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DISTRIBUTIONAL RESULTS FOR MEANS OF NORMALIZED
RANDOM MEASURES WITH INDEPENDENT INCREMENTS!
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Dedicated to the memory of Viatcheslav V. Sazonov

We consider the problem of determining the distribution of means of
random probability measures which are obtained by normalizing increasing
additive processes. A solution is found by resorting to a well-known inversion
formula for characteristic functions due to Gurland. Moreover, expressions
of the posterior distributions of those means, in the presence of exchangeable
observations, are given. Finally, a section is devoted to the illustration of two
examples of statistical relevance.

1. Introduction. This paper concerns a class of random probability measures
that includes the Dirichlet process. The material that is presented here can be
considered of some interest for two main reasons:

1. It represents a natural approach to the problem of defining a random probability
measure.

2. It is possible to determine explicit forms for the distribution of a mean of any
random probability measure yielded by this approach.

With reference to the former, one reasonable way to pass from deterministic
to random real-valued functions defined on R is to consider their increments
on disjoint intervals as independent random variables. Starting from these
considerations, we have defined a random distribution function by resorting to
what is called an increasing additive process. A suitable modification of the
underlying Lévy measure yields an almost surely finite random measure with
independent increments. A systematic account of these random measures is given,
for example, in Kingman (1967, 1993), Morando (1969) and Skorohod (1991).
Kingman designated this random measure with the term completely random
measure. For our purposes we consider the normalized increments of an increasing
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additive process somewhat in the spirit of the work of Kingman (1975). For an
allied contribution, see, for example, Hjort (1990).

An analogous approach, which exploits a different transformation of an
increasing additive process, is due to Doksum (1974). The resulting random
probability measures are very popular in Bayesian literature, and their posterior
distributions admit explicit forms. Among various contributions to this topic it is
worth mentioning, for example, Ferguson (1974), Ferguson and Phadia (1979),
Walker and Muliere (1997) and Walker and Damien (1998). Nonetheless, to our
knowledge no exact distribution for their means, apart from the Dirichlet process,
has been determined.

As for the operational aspect of our proposal, we would like to stress two
points. The availability of an explicit expression for the distribution of means (of
the random probability measure we introduce) makes it possible to provide its
numerical evaluation with any prescribed error of approximation. On the other
hand, if the analytic expression of the exact distribution is not easy to handle,
we can adopt simulation techniques, based on those proposed, for example, in
Damien, Laud and Smith (1995), as an alternative.

Following these guidelines, in Section 2 we present the basic elements of
the theory of processes with positive and independent increments, introduce the
notion of random measure with positive and independent increments and obtain
the corresponding random probability measure by normalization. In Section 3 a
result concerning (almost sure) existence of any mean of a random probability
measure is given and an expression for its distribution is provided. The problem of
finding an expression for the posterior distribution is tackled in Section 4 and two
illustrative examples are developed in Section 5.

2. Preliminaries and basic definitions. Let A be a discrete distribution
function (d.f.) on R with discontinuities at s; < sy < --- < sx of magnitude
af, ..., 0. Suppose Ay, ..., Ay are independent random variables having distri-
butions G(«y), ..., G(ag), respectively, G(n) being the gamma distribution with
shape parameter n and scale parameter 1, for any 1 > 0. Then, by defining Wy :=0
and W; := Ay +---+Ajforeach j =1,..., k, the Laplace transform of the prob-
ability distribution of W; coincides with

