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EXPONENTIAL GROWTH
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ABSTRACT. The initial value problem for some coupled nonlinear Schrédinger
equations in two space dimensions with exponential growth is investigated.
In the defocusing case, global well-posedness and scattering are obtained. In
the focusing sign, global and nonglobal existence of solutions are discussed via
potential well-method.

1. INTRODUCTION AND PRELIMINARIES

This paper is interested in the Cauchy problem of the nonlinear Schrodinger
system

10 + Au+ ef (u) + pululP~2|v|P = 0;
10w + Av + ef (v) + pvlvP2ulP = 0; (1.1)
(w(0,-),v(0,-)) = (ug,vo) € H'(R?) x H'(R?),

where p > 2 and u,v are two complex valued of the variable (¢,7) € R x R2.
The nonlinearity takes the Hamiltonian form f(2) := 2F’(|z|?), for some positive
real function vanishing on zero F' € C'(R,). A solution (u,v) to (1.1) formally
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satisfies conservation of the mass and the energy

M (u(t)) = My(t) = [lu(t)][7> = Ma(0);
M(v(t)) = M, (t) = [[o()][ 7> = M, (0);

E(u(t), v(®)) = [ Vul[3s + [Vol3: - ¢ / (FUu® + F(oP) da
2 |uv|P dx ;
P Jr2

E(u(t),v(t)) = B(t) = E(0).

When € and p are negative, the energy is non-negative, and (1.1) is said to be
defocusing. Otherwise, a control of the solution with the energy is no longer
possible, and system (1.1) is focusing.

In recent years, intensive work has been done about coupled Schrodinger sys-
tems [8, 10, 20, 19]. These works have been mainly on 2-systems and with poly-
nomial nonlinearities.

If 4 = 0, system (1.1) corresponds to the classical scalar semilinear Schrédinger
equation in two space dimensions. Let us recall few historic facts about this case.
In two space dimensions, the initial value problem for the nonlinear Schrédinger
problem in the monomial case is of energy subcritical for all p > 1. So, it is natural
to consider problems with exponential nonlinearities, which have several appli-
cations, such as, for example, self-trapped beams in plasmas [7]. Moreover, the
two-dimensional case is interesting because of its relation to the critical Moser—
Trudinger inequalities [1, 12]. The two-dimensional Schrédinger problem with
exponential growth nonlinearity was studied in [9], where global well-posedness
and scattering for small data were proved. Later on, the critical type nonlin-
earity was considered in [5]. Global well-posedness for small data and scattering
were established. Decay of solutions were obtained in [16]. Unconditional global
well-posedness and scattering in the energy space, for some weaker exponential
nonlinearity were proved [17, 18, 15, 14].

It is the aim of this manuscript to generalize results obtained for the subcrit-
ical case in [13] about global well-posedness and scattering of the Schrédinger
system (1.1) in the defocusing case and prove existence of nonglobal solutions in
the focusing sign using the associate ground state solution and the potential-well
theory [11], to the critical case.

The rest of the paper is organized as follows. The main results and some tech-
nical tools needed in what follows are listed in the next section. The third section
is devoted to prove well-posedness of (1.1). The goal of the fourth section is to
establish scattering of global solutions. In section five, the stationary problem
associated to (1.1) is studied. In the sixth section, we prove either global well-
posedness or blow-up in finite time of solutions to (1.1), for energy less than the
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ground state one. The last section concerns strong instability of standing waves.

In this note, we are interested in the two dimensional space case; so here and
hereafter, we denote [ - dx := [g,- dx. For p > 1, LP := LP(R?) is the Lebesgue
space endowed with the norm || - ||, := || - ||z». In the particular case p = 2,

we denote || - || := || - |l2. We call energy space by the usual Sobolev space H!
1

endowed with the norm || - ||z := <|| E4 V- H2>§. Let T > 0, and let X

be an abstract functional space; we denote Cr(X) := C([0,T], X), the space of
continuous functions with variable in [0, 7] and values in X and X4, the set of
radial functions in X. We mention that C' is an absolute positive constant, which

may vary from line to line. If A and B are non-negative real numbers, then
A < B means that A < CB. Finally, we define the operator (Df)(z) := zf'(x).

2. MAIN RESULTS AND BACKGROUND

In this section we give the main results and some technical tools needed in
what follows. Let us start with some notations. For u,v € H', we define the
action

2
S(u.0) = all = [ () o+ Jolfys = [ F(oP)de =22 [ fuolda,
For a, f € R, we introduce the scaling vgﬁ = e®y(e PA.) and the operator
Lop:H — H' N
apt H — v 5O0N(Va,8) r=0-
We extend the previous operator as follows, if A: H' — R, then
1 A
LasA(v) := 505(A(v5 5))r=0-
Let us also denote, for a, 3 € R and u,v € H*, the so-called constraint
K, p(u,v) := Ly 5(S(u,v))
—al|VulP + o+ )l = [ (alulf(ul) + 5F(fuP)) do
+all VolP + (e + Aol = [ (alel(ol) + BF(ol)) da
p
— 2p(o + =) ||uvll}.
p
The quadratic and nonlinear parts of K, s(u,v) are

K2 5(u,0) = al|Vul+(a+B) [ul *+al | Vol +(at-B)[o]]?, - Kl = Kap—KLs.
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Define also for a4+ 5 # 0, the quantity

1
a+p

— a—j—ﬁ[ﬁ“quQ +a/ <|u|f(|u|) _ F(|u|2)) d:p}
* a—i@[BHWIIQ +a/ (Ielf(ol) = F(uf?) de]

H,p(u,v) = (S —

Kap)(u,0)

(1= Sl
The following conditions fix the kind of nonlinearities to be considered in this
manuscript.
F(0) = F'(0) = F"(0) = 0; (2.1)
Jer st. min{(D—1—-¢;)F,(D—-1)*F} >0 on (0,00); (2.2)
Jag >0, st. |[F"(r)|=0(e™") as r— oc.

Remark 2.1. An explicit example is F(x) =e* —1—x — %

Proof. Consider DF(x) = z(e* — 1 — z), and for ¢ € (0, 2),

.CC2

(D—l—S)F(m):(:E—1—E)GI—i—(&—1)?+8J}+1+6::¢($).

Let us compute the derivatives ¢/(z) = (x —e)e* + (e — )z + ¢, ¢"(z) = (z —
e+1)e* +e—1,and ¢"'(z) = (x —e+2)e” > 0. Since ¢(0) = ¢'(0) = 0, we have
¢ > 0. Moreover,

(D —1)F(z) = (z —1)e* =% +1, D(D — 1)F(z) = z(ze® — x);
[(D—12 —¢]F(z) = (2®—z+1—e)e" + (e —1) + (e = )T + ez := ().

The derivatives read ¢'(z) = (22 +x —¢)e* + (e — )z +¢, " (z) = (2 +3x —e+
e®+e—1, and ¢ (x) = (2?2 +5x—e+2)e® > 0. Since ¥(0) = ¢'(0) = " (0) = 0,
we have ¢ > 0. O

2.1. Main results. The first result is, the following local well-posedness theo-
rem, obtained by a classical fixed point argument.

Theorem 2.2. Assume that [ satisfies (2.3), and take (ug,vo) € H* x H' such
that max{||Vuol|?, || Vvo|*} < i—g. Then, there exist T > 0 and a unique solution
to (1.1),

(u,v) € C([0,T], H") x C([0,T], H").
Moreover,
1/ u,v € LY[0,T], Wht);

2/ (u,v) satisfies conservation of the mass and the energy;
3/ (u,v) is global if max{E(up), E(vy)} < i—’; and e < 0, <0.
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In the defocusing case, scattering in the energy space is proved. Indeed, every
global solution of (1.1) is asymptotic, as ¢ — Fo00, to a solution of the associ-
ated linear Schrodinger system (¢ = g = 0). In other words, the effect of the
nonlinearity is negligible for large times. Precisely, the following scattering result
holds.

