weighted-semicircular elements and semicircular ele-
ments induced by certain Banach-space operators in Banach *-probability spaces
of section 9, locally for fixed primes. See Theorem 10.2 and Corollary 10.3.

Finally, in sections 11 and 12, we globalize the weighted-semicircularity and
the semicircularity of section 10. See Theorems 11.1 and 11.2 and Theorem 12.2.

2. PRELIMINARIES

In this section, we briefly mention about backgrounds for our proceeding works.
See also [8, 9, 17, 16, 33] for motivations from number theory.

2.1. Free Probability. Readers can review analytic-and-combinatorial free prob-
ability theory from [31, 37] (also see, e.g., [30, 34, 35, 36]). Free probability is
understood as the noncommutative operator-algebraic version of classical mea-
sure theory and statistics. The classical independence is replaced to the freeness,
by replacing measures on sets to linear functionals on algebras. It has various
applications not only in pure mathematics (e.g., [29, 27, 28, 24, 18]), but also
in applied fields (for example, see [1] through [I1]). In particular, we will use
combinatorial approach of Speicher (e.g., [31]).
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In the text, without introducing detailed definitions and combinatorial back-
grounds, free moments and free cumulants of operators will be computed.

2.2. p-Adic Analysis on Q,. In this section, we briefly review p-adic calculus
on the *-algebras M, of measurable functions on p-adic number fields Q,, for p €
P. For more about p-adic analysis, see [33]. Also, for applications of p-adic and
Adelic analysis, see [15, 14, 25, 26].

For a fixed prime p € P, one can define the p-norm |.|p on the set Q of all
rational numbers by

_ kz‘ _ 1
’x|p_ ’ap p - p*’
whenever z is factorized by ap” for some a € Q,

k € K. For instance,
}§|2 - |% ’ 22‘2 =5 = zll’
3

J e 3
|3, = 143715 = 5 =

and
‘%‘q:|§~q0|:q%:1 for all ¢ € P\ {2, 3}.
The p-adic number field Q,, is defined to be the maximal |.| ,-horm completion

in Q. So, Q, forms a Banach space in Q under Hp.
Remark that all elements x of QQ, are uniquely expressed by

r= 0 Nt with x, € {0, 1, ..., p— 1},
for some N € N, decomposed by
T = lezl—N aep® + 3 vt
If @ = > 7 oxp” in Q,, then z is said to be a p-adic integer. Note that any
p-adic integer z satisfies |z], < 1. The subset
Z,={z € Q,:lal, < 1}
consisting of all p-adic integers is called the unit disk of Q,.
Under the p-adic addition and the p-adic multiplication of [35], Q, forms a

well-defined ring, algebraically.
Let us understand this Banach ring Q, as a measure space,

Qp = (Qp, (@), 1)

where 0(Q,) is the o-algebra of Q,, consisting of all p,-measurable subsets,
where p, is a left-and-right additive-invariant Haar measure on Q,, satisfying

tp(Zp) = 1.
If we define
Uy =p*Z,={p"r € Q, : v € Z,}, (2.1)
for all k € Z, satistying Uy = Z,, then these p,-measurable subsets U}, satisfy
Qp = kLGJZUk,
1
o (Ug) = et for all k € Z, (2.2)
and

-cUycUycUycU cUyC---
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(e.g., see [33]).
Define now subsets J, of Q, by

O, = Uy, \ Uk+1, for all k € Z, (23)

where Uy, are in the sense of (2.1).
We call such p,-measurable subsets 0, of (2.3), the k-th boundaries (of Uy) in
Q, for all k € Z. By (2.2) and (2.3), one obtains that

Qp: l—laka

where LI means the disjoint union and

1 1
tp (Ok) = 1 (Uk) — ptp (Ugs1) = i for all k € Z. (2.4)

Now, let M,, be an algebra,

M, =Cl{xs: 5 €a (@)}, (2.5)

where xg are the usual characteristic functions of S. So, f € M,, if and only

if
f= Z tsXs with tg € C,
Seo(Qp)

where Y is the finite sum.

Then this algebra M, of (2.5) forms a x-algebra over C, equipped with the
adjoint

def —
( > tsXs) = > tsxs,
Seo(Gp) Seo(Gp)

where tg are the conjugates of tg in C.
If f € M,, then one can define the p-adic integral ¢, of f by

oolf) /Q fdm=3" tsm(S). (2.6)

Seo(Qp)
Note that, by (2.4), if S € 0(Q,), then there exists a subset Ag of Z, such that

As={je€eZ:5n0; #a}, (2.7)
satisfying
Pp (XS) = f@p XS dﬂ'p = pr ZA XSﬂ@j d,up
JEAS
by (2.4)
= > 1p(SNoy)
JEAs

by (2.6)

<Y m@) =% (7).

JE€As JjeAs
by (2.4); that is,
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1 1
[ sy (5-5)

J€As

for all S € 0(Q,), where Ag is in the sense of (2.7).
More precisely, one can get the following proposition.

Proposition 2.1 (See [8]). Let S € 0(Q,), and let x5 € M,. Then there exist
r; € R, such that

0<r; <1inR, for all j € Ag,

/ Xs dip = > 7 (% - pj1+1> : (2.8)

P Jj€EAs

where Ag is in the sense of (2.7).

2.3. The adele Ring and the Finite adele Ring. In this section, we introduce
the adele ring Ag and the finite adele ring Ag. For more about the adele ring Ag
and the corresponding Adelic analysis, see [33].

Definition 2.2. Let P, = P U {oc}, and identify Q. with the Banach field R
equipped with the usual-(distance-)metric topology. Let Ag be a set

z, € Qp, for allp € P,
Ag = < (zp)pep.. | where only finitely many x,’s are in Q, \ Z,,, », (2.9)
but all other z,’s are contained in Z, of Q,

equipped with the addition (+)

(xp)pe’Poo + (yp)pefpm = (xp + yp)pg’poo ) (210)
and the multiplication (-)

(xp)pepoo (?/p)pepoo = (xpyp>p€7300 ) (2.11)

where the entries x, 4y, of (2.10) and the entries z,y, of (2.11) , respectively,
are the p-adic addition and the p-adic multiplication on Q, (e.g., [33]) for all p
€ P, and where T + Yoo, and Ty are the usual R-addition and the usual
R-multiplication, respectively.

The adele ring Ag is equipped with the product topology of the p-adic-norm
topologies for Q,’s, for all p € P, and the usual-metric topology of Q. = R,
providing the Ag-norm HQ ,

(@er|, = 1 I, (2.12)

where |.|, are the p-adic norms on @Q,, for all p € P, and ||, is the usual
absolute value |.| on R = Q.
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From the above definition, the set Ag of (2.9) forms a ring algebraically,
equipped with the binary operations (2.10) and (2.11), and this ring Ag is a
Banach space under its |.|g-norm of (2.12). Thus, the set Ag of (2.9) forms a
Banach ring induced by the family

Q= {Qp}peP U {Qoo = R}-

Suppose that X = (9510)1067300 € Ag, and assume that there are py,..., py € Pxo,

for some N € N, such that
Ty € Qp \ Zy,
forl=1,..., N, and
Tq € 2Ly
for g € Poo \ {p1,--., pn}- Then, by (2.9) and (2.12),

N
X]y = (H |xpl|pl) (q%\gl ,,,,, pN}|xq|q)

N N
< (1131 |xpl\pl) 1= (1131 1z, ypl> < .

Equivalent to the definition (2.9), the adele ring Ag is in fact the weak-direct
product of Q, expressed by

A= TII' Q, (2.13)

PEPso

(e.g., [33]), where II" means the weak-direct product of topological rings.

Definition 2.3. Let Ag be the adele ring (2.9) or (2.13). Define a set Ag by

(2.14)

z, € Q,p, forall p e P,
Ae =3 @per | and (O, (xp)pep> €Ay [

equipped with the inherited binary operations (2.10) and (2.11) of Ag, under
subspace topology of the norm topology (2.12). Then this topological ring Ag is
said to be the finite adele ring.

By (2.13) and (2.14), one can conclude that

A= TQ, (2.15)

where I1’ is the weak-direct product of topological rings.
By (2.15) and [35], the finite adele ring Ag of (2.14) can be regarded as a
measure space equipped with its measure,

H= X fip, (2.16)
peEP

on the o-algebra o (Ag) of Ag, which is the product o-algebra of {o(Q,)}pep,
where (2.16) means the product measure.
So, one can define the x-algebra Mp by
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Mp=C [{XY Y eo (AQ)}] . (217)
Remark here that Y € o (Ag) if and only if
Y =115, with S, € 0 (Q,),

peEP
by (2.15) (under additional conditions; See (2.21) below for details).
By (2.17), f € Mp if and only if

F= > syxv. with sy € C, (2.18)
YEO’(AQ)

where ) means the finite sum.
Thus, one obtains the (finite-) Adelic integration ¢ of f € Mp by

w0 [ rau= 3 tenw), (2.19)

YEO’(AQ)

whenever f is in the sense of (2.18) in Mp, where u is the product measure
(2.16).

Definition 2.4. Let Mp be in the sense of (2.17), and let ¢ be the linear
functional (2.19) on Mp. Then the pair

(Mp, ¢) (2.20)

is called the finite-Adelic (*-)probability space (under the nontraditional sense in
section 1.1).

Recall that our finite adele ring Ag is a weak-direct product of {Q,},ep by
(2.15), and hence, Y € o (Ag) if and only if there exist N € N and py,..., py €
P such that

- . - SpCQp ifpe{p17"'>pN}7
Y = pl;)Sp, where S, € 0 (Q,), with S, = { A otherwise.
(2.21)

for all p € P.
Thus, if Y € o (Ag) satisfying (2.21), one has

o Or) = Jag xv dp = [y, X s, dp

= 10 ([, xs,di)

N
= S, 11 V/
<llz_[1 He ( p)) (qGP \ {p1yess pN}'uq ( q))

by (2.16)

by (2.21)



32 I. CHO

N N
:ll;ll tp, (Sp) :ll;ll (@pz (XSpl)) ) (2.22)

since p4 (Zy) = 1, for all ¢ € P, where ¢, are the p-adic integrations (2.6) for
all p € P.