+00
A (142740 = exp{—A(s)/ (1—eMx e dx},
0

sel;, j=0,...,k,

where Ip, I1, ..., I denotes the partition of R determined by the discontinuities
of A. Moreover, the random vector (Ay,..., A;)/W; has the (j — 1)-variate
Dirichlet distribution D(ey, ..., a;_1, Zf: j «;). In other words, the Dirichlet
distribution is definable as the joint distribution of a set of independent gamma
variables divided by their sum. See, for example, Bilodeau and Brenner (1999).
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Now, consider any nondegenerate d.f. A on R such that limy_, ;00 A(x) =
a € (0, +00). The above construction, which refers to the discrete case, can be
extended to this more general framework as follows. Let {& :¢# > 0} denote a
gamma subordinator, that is, an increasing process with independent increments
such that, for any s < ¢, & — & is gamma distributed with shape parameter ¢ — s
and scale parameter 1. The reader is referred to Tsilevich, Vershik and Yor (2001)
for an exhaustive and stimulating treatment of gamma processes. The time change
t = A(x), with x € R, yields a “reparameterized gamma process” {§4(x):x € R}
whose increments &4 (x) — §a(y) are, for any x > y, gamma distributed with scale
parameter still equal to 1 and shape parameter equal to A(x) — A(y). Whence,
combining the definition of the reparameterized gamma process with the above
description of a Dirichlet distribution, we have that the normalized subordinator
X — £A(x)/&q has the same finite-dimensional distributions as those of a Dirichlet
process with parameter A. At this stage we are in position to describe the main
purpose of the present paper, that is, the generalization of the previous construction
to cases in which gamma processes are replaced by increasing additive processes,
yielding a wide class of priors for Bayesian inference in nonparametric form.

We begin with a short review of some basic facts of the theory of additive
processes employed in this paper. Let {v;:¢ > 0} be a family of measures on
ZA((0, 400)) such that:

L. vo=0, [y 100)(x A 1)vy(dx) < +00 holds true for any # > 0.

2. vs(B) < v (B) fors <t and B € A((0, +00)).

3. vs(B) - (B) as s — t in [0,4+o00) with B € Z((0,+o0)) and B C
{x:x > ¢}, for some ¢ > 0.

According to Theorem 9.8 in Sato (1999), facts 1-3 assure the existence of
a stochastic process {&; :¢ > 0} defined on some probability space (2, ¥, P)
satisfying:

4. For any choice of n > 1and 0 <# <1, <--- <y, the random variables &,
&, — &> -+ &, —&;,_, are independent.

5. P{&=0}=1.

6. P{l& —&/| > ¢} — 0ass —tin [0, +00) for any ¢ > 0.

7. There exists Qo € F with P(20) = 1 such that t — & (w) is increasing and
right continuous for each w € Q.

8. E[e 1= expl[— f[o+oo)(1 — e ™), (dx)] for any A > 0, where E[ -] denotes
expectation with respect to P.

9. & = f(o,z]x(0,+oo) xJ(dsdx) a.s.-P, where J, defined by J(B) :=#{s: (s, & —
&,~) € B} for any B € Z((0, +00)?), #D standing for the cardinality of set D,
is a Poisson random measure with intensity measure v such that v((0, t] x C) :=
v (C) for every r > 0 and C € Z((0, +00)).

Any process that satisfies statements 4-9 is said to be an increasing additive
process (1AP).
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For our purposes, some slight modifications of this definition are useful.
Suppose « is a nonnull finite measure on Z(R) with d.f. A and assume that &, (R
is strictly positive and finite a.s.- P. This condition can be restated in terms of the
Lévy measure vy, since it is equivalent to

(D) v()t(]R)((Oa +OO)) = +o00.

Indeed, exp(— f(g 400 (1 — € *)var)(dV)) = E[e *e®] = P{&w) = 0} +
E [e_)hsa(R):ﬂ_(()’J'_oo) (6«r))], where, for any set B, 1p denotes the indicator
function of B and, by the monotone convergence theorem, P{&,Rr) = 0} =
lim) s 40 €Xp((— f(0’+oo)(1 —e‘“)va(R) (dv))). This entails that P{&,®)=0}=0
if and only if lim)_ ;oo f(0’+oo)(1 - e_)‘”)va(R) (dv) = +o00. Finally, we again
apply monotone convergence so that P{&,®) > 0} =1 if and only if (1) holds
true.

