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RATES OF CONVERGENCE FOR GIBBS SAMPLING FOR
VARIANCE COMPONENT MODELS

BY JEFFREY S. ROSENTHAL

University of Minnesota

This paper analyzes the Gibbs sampler applied to a standard variance
component model, and considers the question of how many iterations are
required for convergence. It is proved that for K location parameters, with
J observations each, the number of iterations required for convergence
(for large K and oJ) is a constant times (1 + log K/log J). This is one of
the first rigorous, a priori results about time to convergence for the Gibbs
sampler. A quantitative version of the theory of Harris recurrence (for
Markov chains) is developed and applied.

1. Introduction. In the past several years there has been a lot of
attention given to the Gibbs sampler algorithm for sampling from posterior
distributions. This Markov chain Monte Carlo algorithm, popularized by
Geman and Geman [11] and summarized in [8], has its roots in the
Metropolis—Hastings algorithm ([17], [14]). It is closely related to the data
augmentation algorithm of Tanner and Wong [24]. It exploits the simplicity of
certain conditional distributions to define a Markov chain that converges in
law to the posterior distribution under consideration. Once the Markov chain
has converged, the values of the Markov chain provide samples from the
posterior. This facilitates sampling from the posterior, even though it may be
very difficult to compute directly. Thus, certain computational problems
normally associated with Bayesian inference can be overcome. Gibbs sam-
pling has recently been applied in non-Bayesian contexts as well; see [13].

One obvious question is how long the Markov chain must be run “until it
converges.” In most actual implementations of Gibbs sampling, this question
is answered heuristically, as in “Let’s run it 1000 times” (see, e.g., [5], page
6). This may be risky since Gibbs sampling sometimes converges very slowly;
see for example [16]. Now, it may be possible to use convergence diagnostics
to check if the distribution after (say) 1000 steps is indeed close to the
distribution to which the chain appears to converge; see [12] and [20]. On the
other hand, see [10] for warnings about possible problems. In any case, it
would be comforting to have theoretical results regarding how many itera-
tions are required before the chain has in fact converged.

There has been limited analysis of this question to date (though it can be
expected that there wil be more in the future). In [23] and [15], general
theorems about the functional form of the convergence are obtained, and it is
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shown that the convergence will often be geometric. However, no quantitative
results regarding the convergence rate are given. (Perhaps this point should
be stressed: It is one thing to say the variation distance to the true posterior
distribution after % steps will be less than Aa* for some o < 1and A > 0.1t
is quite another to give some idea of how much less than 1 this « will be, and
how large A is, or equivalently to give a quantitative estimate of how large %
should be to make the variation distance less than some &.) In [23] several
simple models are analyzed exactly, facilitating convergence results for these
cases. In [22], quantitative convergence rates are obtained for data augmen-
tation for a two-step hierarchical model involving Bernoulli random vari-
ables. Also, see [1] for an interesting analysis of a related “discretization”
algorithm.

In this paper we analyze the convergence rate of the variance component
models as described in [8], Section 3.4, and defined herein in Section 3. (See
also [6] and [9].) Briefly, this model involves an overall location parameter w,
and K different parameters 6,,..., 0 which are normally distributed around
. For each 6, there are J different observations Yj;,...,Y;;, normally
distributed around 6;. The point of view is that u, the 6, and the two
variances involved are all unknown and are to be estimated. We focus our
attention on the case when K and J are both fairly large.

This is a model in which Gibbs sampling may be very useful. Thus, it
would appear to be particularly important to know how long to run the Gibbs
sampler Markov chain until it converges to the desired posterior distribution.
Specifically, one can ask how many iterations must be run until the variation
distance between the law of the Markov chain and the true posterior is
appropriately small.

This paper provides the following answer (Theorem 1). If we consider a
model with K different location parameters and with J observed data for
each parameter, then the variation distance in question after % iterations of
the Gibbs sampler is less than

1.1 exp( —Bk/

plus a small correction term, provided K and </ are not too small. Here B is a
positive number independent of J, K and k, although it depends on the
priors and on the nature of the data being studied. To the extent that one is
willing to ignore the correction term, the result is in some sense sharp up to
constants; see the remarks following the statement of the theorem.

Theorem 1 therefore shows that the Gibbs sampler will converge relatively
quickly for the variance component models case, even for fairly large J and
K. This is an encouraging result, and runs contrary to the warning in [8],
page 401, that Gibbs sampling tends to converge fairly slowly with many
parameters. A partial explanation is that in variance component models as
we shall study them, the K location parameters all act as a unit. In
particular, conditional on the values of the other three parameters, the K
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location parameters are all conditionally independent. (We note that it may
have been intended in [8] that these K different parameters were to be
thought of as a single vector parameter, so that their warning is not contra-
dicted.) Thus, while the results herein are encouraging, one should not expect
similar results for models with more complicated interdependencies, such as
those arising in image processing.

The proof of Theorem 1 employs a coupling argument (Lemma 2) related to
the notion of Harris recurrence (see [2]-[4], [18]). This lemma is quite
general, and reduces the study of convergence rates for Markov chains to the
question of how much “overlap” there is between the multistep transition
probabilities starting from different points. The lemma produces upper bounds
on the variation distance between a Markov chain after k2 steps and its
stationary distribution.

This paper is organized as follows. In Section 2 we review the Gibbs
sampler algorithm. In Section 3 we define the variance component models we
shall study, and discuss how Gibbs sampling is applied to them. We also state
our main theorem (Theorem 1). In Section 4 we state and prove Lemma 2, the
key lemma in the proof of Theorem 1. Finally, in Section 5 we use Lemma 3 (a
specialization of Lemma 2), together with some careful computation, to prove
Theorem 1. We close with an Appendix that discusses variation distance and
coupling.

2. The Gibbs sampler. The Gibbs sampler algorithm was popularized
by Geman and Geman [11]. It is related to the data augmentation algorithm
of Tanner and Wong [24]. A good review of these and other related algorithms
may be found in [8].

Suppose we have random variables U, U,,...,U, and we wish to sample
from their joint distribution A(U;,..., U,). Suppose this joint distribution is
complicated and therefore difficult to sample from. The Gibbs sampler algo-
rithm proceeds as follows.

