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REGRESSION SYSTEMS FOR WHICH OPTIMAL EXTRAPOLATION
DESIGNS REQUIRE EXACTLY % + 1 POINTS

By PauL G. HoeEL

University of California, Los Angeles

The problem of optimal design for linear regression extrapolation is
discussed. A restriction is introduced which will ensure that the number of
optimal design points is equal to the number of independent regressors.

It is known Hoel (1966) that an optimal design for estimating an extrapolated value of
a random variable y(x), based on a regression function of the form E{ y(x)} = Bofo(x) +
-+« + Bifr(x), where the f’s constitute a restricted Chebyshev system of functions, can be
obtained by using only % + 1 observation points in an interval [a, b]. However, examples
of regression functions satisfying the restrictions needed to ensure the existence of a
k + 1 point optimal design can be constructed that also possess an optimal design based on
more than & + 1 points. It is the purpose of this note to introduce an additional restriction
on the Chebyshev system that will ensure that no optimal design can involve more than
k + 1 points, and hence ensures that exactly £ + 1 points must be used in the design.

The additional restriction is the following:

If fx(x) is not a constant function on [a, b], then for any constants «g, - -+, ar-1, ¢, the
equation

felx) = Y53 aifilx) = ¢

may possess at most £ + 1 roots in [a, b].

A different restriction was introduced in Karlin and Studden (1966b) and Kiefer and
Wolfowitz (1965) to solve this problem; however that restriction is quite severe and is not
satisfied by many natural regression systems. Examples are given at the end of this paper.

In the following discussion it is assumed that the variance of y(x) is independent of x
and that the continuous functions fy(x), -- -, fr—1(x) are a Chebyshev system of functions
on [a, b]. For later use, it is also assumed that the continuous functions fy(x), - - - , fr(x) are
a Chebyshev system on [a, ], where ¢t > b is the extrapolation point. These are the
assumptions made in Hoel (1966) to ensure that an optimal design exists that requires only
k + 1 points.

The problem of the optimal estimation of E { y(f)} can be reduced to the problem of the
optimal estimation of a single regression coefficient of a related regression function.
Therefore it will suffice to first study the problem of how to estimate S, in an optimal
manner. If estimation is by least squares and n observations of y(x) are to be taken at the
points x1, - - - , X, in [a, b], then it is shown in Kiefer and Wolfowitz (1959) that the variance
of the least squares estimator, ﬁk, will be minimized if the function

G = min. Y7211 {filx:) — Y520 ofi(x)}?
is maximized. If some of the x; are the same, G may be written in the form
G = min. Y15 {fulx) — 4= efi(x)) %,
k+s

where there are now % + s distinct points and the &, Y27 & = n, are the weights assigned
to those points.
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Let ¢ be the coefficients of the best Chebyshev approximation of fx(x) by means of
Y425 ¢f(x) over [a, b]. Then, for any set of design points and weights,

G = T3 (fulx) — $h2d erfilx) Ve
Let m denote the maximum absolute value over [a, b] of the function
D(x) = fu(x) = £J= ¢/ f(x).
It then follows that
T (fulx) — 2520 e fix) YE = miE+ 82 (n - §),

where £ is the sum of the & where | D(x;) | = m and § < m is the maximum value of | D(x,) |
for those points where | D(x;) | < m. Hence, unless | D(x;) | = m at all k2 + s points, it is
certain that

max G < nm®.

But it is known (Hoel (1966)) that the maximum value of G can be attained by using only
k + 1 points, if the proper weights are chosen and the x; are chosen to make | D(x;) | = m

with D(x;+1) = —D(x;), and that this maximum value is nm®. In order to attain optimality
using £ + s points, where s > 1, it is therefore necessary that |D(x;)| = m at all 2 + s
points.