Proposition 2.5. Let Y € o (Ag), satisfying (2.21), and let xy € (Mp, ¢).
Then

e ) =1 | 3 o (% - %) , (2.23)

JEAS, Py

for all n € N, where TjS’" are in the sense of (2.8) for all j € As, and for all
I=1,..., N

Proof. The formula (2.23) is obtained by (2.8), (2.21), and (2.22). O]

Notice that, by the construction (2.17) of Mp, one can conclude that

Mp 2 T M,, (2.24)

peP

: Al .
where IT' means the weak-direct product of %-algebras, where “=" means “being

pure-algebraic *-isomorphic.” The isomorphism (2.24) holds because of (2.15)
(and (2.21)).

Proposition 2.6. Let (Mp, @) be the finite-Adelic probability space. Then

—_— , —_—
Mp = pTEIPMp and ¢ = plgpcpp, (2.25)
where My, and ¢, respectively, are in the sense of (2.5) and (2.6) for all p € P.
Proof. The #-isomorphism theorem of Mp in (2.25) is obtained by (2.24). The
equivalence (2.25) for ¢ is guaranteed by (2.16) and (2.23). O

3. ANALYSIS ON Mp

Let (Mp, ) be the finite-Adelic probability space. By abusing notation, one
may / can re-write the relation (2.25) by

(Mp, @) = plg;: (My, ©p)- (3.1)

Recall that, in [7, 11], we call the pairs (M, ¢,), the p-adic probability spaces
for all p € P.
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Proposition 3.1. Let Yi,..., Y, € 0(Ag), and let xy; € (Mp, @) for
l=1,...,n for somen € N. Then there exist a unique “finite” subset P, of P
and X, € 0(Q,), for all p € P,, such that

n . X, 1 1
v (11}1 XYZ) N pgpo Z T (E - pj+1> ’ (3:2)

JEAX,
where rj-(p are in the sense of (2.8) and Ax, are in the sense of (2.7).
Proof. The formula (3.2) is obtained by (2.23) and (3.1). See [8] for more details.

OJ

The above formula (3.2) characterizes the (free) distributions of generating
elements of our finite-Adelic probability space (Mp, ). As a corollary of (3.2),
one obtains the following result.

Corollary 3.2. Let Y, = HPS]Q €0 (Aq), forl=1,..., n for somen € N, where
pe

{ aﬁt if pr € {pl,1, ce pl,Nz}7

Pl
y/s otherwise,

S =

p

(3.3)

where 9y~ are the ky-th boundaries for k, € Z in Q,, for p € P, and where
kpiiy--os kpon, € Z, foralll =1, ..., n, allp € P. Now, let

Po :lL:_Jl {pl717 e 7pl7Nl} m 7)

Then one obtains that

n 1 1
(70 (ll;[]_ X}ﬁ) = pgpoﬂkp (ZE - pkp+1) 9 (34)
where p* are in the sense of (3.3), where
. n l
/ka:{ L lngp#Q,

0 otherwise,

forallp € P,.

Proof. The formula (3.4) is shown by (3.2), under the condition (3.4). See [8] for
details. ]

Let Y, € 0 (Ag) be in the sense of (3.3), for I =1,..., n, and let

X =1 xy € (Mp, ¢). (3.5)

Definition 3.3. Such elements X of (3.5) are called boundary-product elements
of the finite-Adelic probability space (Mp, ¢). Let X be a boundary-product
element (3.5) of (Mp, ¢). Assume that Y] are in the sense of (3.3) and that P,
is in the sense of the above corollary. Assume further that, for all p € P,, the
corresponding integers k, are “non-negative”; that is,

k, >0 for all p € P,. (3.6)
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Then this boundary-product element X is said to be a (+)-boundary element
of (MP7 90) :

Let ¢ : N — C be the Euler totient function defined by an arithmetic function,
1<k<n }

o(n) = {k €N ged(n, k) =1

for all n € N, where |S| mean the cardinalities of sets S, and ged means the
greatest common divisor. It is well-known that

7 (3.7)

¢(n):n( 11 (1_1)), for all n € N, (3.8)

pEP, pln p

where “p | n” means “p divides n” or “n is divisible by p.” For instance,
MMZP—lzp@—iy
for all p € P, by (3.7) and (3.8).

Remark that the Euler totient function ¢ is a multiplicative arithmetic function
in the sense that

d(ning) = d(ng)p(na), whenever ged(ny,ng) =1 for all ny,ny € N (3.9)

Theorem 3.4. Let X be a (+)-boundary element (3.5) of the finite-Adelic prob-
ability space (Mp, @) satisfying (3.6). Then there exist a finite subset P, of P
and

K,={k, e Ny:pe P} of Z,
where Ng = N U {0}, such that

nxy = I pf €N,

peP,
1 1 1
0<rx pg’opkp+1 1_53 (W() <1 in Q, (3.10)
pebro

and
p(X) =rx ¢(nx).

Proof. Let X be a (+)-boundary element (3.5) in (Mp, ) satisfying (3.6). Then,
by (3.4), there exist the subsets P, of P, and K, of Z, such that

e (X) = 1 (- =),

pEP, p
with &k, € K,, with k, > 0 in Z. Observe that

— A (1-1) = 1
o(X) —pgjo o (1 p> = (pel_—lgjpkp+l> ¢ (nx),

where
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nX:(Hka>€N,

pEP,
by (3.7), (3.8), and (3.9). O

The relations in (3.10) characterize the free distributions of (+)-boundary el-
ements of the finite-Adelic probability space (Mp, ¢), in terms of the Euler-
totient-functional values.

Theorem 3.5. Let n € N be prime-factorized by

n:plfplpgm...p];\}w in N, (3.11)
where ky,,..., ky,y € N for some N € N. Then there exists a (+)-boundary
element X of the finite-Adelic probability space (Mp, @), such that

X = IE_I’PXYP S (Mp, 90) ) with P, = {pl, c ,pN} CcP, (3.12)
p

KO = {k’pl,.. . kpN} C No,
and

o if p€ P,
Y, =4 .

Zy, otherwise,
for allp € P, where k, € K,, satisfying that

¢ (n) = nenp(X), with n, = Il p € N. (3.13)

PEPo

Proof. Let X be a (+)-boundary element (3.12) in (Mp, ¢). Then

o) = () (13) et = &) () (6(n))

where n is in the sense of (3.11). So, we obtain (3.13). O]

The above two theorems illustrate connections between our analysis and num-
ber theory.

4. REPRESENTATION OF (Mp, )

Let (Mp, ) be the finite-Adelic probability space,

(Mp, o) = II' (M,, vp)

peP

peEP peEP

= (H,Mpa HSOP) :
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In [7, 11], we established-and-studied Hilbert-space representations (),, o) of
the p-adic probability spaces (M, ¢,) for p € P. By (4.1), one can construct a
Hilbert-space representation of Mp from the representations,

{(9p, o) : p P}
of [7, 11]. However, instead of using them, we provide the following equivalent

construction.
Define a form

[,] Mp x Mp —C
o] / ffidu=o(fif)  forall fifoe Mp.  (42)
Ag

Proposition 4.1. The form [,] of (4.2) on the finite-Adelic x-algebra Mp is an
inner product. Equivalently, the pair (Mp, [,]) forms an inner product space.

Proof. The form [,] of (4.2) is an inner product on Mp. See [9] for details. [

From the inner product [,] of (4.2), one can construct the norm ||.|| and the
metric d(, ), canonically.

Definition 4.2. Let d be the metric induced by the inner product [,] of (4.2).
Then the maximal d-metric-topology closure Hp in Mp is called the finite-Adelic
Hilbert space.

By the definition of finite-Adelic Hilbert space Hp, our x-algebra Mp is acting
on Hp via a linear morphism « from Mp into the operator algebra B (Hp)
(consisting of all bounded operators on Hp under the operator-norm);

alf)(h) L ap(h) = fh,  forall h € Hp, (4.3)

for all f € Mp. That is, the algebra-action « of (4.3) assigns each element f

of Mp to the multiplication operator o f) = oy with its symbol f in the operator
algebra B (Hp) consisting of all bounded linear operators on Hp.

Notation 4.1 For convenience, we denote the multiplication operators a (xy) =
Qy, simply by ay, for all Y € o (Ag) from below.

Observe that, for any fi, fo € Mp,

Afrfo = Qp0fy O Hp, (4'4)
and, for any f € Mp,

oy = ay- on Hp (4.5)
(e.g., [8, 10]).
Proposition 4.3. Let Hp be the finite-Adelic Hilbert space, and let o be in the

sense of (4.3). Then the pair (Hp, «) is a Hilbert-space representation of the
finite-Adelic x-algebra Mop.
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Proof. The linear morphism « of (4.3) is a x-homomorphism from Myp to B (Hp),
by (4.4) and (4.5). O]

By the above proposition, one can understand all elements f of Mp as a
Hilbert-space operator oy acting on Hp.

Definition 4.4. Let (Mp, ¢) be the finite-Adelic probability space, and let
(Hp, ) be the Hilbert-space representation of Mp. Then we call (Hp, «), the
finite-Adelic representation of (Mp, ¢). Define now the finite-Adelic C*-algebra
Mp by a C*-subalgebra of B (Hp),

Mp = C* (Mp) < Tla (Mp)] (4.6)

where X means the operator-norm-topology closures of subsets X of B (Hp).

5. FUNCTIONAL ANALYSIS ON Mp

Let (Mp, ) be the finite-Adelic probability space, and let Mp be the finite-
Adelic C*-algebra (4.6) of (Mp, ¢) under the finite-Adelic representation (Hp, «).
In this section, we will consider functional analysis on the C*-algebra Mp by con-
structing a system {¢, ;}pep, jez of linear functionals ¢, ;’s (implying number-
theoretic information) on Mp.

