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F. J. GARCÍA-PACHECO∗ and S. MORENO-PULIDO

Communicated by P. Aiena

Abstract. In this manuscript, we compute the Bishop-Phelps-Bollobás mod-
ulus for functionals in classical Banach spaces, such as Hilbert spaces, spaces
of continuous functions c0 and ℓ1.

1. Introduction

Very recently, the authors of [4] introduced a modulus that measures the ac-
curacy of the Bishop-Phelps-Bollobás theorem (BPBt) in every Banach space.
In [1, Notation 1.3] the authors introduce a function that trivially characterizes
whether a pair of Banach spaces enjoy the Bishop-Phelps-Bollobás property for
operators (BPBpo). However, this function does not measure the accuracy of the
BPBpo in a pair of Banach spaces enjoying the BPBpo. In [2] the authors find
an equivalent reformulation of the previous function for pairs of Banach spaces
enjoying the BPBpo which also measures the accuracy of the BPBpo in such
pairs. This equivalent reformulation is known as the BPBmo. In this manuscript
we compute the BPBmo for pairs of Banach spaces in which the first space is a
classical Banach space and the second space is the real field.

Let us introduce a bit of notation.
Let L(X, Y ) be the Banach space of all linear and continuous operators from

the Banach space X into the Banach space Y . We define the sets suppv(T ) :=
{x ∈ SX : ∥T (x)∥ = ∥T∥} and P(X,Y ) := {T ∈ L(X, Y ) : suppv(T ) ̸= ∅}. We
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will consider only real Banach spaces, although most of the results can also be
adapted to the complex case.

For Banach spaces X and Y and for ε ∈ (0, 1/2) and δ > 0, we define the
following sets:

• ΠX,Y := {(x, T ) ∈ SX × SP(X,Y ) : x ∈ suppv(T )}, which we will consider
endowed with the metric inherited from X ⊕∞ L(X,Y ).

• AX,Y (δ) :=
{
(x, T ) ∈ SX × SL(X,Y ) : ∥T (x)∥ > 1− δ

}
.

• PX,Y (ε) :=
{
(x, T ) ∈ SX × SL(X,Y ) : d ((x, T ),ΠX,Y ) ≥ ε

}
.

• AX,Y (ε, δ) := AX,Y (δ) \ PX,Y (ε).
• aX,Y (ε) := {δ > 0 : AX,Y (ε, δ) = AX,Y (δ)} .

With all these we can trivially state that (X, Y ) has the BPBpo if and only if
aX,Y (ε) ̸= ∅ for every ε ∈ (0, 1/2).

To end this introduction we will recall the definition of the BPBmo, introduced
in [2, Definition 2.1].

Definition 1.1 (BPBmo [2]). Let X and Y be Banach spaces such that (X,Y )
has the BPBpo. The BPBmo of (X, Y ) is the function

CX,Y : (0, 1/2) → (0,+∞]
ε 7→ CX,Y (ε) := sup aX,Y (ε).

2. The BPBmo for (X,R) with X a classical Banach space

We will compute the BPBmo for (X,R) with X a classical Banach space. For
simplicity and to ease the calculations, the BPBmo is computed here in a slightly
different way to the one defined in Definition 1.1. This difference relies on the fact
that the sets used to define the BPBmo are now the following, where ε ∈ (0, 1/2)
and δ > 0:

• ΠX := {(x, x∗) ∈ SX × SX∗ : x∗(x) = 1}.
• AX(δ) := {(x, x∗) ∈ SX × SX∗ : x∗(x) ≥ 1− δ}.
• PX (ε) := {(x, x∗) ∈ SX × SX∗ : d ((x, x∗),ΠX) ≥ ε}.
• AX(ε, δ) := AX(δ) \ PX(ε).
• aX(ε) := {δ > 0 : AX(ε, δ) = AX(δ)} .

Now

CX : (0, 1/2) → (0,+∞)
ε 7→ CX(ε) := sup aX(ε)

Lemma 2.1. Let X be a Banach space with dim(X) ≥ 2. For every x ∈ SX and
every x∗ ∈ SX∗ with x∗(x) < 1 there exists a sequence (xn)n∈N ⊂ SX converging
to x such that x∗(x) < x∗(xn) for all n ∈ N.

Proof. Fix x0 ∈ SX such that x∗(x) < x∗(x0) ≤ 1. For every n ∈ N \ {2} define

xn :=
1
n
x0 +

(
1− 1

n

)
x∥∥ 1

n
x0 +

(
1− 1

n

)
x
∥∥ .
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First, let us show that xn is well defined. If 1
n
x0 +

(
1− 1

n

)
x = 0 for some

n ∈ N \ {2}, then

1

n
=

∥∥∥∥ 1nx0

∥∥∥∥ =

∥∥∥∥−(1− 1

n

)
x

∥∥∥∥ = 1− 1

n
,

which implies the contradiction that n = 2. Finally observe that

x∗(xn) ≥ x∗
(
1

n
x0 +

(
1− 1

n

)
x

)
> x∗(x).

□

Theorem 2.2. Let X be a Banach space with dim(X) ≥ 2. Fix ε ∈ (0, 1/2).

(1) aX(ε) ⊆ aX,R(ε).
(2) For all δ ∈ aX,R(ε) and all (x, x∗) ∈ AX(δ), d ((x, x

∗),ΠX) ≤ ε.
(3) aX,R(ε) \ {CX,R(ε)} ⊆ aX(ε).

Proof.

(1) Let δ ∈ aX(ε) and (x, x∗) ∈ AX,R(δ). Now we will distinguish between
two cases:

• x∗(x) ≥ 0. Then (x, x∗) ∈ AX(δ) = AX(ε, δ), therefore

d ((x, x∗),ΠX,R) ≤ d ((x, x∗),ΠX) < ε.

Thus (x, x∗) ∈ AX,R(ε, δ).
• x∗(x) < 0. Then (−x, x∗) ∈ AX(δ) = AX(ε, δ), therefore there exists
(y, y∗) ∈ ΠX such that ∥(−x, x∗)− (y, y∗)∥∞ < ε. Now observe that
(−y, y∗) ∈ ΠX,R and

∥(x, x∗)− (−y, y∗)∥∞ = ∥(−x, x∗)− (y, y∗)∥∞ < ε,

which implies that (x, x∗) ∈ AX,R(ε, δ).
This shows that δ ∈ aX,R(ε).