In this framework there exists a set 21 € F with P(£21) = 1 suchthatt — &;(w)
is continuous from the left at o (R) for any w € ©1. Hence, in accordance with the
notation introduced in the first paragraph of this section, x = £4(x)(w) turns out
to be a bounded d.f. on R for any w in €2; and

a0 (@) /Eam) (@), if we Qy,

x'—>F(x)=F(x,w):{E[ﬁ(x)]lgl], if w ¢ Q,

is a random probability d.f. on R. By random measure with independent
increments (RMI) we mean the random measure & on (R, Z(R)) associatgd
with £4(.). Consistently, the random probability measure ¢ associated with F,
that is,

@) #(B)= [ 1pdF.  BeA®).
R
is said to be a normalized RMI. A natural representation of F can be given using

3) Eac) = / vJa(ds dv),
(—00,x]%x(0,4+00)

which is a straightforward consequence of the right continuity of A, with
Jo(dsdv) .= J(G;l(ds) dv) on Z(R x (0, +00)) and G4 (x) :=inf{z: A(z) > x}
for x € (0, 2 (R)). Moreover, if v, (ds dv) := f)(G(;l(ds) dv), we obtain

ElEac)] = / V¥ (ds dv).
(—00,x]x(0,+00)

Kingman (1975) was the first to undertake the approach we are describing. He
addressed the problem of computing the expected value of a specific function of
the random vector (¢, ..., ¢n) defined by ¢; = é(lj)/é(R), where Iy, ..., Iy is
a partition of R. For more recent papers that draw inspiration from Kingman’s
contribution and that are somehow connected to the present paper, refer to, for
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example, Perman (1993) and Pitman (1996). The former deals with ranked random
discrete distributions derived from subordinators and provides the joint distribution
of the n largest atoms, whereas the latter discusses the generalization of the
usual Dirichlet updating rule which applies to a two-parameter family of random
measures that includes both the normalized gamma and stable subordinators as
special cases.

3. Distributional results for means of normalized RMI. If £ and § are the
same as in the previous section, then the integral ¢| f| = ¢(| f|, ) := [ | f|1d is
well defined for each w in €2. In particular, using (3), we have

S(C)=/ vJy(dx dv), C e BR),
Cx(0,400)

EIfI=E(f] ) :=/ x(§o|f|—1)<dx>=/ vl (£ (dx) dv).

R+ R+ x (0,400)
The last integral is finite a.s.-P when, for example, the support of « is finite.
This plays a role in proving the following proposition, which specifies a criterion
that is dependent only on the properties of the measure v, to determine whether
&| f| is finite. Details about its proof are given in the Appendix.

PROPOSITION 1. For any normalized RMI ¢ and any measurable function
f:R — R, the following conditions are equivalent:

(i) P{plf] < oo} =P{E|f] <+oo}=1.
(i1) fo(0,+oo)[1 —exp(—=Ay| f(xX)D]Ve (dx dy) < +00 holds for every X > 0.
(ii1) fo(0,+oo)[1 —cos(yt| f (X)) Vg (dx dy) < +o0 and
fo(0,+oo) | sin(yt] f (x)])|Vg (dx dy) < +00 hold for every t € R.

Proposition 1 represents a generalization of a well-known statement, concerning
only Dirichlet random probability measures, studied by Feigin and Tweedie (1989)
and Cifarelli and Regazzini (1990, 1996).

Approaching the problem of the determination of the probability distribution
of ¢(f), we assume that the conditions of Proposition 1 hold. Since

P{p(f) <o}=PlE(f —0) <0}

holds true for any o € R, then by the Gurland inversion formula for characteristic
functions, we get

1

S[PE() <o)+ PGS <o)

4)
= Dim [ im EfexplisE (7 - o)) ar
=5 n'TelLr)lgtm explité(f —o ,

T+oo
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where Im z stands for the imaginary part of z € C [cf. Gurland (1948)]. The final
part of the proof of Proposition 1 can be used, with slight modifications, to prove
the relationships

v (t) := E[exp(it€ (f))]

= exp[/ (@ 1D, (dx dv)}
Rx(0,400)

_ itvx _ 1\7 -1
_exp[éx(oﬁw)(e Do (f ™ (dx) dv)].