Define a linear functional ¢, ; on Mp by

eoi(T) = [T (X)) xup| . forall T € My, (5.1)

for all p € P and j € Z, where [,] is the inner product (4.2) on the finite-Adelic
Hilbert space Hp, and where

B = 1LY, in 0 (Ag)

qeP

P I
Y, — og if g = P
Zq  otherwise,

with

for all ¢ € P; that is,
XB;’ = XZoxZsxZsx-x 8;7 X oo S HP-
p-th position
All vectors h of the finite-Adelic Hilbert space Hp have their expressions,
h = Z ty Xy, with ty € (C,
Yeo(Ag)
where ) is a finite, or an infinite (a limit of finite) sum(s) under the Hilbert-
space topology, while every operator T of Mp has its expression,
T = Z sy ay, with sy € C,
Yeo(Ag)
where ) is a finite, or an infinite (limit of finite) sum(s) under the C*-topology
for Mp, and where ay are in the sense of Notation 4.1.
So, the linear functionals ¢, ; of (5.1) are well-defined on Mp, and hence, one
can get the mathematical pairs,
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My depote (Mp, ©,5) for all p e P and j € Z. (5.2)

Definition 5.1. Let M5’ = (Mp, ¢,;) be a mathematical pair (5.2), where ¢, ;

is a linear functional (5.1), for p € P and j € Z. Then we call this pair Mp7,
the (p, j)(-finite)-Adelic C*-probability space of the finite-Adelic C*-algebra Mp,
nontraditionally.

In the rest of this section, let us fix p € P and j € Z and the corresponding
(p, 7)-Adelic C*-probability space M%J of (5.2).
Consider that, if ay = a,, € MZ’, for Y € o (Ag), satistying

. . . Sp 7£ Zp if pE Py,

Y = pleTPSp, with S, € 0 (Q,), where S, = { z, itpd Py (5.3)

for all p € P, where

Pyr={peP:S,#Z,}
is a finite subset in P.
Then we have
Ppj (ay) = [ay(xB;?), XB;?] = Ja, Xvpr du=p (Y N BY)
(qel}Jy,uq (SgN Zq)) (p (2,1 8;’)) if p ¢ Py,
(5.4)

q€ Py \{p}

( I uq(sqmzqo (1 (5,n)  ifpe Py

Thus, one obtains the following result.

Theorem 5.2. Let ay be an element of the (p,j)-Adelic C*-probability space
MZ?, whereY € o (Ag) is in the sense of (5.3). Then

e (af) = (S, N Zq)> (1p (SN 0Y)) for alln e N. (5.5)

I
<qe<Pyu{p}>\{p}“ !

Proof. Since ay is a projection in Mp, one has af = ay for all n € N. So, the
formula (5.5) is obtained by (5.4). Remark that the formula (5.5) is nothing but
a re-expression of conditional formulas in (5.4). O

Now, let Y be in the sense of (5.3), with specific condition as follows:
agp if pE Py
Zp if Y% ¢ Py,

for all p € P, where k, € Z for p € Py, and Py = {p1,..., pn} in P for some
N e N.

Y = IGTPSP, with S, € 0 (Q,), where S, = { (5.6)
)
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If Y is in the sense of (5.6), then the corresponding element ay of the (p, j)-
Adelic C*-probability space M7’ satisfies that

(o) — q :
©p.j (aF) (qE(PyUr{[p})\{p}qu <akq N Zq)) (Mp (Sp N 35))

<q€1}yuq (8,Zq N Zq>> (1p (2, N 07)) if p & Py,
(5.7)

1 1 q .
0j ey <;E - pj+1> (qepl;[\{p}ﬂq (akq N Zq)) if p € Py,

by (5.4) and (5.5), for all n € N, where § is the Kronecker delta. Therefore,
one obtains the following special case of (5.5) with help of (5.7).

Corollary 5.3. Let Y be in the sense of (5.6) in o(Ag), and let ay be the
corresponding element of the (p, j)-Adelic C*-probability space M7’. Then

1 1
(o) =5 [ — — q
for alln € N, where

0} kp if p € Py,
(5]'7}/: 0 pr%Py andj<0,
1 otherwise,

where Py is in the sense of (5.6).
Proof. The formula (5.8) is proven by (5.5) and (5.7). O

Note that the operator ay of the above corollary is an operator « (yy) induced
by a boundary-product element yy of the finite-Adelic probability space (Mp, ¢),
and hence, they provide building blocks for computing (free) distributions of all
operators in Mp. So, as in section 3, we focus on studying (free-)distributional
data of these operators ayy for investigating statistical data on Mp.

Definition 5.4. Let «ay be the operator of the finite-Adelic C*-algebra Mp,
generated by the p-measurable subset Y of (5.6). Then we call such an operator
ay, a boundary-product operator of Mp.

Now, let Y and Py C P be in the sense of (5.6). Then Py is partitioned by

Py =PfUP, inP, (5.9)
where
Pt ={qe Py:k,>0inZ},
and
Py ={qe Py :k,<0inZ}.
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Then the formula (5.8) can be refined as follows with help of (5.9).

Theorem 5.5. Let Y be in the sense of (5.6), inducing a finite subset Py =
PEUP; of P, asin (5.9). If ay € MB?, forp € P and j € Z, then

. a1 P
oy (ay) = iy <q£vy (q’“q fq“)) By =2, (5.10)
0 if Py # @,

for alln € N, where & means the empty set.

Proof. The proof of (5.10) is done by (5.8) and (5.9). Indeed, if P, # @ in Py,
and if ¢ € P, in Py, and hence, k; < 0 in Z, then

O, NZy =2 in Q,
implying
n (Y NnBY) =0,
for “any” p € P, j € Z. (Also, see the definition 0,y of (5.8), implying the

above discussion.)
So, whenever P, # &, the free moments ¢, ; (o} ) vanish. O

The above distributional data (5.10) allow us to have the following result.
Theorem 5.6. Let ay be a boundary operator of the (p, j)-Adelic C*-probability

space M%’j forp € P and j € Z. If the subset Py of (5.9) satisfies Py = @,
equivalently, if Py = P in P, then there exist

5
ny = I ¢" €Ny, such that p,; (o) = 24 o(ny.5), for alln € N,
g€ P U{p} nynp,;
(5.11)
where
ny; = 1l qginN,

q€ P U{p}
where ¢ is the Euler totient function.

Proof. Recall that, for a fixed p € P, j € Z, it Y is a p-measurable set (5.6) of
Ag, satisfying P, = &, then the corresponding boundary-product operator ay
in the finite-Adelic C*-probability space M7’ satisfies

, 5 11
Pes (@) = it (quyu{p} (fl’“q q’“q“>)
by (5.10)
=5 [ (1 - l)
5]7]‘31) (QEPYU{p}qqurl q

= Ojik, <%) (%) ¢(np.5)
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where

_ k _
ny = 11 q, Npj = 11 q,
q€Py,p q€Pyp

in N, and hence, it goes to

= Ok, (Tim) ¢(np,5)
for all n € N. O

The above results (5.10) and (5.11) illustrate connections between our C*-
probabilistic structures and number-theoretic information. Also, they show a
relation between the x-distributional data of section 3 and our C*-probabilistic
data, whenever Py = P} in P.

6. PROJECTIONS IN ME/

Let M%j = (Mp, ¢, ;) be the (p,j)-Adelic C*-probability space of the finite-
Adelic C*-algebra Mp, and a linear functional ¢, ; of (5.1) for p € P and j €
7.

For g € P and k € Z, let B} € 0 (Ag) be in the sense of (5.1); that is,

Bl =7y X Z3x--- X o} X e (6.1)
g-th position in P
n AQ.
For B € 0 (Ag) of (6.1), let
denote
gk = Qpl =« (XBZ> € Mp, (6.2)

as a boundary-product operator, for all ¢ € P, k € Z.
Then, by (6.1) and (6.2), we obtain the following special result of (5.10).

Corollary 6.1. Let oy € M;’;’j be in the sense of (6.2) forp, q € P and j, k €
Z. Then

5 .
epj (o)) = ”{;g}osz}u (1) if k20, (6.3)
P 0 if p#q and k <0,
with
PO Y if p # q,
]7{pzq} - 1 pr = q’
n = II sk, where kg, = J z:fs:p,
and
Ny = Sequ}s in N
for alln € N.

Proof. The proof of (6.3) is straightforward by (5.10). O]
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The above free distribution (6.3) of the projection «, in M%j is refined by the
following four formulas (6.4), (6.5), (6.6), and (6.7): if p = ¢ and j = k, then

Pp,j (ap,j) - Zﬁﬂp) = pitL = E - Fv (64)
if p=gq and j # k, then
oo () = —25 () = 0 (6.5)
mA N ey 7
if p # q and j = k, then
n 5
eni (045) = wereapa)
(6.6)
= k>0 (;% - p;}rl) <qia - qgil) )
where
P 1 ifk>0,
0100 ifk<O,
and if p # ¢ and j # k, then, because ¢;; = 0,
¢p (al)) =0 for all n € N. (6.7)

6.1. The C*-Subalgebra &, of Mp. Let M% = (Mp, ¢,;) be (p,j)-Adelic
C*-probability spaces, and let oy, = BI be projections (6.2) in the finite-Adelic
C*-algebra Mp for all p, ¢ € P and j, k € Z.

Definition 6.2. Let Mp be the finite-Adelic C*-algebra. Define a C*-subalgebra
S, of Mp by the C*-algebra generated by the family

Q, ={ap,r € Mp: keZ} (6.8)
of projections oy, ;’s of (6.2) for an arbitrarily fixed p € P. That is,

&, = C*(Q,) = C[Q,] in Mop, (6.9)

for all p € P, where X means the C*-topology closures of subsets X in Mp.
We call 6, of (6.9), the p-adic projection (C*-)subalgebra of Mp for all p € P.

Let p € P, and let a,;, and v, ; be generating projections of the p-adic projec-
tion subalgebra &, of Mp for k, j € Z. Then
Qp Q. j = Of ;05 0 &), (6.10)
by (2.4).
Proposition 6.3. Let &, be the p-adic projection subalgebra (6.9) of the finite-
Adelic C*-algebra Mp. Then

&, "= & (C-aypy) "2 €O, (6.11)

JET
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(-1

. o . . .
n Mp, where “="" means “being *-isomorphic.”