(2) Let δ ∈ aX,R(ε) and (x, x∗) ∈ AX(δ). Observe that |x∗(x)| ≥ x∗(x) ≥
1− δ. In accordance with [2, Lemma 2.2(4,5)], we have that δ ≤ 2ε < 1.
Therefore, |x∗(x)| = x∗(x) ≥ 1− δ > 0. Now we will distinguish between
two cases:

• x∗(x) > 1 − δ. Then (x, x∗) ∈ AX,R(δ) = AX,R(ε, δ), so there exists
(y, y∗) ∈ ΠX,R such that ∥(x, x∗)−(y, y∗)∥∞ < ε. Note that if y∗(y) =
−1, then

x∗(x) + 1 = |x∗(x)− y∗(y)| ≤ 2∥(x, x∗)− (y, y∗)∥∞ < 2ε < 1,

which implies the contradiction that x∗(x) < 0. Thus y∗(y) = 1 and
hence (y, y∗) ∈ ΠX and (x, x∗) ∈ AX(ε, δ).

• x∗(x) = 1 − δ. By applying Lemma 2.1, we can find a sequence
(xn)n∈N ⊂ SX converging to x such that x∗(xn) > x∗(x) for every
n ∈ N. For every n ∈ N arbitrarily fixed, (xn, x

∗) ∈ AX,R(δ) =
AX,R(ε, δ), therefore there exists (yn, y

∗
n) ∈ ΠX,R such that ∥(xn, x

∗)−
(yn, y

∗
n)∥∞ < ε. Since x∗(xn) > 0 and ε < 1

2
, by using a similar
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reasoning as above, we conclude that y∗n(yn) = 1, that is, (yn, y
∗
n) ∈

ΠX . Since

∥(x, x∗)− (yn, y
∗
n)∥∞ ≤ ∥(x, x∗)− (xn, x

∗)∥∞ + ∥(xn, x
∗)− (yn, y

∗
n)∥∞

= ∥x− xn∥+ ∥(xn, x
∗)− (yn, y

∗
n)∥∞

< ∥x− xn∥+ ε,

which implies that d ((x, x∗),ΠX) ≤ ε.
(3) Recall (see [2, Lemma 2.2]) that

aX,R(ε) \ {CX,R(ε)} = (0, CX,R(ε)) ⊆ (0, 2ε) ⊆ (0, 1).

Let δ ∈ (0, CX,R(ε)) and (x, x∗) ∈ AX(δ). Fix an arbitrary δ′ ∈ (δ, CX,R(ε)).
Then |x∗(x)| ≥ x∗(x) ≥ 1 − δ > 1 − δ′ > 0. Then (x, x∗) ∈ AX,R(δ

′) =
AX,R(ε, δ

′), so there exists (y, y∗) ∈ ΠX,R such that ∥(x, x∗)−(y, y∗)∥∞ < ε.
Note that y∗(y) = 1 and hence (y, y∗) ∈ ΠX and (x, x∗) ∈ AX(ε, δ). This
shows that δ ∈ aX(ε).

□
An immediate consequence of Theorem 2.2 is the following corollary.

Corollary 2.3. Let X be a Banach space with dim(X) ≥ 2. For every ε ∈
(0, 1/2), CX(ε) = CX,R(ε).

Finally, notice that, for dim(X) ≥ 2 and ε ∈ (0, 1/2), aX(ε) is also an interval
of extremes 0 and CX,R(ε), open at 0. As a consequence, if δ /∈ aX(ε), then
CX(ε) ≤ δ. In the further subsections we will show examples where the sup
involved in CX(ε) is not attained, that is, if we let c := CX(ε) = CX,R(ε), then
aX(ε) = (0, c) whereas aX,R(ε) = (0, c] according to [2, Lemma 2.2].

In order to ease the calculations when computing the BPBmo for classical
spaces, we will rely on the following result.

Theorem 2.4. Let X be a Banach space. For every ε ∈ (0, 1/2), if X is reflexive,
CX(ε) = CX∗(ε).

Proof. We can assume without loss of generality that dim(X) ≥ 2. Simply observe
that:

CX∗(ε) = sup{δ > 0 : if (x∗, x) ∈ SX∗ × SX with x(x∗) ≥ 1− δ, there exists

(y∗, y) ∈ ΠX∗ such that ∥x− y∥ < ε and ∥x∗ − y∗∥ < ε}
= sup{δ > 0 : if (x, x∗) ∈ SX × SX∗ with x∗(x) ≥ 1− δ, there exists

(y, y∗) ∈ ΠX such that ∥x− y∥ < ε and ∥x∗ − y∗∥ < ε}
= CX(ε).

□

2.1. CR.

Theorem 2.5. For every ε ∈ (0, 1/2), CR(ε) = 2.

Proof. Consider ε ∈ (0, 1/2). Observe that in this case, ΠR = {(1, 1), (−1,−1)}.
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≤ Let δ ≥ 2 and we will prove that δ /∈ aR(ε), which will show that
sup aR(ε) ≤ 2. Let x = 1, x∗ = −1. We have x∗(x) = −1 ≥ 1 − δ, since
δ ≥ 2. If (y, y∗) = (1, 1), we have |x− y| = 0 < ε, but |x∗ − y∗| = 2 > ε.
If (y, y∗) = (−1,−1), |x− y| = 2 > ε. Then δ /∈ aR(ε) and sup aR(ε) ≤ 2.

≥ Let 0 < δ < 2 be and we will show that δ ∈ aR(ε), so sup aR(ε) ≥ 2. If
(x, x∗) ∈ SR×SR∗ is such that x∗(x) ≥ 1−δ, necessarily it is x∗ = 1, x = 1
or x∗ = −1, x = −1, since δ < 2. This means that (x, x∗) ∈ ΠR. This
shows that sup aR(ε) ≥ 2.

We finally conclude that CR(ε) = 2. □

2.2. CH, H Hilbert space, dim(H) ≥ 2. In [3, Corollary 5.6] the authors
compute d ((h, k),ΠH) for H a Hilbert space when ΠH is endowed with the metric
inherited from H⊕2 H.

Theorem 2.6. Let H be a Hilbert space with dim(H) ≥ 2. Then

CH(ε) = 2ε2 − ε4

2
, for every ε ∈ (0, 1/2).

Proof. Let ε ∈ (0, 1/2). Consider {ei}i∈I an orthonormal basis ofH and {e∗i }i∈I its

dual orthonormal basis ofH∗. We will assume that i = 1, 2 ∈ I. Put δ0 := 2ε2−ε4

2

and µ := 1− ε2

2
.