Theorem 2.3. Assume that f satisfies (2.3), and let €, 1 < 0, and take (ug,vo) €
H' x H' such that max{E(ug), F(vy)} < i—’;. Then, the global solution to (1.1),
(u,v) € O(R, H') x C(R, H")

giwen by the previous theorem scatters and satisfies
(u,v) € LR, W) x LR, WH4).

Second, we are interested in the focusing Schrédinger problem (1.1) (¢ > 0 and
w1 > 0). For simplicity and without loss of generality, we say that (1.1) is focusing
if e =1 and p > 0. This case is related to the associated stationary problem.

Definition 2.4. (¢,%) is a ground state solution to (1.1) if

—¢+ Db+ f(§) + poloP~* [y = 0;
— + A+ f() + |2 = 0 (2.4)
(0,0) # (¢,9) € H' x H',

and it minimizes the problem

a.B = inf {S s s . 1. Ka , :0} 2.5
Mo (070)7A(U}3€H1><H1 (u,v), 5(u,v) (2.5)

A ground state (¢,1) is said to be a vector ground state if ¢ # 0 and ¢ # 0.

Denote the sets
Al 5= {(u,v) € H'x H' st. S(u,v) <m and K,z(u,v) > 0};
AL g ={(uv) e H' x H' st. S(u,v) <m and Kqp(u,v) <0}
The next result ensures the existence of ground state solution to (1.1).
Theorem 2.5. Take a couple real numbers (0,0) # (o, ) € R?. Assume that
ag € (0,4m) and that f satisfies (2.1)~(2.3) and that 0 < ep <p— 1.

1/ If >0 and a > 0, then
(a) m :=mgp is nonzero and independent of (o, B);
(b) there is a minimizer of (2.5), which is some nontrivial solution to
(2.4).
2/ If (o, B) = (1,—1) and p > 3, then the previous result is true if we change
the condition (2.2) by

min{(D — 2 —&;)F, (D —2)*F} >0 on (0,00). (2.6)
3/ This ground state is a vector ground state if ju is large enough.

Using the potential well method, we discuss the existence of global and non-
global solution to (1.1).
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Theorem 2.6. Assume that oy € (0,47); consider f satisfies in (2.1), (2.3),
and (2.6), and suppose that € = ;1 = 1 and that 0 < ey < p—1 > 4. Let
(u,v) € Cp«(HY) x Cp<(H"Y) be the mazimal solution to the focusing problem
(1.1).
1/ If there exist (0,0) # (o, 8) € R2 U{(1,-1)} and ty € [0,T*) such that
(u(to), v(to)) € Ay 5 and (zu(ty),zv(te)) € L? x L?, then (u,v) blows-up
i finite time;
2/ if there exist (0,0) # (o, 8) € RZ U{(1,—1)} and ty € [0,T*) such that
(u(to), v(to)) € AL 5, then (u,v) is global and scatters.

Finally, we obtain strong instability of standing waves.

Theorem 2.7. Assume that g € (0,47); consider f satisfies in (2.1), (2.3), and
(2.6), and suppose that e = 1 =1 and that 0 < ey < p—1> 4. Let (¢,7) be a
ground state solution to (1.1). Then, for anye > 0, there exists (ug,vo) € H' x H*
such that ||(ug, vo) — (&, V) ||mxm < € and the maximal solution to the focusing
problem (1.1) is not global.

2.2. Tools. Let us recall the so-called Strichartz estimate [3].

Definition 2.8. A couple of real numbers (q,r) is said to be admissible if

1 1 1
2 S q,T S 0, (Q7T) 7é (2,00), (I'fbd -+ -=3.
q r 2
Proposition 2.9. Let T' > 0, and let two pairs (q,r) and (a,b) be admissible;
then
ullza @y S lluoll + [li0vu + A“||LaT’(Lb’)- (2.7)

Recall the so-called Moser—Trudinger inequality [2].

Proposition 2.10. Let o € (0,4m). There exists a constant C, such that for all
u € H' satisfying | Vu| < 1, we have

/ (ea‘“(ww _ 1) dr < Collul)®.

Moreover, this is false if o > 4w but if we take ||u||g: < 1 rather than |Vu| < 1,

it follows that
K:= sup / <e4’r|“(x)‘2 — 1) dz < oo
R2

”u”Hl(R2>S1

and this is false for o > 4mw. See [12] for more details.

The following version of Moser—Trudinger type inequality [2] will be advanta-
geous.

Proposition 2.11. Let a € (0,47), and let p > 2. There exists a constant Cq
such that for all uw € H' satisfying |Vu|| < 1, we have

/\u )[Pec @ qg < €, /]u )P da. (2.8)

Some Logarithmic inequality reads as follows [5].
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Proposition 2.12. Let g € (0,1). For any A > ﬁ and 0 < p < 1, a constant
C\ exists such that, for any function v € (H' N CP)(R?),

8%||ul| s
[ul| 7o < Alul|?log(Co + —5——),
g g 118 ||
where
Jul == | Vull® + p?||ull®.

Recall that C? denotes the space of B-Hoélder continuous functions endowed with

e nom Ju(z) = u(w)
u(x) —uly
[ullos = [Jul| e + sup =—————2—.
wry 2=yl
We end this section with a Morawetz-type identity.

Definition 2.13. Take a function a(x) on R?. We call
1/ the virial potential

V)= [ ata) (futt. o) + (e, ) d:
2/ the Morawetz action
M, (1) =2 / 0, (@ + vy dz.

Here we adopt the usual summation convention for the index j denoting the asso-
crated partial derivative, which means that repeated Euclidean coordinate indezxes
are summed.

Lemma 2.14. Take (u,v) the solution to (1.1) given by Theorem 2.2. then, we
get

1/ the virial identity

o2V, — /(—AAa)(|u|2 + \U!Q)dx—l—il/aj,k?ﬁ(ﬂjuk +508)

2 2 1 Pl |P .
_Q/Aa[e(D— DF(uf) + €D = DG(Iof) + 251 = )lul’le| ]c(z;,g)

2/ if a is convex, then

/OT/(—AAa) [|U(t,x)|2 + |v(t,x)|2] drdt < sup | M,(t)).

(0,7]

This result is known in the classical case [0, 4]. Finally, we derive that a global
solution to (1.1) in the energy space, belongs to some global Strichartz space.

Lemma 2.15. Take (u,v) a global solution to (1.1) in the energy space; then

1 3
[(w, )| za(eey<raes) S 1w, v) ||1§oo(H1)XLoo(H1) 1 (u, U)Hzoo(m)xpo(/;z)‘ (2.10)

Let us give some useful estimates.
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Lemma 2.16. For ¢ > 0 there exists C. > 0 such that

2
[F(UL) = F(Un)] < CLlUy = U| Y _(e20(H2VF — 1), (2.11)
=1
2
[/ (U1) = f/(U2)] < CelUy = Us| Y (|U;| 4 €20+ — 1), (2.12)

Proof. Using (2.3), for any € > 0,
@S [ e de S aerort g e .
0

The proof is achieved thanks to the mean value theorem via the assumption
(2.1). OJ

The last result reads.

