Adv. Oper. Theory 4 (2019), no. 1, 1-23
https://doi.org/10.15352/a0t.1712-1280
ISSN: 2538-225X (electronic)
https://projecteuclid.org/aot

THE BISHOP-PHELPS-BOLLOBAS MODULUS FOR
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Communicated by P. Aiena

ABSTRACT. In this manuscript, we compute the Bishop-Phelps-Bollobas mod-
ulus for functionals in classical Banach spaces, such as Hilbert spaces, spaces
of continuous functions ¢y and #1.

1. INTRODUCTION

Very recently, the authors of [1] introduced a modulus that measures the ac-
curacy of the Bishop-Phelps-Bollobds theorem (BPBt) in every Banach space.
In [1, Notation 1.3] the authors introduce a function that trivially characterizes
whether a pair of Banach spaces enjoy the Bishop-Phelps-Bollobéas property for
operators (BPBpo). However, this function does not measure the accuracy of the
BPBpo in a pair of Banach spaces enjoying the BPBpo. In [2] the authors find
an equivalent reformulation of the previous function for pairs of Banach spaces
enjoying the BPBpo which also measures the accuracy of the BPBpo in such
pairs. This equivalent reformulation is known as the BPBmo. In this manuscript
we compute the BPBmo for pairs of Banach spaces in which the first space is a
classical Banach space and the second space is the real field.

Let us introduce a bit of notation.

Let £(X,Y) be the Banach space of all linear and continuous operators from
the Banach space X into the Banach space Y. We define the sets suppv(T) :=
{z €Sx :|T(z)]]| =||T||} and P(X,Y) :={T € L(X,Y) : suppv(T) # &}. We
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will consider only real Banach spaces, although most of the results can also be
adapted to the complex case.

For Banach spaces X and Y and for ¢ € (0,1/2) and 6 > 0, we define the
following sets:

o Ilxy := {(2,T) € Sx X Sp(x,y) : © € suppv(T')}, which we will consider
endowed with the metric inherited from X @, L(X,Y).
o Axy(6) :={(z,T) € Sx x Sexy) : [|T(2)|| > 1 -6}
[} Px,y (E) = {(ZE,T) c SX X SE(va) . d((Z‘,T),HX,y) Z 6}.
[ ] AX’y(ﬁ,(s) = Ax’y((s) \ P)Qy(é?).
° aX,y(g) = {(5 >0: AX,Y(575) = AX,Y((S)}.
With all these we can trivially state that (X,Y") has the BPBpo if and only if
axy(e) # @ for every € € (0,1/2).
To end this introduction we will recall the definition of the BPBmo, introduced
in [2, Definition 2.1].

Definition 1.1 (BPBmo [2]). Let X and Y be Banach spaces such that (X,Y)
has the BPBpo. The BPBmo of (X,Y) is the function

CX7yZ (0,1/2) — (0,—|—OO]
e — Cxyl(e) =supaxyl(e).

2. THE BPBMO FOR (X,R) WITH X A CLASSICAL BANACH SPACE

We will compute the BPBmo for (X, R) with X a classical Banach space. For
simplicity and to ease the calculations, the BPBmo is computed here in a slightly
different way to the one defined in Definition 1.1. This difference relies on the fact
that the sets used to define the BPBmo are now the following, where ¢ € (0,1/2)
and 0 > 0:

o Ax(d) :={(z,2*) € Sx x Sx+ : z*(x) > 1 —6}.

o Px(e) :={(x,2*) € Sx x Sx» : d ((z,2%),1lx) > €}.
[ AX 6,5) = Ax((S)\Px( )

o ax(e):={6>0:Ax(c,0) =Ax(9)}

Cx: (0,1/2) — (0,+00)
e — Cx(e) :=supax(e)

Lemma 2.1. Let X be a Banach space with dim(X) > 2. For every x € Sx and
every x* € Sy« with x*(x) < 1 there exists a sequence (zy)nen C Sx converging
to x such that x*(z) < x*(xy) for alln € N.

Proof. Fix xp € Sx such that x*(z) < 2*(x¢) < 1. For every n € N\ {2} define

%xg—l— (1 — %)x
[mzo+ (1= 5) =l

Ty =
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First, let us show that xz, is well defined. If %xo + (1 — %) x = 0 for some
n € N\ {2}, then
-(-3)
=|=|1-=)z
n

which implies the contradiction that n = 2. Finally observe that

o (2n) > " (%xo + (1 - %) :1:> > 2 (x).