≤ First, we will show that δ0 /∈ aH(ε), which will prove that CH(ε) ≤ 2ε2− ε4

2
.

Let

x = e1,

x∗ = x∗
1e

∗
1 + x∗

2e
∗
2,

where

x∗
1 = 2µ2 − 1,

x∗
2 =

√
1− x∗

1
2.

We have x∗(x) = 2µ2−1 = 1−δ0. If (y, y
∗) ∈ ΠH is such that ∥x−y∥ ≥ ε,

then we are done. If ∥x− y∥ < ε, then

(1− y1)
2 +

∑
i∈I
i ̸=1

y2i < ε2 ⇔

2− 2y1 < ε2 ⇔

y1 > 1− ε2

2
= µ > 0,

and we will show that ∥x∗ − y∗∥ > ε. Since (y, y∗) ∈ ΠH,∑
i∈I

(y∗i − yi)
2 =

∑
i∈I

y∗i
2 +

∑
i∈I

y2i − 2
∑
i∈I

y∗i yi = 0,
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so y∗i = yi for every i ∈ I. Notice that

∥x∗ − y∗∥2 =
∑
i∈I

(x∗
i − yi)

2 = (x∗
1 − y1)

2 + (x∗
2 − y2)

2 +
∑
i∈I

i̸=1,2

y2i

= 2− 2y1x
∗
1 − 2y2x

∗
2.

and so

∥x∗ − y∗∥2 > ε2 ⇔

x∗
1y1 + x∗

2y2 < 1− ε2

2
.

Observe that

x∗
1y1 + x∗

2y2 ≤ x∗
1y1 + x∗

2

√
1− y21,

so it is sufficient to prove that

x∗
1y1 + x∗

2

√
1− y21 < 1− ε2

2
= µ.

Now, we have a series of equivalent inequalities:

y1x
∗
1 +

√
1− y21x

∗
2 < µ ⇔

y1x
∗
1 +

√
1− y21

√
1− x∗

1
2 < µ ⇔

y21 − 2δx∗
1y1 + x∗

1
2 + µ2 − 1 > 0 ⇔

y1 < 4µ3 − 3µ or y1 > µ.

Since y1 > µ, all the inequalities are true and we have ∥x∗ − y∗∥ > ε so

we conclude that CH(ε) ≤ 2ε2 − ε4

2
.

≥ Suppose now that 0 < δ < δ0 and we will prove that δ ∈ aH(ε) which will

show that CH(ε) ≥ 2ε2 − ε4

2
. First, take x = e1 and x∗ ∈ SH∗ such that

x∗(x) > 1− δ. This leads to x∗
1 > 1− δ0. Take

y =

(x∗
1 + 1)e1 +

∑
i∈I
i̸=1

x∗
i ei∥∥∥∥(x∗

1 + 1)e1 +
∑
i∈I
i̸=1

x∗
i ei

∥∥∥∥ , y∗ =

(x∗
1 + 1)e∗1 +

∑
i∈I
i̸=1

x∗
i e

∗
i∥∥∥∥(x∗

1 + 1)e∗1 +
∑
i∈I
i̸=1

x∗
i e

∗
i

∥∥∥∥
Notice that y ∈ SH, y

∗ ∈ SH∗ and∑
i∈I

(yi − y∗i )
2 = 0,

so y∗(y) =
∑
i∈I

y∗i yi = 1 and (y, y∗) ∈ ΠH.
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Observe that∥∥∥∥(x∗
1 + 1)e1 +

∑
i∈I
i ̸=1

x∗
i ei

∥∥∥∥2 = (x∗
1 + 1)2 +

∑
i∈I
i̸=1

x∗
i
2 = 2 + 2x∗

1.

∥∥∥∥(x∗
1 + 1)e∗1 +

∑
i∈I
i ̸=1

x∗
i e

∗
i

∥∥∥∥2 = 2 + 2x∗
1.

Consequently,

∥x− y∥2 =
∑
i∈I

(xi − yi)
2 = (1− y1)

2 +
∑
i∈I
i̸=1

y2i = 2− 2y1

= 2− 2
x∗
1 + 1√
2 + 2x∗

1

.

And we have the following equivalent inequalities:

∥x− y∥2 < ε2 ⇔

1− x∗
1 + 1√
2 + 2x∗

1

<
ε2

2
⇔

x∗
1 + 1√
2 + 2x∗

1

> 1− ε2

2
= µ > 0 ⇔

(x∗
1 + 1)2 > µ2(2 + 2x∗

1) ⇔
x∗
1 + 1 > 2µ2 ⇔
x∗
1 > 2µ2 − 1.

Since x∗
1 > 1− δ0 = 2µ2 − 1, we have ∥x− y∥ < ε.

On the other hand,

∥x∗ − y∗∥2 =
∑
i∈I

(x∗
i − y∗i )

2 =
∑
i∈I

x∗
i
2 +

∑
i∈I

y∗i
2 − 2

∑
i∈I

x∗
i y

∗
i

= 2− 2
x∗
1 + 1√
2 + 2x∗

1

x∗
1 − 2

∑
i∈I
i̸=1

x∗
i
2

√
2 + 2x∗

1

= 2− 2
x∗
1 + 1√
2 + 2x∗

1

,

and for the same reason, ∥x∗ − y∗∥ < ε.
Consider now any (x, x∗) ∈ SH × SH∗ with x∗(x) > 1 − δ. There exists
a linear and surjective isometry T : H → H such that T (e1) = x. Let
x∗
0 = x∗ ◦ T . We have x∗

0 ∈ SH∗ and,

x∗
0(e1) = x∗(T (e1)) = x∗(x) > 1− δ,

so because of the previous procedure, there exists (y0, y
∗
0) ∈ ΠH such

that ∥e1 − y0∥ < ε and ∥x∗
0 − y∗0∥ < ε. Take y = T (y0) ∈ SH and
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y∗ = T−1 ◦ y∗0 ∈ S∗
H. We have:

∥x− y∥ = ∥T (e1)− T (y0)∥ = ∥T (e1 − y0)∥ = ∥e1 − y0∥ < ε,

∥x∗ − y∗∥ = ∥T−1 ◦ x∗
0 − T−1 ◦ y∗0∥ = ∥T−1∥∥x∗

0 − y∗0∥ = ∥x∗
0 − y∗0∥ < ε,

y∗(y) = y∗0 ◦ T−1(T (y0)) = y∗0(y0) = 1.

We conclude that CH(ε) = 2ε2 − ε4

2
, for every ε ∈ (0, 1/2).