Lemma 2.17. Let u € C([0,T], H') N L*([0, T], W'?) satisfy ||Vu||%%o(L2) < I
Then, there exist two real numbers o < 4 near to 4 and € > 0 near to zero such
that, for any Hélder couple (p,p’),

e PN 10 < T8 4 [l T 0,

Proof. By the Holder mequahty, for any ¢ > 0,

ap(1+e)|ul? 1” /Oé()(1+8)|u|Loo H ap(l+e)|ul®

He LP (LP) ~ He LP (OT)He 1”239([/1)
Take € > 0 small such that

4
(1 +5)|’VU||L°°(H1) < o

So, by the Moser—Trudinger inequality,

||
/<6a0(1+5)|u|2 B 1>dI < /< ozo(1+z-:)HVu||Loc>(H1 ()’ _ l)dx < ||u||2 <1.

For any A > % and w € (0,1], by the logarithmic inequality in proposition 2.12,

eozo(lJrE)HuHQLgo < (C+ 9 HH HHC2 )Aao(l-‘rs)Hu”Q
> ull,

Since

47
Jull2 =l + [Vl < &2lull s + o

we may take 0 < w,, € near to zero, and o < 4ag near to 4aq such that (1 +

e)llull?, < & < 4r. Thus, for A > < near 1,

< (C+2 zHuHc%)Aao(Hs)HuHi

w [ulle
S (Al )"
S

L ullgy,a-

2
00 (1+9)l[ul 200
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It follows that

2 ai(/)l_"_ 200 2 P
e O At ) [l [
2 (1+e)lullf oo

< e CFMliey oo
1
S I+ ull§alli o
S Tl_%+HUHa(1_(1/p))T(l_(l/p))(l_(a/4))'

L (W)

3. PROOF OF THEOREM 2.2

In what follows, we prove the Theorem 2.2. First, we establish local existence
by a fixed point argument. Since the source term sign has no local effect, without
loss of generality, we take in the two next subsections e = y = —1.

3.1. Local Existence. For T,r > 0, denote Ep(r) the ball of center zero and
radius r of the space
[C([0, 7], H'(R?)) n L*([0, T], WH(R*))]?

endowed with the complete distance

A((91:92). (1, h2)) = l1 (s = g1, = g2) |

where
2

(s, bl =S up it o + ill g oy )

i=1
For i € {1,2}, let w; be the solution to the following free Schrodinger equation
i@twi -+ sz = 0,

with respectively data wq(0,.) = up and w9(0,.) = vy. We consider the map ¢ on
Er(r) given by ¢(vy,ve) = (01, Vq), such that

10401 + Ay + f(vr +wr) 4 (v1 + wi)|vr + w1 [P72|vg + wel? = 0
1040y + ATy + f(vg + w3) + (V2 + wa) vy + wa|P2[vy + wr [P = 0;
(91(0,.), 92(0,.)) = (0,0).

We prove that, for 7, T > 0 sufficiently small, the map ¢ is a contraction of Ep(r).
Applying the Strichartz estimate (2.9) to (vy, v2), (u1,u2) € Er(r), we get

d((v1,02), (U1, U2))7
S for+w1) = fur +wi)l oz + (1 (v2 +w2) — fus +w2)| 1 22
+ 101 4+ wi) |y 4+ w1 [P vz + wal” — (ur + wi)uy + wi P73 |ug + walP|l 1 12
+ [ (vg 4 ws) [z + walP oy + wi [P — (ug + wa) [ug + w2 P |uy + wi Pl (12)
= || flar) = f(bu)ll Ly z2) + 1f(az) — f (02122

+ laglay P72 |ag P — by lby [P72(balP || 1 2y + llaglazlP?|as]? — balbo P20y [P || 11, z2)-
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Let us control () := || f(a1)— f(b1)[| 1 (z2) and || f (a2) = f(b2) | 1 (12) Using Sobolev
inequality and proposition 2.11,

(1)

S (or + wy = uy — wy)| (20NN 1 4 eeoCFNE )|y )
S lon = [ (e2 0 — 1)1y oy + [[Jor = wa] (X = 1)y 2y

(1+ 2 (1+¢)|b1]?
S o = U1||L4 L4)||€a0 el 1||L§(L4) + o — U1||L4 L4)||€&O e 1||L§(L4)

< low = el e P 1y oy — et )

L () L ()
ST+ oy — UlHT 710Dy — w1
Similarly,we get
3a,,3(1_a
ZHf a;) = f(bi)llzriez) S < (T34 (01, 02) — (s, u) || T30 4))05((”17“2),(“1&2))-

(3.1)

Let us estimate the quantity
llaz|ar [P~ |agl? — ba[ba[P2[balP || 11 (12
Denote the function h : C* — C given by (21, z2) — 21]21[P7?|22[F, and compute
1020021, 20)| 4 02,121, 22)] S 21 P72 20
1020021, 22) | + |05,0(21, 2)| S | [P~ 2P

Thus,
IDh(z1, 22)| S |2P P e’ + [z122)P 7 S (| + |2of)P

With the mean value theorem, it follows that
[h(a) = h(b)] < la = bl(|a|*~* + [b*'72).

This implies, via Sobolev embedding, that

[h(ar, az) = h(by, bo)| (32)
2
2(p—1 2(p—1
S lla = bllgeas 3 (laalls ) + 16:05073)
=1
2
2 1) 1
S lla =Bl > (lail 52" + 1ol ~)
=1
2
2(p—1 2(p—1 2(p—1
S lla = bllegarsm D (lallfir™ + oill3e ™ + sl 7277)
=1
2 2(p—1)
S lla = bllage ey Y (74 ol + lleolln ) (3.3)

=1
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Thus,
laxlas[P~2|ag|” = bu[br[P2]0alP || 1y (12
< (o lfwolla + fleoll i)~V (01, v2). (ur, w2) ) T (3.4
Finally, using (3.1)- (3.3), and the previous inequality, for T > 0 small enough
A(6(vr,v2), 9lur, wa) ) < ol o) T (v, v2), () ). (3.5)

For (uy,us) = —(wq,wsy), we get 4y = iy = 0, and the previous inequality yields
3
[o(ur,v2)llr < T4[[(vr, v2) + (wi, w2) |7
3
S T (r+ ol + ool ) (3.6)

It remains to estimate ||V (f(a1))| 1, (z2) == (Z1). Using the following conservation
laws,
[Vwr || = [[Vuel|,  [[Vws| = [Vl
we get
lav iz = llor + willfn < (r + JJuollm)*.
Using (2.12) via Moser—Trudinger inequality and Lemma 2.17, for € > 0 small
enough

(7)) S Vaar(ja] + 0@l g, )
< IVaran Pl zee) + [ Var(an) (el 1) 11 e
3 o a1|?
S ||CL1||L°°(H1)||VCL1||L4(L4)[||Cbl||L°°(H1)T4 + [JecotiFrle 1| 4 LHEJ
3 3 3o 3(1_«a
< Nl [larlle % + 7% 4 flaa] 5 gy, TH079)]

éo& 2(1—&
S ol )? [+ ol )TH 4+ T8 4 floy — wn |5"T30-9] . (3.7)

It remains to estimate the quantity Hal]a1|”_2]a2|p\|L1T(H1). Write,

IV(h@)]| = |[Dh(a)Vall2
S (lal73) + laallZe D) I Valloxrs
S (laal3 ™ + laal3 V) I Vel
S (™ + aellzr ™) 19l o
S (r+ ol + ol ) IV allpaces

Integrating with respect to time, we get
2 1 2 1 3
IV (h(a) o 22y S (r + luoll 3% + fleoll 3%~ )||Va||L4T(L4xL4)T4
3
(7 + luoll 3 + ool 2 Nall T

3

S (r+ ol + o350 (0 + llwolli)TH. - (3.8)
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By (3.7) and (3.8) we conclude that, for small r,7" > 0, ¢ is a contraction which
maps Ep(r) into itself. With an application of Picard fixed point theorem, the
proof of existence of a local solution to (1.1) is finished.

