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ON A CHARACTERIZATION OF RIDITS

By PATRICK L. BROCKETT AND ARNOLD LEVINE
Tulane University

In this paper characterization theorems for Bross’ ridits are proved
with the help of functional equations by assuming intuitively reasonable
postulates.

1. Introduction. Bross (1958) proposed a method for assigning quantitative
values to ranked categorical data. This method is now widely used, especially
in epidemiological studies (Williams and Grizzle (1972)). His assignment func-
tion is as follows: let p,, i =1, ..., k, denote the empirical proportion of N
items which fall into the ith ranked category when there are k categories; then

$( X< s — Dgsi Pi) + 25
is the value (called the ridit value) assigned to category i.

Bross’ paper was designed to elucidate the use of ridits and so did not contain
the mathematical ideas underlying its derivation. Bross promised to provide
this derivation but it never appeared. Since ridit analysis is an important tool
of statistical analysis, it is useful to characterize mathematical structures which
lead to this assignment method. In this paper we develop two different sets of
postulates which lead essentially to ridits. We justify each postulate in terms
of characteristics desired for an assignment function.

2. Postulates on an assignment function leading to ridits. Letp = (p,, p,,- - -,
pi) be the empirical probability distribution of the N items over k ranked re-
sponse categories, p, = 0, >}, p, = 1. Based upon the empirical probabilities
p we wish to assign a weight to each category. It is reasonable to assume that
the assignment function should depend upon the number of categories present,
so we shall write &,(i, p) for the weight assigned to category i when p is the
empirical distribution and there are k response categories.

PostuLaTE 1. A1, 1) = 0.
This postulate corresponds to the belief that if there is only one response, then
there can be no ordering possible and we cannot distinguish a response pattern.

POSTULATE 2. 0 < hy(2,p, 1 — p) = —hy(1, 1 — p, p).

This assumption reflects the idea that if the empirical distribution over the
two responses is reversed, then by symmetry, the absolute numerical values as-
signed to the two responses should be switched right along with the switch in
the empirical distribution. However, to preserve the ranked character of the
responses, the sign should change. Hence 0 < £,(2, p, 1 — p) = —hy(1, 1 — p, p).
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PosTULATE 3 (branching property). Suppose there are more than two responses
and for reasons of a statistical or computational nature we wish to combine two
adjacent response categories. We assume that the unaffected response categories
retain their same assigned values, and the value given to the new combined
category is the weighted average of the values given to the original response
categories. Symbolically, this says that if the i and (i + 1)st categories are
combined, and p = (p;, p,, - - -, p,) is the original empirical distribution and q =
(915 -+ *» i) is the new empirical distribution (¢, = p, for t < i, ¢, = p; + pi11,
e = pey t > i), then

b @) = —P ) + L pyi 41, p)
i + Pin Pi T Pin
(1) hoi(t,0) = B(1,p) 1<i— 1
h(tq)=h(t+1,p) 1=i+1

This assumption usually simplifies computational work in data reduction
efforts.

PosTULATE 4. If there are two categories, then 4,(2, p, 1 — p) — hy(1, p, 1 — p)
is nondecreasing as p increases.

This assumption reflects the desired characteristic that the assigned values for
two categories should not become closer as the difference in the proportion of
respondents in each category becomes greater; that is, the weighting should be
consistent with the empirical response pattern.

With these reasonable postulates we obtain the following characterization
theorem.

THEOREM 1. An assignment function h, satisfies Postulates 1-4, if and only if
h(i, P) = ¢(X < Ps — Daj>i Pi)» Where c is an arbitrary constant.

ProoF. Define f(p) = hy(2, p, 1 — p), 0 < p < 1. Then Postulates 1, 2 and 3
together imply
(2) 0=mnlp+1—p)=pd—p)—1-pAp).
Let p = (1 + 1)/2 and define ¢(r) as ¢(r) = ¢(2p — 1) = (2/(1 + ))A(1 + 1)[2) =
(1/p)f(p). One easily calculates ¢(—1) = (1/(1 — p))f(1 — p) so that (2) implies
that ¢ is an even function of ¢, i.e.,
3) fp) = pe(12p — 1)) .