□

2.3. CC(K), K compact and Hausdorff, card(K) ≥ 2. We will need some
previous lemmas to calculate CC(K).

Recall that a positive measure µ : K → R+ is said to be inner regular if for
every Borel set E ⊆ K,

µ(E) = sup{µ(L) : L ⊆ E, L compact}.

Lemma 2.7. Let K be a compact set, µ : K → R+ a finite and positive inner
regular measure and f ∈ C(K), f ≥ 0. If

∫
K
fdµ ≤ 0, then f = 0 for almost

every t ∈ K.

Proof.
Consider A = {t ∈ K : f(t) > 0} and B = {t ∈ K : f(t) = 0}.
Observe that A is an open set, B is a closed set, A ∪B = K and:

0 ≥
∫
K

fdµ =

∫
A

fdµ+

∫
B

fdµ =

∫
A

fdµ.

Let L ⊆ A be a compact set, there exists β > 0 such that f(t) ≥ β if t ∈ L and
so

0 ≥
∫
A

fdµ ≥
∫
L

fdµ ≥ βµ(L)

This implies that µ(L) = 0 for every L ⊆ A compact, and we have

µ(A) = sup{µ(L) : L ⊆ A, L compact} = 0.

We conclude that f = 0 for almost every t ∈ K. □
Lemma 2.8. Let K be a compact set, t0 ∈ K, (y, y∗) ∈ ΠC(K). If |y(t0)| < 1,
then ∥y∗ + δt0∥ = 2.

Proof. Because of the Riesz’ Representation Theorem, the following is an isomet-
ric isomorphism:

T : Mr(K) → C(K)∗

µ 7→
∫
K
· dµ : C(K) → R

f 7→
∫
K
fdµ

where Mr(K) is the regular Borel measure space over K. Take A ⊆ K and
consider the measure

µt0(A) =

{
1 if t0 ∈ A.
0 if t0 /∈ A.

It is well known that T (µt0) = δt0 , so we have to prove the following:
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If µ ∈ Mr(K) with ∥µ∥ = 1, f0 ∈ SC(K), t0 ∈ K and |f0(t0)| < 1 with∫
K

f0dµ = 1, then ∥µ+ µt0∥ = 2.

It is clear that P1 = {t0}, P2 = K \ {t0} is a Hahn decomposition of µt0 . So we
have the positive measures µ+

t0 = µt0 and µ−
t0 = 0 such that for every S ∈ Σ,

µ+
t0
(A) = µt0(S ∩ P1),

µ−
t0
(A) = −µt0(S ∩ P2),

µt0 = µ+
t0
− µ−

t0
,

|µt0 | = µ+
t0
+ µ−

t0
.

And observe that

∥µt0∥ = |µt0 |(K)

= µ+
t0
(K) + µ−

t0
(K)

= µt0(K ∩ P1)

= µt0(P1) = 1.

Let µ ∈ Mr(K) be with ∥µ∥ = 1 and Q1, Q2 = Qc
1 a Hahn decomposition of µ,

that is, for every S ∈ Σ,

0 ≤ µ(S ∩Q1) ≤ 1,

−1 ≤ µ(S ∩Q2) ≤ 0.

Then,

1 = ∥µ∥ = |µ|(K)

= µ+(K) + µ−(K)

= µ(K ∩Q1)− µ(K ∩Q2)

= µ(Q1)− µ(Q2).

Consider now R1, R2 a Hahn decomposition for µ+µt0 . We distinguish two cases.

• If t0 ∈ Q1:
For every S ∈ Σ,

(µ+ µt0)(S ∩Q1) ≥ 0,

µ(S ∩Q2) = (µ+ µt0)(S ∩Q2) ≤ 0,

so we can take R1 = Q1 and R2 = Q2 as a Hahn decomposition of µ+µt0

and notice that

∥µ+ µt0∥ = (µ+ µt0)
+(K) + (µ+ µt0)

−(K)

= (µ+ µt0)(K ∩Q1)− (µ+ µt0)(K ∩Q2)

= µ(Q1) + 1− µ(Q2) = 2.

• If t0 ∈ Q2:
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For every S ∈ Σ,

(µ+ µt0)(S ∩ (Q1 ∪ {t0})) = (µ+ µt0)(S ∩Q1) + (µ+ µt0)(S ∩ {t0})
= µ(S ∩Q1) + µ(S ∩ {t0}) + µt0(S ∩ {t0})

= µ(S ∩Q1)︸ ︷︷ ︸
≥0

+

{
µ({t0}) + 1, if t0 ∈ S

0, if t0 /∈ S.︸ ︷︷ ︸
≥0

≥ 0

since µ({t0}) = µ({t0} ∩Q2) ≥ −1.
On the other hand,

(µ+ µt0)(S ∩ (Q2 \ {t0})) = µ(S ∩ (Q2 \ {t0}))
= µ(S \ {t0} ∩Q2) ≤ 0,

so we can take R1 = Q1∪{t0} and R2 = Q2\{t0} as a Hahn decomposition
of µ+ µt0 .
Observe that if f0 ∈ SC(K) with |f0(t0)| < 1 and

∫
K
f0dµ = 1,

1 =

∫
K

f0dµ =

∫
Q1

f0dµ+

∫
Q2

f0dµ

≤ µ(Q1) +

∫
Q2

f0dµ

and so, ∫
Q2

f0dµ ≥ 1− µ(Q1) = −µ(Q2).

Or equivalently,

−
∫
Q2

f0dµ ≤ µ(Q2) =

∫
Q2

ξ1dµ.

and it will be,

0 ≤
∫
Q2

(ξ1 + f0)dµ =

∫
Q2

(ξ1 + f0)dµ
+ −

∫
Q2

(ξ1 + f0)dµ
−. (2.1)

Now, we have that ξ1 + f0 ≥ 0, is continuous and:

µ+({t ∈ Q2 : (ξ1 + f0)(t) > 0}) = µ+(Q2 ∩ {t ∈ K : 1 + f0(t) > 0})
= µ(Q2 ∩ {t ∈ K : 1 + f0(t) > 0} ∩Q1)

= µ(∅) = 0.

This leads to ∫
Q2

(ξ1 + f0)dµ
+ = 0.

If we substitute this in (2.1), we deduce that∫
Q2

(ξ1 + f0)dµ
− ≤ 0.
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By Lemma 2.7, since ξ1+f0 ≥ 0 and f0 is continuous, we have f0+ ξ1 = 0
for almost every t ∈ Q2. That is, f0(t) = −1 for almost every t ∈ Q2.
This means that if H = {t ∈ Q2 : f0(t) > −1}, then

µ(H) = µ({t ∈ Q2 : f0(t) > −1}) = 0.