1

n

1
n

1
=1--,
n

]
Theorem 2.2. Let X be a Banach space with dim(X) > 2. Fize € (0,1/2).
(1) ax(€) Q CLX7R(€).
(2) For all§ € axr(e) and all (z,2*) € Ax(9), d ((z,2*),1lx) <e.
(3) axr(e) \ {Cxr(e)} € ax(e).
Proof.
(1) Let § € ax(e) and (z,2*) € Axr(d). Now we will distinguish between

two cases:

e z*(x) > 0. Then (z,z*) € Ax(d) = Ax(e,9), therefore
d((z,z"),lIxr) < d((xz,z%),1lx) < e.

Thus (z,2*) € Axr(e, 6).

e 2*(z) < 0. Then (—x,z*) € Ax(0) = Ax(¢,d), therefore there exists
(y,y*) € llx such that [[(—z,2*) — (y,y")||cc < €. Now observe that
(—y,y7) € llxp and

[(z,2%) = (=9, ¥ )loo = [[(=2,27) = (4, ¥") [0 <,

which implies that (z,2*) € Axr(e,0).
This shows that § € axr(€).

(2) Let § € axgr(e) and (z,z2*) € Ax(d). Observe that |z*(x)| > x*(z) >
1 — 0. In accordance with [2, Lemma 2.2(4,5)], we have that § < 2e < 1.
Therefore, |z*(z)| = 2*(x) > 1 — 9 > 0. Now we will distinguish between
two cases:

e v*(x) > 1—¢. Then (z,2*) € Axr(0) = Axr(e,0), so there exists
(y,y*) € Ilx g such that ||(z, 2*) — (v, y*)|l« < €. Note that if y*(y) =
—1, then

' (z) + 1= [2"(2) —y"(y)| < 2[[(z,27) = (y,¥") |0 <22 <1,

which implies the contradiction that z*(z) < 0. Thus y*(y) = 1 and
hence (y,y*) € Ilx and (z,2*) € Ax (e, 9).

e *(x) = 1 — 0. By applying Lemma 2.1, we can find a sequence
(Zn)nen C Sx converging to x such that z*(z,) > x*(x) for every
n € N. For every n € N arbitrarily fixed, (z,,2*) € Axgr(d) =
Ax (e, ), therefore there exists (y,, ) € IIx g such that ||(x,,2*)—

1

Yns Yo )||lo < €. Since xz*(z,) > 0 and ¢ < 3, by using a similar
n 2 PY
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reasoning as above, we conclude that y(y,) = 1, that is, (y,,vy}) €
IIx. Since
12, 27) = (Yns Yn)lloo < M2, 27) = (20, 27) oo + [[(2n, 27) = (Wns Y lloo
= lz =zl + [[(@n, 2%) = (Y, )l
<l — x| + ¢,
which implies that d ((x,z*),1lx) < e.
(3) Recall (see [2, Lemma 2.2]) that
axr(€) \ {Cxr(e)} = (0,Cxr(e)) € (0,2¢) € (0,1).
Let 6 € (0,Cxr(e)) and (z,2*) € Ax(9). Fix an arbitrary ¢’ € (0, Cxr(¢)).
Then |z*(z)| > 2*(z) > 1 -390 > 1 -3¢ > 0. Then (z,2%) € Axgr(d) =
Axr(e, '), so there exists (y, y*) € llx g such that ||(z,2*)—(y,y")|~ < €.

Note that y*(y) = 1 and hence (y,y*) € lIx and (z,z*) € Ax(e,d). This
shows that § € ax(e).

O
An immediate consequence of Theorem 2.2 is the following corollary.
Corollary 2.3. Let X be a Banach space with dim(X) > 2. For every ¢ €
(0, 1/2), Cx(eE) = CX,R<5>c

Finally, notice that, for dim(X) > 2 and ¢ € (0,1/2), ax(¢) is also an interval
of extremes 0 and Cxg(e), open at 0. As a consequence, if § ¢ ax(e), then
Cx(e) < 4. In the further subsections we will show examples where the sup
involved in C'x(g) is not attained, that is, if we let ¢ := Cx(g) = Cxr(e), then
ax(g) = (0,c) whereas axg(¢) = (0, c| according to [2, Lemma 2.2].

In order to ease the calculations when computing the BPBmo for classical
spaces, we will rely on the following result.

Theorem 2.4. Let X be a Banach space. For every e € (0,1/2), if X is reflexive,
CX(E:) == CX*(&)

Proof. We can assume without loss of generality that dim(X) > 2. Simply observe
that:

Cx+(e) = sup{d >0: if (z*,2) € Sx+ x Sx with z(z*) > 1 — 4, there exists
(y*,y) € IIx+ such that ||z —y|| < € and ||z* — y*|| < &}
= sup{d > 0: if (z,2") € Sx x Sx- with 2*(z) > 1 — J, there exists
(y,y") € llx such that ||z —y|| < e and [|2" — y*|| < €}
= Cx(é).
0
2.1. Ckg.
Theorem 2.5. For every € € (0,1/2), Cg(e) = 2.