As a consequence, we can confine ourselves to studying the probability d.f. F
of [x@(dx).

PROPOSITION 2. Letting IF be the probability d.f. of [ xp(dx) with § defined
as in (2), we have

1
E[F(a) +F(o —0)]

1 1 T

=——— lim —ex {/ cos(tv(x —o)) — 11|y dxdv}
2 mrinee)o 10°F IR{X(O,+oo)[ (s =) = 1]u(dxdv)

X sin(/ sin(fv(x —a))ﬁa(dxdv)) dt
Rx (0,+00)
for everyo e R.
The proof of Proposition 2 is provided in the Appendix.

4. Some results about the posterior distribution. This section provides
some results concerning the posterior distribution of means of a normalized RMI
in view of Bayesian applications. We restrict our attention to exchangeable obser-
vations. Assume that the probability space (2, ¥, P), introduced in Section 2 to
define the stochastic process {&; :t > 0}, also supports a sequence X = (X;),>1 of
random variables that are conditionally i.i.d., given the random probability mea-
sure ¢ defined as in (2). Hence, we have that P(X| € Ay,..., X, € A,|p) =
¢(A1)---@(Ay) as. forevery Ay, ..., Ay andn > 1. Let F(-; f) denote the prob-
ability d.f. of ¢(f), where f is any real-valued function satisfying the conditions
in Proposition 1. Set XM = (X1,...,X,) forevery n > 1 and define Fyu) (-; f)
to be a posterior d.f. for ¢(f) given X . Extend the definition of Fyu to n =0
by putting Fy o =F.

We begin by discussing the case in which « has finite support, supp(a) =
{s1,...,sn},and (a, b) is an interval containing all the f(s;)’s. The tool we use to
determine Fy ) for n > 1 is the moment generating function of Z;V:l @(sj)tj. In

particular, if x™ = (x1,....x,) is a sample including n;, > 0 terms equal to s;,,
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forr=1,...,k, with ), n; =n, we have

gem sty ..., tN) i=/( h)e‘“ dF .w(o;t1, ..., tN)
a,

k N
=C(x™) / [Tesi)" exp(—x > w(sj)) Q(dy),
r=1 j=1

where Q is the probability distribution of ¢ and C(x™)~! = f ]_[/r‘:1 (s;, )" x
Q(dg). Observe that combination of Theorems 16.8 and 18.4 in Billingsley (1995)
gives

gen (G tr, . ty) = (=D"CG™)
X an —AO In_l]F .
“hi ng e at (U,tl,...,tN)dU,
ar, 't .- 9, % J(a.b)
i 172

where I;’+h(a) = f;((a — u)"_l/(n — 1)Dh(u) du is the Liouville—Weyl fractional
integral for n > 1 and IC(I)Jr represents the identity operator [see, e.g., Oldham and
Spanier (1974)]. It is worth stressing that the evaluation of the posterior distribution
of @(f), given X" can be based on the expression of its prior distribution. In
particular, this is true when one assumes the validity of interchanging the derivative
with the integral according to the following condition:

(H) There exists a Lebesgue null set & C R such that for every o € N N (a, b),
k>1,n>1,i1,...,ir in {1,...,N}, (t1,...,tx5) € (a,b)" and for any
sample x™ as above B”Ia”le(o*; t,..., tN)/at;:" ---at;i"‘ exists and