Using the hypothesis, |f0(t0)| < 1, so H ⊆ Q2 and t0 ∈ H.
On the other hand,

0 = µ(H)

= µ(H \ {t0}) + µ({t0})
= µ(H \ {t0} ∩Q2)︸ ︷︷ ︸

≤0

+µ({t0} ∩Q2)︸ ︷︷ ︸
≤0

,

so necessarily it will be µ({t0}) = 0.
Finally,

∥µ+ µt0∥ = (µ+ µt0)
+(K) + (µ+ µt0)

−(K)

= (µ+ µt0)(K ∩R1)− (µ+ µt0)(K ∩Q2)

= µ(Q1 ∪ {t0}) + 1− µ(Q2 \ {t0})
= µ(Q1) + µ({t0}) + 1− µ(Q2)− µ({t0})
= µ(Q1) + 1− µ(Q2) = 2.

□
Theorem 2.9. Let K be a compact set with card (K) ≥ 2. Then,

CC(K)(ε) =
ε2

2
, for every ε ∈ (0, 1/2).

Proof. Take ε ∈ (0, 1/2). Let δ0 :=
ε2

2

≤ First we will show that δ0 /∈ aC(K)(ε) which will prove that sup aC(K)(ε) ≤
ε2

2
. Consider t0, t1 ∈ K (t0 ̸= t1) and take x ∈ SC(K) such that

x(t0) = 1− ε,

x(t1) = 1

and

x∗ =
ε

2
δt0 +

(
1− ε

2

)
δt1 ∈ SC(K)∗ .

We have x∗(x) = 1 − ε2

2
. For every (y, y∗) ∈ ΠC(K), if ∥x − y∥ > ε, then

we are done. Suppose then that

∥x− y∥ = sup{|x(t)− y(t)| : t ∈ K} < ε.

This implies that |y(t0)−1+ε| < ε, so |y(t0)| < 1. Observe that |−y(t0)| <
1 and −y∗(−y) = 1, so (−y,−y∗) ∈ ΠC(K). If we use Lemma 2.8, we have
∥y∗ − δt0∥ = 2.
But then,

∥x∗ − y∗∥ = ∥x∗ − δt0 − y∗ + δt0∥ ≥ ∥x∗ − δt0∥ − ∥y∗ − δt0∥ =
2−

(
− ε

2
+ 1 + 1− ε

2

)
= ε.
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This means that sup aC(K),R(ε) ≤ ε2

2
.

≥ Suppose now that 0 < δ < δ0 and we will prove that δ ∈ aC(K)(ε), which

will show that CC(K)(ε) ≥ ε2

2
. Let (x, x∗) ∈ SC(K)×SC(K)∗ be with x∗(x) ≥

1− δ > 1− ε2

2
.

Suppose first that x∗ =
k∑

n=0

αnδtn for some k ∈ N, α0, . . . , αn ∈ [−1, 1],

k∑
n=0

|αn| = 1 and some different t0, . . . , tk ∈ K. We will find y ∈ C(K) and

y∗ =
k∑

n=0

βnδtn such that:

• y ∈ SC(K).

• ∥y∗∥ =
k∑

n=0

|βn| = 1.

• y∗(y) =
k∑

n=0

βny(tn) = 1.

• |x(t)− y(t)| < ε for every t ∈ K.

• ∥x∗ − y∗∥ =
k∑

n=0

|βn − αn| < ε.

Take y0, y1, ..., yk and β0, β1, ..., βk this way:

yn =

 1 if x(tn) > 1− ε
−1 if x(tn) < ε− 1

x(tn) if x(tn) ∈ [ε− 1, 1− ε]
, βn =


0 if n ∈ C

αn if n ∈ Hc \ C
−S·sgn(αn)

card(H\C)
if n ∈ H \ C

where

C = {n ∈ {0, . . . , k} : |x(tn)| ≤ 1− ε},
H = {n ∈ {0, . . . , k} : αnx(tn) ≤ 0},

S =
∑

n∈H∪C

|αn|.

We have:
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(a) ∥y∗∥ =
k∑

n=0

|βn| = 1.

k∑
n=0

|βn| =
∑
n∈C

|βn|+
∑

n∈Hc\C

|βn|+
∑

n∈H\C

|βn|

= 0 +
∑

n∈Hc\C

|αn|+
∑

n∈H\C

S

card(H \ C)

=
∑

n∈Hc\C

|αn|+
∑

n∈H∪C

|αn|

= 1.

(b)
k∑

n=0

βnyn = 1.

If βn ̸= 0, then n /∈ C and

sgn(βn) =

{
sgn(αn) = sgn(x(tn)) if n ∈ Hc

−sgn(αn) = sgn(x(tn)) if n ∈ H

so we have

βnyn = βn sgn(x(tn)) = |βn|, if n = 0, . . . , k

and

k∑
n=0

βnyn =
k∑

n=0

|βn| = 1.

(c) |x(tn)− yn| < ε for every n ∈ {0, . . . k}.
• If x(tn) ∈ [ε− 1, 1− ε], we have |x(tn)− yn| = |x(tn)− x(tn)| =
0 < ε.

• If x(tn) > 1 − ε, then 0 < 1 − x(tn) < ε, and |x(tn) − yn| =
|x(tn)− 1| < ε.

• If x(tn) < ε − 1, then 0 < 1 + x(tn) < ε, |x(tn) − yn| =
|x(tn) + 1| < ε.
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(d) ∥x∗ − y∗∥ =
k∑

n=0

|αn − βn| < ε.

∥x∗ − y∗∥ =
k∑

n=0

|αn − βn| =
∑
n∈C

|αn|+
∑

n∈H\C

(|αn|+ |βn|)

= 2−
∑

n∈Hc\C

|αn| −
∑

n∈Hc∪C

|βn|

= 2−
∑

n∈Hc\C

|αn| −
∑

n∈Hc\C

|αn|

= 2
∑

n∈H∪C

|αn| = 2S.