We first guess initial values U, ..., U® for the random variables. (These
may themselves be chosen from some initial distribution.) We then update U;
conditional on the initial values of the other variables:

u® ~=.‘2?(U1|U2 =U®, U, =U®,...,U, = U,,(O)).
We continue in this way, updating each of the random variables conditional

on the most recent values of the others:
U2(1) ~“CZ(U2!U1 = Ul(l)’US = U3(0)""7 Un = nyO))

Un(l) ~$(Un|Ul = Ul(l)’ U2 ‘= Uz(l)’ cre Un—l = Urfl—)l)

This completes one iteration of the Gibbs sampler; it requires n different
updates. Continuing in the same manner, we again update the variables
U,,...,U, in order, conditional on their most recent values, to obtain
U®,...,U®, and so on. After k iterations we have generated the random
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variables U®,...,U®. (In some implementations, the order in which
U,,..., U, are updated is not fixed; see [11] and [8], but we do not consider
that here.)

This algorithm may be thought of as a Markov chain with x, =
UP,...,UM). 1t is easily seen that the probability distribution =(-) =
AU;,...,U,) is invariant for the chain. Geman and Geman [11] and Schervish
and Carlin [23] have proved that under certain (usually satisfied) positivity
conditions (roughly, that conditional on the values of U, for j # i, anything is
possible for U;), this Markov chain will converge to its invariant distribution
m(-) as k — . Thus, for large values of k, A(U®), ..., UM) will be close to
w(:) =2(U,,...,U,), so that (U®,...,U™) can be thought of as a sample
from ().

An obvious and practical question to ask is how large must % be so that
UM, ..., UP) is indeed close to 7(-)? There have been very few theoretical
results about this question. In this paper, we will get quantitative bounds on
the variation distance

lz(U®,...,U®) - =)

between these two distributions, in the particular case of variance component
models (Theorem 1). This will allow us to say how large £ must be to make
the variation distance less than a given ¢ > 0.

var

3. Variance component models and main result. We will follow the
definition of variance component models given in [8]. (See also [6] and [9].)
We suppose that there is some overall parameter u, and that the location
parameters 6,,..., fx are independently normally distributed around u:

6, ~N(p,0°), 1<i<K.

We further suppose that for each 6;, there are J data points Y;; indepen-
dently normally distributed around 6;:

Y, ~N(6;,0%), 1<i<K,1<j<d.

e

We suppose that the Y;; are observed, but that o;%, 0,2, u and 6,,..., 6 are
to be estimated.

For example, 6,,..., 6 might be K different extractions from a lake. For
each extraction i, Y;;,...,Y;; might be J different measurements of the
concentration of a certain pollutant. We wish to estimate the overall concen-
tration of the pollutant u, the concentration 6, in each extaction and the
variances g, between extractions and g,2 between measurements.

The Bayesian approach to this problem involves putting priors on g,2, 0,2
and u, and then computing (or estimating) the posterior distribution on
(a2, 02 u,04,...,0¢). For simplicity we stick to conjugate priors, so we set

0’ ~1G(ay, by), 0.’ ~1G(ay, b,), P«~N(P«o»002)~

We take ay, by, a,, by, o and o as known constants. [Here N stands for
the normal distribution; also IG stands for inverse gamma, and means that



744 J. S. ROSENTHAL

the reciprocal of the random variable has a gamma distribution. IG(a, ) has
density b% ~%/* /(I'(a)x®*1) for x > 0, and has mean b/(a — 1) and variance
b2/((a — 1)*(a — 2)) if a > 2] This defines a probability model for
a2, 0% u,0,,...,0,Y, ;- The desired posterior distribution is then the law of

(%2’ %2’”’017‘“701()

conditional on the observed values of the Y;;.

We note that it is possible to work with more general priors. While the
computations and arguments become somewhat more complicated, the basic
ideas and the main results appear to be similar. However, we do not consider
that further here.

This posterior distribution is difficult to compute directly for large J and
K, essentially because there are no satisfactory algorithms for doing the
necessary high-dimensional numberical integration. Instead we shall con-
sider using the Gibbs sampler algorithm to sample from the posterior. For the
variance component models, this works as follows. The state space is

= {(0;92, g, u,0q,..., OK) € R¥*3|g2, 02 > 0}.

For each iteration, we update first ¢,?, then o,%, then u and then 6,,..., 0,
each conditional on the most recent values of the other K + 2 variables. The
conditional distributions of these variables are easily computed [8] to be

y("?ﬁlﬂ" 0}2’01""’0K’Yij) = IG(al + %K’bl + %Z(oi - /-"‘)2),
i
Z(0lp, 0, 04,...,0¢,Y,;) = IG(a2 + 3K, by + 52 (Y;; — 0i)2),
i,Jj

)=N

2 2 2 2
Oy + a5 26, 0yo4 )
ij )

0’ + Kol o+ Kol

3(“'%2’0@2’01"--;0K;Y

—CZ(olll-Ly %2, 0-e2,01""’0i—1?0i+l""’0K’§"ij)
Jo’Y; + ofu o0}

2 2 27 2 2
Joy® + o, Jo® + o,

), 1<i<K.

[Here Y, = (1/J )Z}L 1Y;;.1 Thus, the Gibbs sampler algorithm involves guess-

ing (0,29, 0,20, y©@ 9O, ..., 09) and then generating from these conditional
distributions, in turn,
21) 2(1) (1) p(l ) 22) .22 Ak L oAk) (k) gk k
g2V, g2 D g g G2 G20 g ub g 2wk ) gk k),
This completes % iterations of the Gibbs sampler.
Write x® for (o,2®), g, 2®, u® 9P 6{¥) and write w(-) for the true
posterior distribution (g2, 0,2, u, 0,, ..., 0x). We are interested in the total

" variation distance
"g( x(k)) - 77-() "var'
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In particular, we wish to know how large %2 should be, as a function of J and
K, to make this variation distance small. This question is answered by the
following theorem. To state it, recall that ¥; = (1/J)L;Y;; and set

= 1 1o
Y=Ei’ZjYij=§LZYn
1 -
o= g7 Z(% - T
1o =

=% (%-7)

THEOREM 1. For the Gibbs sampler algorithm defined above, with a
starting distribution concentrated within the subset R, defined below, there
are positive numbers J,, B, B', A;, A, and A3, depending only on v,, vy and
the priors, but otherwise independent of J, K, k and the data Y;;, such that
for J = dJ,,

(a) ”3( x(k)) - 77() ”var
log K
< Llexp(—Bk/ 1+ s ) + kA exp( A, K);
(b) lz(x®) = () lvar

< Agexp(—BVE /((K/J)log k + K®/J?%)).