Proof. Consider ¢ € (0,1/2). Observe that in this case, IIg = {(1,1), (-1, —1)}.
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< Let 6 > 2 and we will prove that § ¢ ag(e), which will show that
supag(e) < 2. Let x =1, 2* = —1. We have z*(z) = —1 > 1 — §, since
60 >2. 1If (y,y") = (1,1), we have |x —y| =0 < g, but |z* —y*| =2 > «.
If (y,y*) = (—1,—1), [t —y| =2 > €. Then 0 ¢ ag(e) and supag(e) < 2.
> Let 0 < 6 < 2 be and we will show that § € ag(e), so supag(e) > 2. If
(x,2*) € Sg x Sg+ is such that z*(z) > 1—4, necessarily itisz* = 1,2 =1

or r* = —1,x = —1, since § < 2. This means that (z,z*) € IIg. This
shows that sup ag(e) > 2.
We finally conclude that Cg(e) = 2. O

2.2. Cy, H Hilbert space, dim(H) > 2. In [3, Corollary 5.6] the authors
compute d ((h, k), 1) for H a Hilbert space when Il is endowed with the metric
inherited from H @y H.

Theorem 2.6. Let H be a Hilbert space with dim(H) > 2. Then

4
Cy(e) = 2% — %, for every e € (0,1/2).

Proof. Lete € (0,1/2). Consider {e;};cr an orthonormal basis of H and {e; };c; its
4

dual orthonormal basis of H*. We will assume that i = 1,2 € I. Put §y := 252—%
and =1 e
W= 5
< First, we will show that dy & ay/(e), which will prove that Cy(g) < 252—§.
Let
T = ey,
¥ = xje] + x3e;,
where
Ty = 2,&2 - 1a
xh=4/1— 1%

We have x*(z) = 2u?> —1 = 1—20y. If (y,y*) € Iy is such that ||z —y|| > e,
then we are done. If ||z — y|| < ¢, then

(1—y1)2+2yi2 <&
iel
i#£1

2 -2y <ele
52
y1>1—§:,u>0,

and we will show that ||z* — y*|| > e. Since (y, y*) € l,

ST -v)? =Y+ -2 yiui=0,

el i€l i€l i€l
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so y; =y, for every 7 € I. Notice that

% —y* || = Z(x;‘ —y)? = (x; — )’ + (25 —y)* + Z y?
iel iel
i#£1,2
=2 — 2y, 7] — 24p75.
and so
" —y*|? > * &
g2

iy + a5y < 1 — 5

Observe that

iy + 2aye < aiyn 4+ a5/ 1 — Yt

so it is sufficient to prove that

2
iy +as /1 — 3 < 1—5:u.

Now, we have a series of equivalent inequalities:
a1 -y <p e
ylx’{+\/1—y%\/1—xT2 <pe
y? =20y i —1>0s

Y < 4pd — 3p or yy > .

Since y; > p, all the inequalities are true and we have ||z* — y*|| > ¢ so
4

we conclude that Cy(e) < 2¢* — 5.
Suppose now that 0 < 0 < dy and we will prove that 0 € ay/(¢) which will
show that Cy(e) > 2% — % First, take © = e; and x* € Sy« such that
x*(x) > 1 — 6. This leads to a7 > 1 — §y. Take

(@) + Der+ Y aje; (@} + Dei + ) _aje;
el el
i#1 % i#1
Y= ) Yy =
(x4 Der + Y _aje (x4 Def + ) afe]
el i€l
i#1 i#1

Notice that y € Sy, y* € Sy« and
Z(yi - y:)2 =0,

i€l

soy*(y) =Y yiyi=1and (y,5") € Iy
i€l



BISHOP-PHELPS-BOLLOBAS MODULUS FOR FUNCTIONALS ON BANACH SPACES 7

Observe that

2
(2] +1)es + fo@i =(z}+1)2 + Zx:Q =2+ 2z7.
i€l icl
i£1 i£1
2
(x”{+1)e’{+2$;‘ef =2+ 2z7.

iel

i#1
Consequently,
Ha: - y”2 = Z(l'z - ?Ji)2 = (1 - y1)2 + ny =2—-2y
iel i€l
i#1
_9_9 x]+1

And we have the following equivalent inequalities:

|z —y|? <&® &

Lol _ g2 -
V2t 2z 2
] +1 g2

W>1—§:u>0@
(27 +1)? > p*(2+ 227) &
o1 > 207 &

xt > 2u% — 1.