3.2. Uniqueness in the energy space. In what follows, we prove the unique-
ness of solution to the Cauchy problem (1.1) in the energy space. Let T > 0 be
a positive time, and let (uy,us), (vi,ve) be two solutions to (1.1) in Cp(H) x
Cr(H'). Then, for u := u; —v; and v := uy — v,

00+ At f(ur) = £ () + wafer P2 lon ] — v a2 = 0
10w + Av + f(v1) = f(v2) + ta|ua|P2|va]" — 2o]us|P2|vafP = 0;
(u(0,.),v(0,.)) = (0,0).
By Strichartz estimate (2.7), we have
1w, 0) g rrxmy S N (u2) = f(02) ey + 1S () = o)l orn
+ 1P (ur, v1) = h(vr, w) | s cany
+ ||h(uz, va) — h(v2, ua)ll L1 (111)-
With a continuity argument, we may assume that

47
gg?fg”ui”L%O(Hl) < 1+ Jluollmr + [vollmr and {I_laXHVUzHLoo 12) < .

Using previous computations, we have

1f(ur) = fQu)llzae2y + 1f (u2) = fv2)ll L1 (22
S(TT + ||(un, uz) — (U17U2)||T “THOD) (wg, ua) — (v1,02) |73

IV (f(uz) — f(UQ))”Ll (L2)

2
S 0l ) | Vual agusy |zl ooy T3 + fleooCtel — 1)

L3 (LA+e)

« v 2
+ IVl gaznlllon] + e =1 4 s

[A(ur, v1) = h(vr, wa) | oy
S+ o277 4 wol 28Tl e oy

2p—3 3 3

+ (1 uol20° + Mool 2 IVl . oy el ey + ull o)) T3

By a standard translation argument, the following lemma concludes the unique-
ness proof.

Lemma 3.1. For small T > 0,
IVull .y S [+ lluollarr + ool )T + T
+ \|<ul,v1>|rL4 v T80 D s o

1 o l_«a 1
IVl oy S [+ luollz + o]l ) T5 + ||ul||Z4T(W1,4)T6“ D+ T |un || e ().
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Proof. By Strichartz estimate,

IVuligan S 19 ) = FO0) g g+ 900w 00) = o)l e g -
Moreover,
IV () = @)l g ) < D) = DI @) Tl g
DSVl g
=T+ T

Using Lemma 2.17 via Sobolev embedding and arguing as previously, for ¢ > 0
small enough, we get

Ji S Vurlug — v |(Jug | + 0@l 1 4y, | 4 eolFelnl 1)) L3
T
,S HVu1|u1 — UIHUJHLE(L%) + HVul\ul — U1|( ao(l+e)|ur|? _ )H %
5 QO u 2
S IVullzgaallun = orllge [T [l ge gy + eIl — H L5 (Lo+9) ]
5 5 1 l_a
S IVl = vrllage o) [T unllgem + T8+ lunllzy g T80
and
Fo S IV (g —vr)(|or| + 20 rEmE gy ]
T
S ||V(u1 — U1)||L§9(L2)|||U1| + 6060(1+6)|v1|2 || g o
T
5 5 = 1
S [(1 + |luol e + [lvol[g2)Ts +T's + ||U1||24 (. 4)T°(1 } w1 — o1l Lge ()
So,

IV(f(u1) = flo)lls S [(1+ lluollr + llvoll )T
+ T8+ ol gy T30l 3oy
Arguing as previously for a = (uy,v1) and b = (vy, uy) yields
IV(h(a) = h(b)[|s < [[Ph(a)V(a = b)||s + [[(Dh(a) — Dh(b))Vbl|s
< (el 2y + o135, 13) 19l
+lufual + i) 6l Ve ||+ Vs ]

1 1
S (379 4 o[22 e 1.

Thus,

1 1 ia lq_ca
IVl pa ey S [(1+||Uo||Hl+||Uo||Hl)T6JFTGJr||Ul||,‘-}1T(W1,4)T6(1 DT |Jul| e (ar1)-

The second point is obtained when taking v; = 0 in the first point of the lemma.

O
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3.3. Global well-posedness in the defocusing case ¢, 1 > 0. This subsection
is devoted to prove that the solution given by Theorem 2.2 is global in the case
e = u = —1 and where E(ug,vy) < i—’g. We recall an important fact that is the
time of local existence depends only on the quantity ||(uo, vo)||gixmr. Let (u,v)
be the unique maximal solution of (1.1) in the space Er for any 0 < T' < T* with
initial data (ug, vg), where 0 < T™* < +o0 is the lifespan of (u,v). We shall prove
that (u,v) is global. By contradiction, suppose that 7% < +o00; we consider, for
0 < s < T*, the following problem

0 + Au' + f(u') + WP P = 0;
(Ps) { 100" + AV + f(V) + '/ P2/ [P = 0;
)

(W' (s,.),0'(s,.)) = (uls, ), v(s; ).

First, let us treat the simplest case F(ug,vy) < i—’g. In this case,

47
max{ sup [|[Vu(t)||?, sup [Vo(t)[*} < E(ug,v0) < —
[0,7~] [0,7~] ap’

Using the same arguments used in the local existence, we can find a real number
7 > 0 and a solution (u’,v’) to (Ps) on [s, s+ 7]. According to the section of local
existence, and using the conservation of energy, 7 does not depend on s.

Thus, if we let s be close to T such that s + 7 > T*, then we can extend (u,v)
for times higher than 7. This fact contradicts the maximality of 7. We obtain

the result claimed in Theorem 2.2.
Second, let us treat the limiting case

47 .
E(ug,v) = o & [EI;Q}(IIVu(t)H“ [o(t)]|?) = 11H1T§up(||Vu(t)|!2+ lo()|*) = —

Then, using the behaviour of the nonlinearity, we get z*> < F(z), and so
lim inf [|F'(| (u(t)]*) Il = lim inf [Ju(t)]la = 0;
t inf ([ (o(8)?)]} = liminf (1)} = 0.

Global well-posedness is a consequence of the following result.

Lemma 3.2. Let T > 0, and let (u,v) € C([0,T], H' x H") be a solution to the
Schrédinger equation (1.1) with ¢ = —1 such that E(ug,vo) + M (ug,vg) < oc.
Then, a positive constant Cy, depending on (ug,vo), exists such that, for any
R,R>0and any 0 <t <T,

J

Proof of Lemma 3.2. Let R, R’ > 0, and let dr(x) := d(z, Bg) and consider a
cut-off function ¢ := h(1 — (%)), where h € C*(R), 0 < h < 1, h(t) = 1 for
t>1,and h(t) =0 for t <0.

() + Jo(t)[*) do > /B (Juol* + |vo[*) dr — CoR, (3.9)

R+R/
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So, ¢(x) = 1 for x € Bg and ¢(x) = 0 for x ¢ Bryr. Moreover,

r—R 1_dR(x)

Vo(zr) = —mh/( T)1R<|m|<R+R’§

[7]| oo o,y 1
[V@[lLe < — S Tk
Multiplying (1.1) by ¢*u and ¢*v, we get

O*u(iuy + Au) = ¢*|ul(F'(Juf?) + |u["~?[v]"); (3.10)
¢*v(ive + Av) = ¢*[o]*(F"([v]* + [v~2[ul?). '

Integrating over space and then taking the imaginary part yields
aloul? +loul?) = -2 [ Fadu-+ o) da
N / (V(6%0)Vu + V(6*7) Vo) da

= 4%/(¢V¢EVU + ¢V ouVv) dz
Co

— %

An integration over time achieves the proof.