Proof. Since 6, is generated by the family €2, of (6.8), and the generators o, ;’s
satisfy the orthogonality (6.10)), the x-isomorphic relations (6.11) hold in Mp. O

Let &, be the p-adic projection subalgebra of the finite-Adelic C*-algebra of
Mp. Then, by determining the restrictions ¢, ; |s, of the linear functionals ¢, ;
of (5.1), also denoted by ¢, j, one can define C*-probability spaces,

Sy = (Sp, ¥p), (6.12)
for all j € Z, for any fixed p € P.

Definition 6.4. Let &, be the p-adic projection subalgebra (6.9) of the finite-
Adelic C*-algebra Mp, and let &, ; be C*-probability spaces (6.12) for all j € Z.
Then we call G, ;, the (p, j)-projection (C*-)probability spaces.

The free distributions of generating operators a,’s in the (p,j)-projection
probability spaces &%’ are characterized by (6.4), refined by (6.5) and (6.6).

Proposition 6.5. Let 6, ; = (&, ¢, ;) be the (p, j)-projection probability space
forp € P and j € Z, and let o,y be generating operators of &, for all k € Z.

Then
n ¢(p) 11
¢pi (px) = ik (W = Ojik prl (6.13)
for alln € N.

Proof. The formula (6.13) is obtained from (6.4) (or, (6.5) and (6.6)) and (6.11).
O

6.2. On C*-Probability Spaces &(p) = (S,, ¢,). Let p € P be fixed, and
let 6, = (6,, ¢y ) be (p, j)-projection probability spaces (6.12) for all j € Z.
Recall that the C*-algebra &, satisfies the structure theorem (6.11). Thus, one
can define the following linear functional ¢, on &, by

$p = ZEB‘PPJ on @ (C-app) = 6y;
kez keZ

by a linear morphism,

Pp (_@thap,j> = th@p,j (ap,j) - (6.14)
7< jEz
By the definition (6.14) of ¢, one has

©p (@ fjam) =Yt <% - pj1+1> = Ztﬁf? (6.15)

jEZ - -
J JEZ JEL

and

ep (k) = Pp (Opr) = & — 57 = sy (6.16)
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for all k € Z, by (6.13).
Note that the above linear functional ¢, of (6.14) is well-defined by (6.11).

Definition 6.6. Let &, be the p-adic projection subalgebra of Mp for p € P,
and let ¢, be the linear functional (6.14) on &,,. Then the pair

S(p) = (&, ¥p) (6.17)

is called the p-projection (free-)probability space (generated by (p, j)-projection
probability spaces {S,,;};ez) for all p € P.

The free-distributional data on the p-projection probability spaces &(p) of
(6.17) are characterized by (6.16) for all p € P.

Proposition 6.7. Let &(p) = (&,, ¢,) be a p-projection probability space for p
€ P, and let {a, 1} ez be the generators of &(p). Then

n7):¢<p)_1 1

forall k € Z, (6.18)
for alln € N.

Proof. Note that the generating operators oy, ;’s of G(p) are projections satisfying
ap ), = apy for alln € Nand all k € Z. So, the formula (6.18) holds by (6.16). [

Note that the formula (6.18) gives the full characterization of free distributions
on &(p) by (6.11) and (6.15).

6.3. On a C*-Probability Space over &. Now, let S(p) = (&, ¢,) be p-
projection probability spaces (6.17) for all p € P, where ¢, are the linear func-
tionals (6.16) on the p-projection C*-algebra &, in the finite-Adelic C*-algebra
Mp. By (4.1), one can construct the C*-probability space

& “H (8, ) (6.19)
from {&(p)},ep as the pair of the weak direct product algebra &,
R & U
S=1S, (6.20)

where II' means the weak direct product of C*-algebras, and

— 1 21
Lo, (6.21)

satisfying that

© ((ap)pg)) = pgpgop (ap) for all (ap) .p = ple_lpa” € 6.
That is, like in (4.1), by abusing notation, one has

S =(6 ¢ = plg;) (6, 0p) = 1I' &(p), (6.22)

peP
by (6.19), (6.20), and (6.21).
By the very definition (6.19) and its characterization (6.22), the C*-probability
space & is a well-defined C*-probabilistic sub-structures of Mp = (Mp, ).
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Definition 6.8. Let & = (S, ) be in the sense of (6.22). Then this pair & is
called “the” projection (C*-)probability space (in Mp).

Note that, by (6.20) or (6.22), if 7" is an element of the projection probability
space G of (6.22), then it is generated by the generating operators {a?*},cp rez,
formed by

apr if ¢g=p, with k € Z

) 6.23
az, ifq#p, (6.23)

ko : _
aPk — (ﬁqvkq)qen ko2 € 6, with Bz, = {

for all ¢ € P, for k € Z, where

Upp ] = O (Xag;) , for k € Z, and az, = « (qu) , forallg#pin P, (6.24)

in &. Note that
aPh = ap in Mp,

by (6.24) where «,j are in the sense of (6.2).

But, the notation «,j is from the definition of Mp naturally, and aP* are
obtained from the definition (6.22) of &. So, whenever we want to distinguish
the origins of them, or to focus on structures where they belong, the different
notations will be used below.

Theorem 6.9. Let aP be a generating operator (6.23) of the projection proba-
bility space S of (6.22) forp € P and j € Z. Then

e ((aP)") = Zj% = % - pj1+1 (6.25)

for alln € N.

Proof. Let aP? be a generating operator (6.23) of & for p € P and j € Z. Then
it is a projection in &, satisfying (a?¥)" = aP, for all n € N, by (6.24). So, it
suffices to consider ¢ (a?7) to obtain the free-distributional data (6.25). Observe
that

o) = (e ) @)

qeP
by (6.21), (6.22), (6.23), and (6.24).

= ¢p (5 ) = Pp.j (Oép,j)

by (6.14)
_ ¢ 1 1
T opitl T o pitly
by (6.18).
Therefore, the free-distributional data (6.25) holds. O

Note that, by (6.22), every operator of & is a limit of linear combinations of
operators 1" formed by
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T = (T%%) = Il T%, (6.26)

a€P  g4ep

for some k, € Z, with a unique finite subset Pr of P, such that

k .
ok, _ J P ifq € Pr,
T o { OéBg if qc P \ PT, (627)

for all ¢ € P.

Notation 6.1 Let T be an element (6.26) of the projection probability space
S of (6.22), satisfying (6.27). Then, by abusing notation, we write 7" simply by

T = 11 aP*r, (6.28)

pePr
where the set Pp in (6.28) is a finite subset of P satisfying (6.26) and (6.27)
for the operator T

Corollary 6.10. Let T = H; aP*» € & be in the sense of Notation 6.1. Then
pelfT
op) 1
Tn = = —
QO( ) pEPTka+1 NT

¢(nr), (6.29)

for alln € N, where

Np= II p»*'cQ, andnr= II p e N.
pePr pePr

Proof. Let T = II' aP* € & be in the sense of (6.28). Then

pEPT

o (s ) = I (@) - I -,
pEPT pEPr pEPr
in G for all n € N. So,
p(T") = p(T) = ¢ ( I 04“’”“?)

pEPr

= 1l ¢, (O‘%kp): I opk, (O‘p,kp)

pEPr pePr

=0 (o) = 1L A

pEPr p pePr
by (6.25)
I i
LAt ¢(pngp)
BT R S
pEPTp pEPTp

by (3.10), for all n € N. O
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7. SEMIGROUP C*-DYNAMICAL SYSTEMS INDUCED BY Ag

Now, independent from the above analytic results (but to generalize those
results), let us consider semigroup dynamical systems of the o-algebra o (Ag) of
the finite adele ring Ag. In this section, we regard o (Ag) as a semigroup,

o (Ag) = (0(Ag), N), (7.1)
where N is the usual intersection of sets.

Indeed, under finite intersection, o(Aq) is closed, and definitely the set-operation
N is associative on o(Ag), and hence, the pair o(Ag) of (7.1) forms a well-defined
Semigroup.

Now, let (A, ¢) be an arbitrarily fixed unital C*-probability space, where A is
a C*-algebra in the operator algebra B(H) (consisting of all bounded operators
on a Hilbert space H), satisfying

w(lA) - 17

where 1,4 is the unit (or the operator-multiplication-identity) in A.

Let Mp be the finite-Adelic algebra (2.24) generated by o(Ag), and let Hp
be the finite-Adelic Hilbert space of section 4, where the finite-Adelic C*-algebra
Mp induced by the finite-Adelic probability space (Mp, ¢) act.

Now, consider a new Hilbert space $),

$=H® Hp, (7.2)

where H is the Hilbert space where a given C*-algebra A acts, and Hp is the
finite-Adelic Hilbert space, and let

Ap = A®c Mp (7.3)
be the tensor product C*-algebra of A and Mp acting on the Hilbert space $ of
(7.2).

Define now a semigroup-action 7 of the semigroup o(Ag) of (7.1) acting on
the C*-algebra Ap of (7.3) by a morphism T,

S € o(Ag) — m(S) P 1 € End(Ap),

satisfying
s(a®@ay) =a® ayasg, (7.4)
for all S, Y € 0(Ag) and a € A, where
Eisa
End(Ap) =< E: Ap — Ap | x-endomorphism
on Ap

Recall that x-endomorphisms are surjective (bounded) *-homomorphisms from
a (topological) *-algebra onto itself.
By the definition (7.4) of the morphism , it is not difficult to check that

TSNS, = Ts, Mg, on Ap, (7.5)
for all Sl, Sy € O'(AQ).
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Moreover, one can check that

Ts((a®@ay)’) =a* ®ayas =a* ®ayab
=a*® (agay)" =a* ® (ayag)” (7.6)
= (a®ayag)" = (1s(a ® ay))”
foralla € Aand S, Y € 0(Ag).
By (7.6), we have

s (T7) = (ms(T))", forall T € Ap (7.7)
for all S € o(Ag).
So, indeed, the images mg of our morphism 7 of (7.2) are well-determined -
endomorphisms on the C*-algebra Ap, for all S € 0(Ag), by (7.5) and (7.7); that
is,

s € End (Ap) for all S € o(Ag). (7.8)

Notation 7.1 In the rest of this paper, for convenience, we denote mg(7T)
simply by T for all T € Ap and for all S € (Ag).