Since 7 > 1 — &y = 2u* — 1, we have ||z — y|| < e.
On the other hand,

* *(12 * *\2 *2 *2 * %
2" — || —E (zi — i) —E L +§ Y; _25 L;Yi
el el el el
*2
>
-
S o+ 1

Rt S S R S E—
VZ+2it T2 27 V2 + 22

and for the same reason, ||z* — y*|| < e.

Consider now any (x,x*) € Sy X Sy with 2*(z) > 1 — J. There exists
a linear and surjective isometry 7' : H — H such that T'(e;) = =. Let
xf =a* oT. We have x§ € Sy+ and,

=2

zg(e1) = 2 (T'(e1)) = 2™ (x) > 1 -4,

so because of the previous procedure, there exists (yo,y;5) € Iy such
that |le; — yo|| < € and ||af — y§|| < . Take y = T(yy) € Sy and



8 F. J. GARCIA-PACHECO, S. MORENO-PULIDO
y* =T 1oy €S;,. We have:
2 =yl = T (ex) = T(yo)ll = IT(ex = wo)ll = llex — woll <,
lo* —y* || = 1T~ oag = T~ oyl = 1T~ |2 — woll = ll25 — woll <e,
V() = i o T (T () = o) = 1
We conclude that Cy(e) = 2¢2 — &, for every ¢ € (0,1/2).
]

2.3. C¢(k), K compact and Hausdorff, card(K) > 2. We will need some
previous lemmas to calculate Ce (k).

Recall that a positive measure p : K — R is said to be inner reqular if for
every Borel set £ C K|

u(E) =sup{u(L): L C E, L compact}.

Lemma 2.7. Let K be a compact set, i : K — RT a finite and positive inner
regular measure and f € C(K), f > 0. If [, fdu < 0, then f =0 for almost
every t € K.

Proof.
Consider A= {te K : f(t) >0} and B={t € K : f(t) = 0}.
Observe that A is an open set, B is a closed set, AU B = K and:

Oz/deu=/Afdu+/deu=/Afdu-

Let L C A be a compact set, there exists 8 > 0 such that f(t) > g if ¢t € L and
SO

0> /Afduz /Lfduzﬁu(L)
This implies that u(L) = 0 for every L C A compact, and we have
u(A) =sup{u(L) : L C A, L compact} = 0.
We conclude that f = 0 for almost every t € K. 0

Lemma 2.8. Let K be a compact set, to € K, (y,y*) € Hew). If |y(to)| < 1,
then ||y* + || = 2.

Proof. Because of the Riesz’ Representation Theorem, the following is an isomet-
ric isomorphism:

T: M.(K) — C(K)*
I = fe-dp: C(K) — R
£ e fdp
where M,.(K) is the regular Borel measure space over K. Take A C K and

consider the measure
. 1 if tge A.
o (A) = { 0 if to¢ A

It is well known that T'(p,) = d4,, so we have to prove the following:
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If p € Mu(K) with ||u]] = 1, fo € Sewry, to € K and |fo(to)] < 1 with
/ fodp =1, then [[p + pig, || = 2.
ItKis clear that P, = {to}, Po = K \ {to} is a Hahn decomposition of . So we
have the positive measures uzg = pg, and gy, = 0 such that for every S € ¥,
15 (A) = 1, (S N Py),
[y (A) = —pto (S N Po),
[ty = iy — iy
|t = gy + Hizg-
And observe that

20| = 1110 | (KC)
= iy () + py, (K)
= :uto(K n Pl)
= :U/to(P1> =1
Let u € M,.(K) be with ||u]| = 1 and @1, Q2 = Q5 a Hahn decomposition of u,
that is, for every S € X,
0<pu(SNQ)
—1<pu(SNQ)

<1,
<0.

Then,

L= lull = |pl(K)
= (K) + p (K)
= p(KNQ1) — p(KNQo)
= p(Q1) — 1(Q2).
Consider now R;, Ry a Hahn decomposition for g+ p,. We distinguish two cases.
o Ifty € Q1:
For every S € X,
(1 + 1) (SN Q1) > 0,
(SN Q2) = (1 + 1) (SN Q2) <0,

so we can take R; = ()1 and Ry = (3 as a Hahn decomposition of p + pu,
and notice that

1+ paoll = (i + pae) T (K) + (1 + 1)~ (K)
= (1 + 1) (IS N Q1) — (1 + 1) (K N Q)
= u(Q1) +1 - p(Q2) = 2.

o Ifty € Qs
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For every S € X,

(1 + 1) (S N (Qr U {to})) = (1 4 p11o) (S N Q1) + (o + h110) (S N {0 })
= (SN Q1)+ p(SN{te}) + e, (S N {to})