REMARKS.

1. The main thrust of this theorem is providing quantitative bounds on the
total variation distance (see Appendix) to the stationary distribution after
running the Gibbs sampler for % iterations. It thus provids estimates of
how long the Gibbs sampler should be run before samples from the Gibbs
sampler can be regarded as good approximations to samples from the true
posterior.

2. Even for this particular variance components model, there are many
factors which affect the rate of convergence, including the number of
parameters K, the amount of data per parameter J, the “spread” of the
data as measured by v, and v, and the prior distributions as specified by
a,, by, a,, by, u, and of. (Note that from a Bayesian perspective the data
and prior are fixed throughout, so none of these quantities is a random
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variable.) Although the results of this paper in principle give rates of
convergence in terms of all of these quantities, we have chosen to empha-
size how the rate depends specifically on the values of K and </, with all of
the other quantities held fixed. We have further concentrated particularly
on the case in which K and J are both relatively large. If a different
dependence is to be emphasized, the same general arguments would apply,
but it might be necessary to reinterpret the results somewhat. In particu-
lar, in the case of small K and J, it may be necessary to modify the
choices of R, etcetera, in the details of the proof.

3. To the extent that one is willing to ignore terms of the form
k exp(—(const)K) (which are very small if K is large and % is moderate),
part (a) of the theorem gives a very pleasing answer. It states that
O(1 + log K/log J) iterations are required (provided ¢ is not too small) to
make the variation distance small. (In other words, if & is large compared
to 1 + log K/log J, then the variation distance is small.) In particular, if
log K/log J remains fixed, the number of iterations required does not
grow with J and K. This may be somewhat surprising, since as <
increases, the posterior becomes more peaked, and as K increases, the
posterior becomes more complicated.

4. The quantity O(1 + log K/log J) of the previous remark is in some sense
the best possible. Specifically, it is seen (see the remark on lower bounds
at the end of the paper) that if % is very small compared to 1 + log K/log o/,
then the Gibbs sampler cannot possibly have converged. Thus, to the
extent that one ignores the k exp(—(const)K) term, the quantity O(1 +
log K/log J) is “correct,” so that the result of part (a) is “sharp up to
constants.”

5. Despite the previous remarks, the fact remains that the second term in the
bound in part (a) of the theorem, of the form % exp(—(const)K), is not
going to 0 as a function of k£ (in fact it is going to infinity). This unfortu-
nate situation arises because of the difficulty in controlling the (rare)
occurrences when the Gibbs sampler escapes from the set R, defined
below. The problem is remedied in part (b) of the theorem, which is proved
by the unusual method of allowing the set R to grow as a function of k.
The bound in part (b) ensures that the variation distance does indeed go to
0 as function of k. As a penalty, however, part (b) gives too slow a rate of
convergence; if K > J, we need k to be large compared to (K6/J2)? for
the variation distance to be small. We take the point of view that part (a)
of Theorem 1 shows that the variation distance gets fairly small when £ is
of order 1 + log K/log J, while part (b) shows that for even larger k& the
variation distance does indeed go to 0. [Furthermore, the bound in part (b)
goes to 0 at a superpolynomial but subexponential rate. Thus, it does not
quite establish that this Gibbs sampler is geometrically ergodic.]

6. While the theorem’s aim is to provide quantitative bounds on the time to

" convergence of this Gibbs sampler, it is still stated in terms of the
unspecified numbers B, B’, A;, A, and A; However, the proof of the
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theorem (Section 5) does explain (in a necessarily complicated and multi-
step way) how these numbers are computed, and we have tried to indicate
this as explicitly as possible. Thus, a researcher with a given data set could
compute values for these numbers, and use Theorem 1 to obtain precise
upper bounds for how many iterations of the Gibbs sampler will be
required. A general formula for these numbers could be given, but unfortu-
nately it would be very awkward and also not optimal, especially for small
data sets. We are presently working on getting sharper values of the
numbers in these cases.

7. The theorem requires that we use an appropriate starting distribution.
Specifically, the starting distribution should be supported entirely in the
set R, defined in Section 5. However, for reasonably large o (which is our
emphasis) this is a very large set, so this requirement is not very severe.
(For small values of JJ, however, the set R, could even be empty, hence
our requirement that J > J,. For such small J, the proof could be
modified to produce a bound using an alternative, nonempty set R,.
Indeed, any bounded subset R, could in principle be used, though of
course the quantitative bounds would be affected.) We note that our
theorem applies for any starting distribution supported in R, including a
point mass.

The main lemma used to prove Theorem 1 is stated in Section 4, and
Theorem 1 is then proved in Section 5.

4. The main lemma. It is difficult to approach the proof of Theorem 1
directly. This is because both the law of x®) (the Gibbs sampler after k
iterations) and the true posterior distribution are difficult to compute, and so
the variation distance between them is also difficult to compute.

Our approach instead will be to use the following lemma. It gives a bound
on the variation distance of a Markov chain to its stationary distribution in
terms of the amount of “overlap” of the transition probabilities starting from
different places. The lemma is closely related to the notion of Harris recur-
rence; see [2]-[4] and [18]. A special case of this lemma was described in [22].
We wish to emphasize that the lemma is valid for any Markov chain, and
may be useful in situations quite different from Gibbs sampling.

We need the following notation. If @,(-) and @,(-) are probability measures
and & > 0, then we will write @,(:) > £@,(:) to mean that Q,(A) > £Q,(A)
for all measurable sets A. If @,(-) and @,(-) have densities g,(x) and g,(x)
with respect to Lebesgue measure, then this is equivalent to saying that
q,(x) > eq,(x) for almost all x.

