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ON A CONJECTURE OF HUBER CONCERNING THE
CONVERGENCE OF PROJECTION PURSUIT REGRESSION!

By LEE K. JONEs
University of Lowell

We generalize the projection pursuit procedure of Friedman and Stuetzle
(abstract version) and prove strong convergence. This answers a question of
Huber.

1. Introduction and preliminaries. Let (X,Y) be such that X is R¢
valued, Y is R valued, and X is distributed according to the probability measure
P in R“ Assume the response surface f(x) = E(Y|X = x) is in Ly(P). Then the
projection pursuit regression problem is to approximate f by a sum of ridge
functions:

m
f(x) ~ Zgj(a}x), where a; € RY, a,t-a,: 1.
1
The method of Friedman and Stuetzle [1] is as follows: Having determined

functions g,, g, -- ., &,-, and unit vectors a,, a,,..., a choose a unit vector
a,, and a function g, to minimize

m—1

m—1

E[rm(x) - gm(afnx)]z, where r,, = f — Z gj(a;x).
1
As is shown in [2] the solution at stage m is given by

(1) gn(2) = E(1,(X)las,X = 2),

with a,, a minimizing direction [or as is demonstrated easily a maximizing
direction for E(g,,)?]. Huber establishes weak L,(P) convergence of the proce-
dure [r,, = 0 weakly in L,(P)]. Also in the Comments of [2] Donoho and
Johnstone announce a proof of strong convergence for P uniform on the unit ball
or multivariate Gaussian. Huber mentions that mild smoothness assumptions are
necessary to ensure the existence of a minimizing direction. To avoid this
complication and also generalize the procedure we shall allow any direction at
stage m to be chosen as long as

(2) E(g,(at,X))" > p sup E(g,(b'X))’,  pfixed,0 <p <1.

b'b=1
In Section 2 we prove strong convergence for general P for the above class of
procedures.
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2. Proof of convergence. Following [2], given a‘X = z the best choice of
&n(2) would be the conditional expectation of r,, given a'X = z. By taking
expectations over z using the appropriate marginal of P, we get

E(r, — &) = E(r,)" ~ E(g,,)’
or by induction

m—1
(3) E(r,)"=E(f)'~ L E(g,)".
1

Now X¥lglI* < oo, where ||| is norm for Ly(P). If r,, converges to r(x) in
Ly(P), then r(x) must be 0, for if not there is some a of length one such that
E(g(a'X))? = 8 > 0 [this follows after first determining @ such that
E(r(x)exp(wia’X)) # 0] with g the conditional expectation of r(x) given a‘X.
It follows by standard measure theory that for arbitrarily large m, E(g,,)? >
p(8/2), contradicting ||g;|| — 0. It suffices to show r,, is a Cauchy sequence in
L,(P). First we give two simple lemmas. (Note that Lemma 2 will also follow
from Kronecker’s lemma; see [3, page 239].)

LEMMA 1. |E(g,1)| < p™2l|gnll 18,

Proor. |E(g,r,)| = |E(8,E(r,|al,X = 2))|, where E, denotes the expecta-
tion over the marginal defined by a,,. By the Schwarz inequality and the “near”
optimality of g,,,

1/2
| E(8nr)| < llgnl E(E(r,lat,X = 2))’)
1 1/2
< ||g,,,||(;ug,,||2) . o

LEMMA 2. Suppose S, S,,... is a nonnegative sequence of reals such that
LS? < 0. Then liminfy _, ,SyTV S

PRrOOF. For any ¢ > 0 choose N such that ¥S? < /2. Since S; - 0, we can,
by choosing i large enough, ensure that SZN S <¢/2. By lettmg S; be the

minimum term for j = N + 1,..., i, we have
SZS SZS+SZS<e/2+ ZS2<e O
N+1 N+1

Now to finish the proof: If r,, is not Cauchy then 3 A > 0 such that
l7as — Tar4 nll > A for arbitrarily large M (and an associated N). Since ||7,,||{ 1 by
(3), we may assume w.l.o.g. that ||r,,||{ 1 (by multiplying f appropriately). Hence
for small y we get ||[ryll> <1+ vy and ||ry; — o nll > A for some M and N.
Now choose K larger than M + N such that ||gx|ZX| gl < y. Note either
Tk — ryll = A/2 or ||rg — rynll = A/2. Let us assume the former; otherwise
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the argument is identical. We have

lrg — rgll>=1llrx — (rg + 8 + 81 + - +8x-1)I?
K-1
< lrgll® + Iragll® = 2117kl + 20728kl X llgill < (2 + 207%)y,
M

which is impossible if y < A?/(8 + 8p~/?) was chosen. This completes the proof.
O
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