= @C&V{ 0. ifteé s,
>0 x
>0

since p({to}) = p({to} N Q2) = —1.
On the other hand,

(k4 1110 ) (S N ( Q2 \ {t0})) = (S N (Q2\ {to}))
= p(S\ {to} N@2) <0,

so we can take Ry = Q1U{to} and Ry = @2\ {to} as a Hahn decomposition

of pu+ pu.-
Observe that if fo € Se(x) with | fo(to)] <1 and [, fodu =1,

1= [ fdn= [ s [ s
K Q1 Q2

< (@) + g fodp

and so,

0 Jodp > 1 — p(Qr) = —p(Q2).

Or equivalently,

— [ fodu < p(Q2) = [ &dp.
Q2 Q2

and it will be,

0< / (&1 + fo)dp = / (& + fo)dp™ — /Q (& + fo)dp™. (2.1)

Now, we have that & + fy > 0, is continuous and:
pr({t€ Qo (&1 + fo)(t) >0}) = pu* (QaN{t € K: 1+ fo(t) > 0})
=pu(@Qn{te K:1+ fo(t) >0} NQ1)
= u(@) = 0.
This leads to
/ (& + fo)du® =0.

If we substitute this in (2.1), we deduce that

/ (&4 + fo)du~ <0,
Q2
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By Lemma 2.7, since & + fo > 0 and f is continuous, we have fo+& =0
for almost every ¢t € (). That is, fo(t) = —1 for almost every t € Q.
This means that if H = {t € Q5 : fo(t) > —1}, then

W(H) = ul{t € Qo folt) > —1}) =0,
Using the hypothesis, |fo(to)| < 1,s0 H C Q2 and ty € H.
On the other hand,

0=p(H)
p(H \A{to}) + p({to})
LU {to} N1Q2) +pu({to} 0 Qo)

Y
7

<0 <0

so necessarily it will be p({to}) = 0.
Finally,

1+ el = (pe+ o) () + (1 + )~ (K)

= (1 + i) (K NV Ry) — (1 + fue ) (K N Qo)
w(@QrU{to}) +1 — p(Q2\ {to})
(@) + p({to}) + 1 — p(Q2) — p({to})
w(@1) + 1 —p(Q2) = 2.

Theorem 2.9. Let K be a compact set with card (K) > 2. Then,
2
Ceiy(€) = %, for every e € (0,1/2).
Proof. Take € € (0,1/2). Let 6y := %
< First we will show that dy ¢ ac(x)(¢) which will prove that sup ac(k)(e) <
%. Consider to,t; € K (to # t1) and take x € S¢(x) such that
z(tg) =1 —¢,
and

% g g
r = 55150 + (1 — 5) 6t1 < SC(K)*~

We have z*(z) = 1 — % For every (y,y*) € Hek), if ||z — y|| > ¢, then
we are done. Suppose then that
|z = yll = sup{[z(t) —y(t)] : t € K} <e.
This implies that |y(tg) —1+¢| < &, s0 |y(to)| < 1. Observe that |—y(to)| <
1 and —y*(—y) =1, so (—y, —y*) € llgk). If we use Lemma 2.8, we have
[y = dell = 2.
But then,
" =yl = [[#" — b, — ¥ + 0|l = [|2™ = by, || = [|y" — || =
2—(-£+1+1-%)=e.
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This means that sup ac(xyr(e) < %
> Suppose now that 0 < 6 < dy and we will prove that 6 € ac(k)(€), which
will show that Ce(xy(e) > % Let (z,2*) € Se(k) X Se(xy- be with z*(z) >
1-6>1-¢.
k
Suppose first that z* = Zanétn for some k € N, o, ..., 0, € [—1,1],

n=0
k

Z |ai,| = 1 and some different g, ..., ¢t € K. We will find y € C(K) and
n=0

k
Y= Z By, such that:
n=0

® y € Sc(k)-

k
oyl =16 = 1.
n=0

oy (y) =D Bay(tn) = 1.

o |z(t) —y(t)] < e forevery t € K.

k
o " =yl =D 1By — | <.

n=0
Take yo, y1, ..., yx and By, 51, ..., B this way:

0 if neC

1 if z(t,) >1—¢ .