9" b Ao gn—1
o ]
78 o nik/ e I F(osty,...,ty)do
t. 1. 0t a

i ik
b —Ao 9" n—1
:/ e ﬁ]a+ F(G,tl,,tN)dG
a atil e 0t
holds true for every A € R.
In fact, if (H) is in force,
& Aty ..., IN)
n (n) b —\o 9" n—1
=(-D"C(x )/ e o Ll Fo;n,....tn)do

a or, 't 9t *

3 Lk

and we obtain:
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PROPOSITION 3. Let the support of a be {s1, ..., sy} and suppose condition
(H) is met. Then
n (n) 9" n—1
(_1) C('x )ﬁla‘F F(G;tla"‘,tN)
atill A a ikk
is a posterior probability density function (with respect to the Lebesgue measure
onR) of §(f), given X = x™,

(115t N)=(f (1), f (5N))

We move on to the case in which the support of « is arbitrary. Here we confine
ourselves to writing the posterior probability d.f. of @(f), given X, as a limit,
in the sense of weak convergence, of a suitable sequence of posterior probability
d.f’s determined according to Proposition 3, employing techniques similar to those
introduced in Regazzini and Sazonov (2001). Suppose that f meets the conditions
in Proposition 1. Let ™ be the marginal distribution of X" and introduce a
partition P, :={A,;;:i =1, ..., k, + 2} of R that has the following properties:

1. #p+1 is arefinement of P,,.

2. A(R) is generated by U,,~0(Pn), where o(P,,) denotes the o-algebra
generated by £,,, m > 1.

3. &y =2 maxj<;<k, diam(A,, ;) | 0 (as m — +00).

4. Uy Ami = [ R, Ri), Ayt = (Rur, +00) and Ay, g, 42 = (—00, —Ry),
with R, > 0 for any m > 1.

A simple example of such a sequence of partitions corresponds to fixing
Am1, ..., Apnk, asthe dyadic intervals of rank m that partition [—Ry,, R, ], with
R,, = m. The sequence ($,),>1 plays a key role in defining a discretization of
¢ we need to approximate I (. This discretization requires selecting points a,, ;
in A, ; and, whenever the rth element, X,, in the sample lies in A, ;, it is as

if we have observed ay, ;. In other words, the original sample X ™ is replaced
(n) . km—+2

by &m’ = Cm,1s -5 Cmn)s Where & = D00 T ay 14, (X,), r=1,...,n,
. ~ km  ~

with a,, ,+1 = R and ay k,+2 = —R,,. Define ¢, 1= ijl P(Am.j)da,, ; +

O(Am kp+1)0R,, + ¢(Ap k,,+2)0—R,,» Where, as usual, §, denotes the point mass

at x, and set F* (05 f) := P(@1m < 01Zn”) (x™), where @1 = G (f). We

are now in a position to state the following approximation result.

PROPOSITION 4.  There exists a 1" -null set N' such that for each x™ € N¢,
lim an’x(,,) (o; f)=F,m(o; f)

m——+00

is valid for every o belonging to the set of continuity points of F ).

Proposition 4, the proof of which is provided in the Appendix, is interesting
because of the concrete availability of F* ), which can be determined by means

of the procedures described above and related to Proposition 3.
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5. Two illustrative examples. Here we focus our attention on two examples
of Lévy measures and illustrate how the results given in the previous sections can
be applied to determine distributions of means of random probability measures
which are useful, for instance, in a Bayesian nonparametric setting. First we
introduce and study a generalization of the Dirichlet process. The second example
is related to the so-called y-stable subordinator and was originally employed in
this framework by Kingman (1975).

5.1. A generalization of the Dirichlet process. Let, for any t > 0,

(1—e7Y)e™

v,(dv) :tm v

dv, y > 0.

Clearly, the family of measures {v; :¢ > 0} satisfies properties 1-3 in Section 2,
and the corresponding IAP {&; :r > 0} is a gamma process when y = 1. Moreover,
given a nonnull finite measure o on R with d.f. A, it is easy to verify that

1 __ YV —v

B {r<1+x)r<1+y)}“’”
|l TO+y+D)

[cf. e.g., 3.413.1 in Gradshteyn and Ryzhik (2000)].