Remember that x∗(x) =
k∑

n=0

αnx(tn) > 1− ε2

2
. Now,

∥x∗ − y∗∥ = 2
∑

n∈H∪C

|αn| =
2

ε

∑
n∈C

ε|αn|+
∑

n∈H\C

ε|αn|


<

2

ε

ε
∑
n∈C

|αn|+
∑

n∈H\C

(1 + |x(tn)|)|αn|


=

2

ε

1−(∑
n∈C

|αn|(1− ε) +
(
1−

∑
n∈C

|αn| −
∑

n∈H\C

|αn|
)

−
∑

n∈H\C

|αnx(tn)|

)
=

2

ε

1−
∑

n∈C

|αn|(1− ε) +
∑

n∈Hc\C

|αn|+
∑

n∈H\C

αnx(tn)


≤ 2

ε

1−
∑

n∈C

αnx(tn) +
∑

n∈Hc\C

αnx(tn) +
∑

n∈H\C

αnx(tn)


=

2

ε

(
1−

k∑
n=0

αnx(tn)
)

<
2

ε

[
1−

(
1− ε2

2

)]
= ε,

so ∥x∗ − y∗∥ < ε.
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Summarizing, given (x, x∗) ∈ SC(K) × SC(K)∗ with

x∗(x) > 1− ε2

2
,

x∗ =
k∑

n=0

αnδtn , where
k∑

n=0

|αn| = 1,

there exists y∗ =
k∑

n=0

βnδtn with

∥x∗ − y∗∥ < ε,

∥y∗∥ = 1

and y0, . . . , yk such that

k∑
n=0

βnyn = 1,

max
n=0,...,k

|yn| = 1,

|x(tn)− yn| < ε, for every n = 0, . . . , k.

Consider m = max{|x(tn) − yn| : n ∈ {0, . . . , k}} and F = {t0, . . . , tk},
which is a closed set in K. Take

a : F−→ [−m,m]
tn 7→ x(tn)− yn

Using the Tietze’s theorem, there exists ã : K → [−m,m] continuous with
ã|F = a and ã ∈ εBC(K). Take y = min{max{−1, ã+ x}, 1}. We have:

(a) y∗(y) =
k∑

n=0

βny(tn) =
k∑

n=0

βnyn = 1,
(
since y(tn) = yn

)
.

(b) ∥y∥ = 1.
(c) ∥x− y∥ < ε.

Finally, given any (x, x∗) ∈ SC(K) × SC(K)∗ with x∗(x) ≥ 1− δ > 1− ε2

2
, by

the Krein-Milman Theorem, there exists a net

(x∗
i )i∈I ⊆ L(ex(BC(K)∗)) ∩ SC(K)∗

such that x∗
i

w∗
−→ x∗. In particular,

x∗
i (x) → x∗(x) > 1− ε2

2
,

so there exists i0 ∈ I such that if i ≥ i0, x
∗
i (x) > 1− ε2

2
.

With these x∗
i , i ≥ i0, with the previous procedure, we obtain (y, y∗i ) ∈

ΠC(K) such that ∥x− y∥ < ε and ∥x∗
i − y∗i ∥ < ε.
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For y∗i , there exists a subnet (y∗ij)j∈I
w∗
−→ some y∗ ∈ BC(K)∗ , and we have

x∗ − y∗ = w∗ − lim
j
(x∗

ij
− y∗ij), so

∥x∗ − y∗∥ ≤ lim inf
j

∥x∗
ij
− y∗ij∥ < ε.

Observe that y∗ij(y) = 1 for every j ∈ I, so y∗(y) = 1, since y∗ is the w∗

limit, and so ∥y∗∥ = 1.

We finally conclude that CC(K)(ε) =
ε2

2
.

□

Corollary 2.10. Let X be one the following spaces: c, ℓ∞ and Rn
∞ for n ≥ 2.

Then

CX(ε) =
ε2

2
for every ε ∈ (0, 1/2).

By bearing in mind Theorem 2.4, we deduce the following scholium.

Scholium 2.11. CRn
1
(ε) = ε2

2
for every ε ∈ (0, 1/2) and n ≥ 2.

2.4. Cℓ1.

Theorem 2.12. For every ε ∈ (0, 1/2), Cℓ1(ε) =
ε2

2
.

Proof. Let ε ∈ (0, 1/2). Consider δ0 :=
ε2

2
.

≤ We will show that δ0 /∈ aℓ1(ε), which will prove that sup aℓ1(ε) ≤ ε2

2
.

Take

x =
(
1− ε

2

)
e1 +

ε

2
e2,

x∗ = e∗1 + (1− ε)e∗2.

We have x∗(x) = 1− ε2

2
. Given any (y, y∗) ∈ Πℓ1 , if ∥x∗ − y∗∥ < ε, then

|y∗1 − 1| < ε,

|y∗2 − 1 + ε| < ε,

|y∗k| < ε, for every k ≥ 3.

Since 0 ≤ 1− 2ε < y∗2 < 1 and |y∗k| < ε for every k ≥ 3, necessarily y∗1 = 1
(because it is ∥y∗∥ = 1).
On the other hand y∗(y) = 1, so

y1 = 1−
∞∑
n=2

y∗nyn ≥ 1−
∞∑
n=2

|y∗n||yn| ≥ 1−
∞∑
n=2

|yn| ≥ 0,

and this leads to y1 ≥ 0.

But then, 1 = y1+
∞∑
n=2

y∗nyn = y1+
∞∑
n=2

|yn| and we have
∞∑
n=2

(|yn|−y∗nyn) =

0.
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Since |y∗n| ≤ 1 for every n, we have that y∗nyn ≤ |yn| for every n ∈ N and
so |yn| − y∗nyn ≥ 0.
This implies that |yn| = y∗nyn for every n ≥ 2, so yn = 0 for every n ≥ 2
and necessarily y = e1.
This way,

∥x− y∥ =
∞∑
n=1

|xn − yn| =
∣∣∣1− 1 +

ε

2

∣∣∣+ ε

2
= ε.

And we conclude that δ0 =
ε2

2
/∈ aℓ1(ε), so sup aℓ1(ε) ≤ ε2

2
.

≥ Now, if 0 < δ < δ0, we will prove that δ ∈ aℓ1(ε) which will show that

sup aℓ1(ε) ≥ ε2

2
.

Let (x, x∗) ∈ Sℓ1 × Sℓ∞ be such that x∗(x) =
∞∑
n=1

x∗
nxn ≥ 1 − δ > 1 − ε2

2
.

We give (y, y∗) ∈ Sℓ1 ×Sℓ∞ with y∗(y) = 1, ∥x−y∥ < ε and ∥x∗−y∗∥ < ε.