LEMMA 2. Let P(x,-) be the transition probabilities for a time-homoge-
neous Markov chain on a state space Z. Suppose that for some measurable
subset R C %, some probability distribution Q(-) on 2, some positive integer
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k, and some ¢ > 0,
Pko(x,") > eQ(:) forallx €R,

where P} represents the k,-step transition probabilities. Let m(-) be any
stationary distribution for the Markov chain on Z. Then for any initial
distribution (-) supported entirely in R, the distribution m,(-) of the Markov

chain after k steps satisfies
I () = () llvar = (1= &) + 0+ 2| k/ko b,

where || - |lyar is total variation distance, || is the greatest integer not exceed-
ingr,a=m(R®) =1- w(R) and

b = sup P*o(x, R®) = 1 — inf P*o(x, R).
x€ER

x€R

PrROOF. The proof shall be by a coupling argument. (For background on
coupling, see the Appendix.) We first note that, replacing P(x, -) by P*o(x,-)
if necessary and using the fact that the variation distance to a stationary
distribution is (weakly) monotonically decreasing, it suffices to consider the
case ko = 1.

We let {X,} begin in the distribution 7, and let {Y;} begin in the distribu-
tion 7. We let them progress as follows. Given the values X, and Y, , where
0 <m <k, wechoose X,,,, and Y, ., by:

() If X,, € R and Y,, € R, then flip a coin with probability of heads equal to
£. Then:
(a) If it is heads, choose x €2 according to Q(-) and set X, ,; =
Ym+ 1= %
(b) If it is tails, choose X, ,; and Y, ,; independently according to the
distributions (1/(1 — e)(P(X,,, ) — £Q() and (1/(1 — &)XP(Y,,,")
— £Q(-)), respectively.
(i) If X,, € R or Y,, ¢ R, then simply choose X,,,, and Y, ,, independently
according to the distributions P(X,,,-) and P(Y,,, ), respectively.

This defines a prescription for choosing X,, and Y,, for 0 <m <k. It is
easily checked that these values are chosen with probabilities consistent with
the transition probabilities P(x, -).

Let T be the first time we choose option (iXa) above [with T = « if we
never choose option (iX(a)]. Let Z,, be equal to Y,, for m < T and to X,, for
m > T. Then (X,,, Z,,) is easily seen to be a coupling with coupling time 7.

The coupling inequality (see Appendix) then gives that

Hg(Xk) _3(Yk)”var ="77k(') - W(')llvar =< PI‘Ob(T > k)
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We now observe that conditional on X,, and Y,, remaining in R, the coupling
time 7' will be a geometric random variable with parameter . Thus

Prob(T > k)
< Prob(X, €RorY, ¢ R forsome0 <m <k)
+ Prob(X,, e RandY, € Rforall0 <m < k,and T > k)
< Prob(X, ¢ R) + Prob(Y, ¢ R)

k
+ X (Prob(X,, & RIX,,_, €R) + Prob(Y,, ¢ R|Y,,_; €R))

m=1

+ Prob(X,, e RandY,, €R forall0 <m <k,and T > k)
k
<O0+a+ ( > (2b)) + (1 — g)lF/kl
m=1

=a+2kb+ (1-¢)". O

REMARKS.

1. The conclusion of the lemma is unsatisfying in that the upper bound given
does not approach 0 as £ — . One can remedy this by letting the set R
get larger and larger (so that @ and b get smaller and smaller) as a
function of k. This idea is used in the proof of Theorem 1(b).

2. It is easily seen that we can bound the quantity b above by k,b,, where
b, = sup, .  P(x, R®) is the one-step analog of the k-step b. This shows
that

”wk(') - w(')llvar =< (1 - S)Ik/koj +a + Zkbl,

which may be easier to apply in some cases.

3. It is not necessary that the Markov chain under consideration be time-ho-
mogeneous; it is easily seen that the proof still goes through, even with the
simplification of Remark 2, as long as P“***o(x,-) > £Q(-) for all x € R
and for all times ¢, provided we redefine b and b, as

b = sup sup P****o(x, R°), b, = sup sup P"**!(x, RC).
t x€R t x€R

4. Lemma 2 is similar in appearance to the strong stopping times of Aldous
and Diaconis (see [7], Chapter 4A). However, in Lemma 2 the probability
measure Q(-) is arbitrary, while in the case of strong stopping times, Q(-)
is required to be a stationary distribution for the chain. This difference is
significant since in many cases the stationary distribution is unknown or
difficult to work with. Also, the conclusion is slightly weaker: With strong
stopping times one can bound the separation distance to stationarity,
while with Lemma 2 it is easy to construct counterexamples to show that
only the variation distance is so bounded.
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We shall actually require Lemma 2 in a slightly more specialized form. For
clarity we record it here.

LEMMA 3. Let &, P(-,-) and let w(:) be as in Lemma 2. Suppose there are
measurable subsets R,, R, C %, some probability distribution Q(-) on Z, some
positive integer k, and some &, &5 > 0, such that

P*(x,R,) > &, forallx €R,

and
P(x,") = e,Q(-) forallx €R,.

Then for any initial distribution m,(-) supported entirely in R, the distribu-
tion () of the Markov chain after k steps satisfies

”7Tk() - Tr(')”var = (1 - 6‘182)lk/(ko+1)1 +ta+ 2I_k/(kO + 1)J ba
where a = w(RY) =1 — #(R,) and
b= sup P**1(x, R¢) + 1 — inf P**1(«x, R,).
1 1
x€ER,

x€ER,

Proor. This follows immediately from Lemma 2, since the hypotheses
imply that

Pho*l(x,) > £,6,Q(-) forall x € R;. .

REMARKS.

1. It is useful to think of the set R, above as being very small, so that the
transition probabilities from R, are all pretty much the same (so &, is
reasonably large). Thus, it is most difficult to show that the Markov chain
will jump from R; to R, after k&, steps with probability > &;.

2. As in Remark 2 following Lemma 2 above, we can simplify Lemma 3 to
state that

e () = () har < (1 — £189)** P 4+ 0 + 280,

where b, = sup, . g P(x, R¢). We shall use this in Section 5 in the proof of
Theorem 1(a).