Let us return to the proof of global well-posedness. With Hélder inequality,
denoting w := (u,v), we get

Hw(t)||%2(BR+R,) S(R+ R/)||w<t)||%4(BR+R/)'

Taking account of (3.9) yields

Y]

t
VAR + B w®lis,, = (lwollfas, = Co)

T*
> (el — Cogz )
Taking the lower limit when t tends to 7% and then R’ — oo yields the contra-

diction wy = 0 which ends the proof. O

4. PROOF OF THEOREM 2.3

For easy notation and without loss of generality, in all this section we fix

e = u = —1, and we prove scattering. Denote the real numbers
1 1 1
p=14+2p, a:=2p—-1 —i1=—-——.
Yyoo2 p
For any time slab I, take the Strichartz norm
ullsry = lull oo,y + Null v wrey.-

The first intermediate result reads.
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Lemma 4.1. For any time slab I, we have

i i A=
()~ 0, o)~ ") sy S (el iy HIuE 2 ) Hlli

Proof. Using Strichartz estimate via the inequality |uv|P < 3(|u|* + [v]*) yields

I (u = €*2ug,v — o) serysin

S f(w) + f) + w0 || o (rwrery
Sf(w) + |U|2p||m’(17w1vp’) +1f(v) + |U|2p||LV'(I,W1vP')'
Now, by (2.1) and (2.3), we have

1F )+ Jullly
< ||Vuu2pflea0(1+s)\u|2“LP/ + Hu2pea0(1+€)|u|2HLp/
S )+

By (2.8),

(D) S |Vl u? el )

p—2

S O A R

S 1Vl e s

Thanks to the Logarithmic inequality in Proposition 2.12,
4(14¢€)

o0 (142) 2 lul7 0 < (1+||u||017%)ﬁ

4(1+4¢)
S @+ lullwre) =2

Thus,
4(1+¢€)
() < WVulleollullz, (1 + lullys )
4(1+28)
S IVullzellullZe + llullzolully 2

Moreover, for any real number a,

1420 v (p—a)
(el ) a5 i, Il dt.

(1+€

Takinga+1:=~v—1— yields

2(1+€) =25 7 (p—y 42052
[ 7 pHunlp I, < [wll oo 1o [
) )

With the same way for any real number b,

v b) (b+1)
J () e S 55 [l d

Taking b := v — 2 yields

’7 (p—v+2)

’
Il Zollullwrell S Nullzer ey Nz wrny:
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Thus

1Dy 5 (W20 + el ) el
Similarly,

(D) S Nulls (1 + Il )
Sl lullwns + gl 72
Finally
(= €™ ug, v — ™ vo)lsywsry S (W) + F(0) + uPVP|| Ly
S (27 + Nl Yl

0
Lemma 4.2. We have, for any 2 < p < 00,
Jim ([(u(t), v()) ]| rxrr = 0.
We follow the proof of the classical case [16].

Proof. Let x € C§°(R?) be a cut-off function and let (¢,) := (én,¥n) be a
sequence in H' x H' satisfying ||V, | < 3= HV(an < and @, = ¢ = (¢, ¢)
in H'x H'. Let (uy,, hy) (respectively u, h) be the solution in C'(R, H')x C'(R, H*)
to (1.1) with initial data ¢, (respectively ¢). We infer that, for every e > 0, there
exist T, > 0 and n. € N such that

Ix(un =), X(hn = D)l (r2xr2) <&, VR > ne. (4.1)
In fact, letting v, := yu, and v := yu, we compute

1040y + Av, = Axty + 2V XV, + X(f (Un) + tp|un P oa]P),  va(0) = x@n;
10w + Av = Axu + 2VxVu + x(f (u) +uluP~ HolP), v(0) = xe.

Denoting w,, := v, — v and z, := u, — u, by Strichartz estimate
[ wnllzeo(r2) S X (0 — @)l + ||AXZn||L1T(L2) + 2||VXVZn||L1T(L2)
+ I (f (n) + wnlun P~ ou P = fu) = ululP o) 2y (12
Thanks to the Rellich theorem, up to subsequence extraction, we have
lim |[x(¢n —¢)|| = 0.
n—0o0

Moreover, by Holder inequality, with N := [[u| oo g1y + SUp ||tn ]| poo (a1

||AXZn||L1T(L2) + 2||VXVZn||L1T(L2) < N<||AX||L1T(L4) + 2||VX||L1T(L4)>

< NT(J|axl+2I9xlh) ST
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Using (2.11) and Lemma 2.17, we have for any ¢ > 0 such that E(ug) < i—g,

(A)
= [ f(un) = F@)]l Ly (22
S (g — w)| (et N — 1 4 gooQral® 7)), o)

S Mot =l (@Ml = 1) gy + [l = ul (2~ 1)|pa(z2)

2 2
S Nt = sy e 0y — g e 1))y

2 2
S llun — U”L4 (olle™ (+e)lunl H L + flun — UHL4 (whylle™ (el HL%(U;)

3 S 3(1_«
ST+ [Jun — ulliﬁ;mT“(1 lln = ull g 20

Arguing as previously and using (3.4), we get

(A) 1= unlunl” 2fonl” = ulu 2ol oy o)
S (lwalle + loallm + el + lolla)* @ (wns 20) g i T
S TH(wn,Zn)HL%O(HleI) ST

The proof of (4.1) is achieved.
By an interpolation argument it is sufficient to prove the decay for p = 3. We
recall the following Gagliardo—Nirenberg inequality

()1} < Cllule) s (sup [u(®) |20y ) (12)

where @, (z) denotes the square centered at x whose edge has length a.
We proceed by contradiction. Assume that there exist a sequence (t,,) of positive

real numbers and € > 0 such that lim ¢, = oo and
n—oo

llu(t,)]ls > VneN. (4.3)

By (4.2) and (4.3), there exist a sequence (x,) in R? and a positive real number
denoted also by € > 0 such that

”u(tn)”LQ(Ql(wn)) >e VneN. (44)
Let ¢, (x) := u(t,, x4+ x,). Using the conservation laws, we obtain sup ||¢,| g <

n
oo. Then, up to a subsequence extraction, there exists ¢ € H' such that ¢,
converges weakly to ¢ in H'. By the Rellich theorem, up to a subsequence
extraction, we have

Tim [lgu — ellz2(au0 = O (45)

Now, (4.4) implies that ||| z2(0.(0)) = €. So, using (4.5), there exists a positive
real number denoted also € > 0 such that

el z2(Qi(0)) = & (4.6)

We denote by @ € C(R, H') the solution of (1.1) with data . Take a cut-off
function y € C§°(R?) satisfying 0 < x < 1, x = 1 on Q1(0) and supp(x) C Q2(0).
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Using a continuity argument,
Ixu@)[| = [u®)]r2@i0)) = llellz2@i0) when ¢ —0.
So, thanks to (4.6), there exists 7' > 0 such that

13
inf u(t)| > —.
nt, Ixa(t)]| > 5

Take u,, € C(R, H') the solution to (1.1) with data ¢,. Then
up(t, ) = u(t + tn, x + x,).
Now, by (4.1), there is a positive time denoted also 7" and n. € N such that
-~ £
X (un — @)Ly (z2) < 1 Vn > ne.

Hence, for all t € [0,7] and n > n.,

Ixun @)1 = [xa@)] = lIx(u. = @)@ =

=1 M

By the proprieties of y and the last inequality, for all ¢t € [0, 7] and n > n.,

=1 M

u(t + )l 22(Qawn)) = lltn ()| 2(Qa0)) =
This implies that

Vt € [tn,tn +T] Vn > n..