Take y =
∞∑
n=1

ynen and y∗ =
∞∑
n=1

y∗ne
∗
n in the following way:

yn =


0 if n ∈ C

xn if n ∈ Hc \ C
−S · sgn(xn)

card(H \ C)
if n ∈ H \ C

, y∗n =

 1 if x∗
n > 1− ε

−1 if x∗
n < ε− 1

x∗
n if x∗

n ∈ [ε− 1, 1− ε]

where

C = {n ∈ N : |x∗
n| ≤ 1− ε},

H = {n ∈ N : x∗
nxn ≤ 0},

S =
∑

n∈H∪C

|xn|.

We have:
(a) ∥y∥ = 1. Indeed,

∥y∥ =
∞∑
n=1

|yn| =
∑
n∈C

|yn|+
∑

n∈Hc\C

|yn|+
∑

n∈H\C

|yn|

= 0 +
∑

n∈Hc\C

|xn|+
∑

n∈H\C

S

card(H \ C)

=
∑

n∈Hc\C

|xn|+
∑

n∈H∪C

|xn| = 1.

(b) ∥y∗∥ = 1. If |x∗
n| ≤ 1 − ε for every n, then ∥x∗∥ ≤ 1 − ε < 1 and it

could not be ∥x∗∥ = 1, so ∥y∗∥ = 1.
(c) y∗(y) = 1. Indeed, if n /∈ C,

y∗n =

{
sgn(x∗

n) = sgn(xn) = sgn(yn) if n ∈ Hc

sgn(x∗
n) = −sgn(xn) = sgn(yn) if n ∈ H
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so

|yn| = ynsgn(yn) = yny
∗
n, if n /∈ C,

and this leads to

y∗(y) =
∑
n∈C

y∗nyn +
∑
n/∈C

|yn| = 0 +
∑
n/∈C

|yn| = 1.

(d) ∥x∗ − y∗∥ = sup{|x∗
n − y∗n| : n ∈ N} < ε. Indeed:

• If x∗
n ∈ [ε− 1, 1− ε], |y∗n − x∗

n| = |x∗
n − x∗

n| = 0 < ε.
• If x∗

n > 1−ε, then 0 < 1−x∗
n < ε, and so |y∗n−x∗

n| = 1−x∗
n < ε.

• If x∗
n < ε−1, then 0 < 1+x∗

n < ε, and so |y∗n−x∗
n| = |−1−x∗

n| =
1 + x∗

n < ε.

(e) ∥x− y∥ =
∑
n∈N

|xn − yn| < ε. Indeed,

∥x− y∥ =
∑
n∈N

|xn − yn| (2.2)

=
∑
n∈C

|xn − 0|+
∑

n∈Hc\C

|xn − xn|+
∑

n∈H\C

∣∣∣∣xn +
S · sgn(xn)

card(H \ C)

∣∣∣∣
Observe that, if xn > 0,∣∣∣∣xn +

S · sgn(xn)

card(H \ C)

∣∣∣∣ = ∣∣∣∣xn +
S xn

card(H \ C)

∣∣∣∣ = xn +
S xn

card(H \ C)
= |xn|+ |yn|.

Similarly, if xn < 0,∣∣∣∣xn +
S · sgn(xn)

card(H \ C)

∣∣∣∣ = ∣∣∣∣xn −
S xn

card(H \ C)

∣∣∣∣ = −xn +
−S xn

card(H \ C)
= |xn|+ |yn|.

So if we substitute this in the expression (2.2),

∥x∗ − y∗∥ =
∑
n∈C

|xn|+
∑

n∈H\C

(|yn|+ |xn|)

=
∑

n∈H∪C

|xn|+
∑

n∈H\C

|yn|

= 2
∑

n∈H∪C

|xn|

=
2

ε

∑
n∈C

ε|xn|+
∑

n∈H\C

ε|xn|

 .
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And so,

∥x∗ − y∗∥ <
2

ε

∑
n∈C

ε|xn|+
∑

n∈H\C

(1 + |x∗
n|)|xn|


=

2

ε

1−
∑

n∈C

|xn|(1− ε) +

1−
∑
n∈C

|xn| −
∑

n∈H\C

|xn|


−
∑

n∈H\C

|x∗
n||xn|


=

2

ε

1−
∑

n∈C

|xn|(1− ε) +
∑

n∈Hc\C

|xn|+
∑

n∈H\C

x∗
nxn


≤ 2

ε

1−
∑

n∈C

|x∗
n||xn|+

∑
n∈Hc\C

|x∗
n||xn|+

∑
n∈H\C

x∗
nxn


≤ 2

ε

1−
∑

n∈C

x∗
nxn +

∑
n∈Hc\C

x∗
nxn +

∑
n∈H\C

x∗
nxn


=

2

ε

[
1−

∑
n∈N

x∗
nxn

]
<

2

ε

[
1−

(
1− ε2

2

)]
= ε.

Then we conclude that Cℓ1(ε) =
ε2

2
. □

2.5. Cc0.

Theorem 2.13. For every ε ∈ (0, 1/2), Cc0(ε) =
ε2

2
.

Proof. Let ε ∈ (0, 1/2). Consider δ0 :=
ε2

2
.

≤ We will show that δ0 ∈ ac0(ε), which will prove that sup ac0(ε) ≤ ε2

2
. Take

x = e1 + (1− ε)e2,

x∗ =
(
1− ε

2

)
e∗1 +

ε

2
e∗2.

We have, x∗(x) = 1− ε2

2
. Given any (y, y∗) ∈ Πc0 , if ∥y − x∥ < ε, then

|y1 − 1| < ε,

|y2 − 1 + ε| < ε,

|yk| < ε, for every k ≥ 3.

Since ∥y∥ = 1, it must happen that y1 = 1 (because 0 ≤ 1− 2ε < y2 < 1).
Next, since y1 = 1 and y∗(y) = 1, we obtain

∞∑
n=1

y∗nyn = y∗1 +
∞∑
n=2

y∗nyn = 1,
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and then

y∗1 = 1−
∞∑
n=2

y∗nyn ≥ 1−
∞∑
n=2

|y∗n||yn| ≥ 1−
∞∑
n=2

|y∗n| ≥ 0,

thus y∗1 ≥ 0. On the other hand, ∥y∗∥ = 1 and hence y∗1 = 1 −
∞∑
n=2

|y∗n|.

We deduce then that
∞∑
n=2

|y∗n| =
∞∑
n=2

y∗nyn. Because |yn| ≤ 1 for all n, we

have

y∗nyn ≤ |y∗n| for all n ∈ N

therefore, |y∗n| − y∗nyn ≥ 0. This implies that

∞∑
n=2

(|y∗n| − y∗nyn) = 0,

and then

|y∗n| = y∗nyn for all n ≥ 2.