5. The proof of Theorem 1. In this section we prove Theorem 1,
making use of Lemma 3. Our plan will be as follows. We shall choose an
appropriate “small” set R, and “large” set R; such that beginning in the set
R, with large probability (i.e., with probability bounded below independently
of J and K), the Markov chain will get to the set R, after some %, steps,
and such that the transition probabilities from R, have large overlap (i.e.,
overlap bounded below independently of J and K). Here &k, will be O(1 +
log'K /log J). We will then use Lemma 3 with &,, ¢, chosen independent of
and K to conclude that the Markov chain converges in O(k,/&,&,) = O(1 +
log K/log J) steps.
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We now proceed to make this more precise. Recall the definitions of ?, v,
and v, from Section 3. We let R, be the subset of 2, where u and 6,,..., 6

satisfy
‘(%12(0"_”)2 _(”2_(Ji1)"1) S%’
(o) (755 < e

and
(—1122;,9) -y s%.

Note that R, will be nonempty for sufficiently large values of J. The
following lemma states that the transition probabilities from R, have large
overlap.

LEMMA 4. There is a probability measure Q(-) on & and an &, >0
independent of J and K (although it may depend on v,, v, and the priors)
such that

P(x,") > 6,Q(-) forallx € R,.

ProoF. We define Q(-) to be the measure which chooses o;%, 0.2, wu,
6,,...,0% as follows. Choose g%, 0,> and p independently, with ¢;> uniform
on the set

7 1 1 1 1
o = |2 (3-—1)”1‘—\@’”2‘(3——1)””—\@’
2

0,° uniform on the set

I J ) 1 J ) 1

= _ —_——_— _— + —
ot (J—l o1 \/JK’(J—I 1T VIR
and u uniform on the set

s 1 = 1
I,L— [Y_W,Y-F ‘/—E']

Then choose the 6; according to their “correct” conditional distributions, that
is, chosen independently from the normal distribution

(J%217i+0e2u 9’0, )

2 2 7 2 2
Jo® + o, Jo“ + o,

Thus, Q() picks g,2, 0,2 and u independently, but then picks 0:,...,0¢ ina
dependent fashion.
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Now, if (g;2®), g, 20, u® ¢® . .. 0%¥) € R,, then the Markov chain will
proceed as follows. First ¢,>**D will be chosen from the inverse gamma
distribution

(a2 D] x®) = IG(al 1K, by + LY T(6® — M<k>)2).
i

[Recall that x® stands for (g;2®), g,2®, u® ¢® .. 0¢)).] Now, recall-
ing that the distribution IG(a, b) has mean b/(a — 1) and variance b%/
((a — D*a — 2)), and that (1/K)L(6® — u®)? is within 1/VK of
vy — (1/(J — D)v,, we see that Z(g;**D|x™®) has mean within O(1/ VK)
of vy — (1/(J — 1))v, and variance which is O(1/K). Thus, the standard
deviation will be O(1/VK). Now, it is easily seen that such an inverse
gamma distribution will have large overlap with the uniform distribution on
the set I,.. Specifically, write 1G(a, b; x) for the density function of the
distribution IG(a, b) and set

-1 1 1
&,2 = min{ (VK /2) IG(a1 + §K’b1 + §Kt;x) x€l,,

1 1
t — U2—(—J_—1)U1 Sﬁ.
Then ¢,z is easily seen to be bounded below independently of J and K.
[Indeed, this just amounts to saying that the IG distribution with variance
O(K) has density uniformly of O(VK ) everywhere within O(/K) of its mean.]
Also, by construction, if x®) € R,, then

2k + 1| (k)
Z( 0 |x®) > Eo2 ¥,

as measures (where % stands for the uniform distribution on the set S).
Second, g,2**1 will be chosen from the inverse gamma distribution

F(02E ) x®) = 1G| a, + KT, by + 3 T (¥, — 6P)°),
i

with mean within O(1/ VJK) of (J/(J — 1))v; and with standard deviation
which is O(1/ VJK). By a virtually identical argument to the above, there is
&,2 > 0 bounded below independently of J and K such that if x® € R,, then

(g 2+ D ®) > 5,02, .

Specifically, we set

VIR 1 1
Ey2 = min{(—) IG(a2 + =KJ,b, + §KJt;x)

x Elaz,
e

2 2

similar to the above.
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Third, u**? will be chosen from the normal distribution
GXE D+ 02,00 g2kt D2 )

03,2(k+1)+Ka'02 ’ 0'92(k+1)+K0'02

3( M(k+l)'0b2(k+l), Oi(k)) — N(

Write N(a, b; x) for the density function of the normal distribution and set

(VR
8#=m1n (T)

, X

sx||lx €1,
s+ Ko s+ Ko? K’

spo + oKt sog )

VK

Then it is easily checked that &, is bounded below independently of  and K
and that conditional on 0,***V €1, and x® € R,, we will have

k+1 2(k+1 k
F(uEH D)2k gB) > X

= 1
selaez,lt—Yls—}.

Finally, 0{** D ..., 0%+ D will be chosen precisely from the distribution
3( gk+ D] g Xk + D), g MY ke 1))
B J%2(k+1)17i + %2(k+1)M(k+1) %2(k+1)0'e2(k+1) )
- J%2(k+1)+ 0_82(k+1) ’ Jab2(k+l)+ %2(k+1) ’

which is precisely the same as under Q(-).

Combining all of this information, we conclude that if x® R,, then
Ax**D|x®) > g,2¢,25,Q(), as measures. Furthermore, while &,2 8,28, May
depend on J and K, it is bounded below by (say) &, > 0 independent of J
and K. This completes the proof. O

We wish to use this R, and Q(-) as in Lemma 3. We shall show that with
uniform probability (i.e., with probability bounded below independently of JJ
and K), the Markov chain will get from any starting point in some large set
R, to the set R,, and that this will happen in some %, steps, where &, will
be O(1 + log K/log J). This will allow us to use Lemma 3 to conclude (once
we obtain bounds on a and b) that the Markov chain will converge in
O(k,) = O(1 + log K/log J) steps.

The argument is trickiest when K > oJ. In this case, there are problems if
gy gets “stuck” too close to 0. It is worthwhile to keep this case in mind to
fully appreciate the difficulties involved.

We begin by letting R, be the subset of 2 on which (1/K)Z,(6, — u)? >
(vy = A/(J — D)vy)/10, (1/JKIL;(Y;; — 6,)® < 10(v, + v,) and
(1/K)L;6,) — Y| < 10.