5.1.1. Finiteness of (f). The first important issue we need to face, according
to the program expounded in Section 3, concerns the (almost sure) existence of
the mean ¢(f). A straightforward application of Proposition 1 leads us to write
fRX(O’JFOO)(l — e M@ — 77 e V(1 — e V) v} a(dx)dv < 400 as an
equivalent condition for (almost sure) finiteness of ¢| f|. This, by virtue of 3.413.1
in Gradshteyn and Ryzhik (2000), reduces to

/ 1o T+ LA (@)D
ETTA+ A @)D

a(dx) < +oo
and, if y is any positive integer, to

[ 1ol + 217 (), () < o0

with (a), :=a(a—1)---(a —n+1). When y = 1, the latter inequality coincides
with the Feigin and Tweedie condition. Moreover, we immediately see that
conditions for finiteness of ¢(f) in the Dirichlet case and in the present
generalization of the Dirichlet case are equivalent.
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5.1.2. Exact distribution of [ x@(dx). As far as the problem of determining
the distribution of ¢( f) is concerned, we confine ourselves to considering the case
f(x) = x. By resorting to Proposition 2, we can easily show that the probability
d.f.,F, of [ x@(dx) is characterized by

1
E[F(G) + F(o - 0)]

11, T

2 7 TT+oo t

: 1 sinh(t(x — 0))
X exp (10
2 wt(x — o)
(5)
+log M4y —itx —o)I'A +y +it(x — GD)a(dx)}
(T +y))?

A B(y;1—it(x — o))
X s1n(g /Rlog Byl it = G))a(dx)) dt

o eR,

where B denotes the befa function. For computational details, refer to the
Appendix. If it is further supposed that y € N, then

1
E[F(U) +F(o —0)]

1y ®
T2 7w
(6)
< tim [ IXV:/I K +12(x — o) )a(dx)
1m — €X —— (0] X —0 oa(dx
Tt4+oc0Jo t P 2k:1 R &

X sm(Z/ arctan o) (dx))dt

In this case the integrand is absolutely integrable in (M, +oco) for any M > 0
and, thus, the previous integral can be thought of as a Lebesgue integral on R. In
particular, if we set y =1, we obtain the distribution of the mean of a Dirichlet
random probability measure; that is, 1/2 — (1/m) f0+°°(1/t) exp{—(1/2) x
Jrlog(1 + 2 (x — G)Z)a(dx)}sin(fR arctan(f (x — 0))a(dx))dt [cf., e.g., (3) in
Regazzini, Guglielmi and Di Nunno (2002)]. Figures 1 and 2 display graphs of the
probability density function and of the probability d.f., respectively, of [ x@(dx).
Thicker lines refer to the generalized Dirichlet process with y = 2, whereas the
other situation refers to the usual Dirichlet process (i.e., y = 1). The measure o
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40

20
1

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1. Prior densities of [ x@(dx), where § corresponds to a Dirichlet process (y = 1) and to
a generalized Dirichlet process (y = 2). The measure o is the beta distribution with parameters
1/9 and 1 and total mass equal to 1/2.

corresponds to a beta distribution, with parameters 1/9 and 1, and total mass,
a(R), equal to 1/2. We do not give details about numerical aspects to be faced
at this stage, but the procedure adopted is similar to that in Regazzini, Guglielmi
and Di Nunno (2002).

1.0

0.6
1

0.4

0.2

0.0
1

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 2. Prior distribution functions of [x@(dx), where ¢ coincides with a Dirichlet process
(y = 1) and with a generalized Dirichlet process (y = 2). The measure o is the beta distribution
with parameters 1/9 and 1 and total mass equal to 1/2.