As a consequence, y∗n = 0 for every n ≥ 2 which forces that y∗ = e∗1. Then
we have,

∥y∗ − x∗∥ =
∞∑
n=1

|y∗n − x∗
n| =

∣∣∣1− 1 +
ε

2

∣∣∣+ ε

2
= ε.

And we conclude that δ0 =
ε2

2
/∈ ac0(ε), so sup ac0(ε) ≤ ε2

2
.

≤ Now, if 0 < δ < δ0, then we will prove that δ ∈ ac0(ε) which will show that

sup ac0(ε) ≥ ε2

2
. Let (x, x∗) ∈ Sc0 × Sℓ1 with x∗(x) =

∞∑
n=1

xnx
∗
n ≥ 1 − ε2

2
.

We will find (y, y∗) ∈ Sc0 × Sℓ1 such that y∗(y) = 1, ∥y − x∥ < ε and
∥y∗ − x∗∥ < ε. Take

y =
∞∑
n=1

ynen

y∗ =
∞∑
n=1

y∗ne
∗
n

given by

yn =

 1 if xn > 1− ε
−1 if xn < ε− 1
xn if xn ∈ [ε− 1, 1− ε]

, y∗n =


0 if n ∈ C

x∗
n if n ∈ Hc \ C

−S · sgn(x∗
n)

card(H \ C)
if n ∈ H \ C

,
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where

C = {n ∈ N : |xn| ≤ 1− ε},
H = {n ∈ N : x∗

nxn ≤ 0},

S =
∑

n∈H∪C

|x∗
n|.

Note that
• y ∈ c0. Indeed, since z ∈ c0, there exists n0 ∈ N so that if n ≥ n0,
then |xn| ≤ 1− ε, thus yn = xn for n ≥ n0.

• ∥y∥ = 1. Indeed, if |xn| ≤ 1−ε for every n, then 1 = ∥x∥ ≤ 1−ε < 1.
• ∥y∗∥ = 1. Indeed,

∥y∗∥ =
∞∑
n=1

|y∗n| =
∑
n∈C

|y∗n|+
∑

n∈Hc\C

|y∗n|+
∑

n∈H\C

|y∗n|

= 0 +
∑

n∈Hc\C

|x∗
n|+

∑
n∈H\C

S

card(H \ C)

=
∑

n∈Hc\C

|x∗
n|+

∑
n∈H∪C

|x∗
n| = 1.

• y∗(y) = 1. Indeed, if y∗n ̸= 0, then n /∈ C and thus,

sgn(y∗n) =

{
sgn(x∗

n) = sgn(xn) = sgn(yn) if n ∈ Hc

−sgn(x∗
n) = sgn(xn) = sgn(yn) if n ∈ H

,

which means

y∗nyn = y∗n sgn(y∗n) = |y∗n|, for n /∈ C,

and then

y∗(y) =
∑
n∈C

y∗nyn +
∑
n/∈C

|y∗n| = 0 +
∑
n/∈C

|y∗n| = 1.

• ∥y − x∥ = sup{|yn − xn| : n ∈ N} < ε. Indeed,
(a) If xn ∈ [ε− 1, 1− ε],

|yn − xn| = |xn − xn| = 0 < ε.

(b) if xn > 1− ε, then 0 < 1− xn < ε,

|yn − xn| = |1− xn| < ε.

(c) If xn < ε− 1, then 0 < 1 + xn < ε,

|yn − xn| = | − 1− xn| < ε.
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• ∥y∗ − x∗∥ =
∑
n∈N

|y∗n − x∗
n| < ε. Indeed, observe that

∥y∗ − x∗∥ =
∑
n∈N

|y∗n − x∗
n| (2.3)

=
∑
n∈C

|0− x∗
n|+

∑
n∈Hc\C

|x∗
n − x∗

n|+
∑

n∈H\C

∣∣∣∣−S · sgn(x∗
n)

card(H \ C)
− x∗

n

∣∣∣∣

Now, if x∗
n > 0,

∣∣∣∣−S · sgn(x∗
n)

card(H \ C)
− x∗

n

∣∣∣∣ = ∣∣∣∣ −S x∗
n

card(H \ C)
− x∗

n

∣∣∣∣ = S x∗
n

card(H \ C)
+ x∗

n = |y∗n|+ |x∗
n|.

Analogously, if x∗
n < 0,

∣∣∣∣−S · sgn(x∗
n)

card(H \ C)
− x∗

n

∣∣∣∣ = ∣∣∣∣ S x∗
n

card(H \ C)
− x∗

n

∣∣∣∣ = −S x∗
n

card(H \ C)
− x∗

n = |y∗n|+ |x∗
n|.

Therefore, by substituting this in the expression (2.3),

∥y∗ − x∗∥ =
∑
n∈C

|y∗n|+
∑

n∈H\C

(|x∗
n|+ |y∗n|)

=
∑
n∈C

|x∗
n|+

∑
n∈H\C

|x∗
n|+ 1−

∑
n∈Hc\C

|y∗n|

=
∑

n∈H∪C

|x∗
n|+ 1−

∑
n∈Hc\C

|x∗
n|

= 2
∑

n∈H∪C

|x∗
n|

=
2

ε

∑
n∈C

ε|x∗
n|+

∑
n∈H\C

ε|x∗
n|

 .
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And then,

∥y∗ − x∗∥

<
2

ε

∑
n∈C

ε|x∗
n|+

∑
n∈H\C

(1 + |xn|)|x∗
n|


=

2

ε

1−
∑

n∈C

|x∗
n|(1− ε) +

(
1−

∑
n∈C

|x∗
n| −

∑
n∈H\C

|x∗
n|
)
−
∑

n∈H\C

|x∗
n||xn|


=

2

ε

1−
∑

n∈C

|x∗
n|(1− ε) +

∑
n∈Hc\C

|x∗
n|+

∑
n∈H\C

x∗
nxn


≤ 2

ε

1−
∑

n∈C

|x∗
n||xn|+

∑
n∈Hc\C

|x∗
n||xn|+

∑
n∈H\C

x∗
nxn


≤ 2

ε

1−
∑

n∈C

x∗
nxn +

∑
n∈Hc\C

x∗
nxn +

∑
n∈H\C

x∗
nxn


=

2

ε

[
1−

∑
n∈N

x∗
nxn

]

<
2

ε

[
1−

(
1− ε2

2

)]
= ε.

Then we conclude that Cc0(ε) =
ε2

2
. □
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