LEMMA 5. There are ¢4, J,,c, > 0, all independent of J and K, such that
assuming J > J,, there is k, < c,(1 + log K/log J) such that if
(0,2, 6,20, @ 9® . 09) € R, then with probability greater than or
equal to &, , we will have (g2, g 2k yko) gk gkoy e R,
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Proor. The Markov chain can be analyzed as follows. We use the notation
r=QQ/K)L(0, — w?, s =Q0Q/JK)L(Y;; — 6,)* and t = (1/K)L;6,. The set
R, then corresponds to the set |r — (v, — 1 /(J — D )l<1/VK, |s —
(J/(J — D)l <1/VJK and |t — Y| <1/ VK.

We use the following facts: (1) If X.is a random variable with mean m and
variance v, then the expected value E(X?) = m? + v; (2) If A(X) = N(a, b),
then AX -1)=N(a —1,b); and 3) (1/mLIr (e; — B =(B— @) +
(1/n)L!_(@; — @)?. Using these facts it is straightforward to show that

Jr® = 2
(et D) (k) o(B) p(RB)y = | — Y — (B
E(r [r(®), g (k) (Jr(k)+s(k)) (02+(Y ¢ ))

F(R)g(R)
M PG s(k)) "

of L
x|

) 2

s = 2
- _ (R
Jr® + S(k)) (02 + (Y —t®) )

RORD
* ( Jr® + s(k)) *o

(%) B(s®* D), o0 10—y 4

1
VJIK )
Jr®Y 4 sk 1

o\ %)

(Bt 1)) (k) (k) p(k)) — _—
E(t®rD|r®), gt () SRGE)

VK

For example, for r**1, we proceed as follows. Given x®), we see that ¢,2*+V
will have mean withinO(1/K) of r® and variance O(1/K), that ¢,2**D will
have mean within O(1/K) of s*) and variance O(1/JK), and that u®**? will
have mean within O(1/K) of ¢ and variance O(1/K). Thus, (6**V —
u**D) will be a random variable with mean within O(1/ VK) of (Jr® /(Jr®
+ s"XY, — ¢®) and with variance r®s® /(Jr® + s®) + 0(1/K). Hence,

2
NORO!

T T g s ®

Jr®

1 _
E(re®) = ¢ 1 (W(Yi - ) +0

1
)

The result for »*> now follows from noting that

E(T - ) = (F-t®) + L(T-F) = (T-1®) 0,

i
Furthermore, it is easily checked that
Var(r**D[r® s®) 8y = 0(1/K),
Var(s**D[r® s® 1) = 0(1/JK),
Var(¢*+D|r® s® ¢(®)) = O(1/K).

We conclude that with high probability »**+D, s*+D and t**1 will be close
to their expected values as given above.
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Now, it follows from this that after one iteration, for appropriate C,
independent of J and K, with uniform probability we will have r®, s®,
t® in the compact set R, , defined by (v; — (1/(J — 1)vy)/10 < r <
Ci(v; — @/(J = D)v,y), 0 < s < 10(v; + vy), and in addition |t — Y| < C, /.

Once this is true, let us again consider equations (*) but let us omit the
0(1/VK) and O(1/ VJK) error terms. Equations () then define a dynami-
cal system in the variables r, s and ¢. This dynamical system is seen (by
directly checking) to have a fixed point

X 1
r® =ry, =v, - U1,

J—1

J
0 =e = (J—l)vl’

th —¢, =Y.

Furthermore, we see by direct computation (recalling that [t*) — Y| < C,/J)
that all partial derivatives of the form Ju**?/9dv®, where u,v € {r, s, t},
will be O(1/JJ) uniformly in the set R, ,. This means that the fixed point
(r4, s, ty) will have a rate of attraction which is O(1/J) inside R, ... Thus,
there is C, > 0 independent of J and K, such that the distance from
(r®, s® ¢ ®) to (r,, s,,t,) will be multiplied by a factor less than or equal
to Cy/J on each iteration of the dynamical system. Hence, for J > C,, after
log(1/ VK)/log(Cy/J) = %1log K/(log J — log C,) iterations, the dynamical
system will be within 1/ VK of its fixed point.

Now, the Markov chain itself does not follow a deterministic procedure.
However, it “nearly” does, in the following sense. If we set C3 = 2C,, then
with very high probability the vaues r®), s®®), t®*) will get closer to their fixed
point by a factor less than or equal to C;/J. Hence, provided J > J, = 2C;
(say), the values of (r®, s ¢®) will with high probability get geometrically
closer and closer to (r,, sy, t,). This will continue until the values get to
within O(1/VK) of this fixed point. However, from that close, there is
uniform probability that the Markov chain will jump into the set R, in a
single step. Furthermore, the probabilities that (»*), s®), t(®) will fail to get
geometrically closer to (r,,s,,t,) are summable and uniformly bounded
above by something less than 1. Thus, there is uniform probability that
(r®, s® () will proceed geometrically to the set R,. (A similar argument is
presented in greater detail as Lemma 4 of [22].) We conclude that if we set
k, =I131log K/(log J — log C,)] + 2 and set

& = min{P*+(x, R,)|x € Ry},

then &' can be bounded below independently of J and K. The lemma follows.
O

REMARK. If J > O(K), then the proof of Lemma 5 can be simplified
greatly. Indeed, in that case it suffices to take £, = 2 and it is not necessary
to consider the iterative argument at all.
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We are now in a position to prove Theorem 1, using Lemma 3. We shall
make use of some technical lemmas (Lemmas 6, 7 and 8), whose statements
and proofs we defer until the end.

For Theorem 1(a), we use Lemma 3 with R; = R, k, =k, and &, = &,
[and with R,, &, and Q(-) as in Lemma 5]. Lemma 6 below shows that
m(R$) and sup, . r, P(x, RS) are both bounded by expressions of the form
ciexp(—cyk). Theorem 1(a) then follows directly from Lemmas 3 (with Re-
mark 2 following it), 4, 5 and 6, and a little bit of rearranging, with
B = —log(l — £,&5), A; = 2¢; + 1 and A, = c,. The factor of 1.1 is included
simply to avoid reference to the greatest integers less than certain values; the
extra 0.1 leeway, together with appropriate choices of the constants, takes
care of this.

