The Annals of Statistics
1976, Vol. 4, No. 2, 419-422

OPTIMALITY OF TWO AND THREE FACTOR DESIGNS

By K. R. SHAH,! D. RAGHAVARAO? AND C. G. KHATRI!

University of Waterloo, University of
Guelph and Gujarat University
In a two-factor design, a design which is optimal for one factor is
shown to be optimal jointly for both the factors with respect to each of 4-,
D-, and E-optimalities. As an interesting consequence we have that a
linked block design is optimal for the estimation of treatment differences.
Similar results are also obtained for a class of three factor designs.

1. Introduction and summary. Study of optimal designs in the current litera-
ture has been made with reference to a single factor in a two or three factor
design with the additive model (Kiefer (1958, 1959)). In Block-Treatment
designs or in Row-Column-Treatment designs where one is interested in
estimating the treatment differences eliminating the environmental effects this
approach is justifiable. However, as in factorial experiments with noninteract-
ing factors there could be situations where one is interested in the estimation
of main effects of all the factors. One may wonder if a design which is optimal
for the estimation of the main effects of one factor will also be optimal for the
joint estimation of the main effects of all the factors. In this paper, we show
that a design which is optimal for one factor will be optimal for the other factor
and will also be optimal jointly for both the factors with respect to each of A-,
D- and E-optimalities as defined by Kiefer (1959). As an interesting conse-
quence of this we note that a linked block design is optimal for the estimation
of treatment differences. Similar results are also obtained for a class of three
factor designs. The following notation will be used in the next section.

Let = denote an n X 1 vector of parameters and let ¢*/ be the matrix of
variances and covariances for the estimator of z. A design will be said to be
D-better than another design for estimation of z if it has smaller value for
det V. Similarly a design will be said to be A-better than another design if it
has smaller value for trace V. Finally, a desiga will be said to be E-better if it
has smaller value for maximum eigenvalue of V.

2. Optimality results. Consider a class of designs in which p additive factors
F, F,, -, F, are applied so that factor F, has s, levels. Let A, = diag (r}, - - -,
r;,) where r;* denotes that number of observations with the jth level of the ith
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factor, j=1,2,---,5; i=1,2,---,p. Let 7, denote the s, X 1 vector of
effects of the s, levels of the factor F, and let T, denote the corresponding vector
of total yields for the levels of factor F,. Let N;(i + j) denote the s, X s;
incidence matrix for the levels of factors F;, and F;. Let ¢ denote the general
mean and let £,, denote the p X ¢ matrix with all elements unity. The normal
equations for the estimation of parameters are

n ElslAl e ElspAp “ G
@1y Mg A Ny e T
AE, N,y - 4, T, T,

where G is the grand total of all the observations and » is the total number of
observations.

Eliminating z we get the following matrix of coefficients for the equations
for estimation of contrasts in z,’s

5_1 ]}712 "'1\:/111
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where A, = H,A, H/, N,; = H,N,; H’ and H, is obtained by deleting the first
row of a 5, X s; orthogonal matrix for which all the elements in the first
row are equal. We shall assume that the design is connected, i.e., rank
of K= X7, (s, — 1).

The following theorems connect the D-optimality of the design for the esti-
mation of z, eliminating z,, - - -, 7, with the D-optimality for the estimation of
all z/s.

THEOREM 1. If two designs D, and D, have the same matrices A, and N,; for i,
Jj=2,3, -+, p, D, will be D-better than D, for the estimation of H,z, iff it is D-
better than D, for the estimation of H,z,, ---, H,T,.

Proor. The matrix of coefficients for the normal equations for the estimation
of 7, eliminating z,, 7, - - -, 7, is A, — FS='F where F = [N, - -- |[N,,] and S is
obtained by deleting the first (s, — 1) rows and the first (s, — 1) columns of K.
Since det K = det S. det (A, — FS-'F") it is clear that smaller values of det K~!
correspond to smaller values of det (A, — FS'F’)~! when S is fixed.

It would be interesting to examine if a similar result holds for A-optimality.
The result is not true with the same generality as in the case of D-optimality.
However, for some important classes of designs the following theorem provides
the answer.