Definition 7.1. Let B be an arbitrary topological x-algebra (C*-algebra, or W*-
algebra, or Banach x-algebra, etc.), and let K be a semigroup, and let
0: K — End(B)

be a morphism whose images (k) denote 0y are x-endomorphisms on B, for all

k € K, satistying
Ok 1k = Ok, Ok, for all k1, ky € K.
Then the triple (B, K, 0) is called the semigroup (topological-*-)dynamical
system of K acting on B via a semigroup-action 6.

By the above definition, we obtain the following result.

Proposition 7.2. Let (A, ©) be the fized unital C*-probability space, and let
o(Ag) be the o-algebra of the finite adele ring Ag, regarded as a semigroup
(7.1). Then the triple (Ap, o(Ag), m) is the well-defined semigroup C*-dynamical
system of the semigroup o(Ag) acting on the tensor product C*-algebra Ap =
A®c Mp of (7.3) via a semigroup-action 7w of (7.4).

Proof. The proof is trivial by (7.4), (7.5), and (7.8). O

Definition 7.3. Let (Ap, 0(Ag), m) be the semigroup C*-dynamical system
of the semigroup o(Ag) of (7.1) acting on the C*-algebra Ap of (7.3) via a
semigroup-action 7 of (7.4). Then we call it the finite-Adelic A-dynamical system.

Now, let (B, K, ) be the semigroup C*-dynamical system of a semigroup
K acting on a C*-algebra B via a semigroup-action 6. Then it induces a new
C*-algebra By generated by both B and §(K),

By 2 B x4 K, (7.9)
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dictated by the #-relation:

(bl,kl)(b2,k2) = (blekl(bQ)a k1k2) and (b, k’)* = (ek(b*)> k)v (7-10)
for all b, bl, bQ € B and k, k’l, kg € K.

Definition 7.4. A C*-algebra By of (7.9) is called the crossed product C*-
algebra of (B, K, ), and the relations in (7.10) are called the #-relation on B.

For the finite-Adelic A-dynamical system (Ap, 0(Ag), 7), define the corre-
sponding crossed product C*-algebra,

Ap 2 Ap x. 0(Ag), (7.11)

satisfying the w-relation:

(&1 & Tl, Sl) (G/Q X TQ, 52)7 = <(CL1 X Tl) (GQ X Tz)sl s Sl N S2>
and (a®T,9)" = ((a*®T%)%, 9),
forall a, a;,as € Aand T, Ty, To € Mp and S, Sy, Sz € 0(Ag), under Notation

7.1.
The definitions (7.11) and (7.12) are from (7.9) and (7.10), respectively.

(7.12)

Definition 7.5. Let (Ap, 0(Ag), ) be the finite-Adelic A-dynamical system,
and let 2p be the corresponding crossed product C*-algebra (7.11) with the 7-

relation (7.12). Then we call p, the finite-Adelic A-dynamical-(crossed-product-
C*-)algebra (of (Ap, 0(Ag), 7)).

By (7.4) and (7.6), the m-relation (7.12) on the finite-Adelic A-dynamical al-
gebra Ap of (7.11) can be re-written as follows:

(al ® 11, Sl)(a2 ® T, 52) = ((al X Tl)(GQ ® Tgagl), SN Sg)
= (@109 @ TY'Thas,, S1NSy), (7.13)
and (a®T,S)" = (a*®T*ag, S),

for all a, a1, ag € Aand T, T, Ty, € Mp and S, Sy, Sy € 0(Ag).

Suppose that By be the crossed product C*-algebra (7.9) of a semigroup C*-
dynamical system (B, K, 0), satisfying the #-relation (7.10). Now, consider the
C*-algebra K = C*(K) generated by the semigroup K,

ke K— e, € KC B(Hg),
such that
€y Chy = Chyky 11 I, for all k1, ke € K,

where Hy is a Hilbert space where K acts (under a suitable representation).
Define the conditional tensor product C*-algebra,

BY = By K, (7.14)

by the C*-subalgebra of the usual tensor product C*-algebra B ®¢ K generated
by B and K, satisfying the 8-condition:



50 I. CHO

(bl X €k1)<b2 ® €k2> = blekl (bQ) &) €k, Chy
= blekl (bQ) ® ek1k27 (715)
and  (b®ep)* = 0,(b") D ey

for all b, by, by € B and k, ky, ks € K.

Proposition 7.6. Let B be the crossed product C*-algebra (7.9) of a semigroup
C*-dynamical system (B, K, 0), and let B be the conditional tensor product
C*-algebra (7.14). Then

By 2’ B, (7.16)

(X180

where 7 in (7.16) means “being C*-isomorphic.”

Proof. Let By and B¥ be in the sense of (7.9) and (7.14), respectively. Define a
linear morphism ® : Bx — BX by a linear transformation satisfying that

O((b, k) =b@e, € BE  for all (b, k) € By

By the above definition, the linear transformation ® preserves the generators
of Bx to the generators of BX. So, it is not only bounded but also bijective.
Also, by the -relation (7.10) on B and the §-condition (7.15) on BX, one has
that
D ((b1, k1) (b2, k2)) = @ ((b16k, (b2)), Kik2)
= 010k, (b2) ® €pyky = 016k, (b2) ® ex, ex,
= (bl & 6161) (bQ & ekz)
in BX for all (b1, ky), (ba, k2) € Bx. Thus, this bounded linear transformation
® is multiplicative.
Moreover,

O ((b,k)) =@ ((0k(b7), k))

= Hk(b*) 0% € — (b X 6k)* s
in BX for all (b, k) € By, by (7.10) and (7.15).

Thus, this multiplicative bijective bounded linear transformation ® is a *-
homomorphism from By onto BX; equivalently, it is a *-isomorphisms. Therefore,
two C*-algebras Bx and B are x-isomorphic. O

Now, let 2lp = Ap X, 0(Ag) be our finite-Adelic A-dynamical algebra, and
let Mp be the finite-Adelic C*-algebra. Define a conditional tensor product C*-
algebra

= Ap @ Mp = (A®c Mp) @ Mp, (7.17)

by the C*-subalgebra of the usual tensor product C*-algebra Ap ®¢c Mp, sat-
isfying the m-condition:
(m©T)®ag) (a0 T)®@as,) = ((a1@T1)(a2 @ T)™) @ asns,
= (@102 ® T''Thas, ) ® as s,
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and .
(@@T)@as)” =(*0T")° @as
=(a*® T as) ® ag,
for all a1, as, a € A and Ty, To, T € Mp and Sy, Sa, S € 0(Ag).

Corollary 7.7. Let Ap be the finite-Adelic A-dynamical algebra, and let % be
the conditional tensor product C*-algebra (7.17) satisfying the w-condition (7.18).
Then

(7.18)

Ap “ZAY,. (7.19)
Proof. The isomorphism theorem (7.19) is a special case of (7.16). O

Assumption and Notation 7.2 (in short, AN 7.2 from below) By the
above isomorphism theorem (7.19), in the following text, we use 20p and 2%
alternatively, case-by-case. Also, we use the notation 2Ap for both 2Ap and A%,
and we call them, the finite-Adelic A-dynamical algebra. Also, we use 7-relation
of (7.12) (or (7.13)) and the m-condition (7.18) alternatively, under the identified
term, the w-relation.

Let 2p be the finite-Adelic A-dynamical algebra. Then, by (7.19), one can
understand it as a C*-subalgebra of the usual tensor product C*-algebra Ap ®¢
Mp; more precisely, it is a C*-subalgebra of

(A®c Mp) ®@c Mp,
by (7.3) and (7.17).
Define now a *-endomorphism
v A®CM7>®(CMP — A®(CM7):A7>
by a multiplicative surjective bounded linear transformation satisfying

\IJ(CL@Tl ®T2) = CL®T1T2 (720)
forall a € A and T1, Ty, € Mp.

Then, by the commutativity on Mp, this morphism ¥ of (7.20) is indeed a
well-defined *-endomorphism. Since our finite-Adelic A-dynamical algebra 2p is
a C*-subalgebra,

(A®c Mp) @z Mp in Ap @c Mp,
the *-endomorphism ¥ is naturally inherited to

U=V |QI7:: le — A'p, (721)
under 7-relation.

Now, since a C*-algebra A is from our fixed unital C*-probability space (A, 1)
and the finite-Adelic C*-algebra Mp have a system of linear functionals {¢, ; }pep, jez
of (5.1), one can determine linear functionals {1, ;},ep, jez on the C*-algebra
Ap = A®c Mp by linear morphisms satisfying that

Vi (a@T) =, (V(a)T) = ¢, (T)(a), (7.22)
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foralla € Aand T € Mp, for all p € P and j € Z.

Let 2Ap be the finite-Adelic A-dynamical algebra. Define linear functionals gpﬁj
on 2Ap by the linear morphisms,

de
gpﬁj :f wp,j oWV on Q[’p, (723)

for all p € P, j € Z, where 1), ; are in sense of (7.22), and VU is in the sense of
(7.21). By the linearity of ¢, ;’s and ¥, the morphisms ¢, ; of (7.23) are indeed
well-defined linear functionals on 2Ap.

Note that, by the definition (7.23), one can get that

Sﬁﬁj (a®ay)®as) =1,;(a®ayns)
v Ppj (Qyns) ¢€a) (7:24)

foralla € Aand Y, S € o0(Ag).

Definition 7.8. Let (QIp, goﬁj) be the (traditional) C*-probability spaces of the
finite-Adelic A-dynamical C*-algebra 2{p and the linear functionals goﬁj of (7.23)
for all p € P and j € Z. Then they are said to be the A-dynamical (p, j)-(finite-
Adelic-)C*-probability spaces over Mp for all p € P and j € Z.

As we have seen in sections 5 and 6, one can construct free-probabilistic sub-
structures of the A-dynamical (p, j)-C*-probability spaces (217;, goﬁj) , because of
the structure theorem (7.19).