For Theorem 1(b), we fix a number of iterations % and let R, be the subset
of 2 on which |Y — L,6,| < k'/%. (Note that we are letting the set R, depend
on the total number of iterations; see the first remark after Lemma 2 above.)
Lemma 7 below then states that if x® € R,, then with probability greater
than or equal to §; > 0 independent of o/, K and &, we will have x*V € R,
where &, is O(K®VE log k). Combining this with Lemma 5, we conclude
that with probability greater than or equal to &, 8,, we will have x*? e
R,, where k, =k, + k,. Lemma 8 below states that w(RY)
and sup,c g, P*o*l(x, RS) are both bounded by expressions of the form
csexp(—c,Vk) for cs,c, independent of J, K and k. Using all of this
information, Theorem 1(b) now follows from Lemma 3, with &,, Q(-) and R,
as in Lemma 4, with k£, = k£, + k,, with R; as above, with &, = §,&, and
with B' = min(c,, —log(l — £,&,)) and A; = 2.1 + 2c¢;,.

We now proceed to the missing lemmas.

LEMMA 6. Let w(-) be the true posterior distribution for the variance
component model. Let P(-,-) be the transition probabilities for the Gibbs
sampler. Let R, be as above and let

a=m(RS), b= max P(x,R%).

Then there are J,,c,,cy > 0 independent of J and K, such that a <
ciexp(—cy,K) and b < ¢, exp(—cy, K) provided J > .

ProOOF. We examine b first. We again recall equations (*) from the proof
of Lemma 5. Those equations imply that

2

Jr®
| v

(k+1)] 5. (k) B
E(r [x(*)) > (Jr(k)+s(k’

Hence, if x*) € R, then we will have

J(v,/10) )
.

(k+1) ,.(k)
E(r™ o) = (J(v2/10) T 10(0; + vy)
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For sufficiently large J, this expression will be greater than v, /5 (say), which
is “safely inside R ,.” Furthermore, the variance of r**1 given x® will be
O(1/K). In addition, all the possible choices for the random variables in-
volved [ie., o o2, p, £6;, T(6, — u)* and X(6, — Y;;)?] are made from
distributions which fall off at least as fast as e VK, or y=(ConsHX ayay
from their modes. We conclude that Prob(r**» < v,/10/x®) <
(const)e €V for x*) e R, . (Of course, here “const” may depend on v, v,
and the priors, but it is independent of J and K.

In an entirely similar manner, we conclude that Prob(s**V > 10(v, +
v)lx™®) < (const)e” YK and that Prob(t**D — Y| > 10/x®) <
(cosnt)e ©omsYX  for sufficiently large JJ. The conclusion about b follows.

To understand a, we take a direct approach. Recall that =(-) is the
posterior distribution for the model in question. Thus, the density for 7 (:) is
proportional to

3(}’”’, 02)2, 0}2’ My 0, BK) = IG(al’ by; %2)
X 1G(ay, by; 0,2) X N( o, 025 1)
K J
X TT{N(w, 0% 6,) TTN(6:, 05 Y;;) |-
i=1 Jj=1
For fixed Y; " this density is easily seen to be largest when u is within

01/ VK) of Y, 6, is within O(1/ VJ) of ¥,, g;% is within O(1/ VK) of v, and
g, is within O(1/ VJK) of v,. Furthermore, it is easily seen to fall off at
least as fast as (const)e €onsYEy or y=(ConsHX away from this mode. The
conclusion about a now follows from straightforward bounding, and amounts
to observing that the ratio of the density for 7 (:) near its mode and far from

its mode (in R ) is sufficiently small. O

LEMMA 7. Let k be a positive integer and let R, be the subset of 2 defined
by Y — ¥,6,l < kY*. Then there are J,c, 8, > 0 independent of J, K and k,
such that

inf P(x®*V € R|x® =x) > §,,
X€ER,

for some k, < cVk (K/J)log k + K®/J?), provided J = J,.

PrOOF. The idea of the proof is that Y — ¥,0;| may be very large at the
beginning, but for “reasonable” values of o> and o2, it will tend to get
smaller by a factor O(1/J) at each iteration, so that the Markov chain will
approach R, rather rapidly. The only problem is that if g is “stuck” at a
very small value, then special care must be taken. (We repeat again that this
is only an issue if K > oJ; if not, then ¢, returns to “reasonable” values at
most iterations.)

Set t™ =Y.,0{™ as before and assume that x® € R;. We proceed as
follows. On the first iteration, with uniform probability we will have u® close
to t©@ and |Y — t®| < k/4. After that, referring to equations (*) from the
proof of Lemma 5, we see directly that with uniform probability s® will be
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less than or equal to (const)V%z and |Y — u®| will be less than or equal to
(const)k'/*. (Here “const” means independent of J, K and k.) If 9,2 were
bounded away from 0, then it would be clear that ¢ would rapidly approach
Y. To handle the general case, we observe that the mean of g,> at each
iteration will be at least b,/(a; + K/2). Thus, with uniform probability we
will have g2 > (const)/K in at least half (say) of the iterations.

Now, recall that the mean of 6, at each iteration is (Jo,2Y; + g,%u)/
(Jo,> + 0,%). Hence, the mean of ¥,6, at each iteration is (Jg;*Y + o, %)/
(Ja? + a2). Hence, |[Y — X,6, is roughly (02/(Jg? + o?)lu — Y| =
1/ + Jg? /a2 u — Y. Recalling that pu has mean within O(1/K) of
(1/K)L,0;, we see that, up to O(1/K), with uniform probability |¥Y — £6,]
gets multiplied by about 1/(1 + J,2/0,2) at each iteration. If g,2 > (const)/K
and o’ < (co_n_st)\/lz , then this factor is less than or equal to 1/ (1 +
(const)J /KVE ), which for large %k is less than or equal to
exp(—(const)J /KVE ).

We conclude from all of this that after ' = (const)KVk (log k)/J itera-
tions, with uniform probability, the value of |Y — X6,/ will have become less
than 10 (say). From then on, the equations (*) imply that the values of s
and |Y — X,;6,] will tend to remain “reasonable.” Thus, we would be done
except for the lingering problem that g,> may be “stuck” too close to 0.