Now let x = >3, p;and y = >, p;- Applying (1) of Postulate 3 we note
that
4 hi(i, P) = hy(2, x, ps, ¥) p:>0.

We now calculate

(5)  h(3 X piy) = b2, x + pi y) = f(x + pi)
= (x 4 p)P(12(x + p) — 1)) = (x + p)é(Ix + pi — yI)
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and
(6) hy(1, x, piy y) = hy(1, X, p; + y) = —hy(2, p; + ), X)
= —f(y +p) ==+ p)e(ly + p. — x|)

where we have used Postulates 2 and 3 and equation (3).
From Postulates 3 and 1 we see that 0 = xh,(1, x, p;, y) + p. (2, x, pi» y) +
yhy(3, x, p;, y) or equivalently

™ B2, %, poy) = LK Ped) =G X po )
P
Utilizing (5) and (6) together with (4) in (8) yields

(8) hy(i, p) = x(1 — x)¢(ly + pi — x[) — y(d — p)é(lx + p. — y) .

Pi
Now since ¢(f) = ¢(|2p — 1|) is an even function about p = 4, it follows that
é(2p — 1)) = k2, p, 1 — p) — hy(1, p, I — p) cannot satisfy Postulate 4 unless
¢ is constant. Call this constant ¢, and plug into (8) to obtain

hy(iy p) = x(1 — X)c;y(l —J))e —c [x(}’ + pi) ;y(x + Pz):| =c(x —y),

that is,
h(is P) = [ X< P — 2i>i Pil - g

Note that this is not exactly the formula obtained by Bross, but a rather simple
translation of such. The formula obtained here is more suitable for weighting of
the categories obtained from a ranked categorical response questionnaire since,
in such a situation, one wishes to weight responses according to their ability to
distinguish between groups responding to the questionnaire (see Brockett and
Levine [1], [4]).

We may also establish a set of axioms which lead directly to Bross’ ridits.

THEOREM 2. Let h be a real-valued function satisfying

(a) h is continuous

(b) (branching property) h(x,y) = Ah(x,y 4+ (I — 2)c) + (1 — DA(x + Zc, y)
for any x, y, c, and A.

Then h(x,y) = a + b(x — y) for some choice of a and b.
Proor. Let us first assume fe C'. Differentiating (b) with respect to 2 yields
9) 0 =h(x,y + (1 — A)c) — b(x 4 Ac, y) — Ach,(x,y + (1 — 2)c)
+ (1 — Ach,(x + Ac, y)

where &, and &, represent the partial derivatives of 4 with respect to x and y
respectively.

Setting 2 =1 in (9) we find —#h,(x,y) = (A(x + ¢, y) — h(x, y))/c so that
—h,(x,y) = h(x,y), i.e., (d/ds)h(x + s,y + 5) = 0. Integrating from —y to 0
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yields h(x, y) = h(x — y, 0) = ¢(x — y). Placing ¢(x — y) into (9) and setting
2=0,x =ywefind ¢(—c) = —c¢’'(0) + ¢(0). Upon setting 2 = 1andx =y
we find ¢(c) = c¢¢’(0) + ¢(0), so that ¢(z) = a + bz, a and b constants. Thus
the conclusion holds when A e C.

Suppose now that 4 is only continuous, and let

(10) h(%,3) = §§ h(x + 5,y + Doy,(s, 1) ds dr

where o, is a mollifier, i.e., w,€ C* and w,(x,y) =0 if x* + y* > r?, and
{§ w,(x, yydxdy = 1. Using hypothesis (b) on % in (10) we find that 4, also
satisfies (b) and is C?, hence h,(x, y) = a, + b,(x — y). Since k, — h, it follows
that A(x, y) = a + b(x — y) also.

ReMARks 1. If we additionally assume A(x, y) = —A(y, x) in Theorem 2, then
h(x, y) = b(x — y).

2. Define the assignment function A,(i, p) = h(3X],<; pj» 2is>i Pi) With A satis-
fying the conditions in Theorem 2 and we obtain another characterization of
the ridit assignment function.

3. The hypothesis (a) in Theorem 2 is desired since small changes in the
empirical distribution should cause only small changes in the assigned values.
Hypothesis (b) is a branching condition which is justified in the same way as in
Postulate 3 of Theorem 1.
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