THEOREM 2. If for each of designs D, and D,, A, and S are multiples of identity
matrices of appropriate order, D, will be A-better than D, for the estimation of
H,z, iff D, is A-better than D, for the estimation of H,t,, Hyt,, --- , H,T,.
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ProoF. Let A, = al, _, and S = bI, where ¢ = Y17, (s, — 1). We may write
K=* in the following form

P [(al — b-'FF')  —(abl — FF')"'F
T L—F(abl — FF)* b 4+ b=*F'(al — b"lFF')“lF} '

It is easy to verify that trace K—! = trace (al — b~*FF') (1 4 ab™*) 4+ b7 (¢ —
s, + 1),

Thus trace K~' is minimized iff trace (a/ — b~*FF’)~* is minimized. Since
al — b-'FF’ is the matrix of coefficients in the normal equations for the esti-
mation of H,rz, the result follows.

To examine the E-optimality we note that the characteristic polynomial of
al — b='FF" is []ity' (@ — b7'9; — 4) where d,, -- -, d, _, are the eigenvalues of
FF'. It can be verified that the characteristic polynomial of X is

(b — 2ot [Tt {a +b+ ((‘12—‘ b)* + 49,) _ x}
SLEIEN(CEL LY

Thus in each case the smallest eigenvalue will correspond to the smallest d,.
Thus Theorem 2 also holds if we are dealing with E-optimality instead of A-
optimality.

We shall now consider applications of these theorems to some standard settings.
First we consider two factor designs for which A, = rd, and A, =1, L, Theo-
rems 1 and 2 indicate that for any two designs, D, and D, in this class D, is
more efficient than D, for the joint estimation of the main effects of both the
factors iff it is more efficient than D, for estimating the main effects of factor
F,. Interchanging the two factors we can also claim that this holds iff D, is
more efficient than D, for estimating the main effects of ;. Thus D, is more
efficient than D, for estimation of F, iff it is more efficient than D, for estimation
of the main effects of F,.

As a special case we consider block designs where F, refers to treatments and
F, refers to blocks. Thus if we have v treatments arranged in b blocks each of
size k so that each treatment is repeated r times in the whole design A, = r/,
and A, = kI, giving A, = rl,_ and S = kI,_,.

In this class of designs, D, is more efficient than D, for the estimation of
treatment effects iff it is more efficient for the estimation of block effects. It is
well known that in this class of designs a balanced incomplete block design
(BIBD) is optimal for the estimation of treatment effects. The above argument
shows that the BIBD is also optimal for the estimation of block effects. Inter-
changing the roles of blocks and treatments we get the following corollary.

CoOROLLARY 1. If the class of designs with parameters b, v, r, k contains a linked
block (LB) design that design is A-, D-, and E-optimal for the estimation of treatment
effects.
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Next we consider designs for comparison of v treatments arranged in s rows
and s columns. Denoting the treatments by F, the rows by F, and the columns
by F, we have A, = A, = s/, and N,; = E,,. It is easy to see that if each of the
v treatments occurs r times A, = r/,_, and S = sl,,_, and thus Theorem 2 can
be applied. This gives us the following corollary.

COROLLARY 2. [In the class of equireplicate designs for comparing v treatments in
s rows and s columns, D, is more efficient than D, for the joint estimation of treat-
ment, row and column effects iff it is more efficient than D, for the the estimation of
treatment effects only.

Results of Theorem 2 do not necessarily hold when S is not a multiple of the
identity matrix. This is demonstrated by the following simple example in which
we consider the following two arrangements for comparing two treatments in
rows and columns.
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It is easy to verify that for these two designs trace K=' is not the same even
though the difference between the two treatments is estimated with the same
precision in each design. For each of these designs the matrix of coefficients
for the estimation of treatments eliminating rows and columns is (_§ ~¢) and
thus the two designs are equivalent for the purpose of estimation of treatment
effects. The eigenvalues for the K-matrix of D, are[4,4,4,4,4,4,4,8,8,12 +
4(3)}, 12 — 4(3)t]. For the K-matrix of D, the eigenvalues are [4, 4, 4, 4, 4, 4,
8,8, 8,10 + (52)}, 10 — (52)}]. Evidently trace K~' is not the same for these
two designs. Of course det K is the same for the two designs.
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