Since D(x) is a linear combination of the f;(x) and they constitute a Chebyshev system,
D(x) cannot posses more than % zeros in [a, b]. Furthermore, since the ¢} produced a best
Chebyshev approximation of fi(x) on [a, b], the function D(x) must possess at least 2 + 1
points where | D(x;) | = m with D(x.) = — D(x;). But if D(x) possessed more than % + 1
points where it alternately assumes the values m and —m, it would necessarily have more
than % zeros, which is not possible. This contradiction shows that if D(x) is to have more
than & + 1 points where | D(x) | = m, there must be at least two consecutive points among
the £ + s where the sign alternation does not occur. This possibility for % = 3 is illustrated
in the sketch.

Although, as required here, D(x) possesses only 3 zeros, and 4 points that satisfy | D(x,) |
= m with D(x;.) = —D(x,), it possesses 5 points where | D(x;) | = m. By choosing ¢ < m
sufficiently large, the equation D(x) = ¢ will, because of continuity, possess 5 roots. But
from the additional restriction placed on the f’s in paragraph two, such an equation is
permitted to have at most 4 roots; therefore two such consecutive points cannot occur and
s=1.

The preceding geometrical type of argument is applicable for general k, provided that
| D(x) | = m does not hold for an interval of values in [a, b]. If | D(x) | = m for an interval
of values, it will suffice to choose ¢ = m or ¢ = —m to arrive at a contradiction concerning
the assumption made in paragraph two. In either case, the contradiction proves that an
optimal design for this class of functions cannot contain more than % + 1 points.

It is known (Hoel (1966)) that under the assumptions of paragraph three the points that
yield an optimal design for estimating (. are also the optimizing points for estimating
E{y(t)}, where t is the extrapolation point outside the interval [a, b]. Furthermore, a set
of points that is optimal for estimating E{ y(¢)} must also be optimal for estimating .
This equivalence requires that f,(¢) # 0. However any one of the f;(x) that does not vanish
at x = t may play the role of f.(x). Consequently, an optimal solution for the extrapolation
problem cannot use more than % + 1 points in the design if the continuous functions f;(x)
satisfy the following restrictions:

(a) fox), -+, fi-1(x) are a Chebyshev system on [a, b];

(b) f.(x), ---, fr(x) are a Chebyshev system on [a, t], t > b;

(¢) fulx) — Y% afi(x) = ¢ may possess at most % + 1 roots in [a, b] for any constants
ay, -+, ax-1, ¢, where fi(x) is assumed to be a nonconstant function such that f(¢) 5 0.
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The restrictions (a) and (b) are those that were used in Hoel (1966) and constitute
sufficient conditions to ensure the existence of a £ + 1 point optimal solution. Restriction
(c) is an additional sufficient condition to ensure the impossibility of finding an optimal
solution based on more than % + 1 points.

The preceding result also applies to the situation in which the standard deviation, o(x),
of y(x) is a known function of x, provided that the functions F;(x) = fi(x)o(x) satisfy these
restrictions.

The following sets of functions are examples of Chebyshev systems to which the
preceding theory applies.

(1) A Chebyshev system that contains the function f,(x) = 1. The polynomial functions

1, x, ---, x* are a special case of this.
(2) A Chebyshev system of functions whose derivatives also form a Chebyshev system.
The exponential functions exp(aox), - - - , exp(a»x) are a special case of this.

(3) Weighted polynomials of the type w(x), xw(x), ---, x*w(x), where R(x) = E(lx—)
> 0 and R**"(x) = 0 has no roots in [a, b].

The fact that the exponential functions in (2) satisfy the Chebyshev systems assump-
tions follows from the discussion on page 10 of “Tchebycheff Systems” by Karlin and
Studden (1966).

The fact that the weighted polynomials in (3) satisfy the assumptions made on the fi(x)

can be demonstrated by calculating £ + 1 derivatives of the function
gx)=a+ax+ -+ X" — cR(x)

and then, under the assumption that g(x) can possess more than £ + 1 zeros, applying
Rolle’s theorem repeatedly to arrive at a contradiction concerning the roots of R*V(x) =
0.
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The restriction that was imposed in the two papers Karlin and Studden (1966b) and
Kiefer and Wolfowitz (1965) referred to earlier, does not hold for systems (2) and (3) but
it does hold for system (1).
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