Un = -1 if z(t,) <e—-1 . B = Qy, if ne H°\C
x(t,) if z(t,) €le—1,1—¢ —Ssgn(an)

() (tn) € [ ] i i neH\C

where

C={ne{0,....k}:|x(t,)| <1—¢},
H={ned{0,....,k}: ayz(t,) <0},

S= > ol

ne HUC

We have:
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k
(a) [ly"ll = 18l = 1.
n=0

k
DBl =D 1Bal+ Y 1Bal+ D 1Bl
n=0

neC neH\C neH\C

S
=0+ 30 lanlt Y e

neH\C neH\C
= > laal+ > ol
neHN\C ne HUC
=1.

k
n=0
If B, # 0, then n ¢ C' and

sgn(a,,) = sgn(x(t,)) if ne H®
sgnwn):{ galan) = sgaa(t,) it €

so we have

and

k k
n=0 n=0

(¢) |x(tn) — yn| < € for every n € {0,...k}.
o If z(t,) € [e—1,1—¢], we have |z(t,) — yn| = |z(t,) — 2(t,)| =
0<e.
o If 2(t,) >1—¢, then 0 < 1 —x(t,) < ¢, and |z(t,) — yn| =
lz(t,) — 1| < e.
o If z(t,) < e —1, then 0 < 1+ z(t,) < ¢, |z(tn) — yu| =
lz(t,) + 1| <e.
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k
—y =) lon— Bl <.
n=0

yH—Z\an Bul =D ol + D (lowl +8a])

neC neH\C
=4 Z |Oén‘_ Z ’ﬁn’
neHe\C neHeuC
=2= ) laal= D el
neHe\C neH\C
=2 ) o, =28
ne HUC

Remember that z*(x) = Z anx(ty) > 1— % Now,

o = yl=2 3 Joal =2 [ Sclaal+ 32 <ol

ne HUC neC neH\C
2
< eX lanl+ D (L+|a(t)])lal
neC neH\C
2
=S = (Tl =)+ (1= lal = 3 o
€
i neC neC neH\C
- Z |O‘nx<tn)|>
neH\C
2
:g ol =)+ > anl+ > ana(t)
neC neHe\C neH\C
< - Z anx(t,) + Z anx(ty,)
neC neH\C neH\C
k
2
—;( = > auatt)
2 g2
<= 1—(1——) — e,
e
so |lz* —y*|| < e.
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Summarizing, given (x,2*) € Se(xy X Sc(k)+ With

2

€
(r)>1——
) > 15
k k
"t = Z&n(Stn, where Z | =1,
n=0 n=0
k
there exists y* = Z By, with
n=0
2% —y*l| <e,
[yl =1

and yo, . .., yr such that

k
Zﬁnyn = 17
n=0

glaxk|yn\ =1,

=U,...,

\z(t,) — yn| < e, for every n =0,... k.

Consider m = max{|z(t,) — yn| : n € {0,...,k}} and F = {to,...,tx},
which is a closed set in K. Take
a: F— [—m,m]
tn = z(tn) — Yn

Using the Tietze’s theorem, there exists a : K — [—m, m] continuous with
alp = a and a € eBe(ky. Take y = min{max{—1,a + =}, 1}. We have:

(a) y*(y) = Zﬁny(t'rJ = Zﬁnyn =1, (Since y(tn) = yn)-

(b) fwll =1
(©) z—yl <e.

Finally, given any (x,2*) € Sc(k) X Se(ky» with 2*(z) > 1 -0 > 1 — %, by
the Krein-Milman Theorem, there exists a net

(27 );er € Lex(Bexy)) N Serys

such that x} 2% 2. In particular,

62

i (z) = 2" (x) > 1 — >
so there exists ig € I such that if i > ig, () > 1 — %
With these x, i > iy, with the previous procedure, we obtain (y,y}) €
He(ky such that ||z —y|| < e and ||z} — y/|| <e.
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For y}, there exists a subnet (yfj)ja s some y* € Be(k)y+, and we have
rt —y" =w" = lim(z;, —y; ), so
J

|e* —y*|| < limjinf |27, — i |l <e.

Observe that y; (y) = 1 for every j € I, so y*(y) = 1, since y* is the w”

limit, and so ||y*|| = 1.
2

We finally conclude that Cek)(e) = 5.
0J

Corollary 2.10. Let X be one the following spaces: c,lo and RL for n > 2.
Then

for every e € (0,1/2).

By bearing in mind Theorem 2.4, we deduce the following scholium.
Scholium 2.11. Cgx(c) = e for every e € (0,1/2) and n > 2.
24. Cy,.

Theorem 2.12. For every e € (0,1/2), Cy,(g) = %

2

Proof. Let € € (0,1/2). Consider dy := &-.

< We will show that dy ¢ ay, (€), which will prove that sup ay, (¢) < %

Take
9 g
xr = (1 - 5)61 + 562,

¥ =e] + (1 —¢)es.
We have z*(z) =1 — % Given any (y,y*) € I, if ||2* — y*|| < €, then
lyy — 1] < e,
lys —1+¢| <e,
lyi| < e, for every k > 3.

Since 0 < 1—2¢ < y3 < 1 and |y;| < € for every k > 3, necessarily y; =1
(because it is ||y*|| = 1).
On the other hand y*(y) = 1, so

yp=1=> Urgn>1=> [yillyal > 1= |ya| >0,
n=2 n=2 n=2

and this leads to y; > 0.