Let &4, be C*-subalgebras of 2p defined by

Cap=A4A0,6,, for all p € P, (7.25)

where ®, is the conditional tensor product in the sense of (7.25) satisfying
the m-relation (7.18), where &, is the p-adic projection subalgebra (6.9) of the
finite-Adelic C*-algebra Mp. Note that the above sub-structures (7.25) of p are
well-determined by (7.19).

By understanding &, as the p-projection probability spaces &(p) of (6.17), one
can construct new C*-probability spaces,

Sap " (Gap, pap),  forallpeP, (7.26)

where ¢4, are the linear functionals satisfying that

pap((a@T)®as) =papla®Tas)
= ¢p (Tas) P(a),
for all S € 0(Ag) and a € (A4, @), where ¢, are the linear functionals (6.14)
on G, for all p € P.
These linear functionals w4, of (7.27) are well-determined in &4, of (7.25)
because of the well-definedness of the linear functionals ¢, of (6.14), by (7.24).
Remark that the projection probability space & of (6.19) is constructed by

6=(6 ¢) =16

(7.27)
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Hence, motivated by (6.19) and (7.26), one can construct a new C*-probability
space,

GA - Ap ®ﬂ— 6 C A'p ®ﬂ- Mp, (728)

equipped with the linear functional ¢4 defined by the linear morphism satis-
fying that

pa((a®Th) @ Ty) = p(TiTa)(a), (7.29)

as in (7.27), for all a € (A, ¢) and T} € Mp and Tp, € & = H7’96p, where ¢ is
pe
in the sense of (6.19).

Definition 7.9. Let G4 = (G4, @) be the C*-probability space (7.28). We call
it the A-dynamical-projection (C*-)probability space. We call the C*-algebra
G4, the A-dynamical-projection C*-algebra.

Let &4 be the A-dynamical-projection probability space (7.28). If

TPF = (a® oP*) @ aP* € &4, (7.30)

a

(TPF)" = ((a ® aP*) @ aP*) - - ((a ® aP*) @ aPk)

(n—1)-times

k k
k k k N
. aBpaBpﬂBp aBp N N Bp & (ozp’k)n'
o p’k pvk pvk e pvk )

by (7.28) and by the induction on (7.18), where B are in the sense of (6.1)

and

denote .
apr = a®aPkin Ap,

then it goes to
BF Bk BE
P P p D,k
= (ap,kap’kap’k L. Q ) X o

Tk

because BY N...N Bf = B} in 0(Ag), for all p € P and k € Z, by (6.23)

k

B Bk n—1 ok
= apk | ayh ® a (7.31)

with axiomatization
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B\
(a ”) =14 ® aPF for all n € N.

D,k

But, in this case where TP* is in the sense of (7.30), one can verify that
k

n B n—1
() =i () @ ar"
by (7.31)

< a®a’) (a® ap’kap’k)Wl) ® aPk
by (7.24), (7.27), and (7.29)
(00 024) (0 224" ) .00
(a & ab k) ® aP*
( "® ozpk) ® aPk:

that is,

(I2%)" = (a" ® a*) © ar* = T2, (732

in the sense of (7.30).
Thus, one can have that

A ((Th)") = @ (aP*ar®) v (a”)

by (7.27), (7.28), and (7.32)

= gy () ¥ (@) = (52) v (@)

_ (]% _ pklﬂ)  (a™) (7.33)

for all n € N.

Proposition 7.10. Let TP7 = (a ® a??) ® o be a free random variable (7.30)
in the A-dynamical-projection probability space &4 of (7.28). Then

oA (TP)") = S8y (am)

(7.34)
= (,% - pﬁl) ¥ (a”)
for alln € N.
Proof. The free-distributional data (7.34) is obtained by (7.33). O
More general to (7.30), let
Tffl = (a®a™) @ a"" € &4, (7.35)

fora € (A, V), p, ¢ € P and k,l € Z.

Assumption In the rest of the paper, whenever operators TPk a1 Of (7.35) are
considered in &4, we automatically assume that
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a # 04 and that ¢ (a) # 0 in C,
where 0,4 is the zero element of (A, v). Remark that the operators TP* of
(7.30) are regarded as T, ﬁk of (7.35) in & 4, and hence, the above conditions will
be automatically assumed for 77", from below.

Then, similar to (7.33) and (7.34), one can get the following free-distributional
data.

Theorem 7.11. Let T(i’qu be a free random wvariable (7.35) of the A-dynamical-
projection probability space G 4. Then

| vian) (& - 7) if (p.4) = (a.0),
oa (T77)") = (7.36)
v (F-7) (F-7) e #@D
for alln € N.
Proof. Suppose that (p, j) = (¢, ) in P x Z. Then the operator T%J of (7.35)

is identical to the operator TP of (7.30). Therefore, the first formula in (7.36)
holds.

Assume now that (p, 7) # (g, 1) in P x Z. Then, one can get the second formula
of (7.36) by (6.13), (6.18), (6.25), (6.29), (7.27), and (7.28).

Therefore, the free-distributional data (7.36) on the A-dynamical-projection
probability space & 4. O

8. ON THE A-DYNAMICAL-PROJECTION PROBABILITY SPACE (G4, ¢4)

In this section, we use same concepts and notations from previous sections.
Let G4 = (&4, pa) be the A-dynamical-projection probability space (7.28),
and let

177, = (a® a®) @ a?¥ andTP = T7) (8.1)

respectively, be the simplest generating operators (7.35) and (7.30) of the A-
dynamical-projection C*-algebra &, for all a € (A, ¥), p, ¢ € P, and j, | €
7.

Recall that, if Tf”qj,l is in the sense of (8.1) in &4, then

(T£7;7l)n — (an ® aq,lal%j) ® Oép’j, 1n 6A7 8 2
and g (122)") = (7288) ¥ (@), 52
for all n € N, by (7.36).
As special cases of (8.2),
) = ) 83)

and @4 (TP)") = (%) Y(a"),
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for all n € N, by (7.34).
Now, we focus on the A-dynamical-projection C*-algebra &,4. Define linear
morphisms c4 and a4 acting on & 4 by the bounded linear transformations satis-

fying
ca (TP1)) = TP7 and aq (T27) = TP (8.4)

a,q a,q,l a,q,l a,q,l

in &y, for all a € (A, ), p, ¢ € P, and j,l € Z, where Ti’q{l are generating
operators (8.1) of G4.
Thus, by (8.4), one has

ca (Tg”j) = TP and ay (Tf’j) = TPt (8.5)
in &4, where TPJ = TP . are in the sense of (8.1).

By definition, one can understand the linear transformations ¢4 and a4 of (8.4)
as elements of the operator space B (&4) (in the sense of [12]), consisting of all
bounded linear transformations “on & 4.” That is, by regarding our A-dynamical-
projection algebra & 4 as a Banach space, the morphisms ¢4 and a4 of (8.4) are
well-determined Banach-space operators on G 4.

Definition 8.1. Let ¢4 and a4 be in the sense of (8.4) in the operator space
B (6&,4). Then we call ¢4 and ay, the A-dynamical (Adelic-)creation and the A-
dynamical (Adelic-)annihilation on the A-dynamical-projection C*-algebra & 4,
respectively. Define a new element 4 € B (S4) by

lA:CA+CLA. (86)
Then we call 14, the A-dynamical (Adelic-)radial operator on & 4.

For any generating operator 77 ’qjl € 64 of (8.1), one obtains that

P j — ’ -1 et ? ‘
calp (T(%J) =CA (th,tiil) - Tf;(il (8.7)
and ascy (T(iil) = aa (Tf,g,l ) - Tf,g,l’
and hence,
caas = lg, = asca on Gy, (8:8)

by (8.7), where 1g, € B (&,4) is the identity operator,
lg,(T)=T forall T € G 4.
By the relation (8.8), the following result is obtained.

Lemma 8.2. Let ¢y and an, respectively, be the A-dynamical creation and the
A-dynamical annihilation (8.4) on &4. Then

1 n2 n2 ni

citaly =a’ycy on Gy, (8.9)
for all ny, ny € Ng =N U {0}, with aziomatization

0 _ _ 0
cy=1g, =ay on &4.
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Proof. The equality (8.9) holds for all ny, ng € N, by induction on (8.8). Moreover,
under the above axiomatization, the relation (8.9) holds for all ny, ny € Ny,
too. 0J

Let [4 be the A-dynamical radial operator (8.6) on &4. Then, by (8.9), one
has that

I = ( . > FatFon &y, forallneN, (8.10)
k=0

where

(Z):ﬁ for all k < n € No.
Define now a cyclic Banach algebra £4 by

S0 =Cl{la)] in B(S,), (8.11)

where Y means the operator-norm-topology closures of subsets Y of the oper-
ator space B (&4), where the operator-norm ||.|| on B (&4) is defined to be

r € G4, where
17| = sup {HT:I:HGA } |

where ||.[|g, is the C*-norm on &4 (e.g., [13]).

From the construction (8.11), it is a well-defined Banach “algebra,” embedded
in the Banach space B (& 4) . Moreover, by the cyclicity of £4, one can define the
adjoint (%) on it by

(ZZ:O tklzk>* = ZZ:O te U
where t;, € C with their conjugates ?; in C. Then it is a well-defined adjoint
on £4 (i.e., all elements are adjointable under () in B(&4), in the sense of [12]),
and hence, £4 forms a Banach x-algebra. We call the Banach %-algebra £, of
(8.11), the A-dynamical radial (Banach-*-)algebra.
Now, define the tensor product Banach x-algebra £ 4 by

def
= £4@cGa (8.12)

= L4 ®c (A®c Mp) ®, 6),

£64

where the first tensor product ®c in the second equality of (8.12) means the
(usual) tensor product of Banach *-algebras, and the second tensor product ®¢
is the tensor product of C*-algebras, where ®, is the conditional tensor product
under the m-relation.

Definition 8.3. Let £& 4 be the tensor product Banach x-algebra (8.12) of the
A-dynamical radial algebra £4 of (8.11) and the A-dynamical projection algebra
S 4. We call it the A-dynamical radial-projection (Banach-x-)algebra.
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9. ON THE A-DYNAMICAL RADIAL-PROJECTION ALGEBRA £6,4

Let £654 = £4 ®c &4 be the A-dynamical radial-projection algebra (8.12),
where (A, 9) is a fixed unital C*-probability space and &4 is the A-dynamical
projection algebra (7.30) induced by our finite-Adelic C*-algebra Mp, and where
£4 is in the sense of (8.11).