To handle this problem, we refer again to equations (*) from the proof of
Lemma 5. Direct computation implies that regardless of the values of s(* and
t™, we have E(r®*Y|x™) > r™ for small r™ (although it is very close).
Thus, if ™ is small, then r®*VD — r™ has nonnegative mean. Also, it is
easily seen to have variance at least (J(b,/K?)/(J(b,/K?) + s))?, even if
6™ = u™ for all i. [Here the factor (b,/K?) is from the variance of g,2"* .
The rest of the expression comes from the way the law of §; depends on ;2]
Now, as long as 's™ is bounded independently of J, K and k, we conclude
that this variance is greater than or equal to O(J?%/K®).

Combining these two facts and writing

r(k'+n) - (r(k'+1) _ r(k’)) + (r(k’+2) _ r(k'+1)) 4 . +(r(k'+n) _ r(k’+n—1))’

we see that r*+" — r*) will have nonnegative mean and variance greater
than or equal to (const)nJ2/KS/E. It follows that for n = k" =
(const)K®VE /J 2, with uniform probability we will have r*"*#) >, /10 (say).
Also, with uniform probability s®*'+*") and ¢***") will have stayed “reasona-
ble,” and we will have x***") e R .

Putting all of this together, the lemma follows with £, = k&' + k". O

LEMMA 8. Let w(-) be the true posterior, let k. be as in Lemma 5 and let
k, R, and k, be as in Lemma 7. Let t =k, + k, + 1 and let a = w(R{) and
b, =inf, . p P'(x, R{). Then a and b, are bounded above by expressions of

the form cy exp(—c,Vk), with c;,c, > 0 independent of J, K and k.

ProorF. The assertion about a folows from a similar argument to that
used in Lemma 6 and is omitted. For the assertion about b,, arguing as in
Lemma 7 we note that if the Markov chain begins inside R, then the value
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of |Y — X,6,| after ¢ steps will tend to be small. It is straightforward to argue
(by considering the tails of the normal distribution) that the probability that
it will be greater than k'/* will be less than or equal to ¢z exp(—c,V& ) for
appropriate c5, ¢, > 0 independent of J, K and k. O

REMARKS.

1. On lower bounds. Theorem 1 provides only upper bounds on how many
iterations are required for the Gibbs sampler Marov chain to converge.
However, the upper bound of O(1 + log K/log J), gotten from part (a) of
Theorem 1 by ignoring the (small) second term, is easily seen to be “sharp
up to constants.” That is, if the number of iterations done is small
compared to 1 + log K/log J, then the distance to stationarity will be
close to 1, for all sufficiently large K and /. Indeed, if J > O(K), then
O(1 + log K/log J) = O(1). However, we obviously need at least one itera-
tion, so this rate is clearly correct up to a constant. Also, for K > J,
0@ + log K/log J) = O(log K/log J), and we claim the quantity
O(log K/log J) is also necessary to get close to stationarity. Indeed, if we
do a number of iterations which is small compared to log K/log </, then
arguing as in Lemma 5, we see that the probability will be quite small that
we will be within 1/ VK of the fixed point (r,, s, ¢,) (unless we started
exactly there). However, it is also easily seen (arguing as in Lemma 6) that
7(-) has most of its mass in this range. Thus, we conclude that the
variation distance to w(-) will be quite close to 1 if the number of iterations
done is small compared to log K /log J.

2. In principle, Lemma 2 can be used to get rates of convergence for any
Markov chain. The computations, of course, will vary from chain to chain,
but the idea of Lemma 3, in which with large probability the Markov chain
will go to a certain small “good” set R, within a certain number of
iterations k,, would appear to be quite applicable to Gibbs sampling
situations in wich there is lots of data. In such situations, the data will
“swamp” the conditional distributions, and they will tend to pile up on
certain particular values (roughly corresponding to the mode of the poste-
rior). Choosing Q(-) appropriately should allow Lemma 3 to give good rates
of convergence for quite a variety of Gibbs sampler problems.

APPENDIX

Variation distance and coupling. Lemma 2 above provides a bound on
the variation distance between two measures, using the coupling inequality.
Coupling is widely used in Markov chain theory (see, e.g., [19] or Chapter 4E
of [7]), but it may be less familiar to statisticians. For completeness, we
review it briefly here.

Given probability measures v, and v, defined on the same probability
space, the variation distance between them is defined to be

lv; — vollvar = SuprI(A) - Vz(A)|’
A
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where the supremum is taken over all measurable subsets A. This distance
gives a good idea of how much the measure v, differs from the measure v,.

Given a Markov chain P(-,-) with stationary distribution 7 (-), suppose we
are able to define random variables {X,} and {Y}} such that:

1. AX,, ,1X,) = P(X,,").
2. g(Yk+1|Yk) = P(Yk? * ).
3. AY,) = m(-).

Conditions 1 and 2 say that each of X, and Y, marginally follow the
transition law P(-,-), so that condition 3 then implies that A(Y,) = #(-) for
all £. The variables {(X,, Y}, )} are then a coupling if there is a random time T
such that X, =Y, forall £ > T.

The coupling inequality then says that the variation distance between
A(X,) and 7 () is bounded above by the probability that T' > k:

|Z(X,) — w(-)|| < Prob(T > k).
To prove this, we simply note that for any subset A,

| Z(X,)(4) - 7(4)|
=|Prob(X, € A) — Prob(Y, € A)|
= |Prob(X, €A, X, =Y,) + Prob(X, €A, X, #Y})
—Prob(Y, €A, X, =Y,) —Prob(Y, €A, X, #Y,)|
=|Prob(X, €A, X, #Y,) —Prob(Y, €A, X, #Y,)|
< Prob(X, #Y,) < Prob(T > k).

This completes the proof.

Coupling thus provides a simple method for bounding the variation dis-
tance to stationarity for a Markov chain. The trick then becomes how to
define the random variables {X,} and {Y,} in such a way that they are a
coupling with a useful coupling time 7. Lemma 2 explains how to do this
under the additional hypothesis that P*o(x,-) > £Q(-) for all x € R.
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