But then, 1 =y +Z YnYn = Y1 +Z lyn| and we have Z(!yn| —Yrln) =
n=2 n=2 n=2
0.
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v

Yn =

Since |y%| < 1 for every n, we have that v}y, < |y,| for every n € N and
8O [Yn| — Ypyn > 0.

This implies that |y,| = v}y, for every n > 2, so y,, = 0 for every n > 2
and necessarily y = e;.

This way,

- 9 9
lz =yl = lea =gl = 11+ 5|+ 2 ==
n=1

&

And we conclude that dp = % ¢ ay, (c), so supay, () < 5.

Now, if 0 < § < g, we will prove that § € ay, () which will show that
sup ay, (¢) > %

2

Let (x,z*) € Sy, x Sy, be such that x*(z) = Zx;‘la:n >1—-6>1- %
n=1

We give (y,y") € Sy, X Se, with y*(y) = 1, |z —y|| < e and ||z* —y*|| < &.

Take y = Z Yn€n and y* = Z yre, in the following way:
n=1 n=1

0 it neC .
oo wen\o L Ly T
:ai(ssn\(?)) it neH\C zr if afele—1,1—¢
where
C={neN:|zi| <1-¢},
H={neN:z z, <0},
S= Y |zl
neHUC
We have:

(a) |ly|]| = 1. Indeed,

Iyl = lwnl =D lual + D Awml+ D lunl
n=1

neC neHe\C neH\C

S
=0+ 30 fnl+ Y o

neHN\C neH\C
= >zt D fwl =1
neH\C ne HUC
(b) |ly*|| = 1. If |xf| < 1 — € for every n, then ||z*]| <1 —¢ < 1 and it
could not be ||z*|| =1, so ||y*|| = 1.

(¢) y*(y) = 1. Indeed, if n ¢ C,

« | osen(zr) = sgn(z,) = sgn(y,) if ne H°
Yn = sgn(zf) = —sgn(z,) = sgn(y,) if ne H
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SO
|yn| = ynsgn(yn) = yny:;, if n ¢ C,

and this leads to

VW) =D U+ Dyl =0+ lyal = 1.

neC n¢C n¢C

(d) [|z* — y*|| = sup{|=} —y’| : n € N} < e. Indeed:
elfafcle—1,1—¢|, |yf —zi| =28 —zi|=0<e.
o Ifxf >1—¢,then0 < 1—2zf <¢e andso |y —zi| =1—2) <e.

o Ifzf <e—1,then0 < 1+xf <e,andso |y:—zt| =|—-1—xf| =
1+a <e.
(e) |z —yll = Z |zn, — yn| < €. Indeed,
neN
lz =yl = > lan — yal (2.2)
neN
S - sgn(z,)
= n 0 n — dn n _—
Z’x | + Z Ty, — 0| + Z x+card(H\O)
’I’LEC nGHC\C T’LGH\C

Observe that, if z, > 0,

PR R .1 N R S . L S P B
T card(HNC)| T T card(HNC)| T T card(H N\ ¢ el T
Similarly, if x,, < 0,
oo, Sesen(wa) || Sy - +i_|x|+| |
"cardH\C)| |7 card(H\C)| " card(H\C) " Ynl

So if we substitute this in the expression (2.2),

2" =57l =D leal + Y (fyal + [al)

neC neH\C

= > laal+ D lyal

ne HUC neH\C

=2 Z |xn‘

ne HUC

:§ Zs|xn|+ Z el

neC neH\C
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And so,
* * 2 *
e =yl < = | D_elenl+ D (14 |a])lan
neC neH\C
2
=~ |1 Dol =)+ [ 1= el = > o
| neC neC neH\C
= > |l
neH\C
2
=S =Dl =)+ >l + D ahan
< | neC neHN\C neH\C
2 * * *
<S = 2 lalleal+ Y nllel + D e
| neC neH\C neH\C
2
<-|1- Zx;‘;xnjt Z Ty Ty + Z Ty Tn
< | neC neHe\C neH\C
2 [ 2 e?
=—|1- rrp| < - |1—(1—= ]| =e
g <2 (5]
L neN
Then we conclude that Cy, (¢) = % O

2.5. Cy.
Theorem 2.13. For every e € (0,1/2), C,,(c) = 5.

Proof. Let € € (0,1/2). Consider Jy := %
< We will show that dy € a,(e), which will prove that sup a., () < % Take

r=-e1;+ (1 —¢)ey,
xt = (1 — E) €>{+E€§.
2 2
We have, z*(z) =1 — % Given any (y,y*) € I, if ||y — z|| < &, then
|y1__ 1|<:87
|y2_'1%_8|<:€7
lyk| < e, for every k > 3.