Define a linear morphism E,4 : £&54 — &4 by a surjective bounded linear
transformation satisfying that

Ey (131 I TP
JCNEEY)

[ () ququqH)nHzn (T””“”) if (9, kp) # (¢ k)

" A a,q,kq
N e e o
11 kaJrl il
pep< ) lz (T57/€p> if (p7 kp) _ (q7 kq)7
| (Jmom) (31+1)
for all generating operators [4 ® (T Pk ) satisfying that
<lA () (Tf;i ))n = lz (039 ((a" ® O_/qyk‘qap,kp) ® o_zp,kp) (9 2)

and (zA ® (Tfk ))” e (Tfﬁ’“") ,

for all n € Ny, a € (A, 1), and for all finite subsets P and @ of P, for k., € Z

and r € P, where [§] mean the minimal integers greater than or equal to § for

all n € N; for instance,

9=2-14)

Recall that the tensor factors qu‘,’C and TV = Tppk in (9.2) are the gener-
ating operators (8.1) of & 4.

This morphism E4 of (9.1) is indeed a well-defined bounded linear transfor-
mation from £&4 “onto” &4 because of (8. 11) (8.12), (7.30), and (6.20).

Now, on £& 4, define linear functionals 7' ; by the bounded linear morphism
satisfying

A- = go;{] e} EA on 26,4, (93)

where ¢! are in the sense of (7.23) satisfying (7.27) for all p € P and j €
Z. Note that by the well-definedness of the linear functional v of (7.29), these
linear functlonals (9.3) are well-defined.
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Definition 9.1. The well-defined Banach *-probability spaces

£6a(p, j) (264, ), (9.4)

are called the A-dynamical (radial-projection-)(p, j)-filterization of the finite-
Adelic C*-algebra Mp for all p € P and j € Z.

Let £&54(p,j) be the A-dynamical (p, j)-filterization (9.4) of Mp. Then one
can get the following free-distributional data.

Theorem 9.2. Let £6 4(p, j) = (£64, 77) be the A-dynamical (p, j)-filterization

D,J

of the finite-Adelic C*-algebra Mp forp € P and j € Z. Let a € (A, 1), and let

UP =146 (TP) € £6.4(p, ), (9.5)
where TP = TP - € &4 is in the sense of (8.1). Then

a,p,j
(@) = (o (P)Eey) (0 (@),
1 if n is even, (9.6)

0 ifn is odd,
for alln € N, and where

c :;<2m>: (2m)!
m m-+1 m m!(m+1)!

are the m-th Catalan numbers for all m € Ny.

where w,, =

Proof. Let UPJ be in the sense of (9.5) in the A-dynamical (p,j)-filterization
£84(p,j), for p € P and j € Z. Then

(UP)" = (Ia @ (TP))" = 1% & (TVY), (9.7)

by (9.2) with identity a® = 14 (for all p € P and j € Z).
So, one can get that:

(0.7) A (UP9Y") = 7, (1 © (T29))
by (9.7
= ¢ (Ba (I3 @ T37))

j+1)" T )
- (o) (Ut )

- %% (0 (0" ® 0*) & o)) (9.5)

for all n € N.
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Observe now that, for any n € N,

l124n71 _ ir:ol ( 271]{:— 1 Ciainfkq
9.9
and [20 = S < 2n ) ck a2k 09
A = 2a=0\ Ady s

by (8.10), where c4 and a4 are the A-dynamical creation and A-dynamical
annihilation on &4, respectively.

Thus, by (9.9), one can realize that [3*~' does not contain 1g ,-terms, and /%"
contains its 1g ,-term,

2n\ o, . [ 2n ( ) — 2n 1
n Cpl 4 = n CAlp) = n Sas

for all n € N, with help of (8.8) and (8.9).
So, the formula (9.8) goes to

()™

A ((Tp,j)") — PEIEE] gpp] (ln (Tfﬁj))

p.J a

— o (L5) et (@)

where

= { 1 if nis even, (9.10)

0 if nis odd,
by (9.9), and hence,

J+1 n+1 n .
_ P,
— ( € ) b ) TP + [Rest terms]
2
by (8.10)
n+1 n ]
_ P.J
oy ()
2
by (9.3)
n+1 n )
= ( ) ep.j (@) P (a")
2
by (9.2)
n+1 ny n
—u (Z05) |4 (80 (o

by (6.13)
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= (wn ()" cz) ¥ (a")

for all n € N, where

C:;<2m>: (2m)!
m m+1 m m!(m+1)!

are the m-th Catalan numbers for all m € Nj.
Therefore, if UP7 is a free random variable (9.5) in the A-dynamical (p, j)-
filterization £8&4(p, j) of (9.4), then

i (U)") = (wn (2) F 3 ) ((a™)),

for all n € N, where w, are in the sense of (9.10). Therefore, the free-
distributional data (9.6) holds. O

In the above theorem, if a € (A, 1) is self-adjoint, then a generating operator
UPJ of (9.5) is self-adjoint in £& 4, too. Indeed,
Up7)" = (la®IP7)
=14 ® ((a* ® aP?) ® aP¥) = UPJ,
in £&4, since a* = a in A, under the 7-relation on tensor-factor & 4 of £S5 4.
Therefore, if a is self-adjoint in (A, 1), then, by the self-adjointness of UP,

the above formula (9.6) fully characterizes the free distribution of UPY in the
A-dynamical (p, j)-filterization £& 4(p, j) for p € P and j € Z.

Corollary 9.3. Let Tfi =4 ® (Tfj) be in the sense of (9.5) in £S4(p,7), for
p € P and j € Z, where 14 s the unit of A. Then

A (O = w, (PRU)? e, (9.11)
D,J A 2

for alln € N, where w,, are in the sense of (9.6) and ce are the (%)-th Catalan
numbers.

Proof. Since (A, 1) is assumed to be a unital C*-probability space, we have
(1) =(1la) =1 for all n € N.

Thus, one can get that

A <(Uﬂj)n) _ (wn (p2i+D) % C%> (1), (9.12)

by (9.6), for all n € N. So, the free distribution (9.11) holds for U in £& 4(p, )
by (9.12). 0
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Also, one can get the following corollary, too.

Corollary 9.4. Let UP7 = [, @ TP7 be in the sense of (9.5) in the A-dynamical
(p, j)-filterization £S 4(p, j) of Mp forp € P and j € Z. Assume that a is self-
adjoint and that

P(a") =¢(a)"  foralneN. (9.13)
Then
T (U29)") = wa (P9 00(a)?) 2 cz, (9.14)
for alln € N.

Proof. Let UPY be in the sense of (9.5) in £&4(p, ), for p € P and j € Z, where
a given self-adjoint operator a satisfies the additional conditions (9.13) in (A4, ¥).
Then

b (U29)") = (w0 () e5) (0 07)

_ (wn (p2(j+1))% c%> ((a))”

n
2

= w, (PPU9(a)?)? ey,

for all n € N. So, the free-distributional data (9.14) holds for U?7 in £& 4(p, j),
under (9.13). O]

The above free-probabilistic results, expressed by (9.6), (9.11), and (9.14), not
only generalize the main results of [10], but also universalize the main results of
[7, 11].

10. WEIGHTED-SEMICIRCULAR ELEMENTS IN £6 4

In this section, we use same concepts and notations in previous sections. Let
£6 4 be the A-dynamical radial-projection algebra, and let

26,4(]9,]) = (’26147 TA)

p.J
be the A-dynamical (p, j)-filterizations, for all p € P and j € Z.
For fixed p € P and j € Z, and a self-adjoint a € (A, 1), the operator UP*J

UM =140 (TP) € £6, (10.1)
has its free distribution determined by
i (U2)") = (w0 (P94)F 3 ) (™)), (102)

for all n € N, by (9.6).
Moreover, if the fixed self-adjoint operator a € A satisfies

P(a™) = (Y(a))" for all n € N; (10.3)
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then
75 (UF7)") = wn (P2(j+1)1/}(a)2)% cn, (10.4)
for all n € N, by (9.14).

10.1. Weighted-Semicircular and Semicircular Elements. Let (B, ¢p) be
an arbitrary topological x-probability space, where B is a topological *-algebra and
vp is a (bounded, or unbounded) linear functional on B.

Definition 10.1. A self-adjoint free random variable b is said to be weighted-
semicircular in (B, ¢p) with weight ¢, € C, (or in short, typ-semicircular in (B,
©vB)), if b satisfies the free-cumulant computation,

B o kQB(b, b):to 1fn:2,
i (b, .., b) = { 0 otherwise,

for all n € N, where k2(...) is the free cumulant on B (in the sense of [31])
with respect to ¢p under the Mébius inversion of [31].

A self-adjoint free random variable b is semicircular in (B, ), if b is 1-semicircular
in the sense of (10.5); that is,

(10.5)

1 ifn=2

B —
o (B, 0) = { 0  otherwise, (10.6)

for all n € N.

By the Mdbius inversion of [31], one can characterize the weighted-semicircularity

(10.5) as follows: a self-adjoint element b is ty-semicircular in (B, ¢g) if and only
if

ep(b") = wn <t0%0%) , (10.7)

where w,, are in the sense of (9.6) for all n € N, and ¢, are the k-th Catalan
numbers for all £ € Ng.

Similarly,a free random variable b is semicircular in (B, ¢pg) if and only if b is
1-semicircular in (B, ¢p), if and only if

¢p(b") = wyen, (10.8)

by (10.6) for all n € N.
So, we use the tg-semicircularity (10.5) (resp., the semicircularity (10.6)) and
its characterization (10.7) (resp., (10.8)) alternatively.

10.2. Weighted-Semicircular Elements in £S5 4(p, 7). For p € P and j € Z,
let £&54(p, j) be the A-dynamical (p, j)-filterization, and let
UPI =1,@TP =14 ® ((a®aP?) @ aP)
be in the sense of (10.1) in £&4(p, j), where a is self-adjoint in (A, ), and
hence, having its free distribution (10.2).