IS

[u(ll2(@a ) =
Since, by Holder inequality, we have
@ 22@a@n)) S 1u®)]8(@awn));
then, there exists a real number o > 0 such that
()l 3(Qa(aa)) = @ VEE [tn,tn +T] Vn > mn..

Moreover, as lim t, = oo, we can suppose that t,,; —t, > T for n > n..
n—oo

Therefore

lllbazs = / ()[4t

tn+T
> 3 [ e
tn

nZne
tn+T
4
> 3 [l
n>ne tn
> ) o'T=co
nZne

This obviously contradicts (2.10) and finishes the proof. O]
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Finally, we are ready to prove scattering. First, with a standard Bootstrap
argument, using the two previous lemmas, with the fact that

. 4
Hlln{7—2,p—7+m,p—7+2}>0,

we have
w = (u,v) € S(R) x S(R).
Previous computation implies that
F(w) + f(v) +wPer € L' (W),
By the integral formula

t
e "Au(t, x) = ug ~|—z'/ e (f(u) + u|u|p_2|v|p> ds.
0

Thus, by Strichartz estimate with the fact that e?*® is an isometry of H', we get
t
Jat) = w( e = % [ e () + alap2pop) ds
o
+ / e A (f(v) + v|v|p_2|u|p> ds} || 21 s i1

t,7—00

S 1F () + F(0) + vl w0y = 0.

Scattering follows via classical arguments [3].

5. THE STATIONARY PROBLEM

This section is devoted to prove the existence of a ground state solution to
(2.4); moreover, this ground state is a vector ground state for large p.

Remark 5.1.

1/ The proof of Theorem 2.5 is based on several lemmas;

2/ write, for easy notation, u* = ug\é”@, K = K.z, K@ = Kgﬁ, KN = Kujv\,fﬁ’

L= ,Caﬁ, and H = Haﬁ-
Lemma 5.2. Let (o, 3) € R:. Then
1/ min(LH(¢), H(p)) >0, forall (0,0)# ¢ := (u,v) € H' x H;
2/ X+ H(¢) is increasing.
(2

Proof. Thanks to (2.3), H(¢) > 0. Moreover, with a direct computation

L

LH(¢) = L£(1-— a+5)5<¢)
-1 L
= oL (@t B)S@) +all - —5)5(9)
~1

= - +/3(£ —a) (L~ (a+p))S(¢) + al ().
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Now, since (£ — a)||Vu|* = (L — (a + B))||u]|*> = 0, we have (£ — a)(L —

(o + B)lullfn = 0, L[ F(|ul*)dz = [(aD + B)F(juf*) dz, and L [ juv|? do =
(pa+ B) [ |uvP dz. So

1 2 2 2 P
LHO) 2 (€= )= (@ 5) [(PUuP)+ F(ul) + 2 luvl) de]
= 5 [ (10D = 17+ 5D~ DIF(uP) + F(oP)
+alp = 1)(5+a(p— 1) ul”) do
> 0.

The last inequality holds by (2.2). The last point is a consequence of the equality
ONH (™) = LH(P). O

The next intermediate result is the following.

Lemma 5.3. Let o > 0, and let 5 € R, and let (0,0) # (u,,v,) be a bounded
sequence of H' x H' such that lim K9 (u,,v,) = 0. Then, there exists ny € N

such that K(u,,v,) > 0 for all n > ny.
Proof. We have, for some real number p > 2, [rf(r)| + |F(r?)| < mP(e®™ — 1).
Indeed, by the equation (2.2), the ratio tends to zero on infinity, and using (2.3)

with (2.1) the ratio is bounded near zero. Thus, for any ¢ > 1, if apq/||v]|3, < 2,
by Moser—Trudinger inequality

Sl — e ol e - 1,

1
! 2 T
S ollfllexee ™™ — 1
S lollG
Using the interpolation inequality
2 _2
[l S ol [IVoll'=r vr € [2,00), (5.1)

we have ||[v||? < ||v||%||Vv||p7%. Taking ¢ such that p > §+2 yields KN (uy,,v,) =

qap ~
o(||Vun[* + [[Von[*) and [[Vun[* + [ Vva[* S K9(un, vn) — 0. Moreover, with
Holder inequality via (5.1), we have

/\unvn\” dr S fun[[loa | [Venl [P VOallP™ < M7 on 152

Thus K (t,,v,) ~ K9 (uy,,v,). This ends the proof. O
The next lemma of this section reads.
Lemma 5.4. Let a > 0, and let 5 > 0. Then
Mag = inf  {Hyp(e), s.t. Kos(d) <0}, (5.2)

0£ApcHI x H1
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Proof. Let m; be the right hand side; then it is sufficient to prove that mq, s < m;.
Take ¢ € H' x H' such that K, g(¢) < 0; then, by the previous lemma and the

facts that ,\EEHOO Kfiﬁ( a3) =0and A — H, 5(¢) is increasing, there exists A < 0
such that

Kap(¢) =0, Hap(6") < H(9). (5-3)
The proof is complete. O

Now, we prepare the proof of the last part of Theorem 2.5. Here and hereafter,
for A > 0 and ¢ := (u,v) € H' x H' we denote ¢, := A¢()\.) and

Q(6) =K 1(¢)
[Vl = [ (sl ~ F(u) do -+ [0
= [ (s - Fo)) do = 200 = 3) [fuvlrds,

Lemma 5.5. Assume that f satisfies (2.6). Let ¢ € H' x H' such that Q(¢$) < 0.
Then, there exists \g < 1 such that

1/ Q(¢Ao) =0;

2/ Ao = 1if and only if Q(p) = 0;

3/ %S(qﬁ,\) >0 for A € (0, \), and 8%5(@) <0 for A € (g, 0);
4/ X — S(¢y) is concave on (Ao, 0);

5/ Z5(02) = 3Q(9n).
Proof. We have

o) = [1Vus@)Pde— [ (jualf(osl) = FlusP) do+ [ Vo) do
= [ (sl Cesh = F(es)) do = 2001 = 2) [ fuses do
= 29l =3 [ (Audf b = F(al)) do -+ 2270
—)\‘2/ <A|v|f(/\|v|) - F(|)\v|2)> dr — 2u(1 — %)A%P—l)/mwdm.
Moreover, with the previous computations
LS (o)
[Vl + 2/\‘3/F(|)\u|2) - 2)\‘2/)\|u|f()\|u|) dz + A Vo2
+ 2)\3/F(\)\v]2) — 2)\2/)\\1)\]”()\]@\) dx —2pu(1 — %))\2”3 / |uv|P dx
= 1),
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which proves (5). Now
Q(6x) = XIValP = 3? [ (MulfOul) = F(luP)) do + Vol
- x?/ <)\|v|f()\|v|) - F(|>\v|2)> dr — 2u(1 — %)W—l) / P d

(A = Pl
2 2 2
=219l - [ it (FEEE ) o 9

>\|U|f Alol) — F([Av]?) 1\ \26- p
/| " Do )d:E—Q,u(l—g))\z( 2)/|uv| d:v}

=22 (Il + [0l = [ olho) do

1
FJu ROul) = 2101 = SN0 el der)

where s*h(s) := sf(s) — F(s?). We claim that h is strictly increasing. In fact, for

r:= s%, we have h/(r) (D2=3DADFW) ) because of (2.6). Which complete the

proof of (1), (2), and (3). For T( 4), it is sufficient to compute using (3). O
(1,

In the case (o, 5) = (1,—1), we will use 7" := S — K _; rather than H, 3 which
is no longer deﬁned

Lemma 5.6. Assume that f satisfies (2.6). Then, for ¢ € H' x H', the following
real function is increasing on R,

A s T(AG).
Proof. Denoting ¢ := (u,v), we have

T00) = X(Jull* + [o]) + [ ((D=DFONP) + (D= DFOP) ) do

1
+2u(1 — ]—))AQ”IIUUHZ;

T (6n) = 2A(Jull + [o]) + 2 [ Jul (1D = 2DIF (a)

+[D? - 2D]F(|)\v|2)> da + 4p(p — DAZ " [Juv]?.
The proof is ended because [D? —2D|F = [(D—2)?+2(D—2)]F > 0 via (2.6). O

Like in Lemma 5.4, we can express the minimizing number m, _; with a nega-
tive constraint.