Since ||y|| = 1, it must happen that y; = 1 (because 0 < 1—2¢ <y < 1).
Next, since y; = 1 and y*(y) = 1, we obtain

D v =vi+ Y uun =1,
n=1 n=2
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and then

vi=1=Y i > 1= |llyal = 1= lysl >0,
n=2 n=2 n=2

thus y; > 0. On the other hand, ||y*|| = 1 and hence yj = 1 — Z [y ].

n=2

We deduce then that Z lyr| = Zy;yn Because |y,| < 1 for all n, we

n=2 n=2
have

yryn < |yr| for alln € N

therefore, |y:| — ynyn > 0. This implies that

o0

> (yal = yiym) =0,

n=2
and then
k| = yiy, for all n > 2.

As a consequence, y;; = 0 for every n > 2 which forces that y* = ej. Then
we have,

ly" = =D Iy =il = 1 -1+ 2|+ ==
n=1

And we conclude that dy = % ¢ e, (), SO SUp A (e) < %

Now, if 0 < 6 < &y, then we will prove that § € a,(¢) which will show that
We will find (y,y*) € S., x Sy, such that y*(y) = 1, ||y — z|| < € and
|y* — a*|| < e. Take

Sup ae, (&) > % Let (x,2*) € S, X Sy, with x*(z) = anarz >1-—

Yy = Z Yn€n
n=1

v = e
n=1

given by

| 0 if neC
e T B
x, if z,€le—11—¢ e G it ne H\C
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where
C={neN:|z,| <1-¢},
H={neN:zz, <0},
S= Y |zl
ne HUC
Note that

e y € ¢g. Indeed, since z € ¢y, there exists ng € N so that if n > ny,
then |z,| < 1—¢, thus y, = z, for n > ny.

e |ly|| = 1. Indeed, if |z,| < 1—¢ for every n, then 1 = [jz]| < 1—¢e < 1.

e ||ly*|| = 1. Indeed,

Wl =>lwnl =D lwal+ > wil+ D vl
n=1

neC neH\C neH\C

) S
=0+ > Imlt Y e

neHN\C neH\C
= D> =+ Y =1
neH\C ne HUC

e y*(y) = 1. Indeed, if y* # 0, then n ¢ C and thus,

n(y’) = sgn(z}) = sgn(x,) =sgn(y,) if ne H°
Sgn(Yp) = —sgn(x}) = sgn(z,) =sgn(y,) if neH 7

which means
Yntn = Y sE0(yy) = |y, |, for n ¢ C,

and then

V) =D v+ =0+ lyl=1.

neC ng¢C ngC

o |ly —z|| = sup{|yn, — zn| : » € N} < £. Indeed,
(a) Ifz, € [e—1,1—¢],

Y — Tn| = |20 — 20| =0 <.
(b) if #, >1—¢,then 0 <1 -z, <e,
|Yn — xn| = |1 — 2| < e.
(¢c) fx,<e—1,then0<1l+z,<e,

[y —xp| = | =1 —z,| <e.
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o |ly* —a*|| = Z lyr — x| < e. Indeed, observe that
neN

ly* =2l = lys — =3 (2.3)

neN
—S - sgn(z)
— O_ * *_ * n _ *
YDIREIEED DRETARED gl ot AR
neC neH\C neH\C

Now, if z7 > 0,

_— - x = _—_—— = -—— pr— .

card(H \ C) " card(H\C) "| card(H\C) " Un "
Analogously, if x < 0,

_S'Sgn<$;)_l_* o SZL’; = —Sl’; —l'*_’ *’—i"m*’

card(H\C) "™ J|card(H\C) "™ card(H\C) "™ Un n

Therefore, by substituting this in the expression (2.3),

ly* =l = lyal+ > (il +lyih)

neC neH\C
=3 el D = > [yl
neC neH\C neH\C
= D> lall+1= ) |l
ne HUC neH\C
=2 ) |
nce HUC

=2 [ Setwl+ X el

neC neH\C
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And then,
Iy — 2]
p . \
< Doelail+ D (T[]l
neC neH\C
2 * * * *
ot L DR R (RS SIEA RS B T) B S
| neC neC neH\C neH\C
2 * * *
= 11— Z|xnl(1—€)+ Z |z | + Z i,
i neC neH\C neH\C
2 * E3 *
<-|1- Yolapllzal + D |wplleal + D whws
L neC neH\C neH\C
2
<-11- Zx;:xn—i— Z Ty Xy + Z X Ty,
< L neC neH\C neH\C
o T
=2 l1- *
[ S,
L neN
2 [ g2
<-|1—-(1——=)| ==
(-3
Then we conclude that C,,(g) = % O
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