By (10.5) and (10.7), one can obtain the following weighted-semicircular ele-
ments in £&4(p, j) for p € P and j € Z.
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Theorem 10.2. Let UPJ be in the sense of (10.1) in the A-dynamical (p,7j)-
filterization £& A(p, j) of Mp, forp € P and j € Z, where a self-adjoint operator
a satisfies the following additional condition (10.3) in (A, ¥); that is,

P(a™) = (Y(a))”  for alln € N.
Then UP4 is (ptp(a))’-semicircular in £& 4(p, j). That is,

a satisfies (10.3) = UP7 js (pj“w(a))2 -semicircular, (10.9)

forp € P andj € Z.

Proof. Suppose a self-adjoint free random variable a satisfies the additional con-
dition (10.3) in a fixed unital C*-probability space (A, ¥). Then, by (10.2) and
(10.4), one obtains the free distribution of the operator UP7 of (10.1), determined
by the free moments,

7 (U2 = wn (7 000))) ey

for all n € N.

So, by (10.7), this operator UP is (p+14(a))’-semicircular in £6 4(p, j), since
it is self-adjoint in the A-dynamical radial-projection algebra £& 4. Therefore,
the statement (10.9) holds true. O

As a corollary of the weighted-semicircularity (10.9) on £& 4(p, j), we have the
following result.

Corollary 10.3. Let Ufj be in the sense of (10.1) in the A-dynamical (p,j)-
filterization £&4(p,j), forp € P and j € Z, where 14 is the unit of A. Then this
operator U7 is p*U*Y-semicircular in £& 4(p, j).

Uﬂj is p*Ut Y _semicircular in £& 4(p, 5), (10.10)

forp € P andj € Z.

Proof. First of all, this operator Ufj is self-adjoint in £&4,, and the free distri-
bution of it is determined by the free-moments,

Tzfj ((Tlij)n> = Wn (pQ(jH))% cn, for alln € N,

by (9.11). Therefore, one can conclude that UPJ is p?U+Y_semicircular in
26,4(}77])

Alternatively, the weighted-semicircularity (10.9) directly allows the p2U+1)-
semicircularity of U{’;‘j, because 14 is a self-adjoint element of (A, ¢) satisfying
the condition (10.3). O]

The main results (10.9) and (10.10) of this section show that, starting from the
finite-Adelic C*-algebra Mp, and the semigroup-dynamical systems of o(Ag),
one can construct weighted-semicircular elements. Therefore, they generalize
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(operator-theoretically) and globalize (number-theoretically) the weighted-semicircularity
of [7, 10, 11].

11. SEMICIRCULAR ELEMENTS IN £&4(p, j)

Let £64(p,j) be the A-dynamical (p, j)-filterization, for p € P and j € Z.
In section 10.2, we considered weighted-semicircular elements in £&4(p, 7). In
particular, if an operator UP7 of (10.1) satisfies the condition (10.3), then it is
(p*¢(a)?)-semicircular in £&4(p, j), by (10.9).

In this section, we fix p € P, j € Z, and the corresponding A-dynamical (p, j)-
filterization £& 4(p, j). Also, define an operator,

1
Se? = pﬁUf’] € £&.4(p, ), (11.1)

a

where UP7 is in the sense of (10.1), and where a is self-adjoint in (A, v).

Theorem 11.1. Let SP7 = pﬁH UPJ be in the sense of (11.1) in the A-dynamical

(p, 7)-filterization £& 4(p,j), where a is self-adjoint in (A, ). Assume further
that a satisfies the condition (10.3); that is,

v (a™) = (Y(a))"  foralln € N.
Then the operator SP7 is 1(a)?-semicircular in £& A(p, ). That is,

a satisfies (10.3) = S is 1)(a)?-semicircular. (11.2)

Proof. Let a € (A, ¥) be a self-adjoint free random variable satisfying the condi-
tion (10.3). Now, let k2PJ(...) be the free cumulant (in the sense of [31]) on the
A-dynamical radial-projection algebra £& 4 in terms of the linear functional Tzfj.
Then

A,p,j P.Jj QP PJ | — LADI 1 J 1 J
kjed | Sp9, 509, 5P _kn”(FUgJ,...,ijUg’J)

Vo
n-times

by (11.1)

= ()" kv (wpa, Ugd,...., UpY)

pj+1

by the bimodule map property of free cumulants (e.g., [31])

1 QkAvP:J' Upd_ e i —
— pitt 2 ( a’s a ) if n = 27
0

otherwise,

by the weighted-semicircularity (10.9) of UP
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B { <pj1+1>2 (pZ(j“)w(a)Q) if n =2,
0

otherwise,

_ { Y(a)? if n =2,

0 otherwise,

for all n € N. Therefore, by the weighted-semicircularity (10.5), this operator
SPJ s 1h(a)*-semicircular in £& 4(p, 7). O]

By the weighted-semicircularity (11.2), we have the following semicircularity
on £64(p, j). Recall first that we automatically assume 1 (a) # 0 from section 8.

Theorem 11.2. Let S € £&4(p,j) be in the sense of (11.1). Now, suppose a
self-adjoint a € (A, ) satisfies (10.3), and let

XPi = ¢(1a)Sg’j = p3+1w oot Ua 7€ L£64(p, j)-

Then this free random variable XP7 is semicircular in £& 4(p, j); that is,

a satisfies (10.3) = UP7 s semicircular in £& 4(p, 7). (11.3)

prY(a) 1
Proof. The proof of (11.3) is similar to that of (11.2). But, here, we provide a

different type of proofs. Let XPJ be as above, where a satisfies the condition
(10.3) in (A, ¢). Then

7oy (X29)") = 77 <<pﬂ+1w v ]> )
= () (W)
= () (en 71000 e3)

by the (p/T1p(a))’-semicircularity of U7 under (10.3)

= WpCn
2 .
for all n € N. Therefore, by (10.8), this free random variable X is semicircular
in £54(p, j). So, the statement (11.3) holds. O

The main result (11.3) of this section generalize and globalize the semicircu-
larity of [7, 10, 11].

By the weighted-semicircularity (11.2), one also obtains the following semicir-
cularity on £864(p, j) independent from (11.3).

Corollary 11.3. Let Sf Upj be in the sense of (11.1) in £&4(p, j). Then
it is semicircular in £6 4(p, ) That is,

7
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Sff is semicircular in £& 4(p, j). (11.4)
Proof. Since the unit 14 of (A, ¢) satisfies the self-adjointness and

V(1%) = ¢(la) = 1= ¥(1a)",

for all n € N, the operator Sff is semicircular in £S5 4(p, j), by (11.3). There-
fore, the statement (11.4) holds. O

12. WEIGHTED-SEMICIRCULARITY AND SEMICIRCULARITY ON £6 4

In this section, we globalize the main results of sections 9 and 10. Let (A4, 1)
be a fixed unital C*-probability space as above, and let
£G4 =L4Qc 6y
= £4®c ((A®c Mp) @, 6)
be the A-dynamical radial-projection algebra.
By defining linear functionals T;:}j = cp;;"j o F4 of (9.3) on £8 4, one obtains the
corresponding A-dynamical (p, j)-filterizations (9.4),

£64(p,j) = (£64, 77)) (12.1)

for all p € P and j € Z.
Define now a new linear functional 74 on £& 4 by a linear transformation,

52}
_ _ A
TA=pa0o Ey= <p]é_[79 ( E S%,j)) o Fy, (12.2)

JEZ.

where @4 is in the sense of (7.28) and (7.29) and Ej4 is in the sense of (9.1).
Then this linear functional 74 of (12.2) is well-defined, and it globalize our linear
functionals {Tfj}pep’ jez on £64. So, the pair (£64, 74) forms a well-defined
Banach x-probability space.

Definition 12.1. The Banach *-probability space

L&, P (8B, T4) (12.3)

is called the A-dynamical filterization of the finite-Adelic C*-algebra Mp, where
Ta is the linear functional (12.2) on the A-dynamical radial-projection algebra
L£64.

On the A-dynamical filterization £& 4 of (12.3), we obtain the following weighted-
semicircularity.

Theorem 12.2. Let £65,4 = (£64, Ta) be the A-dynamical filterization (12.3).
Suppose that a € (A, ) is a self-adjoint free random variable satisfying that

(") = (a)" in C* = C\ {0} (12.4)
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for all n € N. Then the operator UPI of (10.1) is (ptie(a))’-semicircular in
LS, forallp € P and j € Z. That 1s,

a satisfies (12.4) = UP7 s (p”l@/z(a))Q -semicircular, (12.5)

in £&% for allp € P and j € 7Z.

Proof. Let UPJ be in the sense of (10.1) in the A-dynamical radial-projection
algebra £6 4, where a self-adjoint free random variable a € (A, 1) satisfies the
additional condition (12.4). Then UP¥ is self-adjoint in £& 4, and it satisfies that

ma ((U55)") =75 ((U55) ")
by (12.2)
= w, (pz(j+1)¢(a)2>n e,
by (10.9), for all n € N.
Therefore, this operator UP7 € £&, is (p"'4p(a)) -semicircular in the A-

dynamical filterization £& 4. It proves the statement (12.5) holds under condition
(12.4). 0

By the above weighted-semicircularity (12.5), one obtains the following corol-
lary.

Corollary 12.3. Let UPJ be in the sense of (10.1) in the A-dynamical filteriza-
tion £6 4, where a self-adjoint free random variable a € (A, V) satisfies (12.4).

1

pitl UPJ s ap(a)? -semicircular in £6 4. (12.6)
.;Up’j is semicircular in £6 4. (12.7)
pY(a) 1
UP? s p*Ut semicircular in £6 4. (12.8)
1 ,
FU{ZJ is semicircular in £6 4. (12.9)
Proof. The proofs of (12.6), (12.7), (12.8), and (12.9) are done by (12.5), with
help of the main results of sections 10.2 and 10.3. O

The weighted-semicircularity (12.4) and its special cases (12.6), (12.7), (12.8),
and (12.9) not only generalize the main results of [7, 10, 11] (operator-theoretically),
but also globalize those (number-theoretically).
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