Proposition 5.7. Assume that f satisfies (2.6). Then

mi—1 = 0#¢eigﬁle{T(¢)a Kl,—1(¢) < 0}‘

Proof. Let m; be the right hand side; then it is sufficient to prove that m; _; <
my. Take ¢ € H' x H' such that K _1(¢) < 0; then by Lemma 5.5 and the fact
that A — T'(A\¢) is increasing, there exists A € (0, 1) such that K; _1(A¢) = 0 and
my—1 < T(Ap) < T(¢). The proof is completed. O
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Proof of Theorem 2.5
e Case >0, 8 >0.
Let ¢, := (un, v,) be a minimizing sequence, namely

(0,0) # ¢, € H' x H', K(¢,,) =0, and lim H(¢,) = lim S(¢,) =m. (5.4)

With a rearrangement argument via (5.3), we can assume that w, and v, are
radial decreasing and satisfy (5.4).

eFirst step :(¢,) is bounded in H' x H'.

Assume as a first subcase that o = 0. Without loss of generality, take § = 1. By
(5.4) via the definition of Hyy, (¢,) is bounded in H' x H'. Now, because

Ko (un(7—)svn(—)) =0, Hou(un(s—), va(—)) = Ho1(dn),

[an |7 [ K22 IR (T

by the scaling (un(—),vn(Hu—)), we may assume that ||u,|| = ||v,|| = 1. Thus,

[l nll

(¢n) is bounded in H' x H'.
Now, assume as a second subcase that Sa # 0, and denote \ := g £ 0. By (5.4),
we get

1l — /[Iunlf(lunl) + |vnlf(Jon])]da = 2pljunva 7

= A1)+ PP = 6 + 2 o )

2

pnllFr — /[F(|Un|2) + F(|va]*)] d — ;Hunvnﬂﬁ — m.

So, the following sequences are bounded
(= MV6IE + 10nlie = [ lanl () + enl £ o = 2uanvnl}):
2 2 2 20 p
(ol = | 1F(unl?) + (o] o = = non3).

Thus, for any real number a, the following sequence is also bounded
(/\||V<15n||2 +(a = DlonllF + /[(D — a)F(Jun[*) + (D — ) F(|v,[*)] dz + 2u(1 — Z)Iunvn|§> :
Now, taking a = 1+ ¢y < p and using the assumption (2.2), it follows that (¢y,)
is bounded in H* x H!.

Assume as a last subcase that = 0. Without loss of generality, we can take
a = 1. Then

0= K(6n) = llunllZ — / wal f(tn]) A+ o 21 — / ol £ ([0a]) d — 2510 2

24
S(6n) = lunll = [ Fllunl?)dz + fenlfs = [ F(foufydo = 2
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Thus

w20 — / et £ (]} i+ ol — / ol f([va]) do = 2palfunval;
2 2 2 2 20 P
el = [ Pllunf?)dz + oulfs = [ Fonf?)dz = 2yl — m.

It follows that, for any real number a # 0,
1 1
2psa= ) fntn o+ (1=)[n s+ [enlFp] o [ (D= 2P (funf?) +-F )] dz = m,
. _ 1 . .
Now taking a = Ty yields via (2.2),
sup [|nlprxmr S 1.

Taking account of the compact injection of the radial Sobolev space H};(R?) in
the Lebesgue space LP(R?) for any 2 < p < oo, we take
(tn, vy) = (u,v) in H' x H' and (u,,v,) — (u,v) in LP, ¥p € (2, 00).

e Second step:Put ¢ := (u,v) # (0,0) and m, g > 0.

Assume that ¢ = 0. First case a # 0.

Using Moser—Trudinger inequality, we have for any Holder couple (r,r’), such
that rag < 4w is near to one

[ [F0P) +1nl 6D ds 5 flgntemes” = 1)l

2
T

I6nl% e — 1]}

S
S NgallZyllénll” = 0.

Thus, K¥(¢,) — 0 as n — oo. By Lemma 5.3, there exists ng > 0 such that
K(¢y,) > 0 for large n, which is absurd. So

¢ #0.

Second case a = 0.
By the Moser—Trudinger inequality via (2.2) with (2.3), the mean value theorem,
the convexity of the exponential function, and Holder inequality

/ F(ul?) = F(juaP) de < / t — ] (Jatn] + Ju]) (5 — 1 4 0l 1)

2 2
S = wnllor (lunllze + lellz ) (unll= + [lu]l7).

/F(\un\2)dx s /F(yumdx

), Un(

Now, because

Ko,l(un( ), Un( ) =0, Hoy(un( )) = Ho1(¢n),

[ fnll ™ [l
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by the scaling (u, (= ) Un(”u'v”)), we may assume that ||u,|| = ||v,|| = 1. Thus

2
0 = Ko (n,v,) = 2 — /F(|un|2) dr — /F(|vn|2) do — 21 / g vnl? da
p
On the other hand, since p > 2,
[unvnlly < llunllspllvnlls, = [lulls,llvll5, = 0.

Taking the limit in Ko 1 (uy,, v,) when n goes to infinity yields to the contradiction

2:/<F(|u|2)+F(|v|2)> dz = 0.

Thus
¢ # 0.

This implies that H(u,v) > 0. Moreover, with lower semicontinuity of the H'
norm, we have

m = liminf Hy 1 (u,, v,) > Ho(u,v) > 0.

e Third step: The limit ¢ = (u, v) is a solution to (2.4).
First case a # 0. There is a Lagrange multiplier n € R such that S’(¢) = nK'(¢).
Then

0=K(p) = L5(¢)=(5(¢),L(9))
= n{K'(¢), L(¢))
= nLK(¢) =nLS(9).

With a previous computation and taking account of the equation of (2.2),
—L25(¢) —ala+P)S(¢) = —(L—(a+B)(L~a)S(e)
- a/ (a(D = 1+ B(D — 1)) F(Juf?) d

+a/ (a(D —1)2+B8(D - 1))F(|Uy2) dz

_|_2?M4a(og(p — 1) + ﬁ)(p - 1>||UU||£
> 0.

Thus n = 0, and S’(¢) = 0. So, ¢ is a ground state, and m is independent of «
and f.

Second case a = 0.

Without loss of generality, we assume that 5 = 1. With a Lagrange multiplicator
n € R, we have S’(¢) = nK'(¢). Then

—Au = (n—1) (= flu) = pulul2oP);
—Av = (n=1)(v = f(v) = polol2ful?).
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This implies that
IVl = (1= 1(Koa@) = 61 ~ [(D = DF () + (D~ )F (o)) ds
+C = )
===l = [ (D= DF(P) + (D~ DF() do
i =1) [ JuPlold).

Using the facts that (D — 1)F > 0 and p > 2, we have n < 1. Take 1 — 7 := a?;
then ¢, := ¢(:) is a solution to (2.4). Finally, we have a ground state solution
to (1.1), which concludes the proof.

e Case a =1and = —1.

Let (¢,) := (un,v,) be a minimizing sequence, namely

0+#¢, € H x H', Ki_1(¢n) =0, and lim S(¢,) = m.

With a rearrangement argument, we can assume that ¢, is radial decreasing and
satisfies

0+# ¢, € H x H, Ky _1(¢,) <0, and lim S(¢,,) < m.

We can suppose that ¢, is radial decreasing and satisfies (5.4). Indeed, by Lem-
mas 5.5-5.6, there exists A € (0,1) such that K; _;(A¢,) = 0 and T'(A¢,) < m.
Then

1
[V n|* + [ Vo ||* — /(D = D(F(Junl*) + F(jvnl*)) dz = 2p(1 — ]—?)Hunvnlli;
24
enllFr + llonll7 — /(F(Iun|2> + F(|vn]?)) dx — ?Hunvani — m.

So, for any real number a # 0,

/ ((1 — a)(|Vun|* + [Von[*) + [un|* + |va|* + a[D — 1 - éJ[F(IunP) + F([vn])]

1+a
+2p(a —

)|unvn|p> dx — m.

Letting £ = 1 + £ yields via (2.6) that (¢,) is bounded in H* x H'. So, taking
account of the compact injection of the radial Sobolev space H!, in the Lebesgue
space LP for any 2 < p < oo, we take

Gn — ¢:=(u,v) in H'x H'and ¢, = ¢ in LPxLP, ¥p€ (2,00). (5.5)

Assume, by contradiction, that ¢ = 0. Since (u,) is bounded in H*', using
Moser-Trudinger inequality and taking account of (2.2) and (2.3), we get, for
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some p > 2,

waac{ [ 1F(un )] de, [ fual S do} < )P e = D)l

1
sl — 1)

S

2
S lunlly lunl[* — 0.
>

By Lemma 5.3, we get the absurdity K7 _1(¢,) > 0. Thus

60,
Thanks to lower semicontinuity of H' norm, we have K7 _1(¢) < 0 and S(¢) < m.
Using Lemma 5.6, we can assume that K; _1(¢) = 0 and that S(¢) < m. So ¢ is
a minimizer satisfying
0#£¢e Hyx HY K _1(¢)=0, and S(¢)=m.
This implies, via the assumption (2.6), that
0 <l¢l]* < T(¢) =m.

Now, there is a Lagrange multiplier € R such that S'(¢) = nKj ().
Recall that
L(¢) == (e *p(e))pmo = (0r¢™) p=0
and

£5(9) = (OuS(6)5))no-
We have
0=Ki_1(¢p) = L1-15(0) =(S"(¢),L1-1(9))
= 77<K1,71(¢)= 51,—1(¢)>
= Ly 1K1 _1(9) = 775%,—15(@-

With a direct computation and taking account of (2.2), we have £y _;(||ul]?) =
0,(L1-1— D(||Vul[?) =0 and £y _1(F(Ju?)) = (D — 1)F(|ul?). Hence

—(L1,-1—1)°S(¢) = Io]* + /[(D = 2)*F(Jul”) + (D = 2)*F([v[*)
2 P du
+2,u(1—]—9)|uv| ] dz > 0.

Then, —£3 _,5(¢) — S(¢) > 0; so n = 0 and S'(¢) = 0. Finally, ¢ is a ground
state solution to (2.4).

The last step is to show that ¢ := (u,v) is a vector ground state for large p.
First, note that if (u,0) and (0,v) are two ground state solutions to (2.4), then
(u,v) is a ground state to (2.4) with g = 0. Assume that (u,v) is a ground state
solution to (2.4) which is not a vector ground state. Compute for \ := 1

U v 7
Koalus, o) = ull + ol = ¢ [ (FOP)+ PUTP) + 2

Then
tILHI Ko (ux,va) = [lull? + [|v]|* > 0.



WELL-POSEDNESS ISSUES FOR NONLINEAR SCHRODINGER EQUATIONS 579

Moreover, because lir% Ko1(uy,v)) = —o0, there exists ¢ > 0 such that
—

Ko’l(u;\, Uj\) = 0

Hence
2 2 _ 72 U2 Y2 24
ol + ol =2 [ (PUFP) + P3P + g ol d
and
1
S(us, vx) = IVl + [IVo[*) + [lull® + o]
2 U2 Y2 24
=7 [ (O3 + FOGP) + ) do
1
= S (IVul® + [[VelP).
Now, since
lim ¢ = oo,
HU—+00

for large u, if we assume for example that u = 0, we get the following absurdity
which ends the proof

S(ux,vx) = 0<m=.5(0,v).

6. PROOF OF THEOREM 2.6

This section is devoted to obtain global or nonglobal existence of a solution to
system (1.1). We start with a classical auxiliary result about stable sets.

Lemma 6.1. The sets A7 ; and A 5 are invariant under the flow of (1.1).

Proof. Let (ug,v0) € A7 g, and let (u,v) € Cr-(H') x Cp+(H') be the maximal
solution to (1.1). Assume that for some time tq € (0,7*), we have (u(ty), v(to)) ¢
Al 5. Since the energy is conserved, K, g(u(to)) < 0. So, with a continuity
argument, there exists a positive time ¢; € (0,p) such that K, g(u(t1)) = 0 and
S(u(ty)) < m. This contradicts the definition of m. The proof is similar in the
case of A, 4. O

Let us prove the main result of this section.

Proof of Theorem 2.6. 1/ With a translation argument, we assume that
to = 0. Thus, S(ug,ve) < m, and with Lemma 6.1, (u(t),v(t)) € A, 4 for
any t € [0,7*). By contradiction, assume that 7% = oco. Take the real
function Q(t) := [ |z|*(|u(t)]* + |v(¢)]*) dz. With Lemma 2.14, we get
1

3Q"(0) = IVu@®) + [IVo(O)]* - /(D = DIF(ul®) + G(|v]")] dz

1
—2p(1 — ];)Iluvllﬁ = Ki,-1(u,v) <0.
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We infer that there exists 6 > 0 such that K; _q(u(t),v(t)) < —6 for
large time. Otherwise, there exists a sequence of positive real numbers
t, — 400 such that Ky _q(u(t,),v(t,)) — 0. Proposition 5.7 yields

m < (S — K)(u(tn), v(tn))
= S(uo, vo) — K (u(tn), v(tn)) — S(uo,,vo) < m.
This absurdity finishes the proof of the claim. Thus Q" < —84. Integrat-
ing twice, ) becomes negative for some positive time. This contradiction

completes the proof.
2/ By Lemma 6.1, u(t) € AL ; for any ¢ € [0, 7*). Thus

1
m > (S — §K171)<U,U)
= HLl(U,U)

1
E [HVUH2 +IVol* + /(D = DIF(luf*) + F(|jv]*)] dz
1
> SUIVull® + [[VelP).
Thus (u(t),v(t)) is bounded in H' x H'. Precisely
swp (V)] + IVl < 2m.

0<t<T™
Moreover, the L? norm is conserved; so (|lu(t)|], [[v(®)]]) = ([[uoll, ||vol]),
and
sup (llu(®) i + 0@l ) < oc.
0<t<T*
Thus T = oco. The scattering proof is omitted because it is similar to the

defocusing case via the previous global bound of the H' x H' norm.
O

7. PROOF OF THEOREM 2.7

In this section, we establish strong instability of standing waves. We take
e=1,u>0,and ¢ = (¢,7¢) a ground state solution to (2.4). Let A > 1 be
close to one and ¢, := (¢, %y). We keep the notation of the previous section
() := Ky 1. Using Theorem 2.6, it is sufficient to prove that ¢, € A} _; and use
the fact that A, ; is independent of (a, ). Because A > 1, using Lemma 5.5,
yields S(px) < S(p) = m and Q(¢x) < 0; so px € A} ;. This finishes the proof.
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