MEANS OF NORMALIZED RANDOM MEASURES 571

5.1.3. Posterior distribution in the discrete case with y € N. In moving on to
the computation of the posterior distribution of [ x@(dx) given x™ | we undertake
the procedure sketched in Section 4, and, from now on, y is taken to be a positive
integer. We start by considering the case in which the support of « is discrete,
consisting of the points sy, ..., sy. In such a case, we can show that I, that is, the
prior d.f. of [x@(dx), is continuous and coincides with

1

™
oo | N | T(y 4+ 1+4it(s; — o))
) _Im<exp{_2“fl TG+ oratig —on J )

where a; = a(sj), j =1,..., N. According to Proposition 3, (7) is the starting
point for the determination of the posterior. To this end, it is useful to introduce

some new notation. For any (ry,...,r,) in {1,...,¢}", let a;(r1,r2) = oj +
8;, ({sjh) if ri =rp, aj(r1,m2) = a; if_rl # 2, &j(rh_...,rk) =a;(ry, ...,
rk=2,1%) + 8, ({s;) if e =y and @;(ry, .. ) = @y, rk—2, 1) if

rr # ry—1, for any k > 3. At this stage, following Proposition 3 with [F as in (7),
we have

) 0" el v
C(xn)ﬁ/ T eXp ZZ jlog(qg +it(sp —0))td
ds; - 0s; 0 J0 p=1lg=1
=C(x")a;, > aj (ri,ra) -, (ry, ..., )
{(r1,..corn)ell,....y )}

+00 ro N
X/o " expl =D Y @iy q)

x log(q +it(sp —0)) )dt
=:Y(0),

where (ji,..., jy) is a vector whose components are in {if, ..., ix} and k < n.
Resort again to Proposition 3 to obtain: If n = 2p, a posterior probability density
function of [ x@(dx) given x™ is

—DPHLyne®)
(®) prin () = ;” 1 Iy (o);




572 E. REGAZZINI, A. LIJOI AND 1. PRUNSTER
if n =2p + 1, a posterior probability density function of [ x@(dx) given x is

—PHlyne®)
©) puno) = T ke o),

5.1.4. Posterior distribution in a general setting. Finally, we apply results in
Section 4 to achieve a representation for the posterior probability density func-
tion p.m of [x@(dx) given X = x when the support of « is arbitrary.
Referring to the same partition defined by properties 1-4 in Section 4, we take
'O:;t,x(") to be the probability density function corresponding to IE‘:‘n L With x =

(X1,...,%X,) € A iy X -+ X Ay, First, observe that (3) can be used to show
that 2 is absolutely continuous with respect to the product measure @™ of the
n factor measures o, &(-;r1,72),...,a(-;r1,...,r,), where, for any (r(,...,r,)

in {1,...,y}", we set a(B;r1,r) :=a(B) + 8y, (B) if ri =rp, a(B;ry,r) =
a(B) if ry #£rp and, for k >3, a(B;r1,...,rk—1,r%) =a(B;r1, ..., rk—2,1%) +
8 (B) if rp =rr—y and a(B;ry,...,rk—1,1%) = a(B;ry, ..., rk—2,rx) oth-
erwise, for any B € #(R). Thus, from a well-known result, we have, as
m goes to +o0o, convergence (almost everywhere with respect to @™) of
C(am’,‘l Y ey am,in)am,il&m,iz (ri,rp)-- '&m,i,, (r1,...,ry) to the Radon-Nikodym
derivative, g(x(”); Fiy ..., 1), of u with respect to a™ on B(R"). See, for ex-
ample, Theorem 35.7 in Billingsley (1995). Moreover, the dominated convergence
theorem yields, for any bounded interval (a, b), lim,,— f ,om m(0)do =

f Py (0)do, where p, ) is expressed as in (8) or (9) with

V(o) =1z (0)
o (... rn)Xe%l ..... ppy 8@ )

x a(ds; r1,...,rn,q)) dt,

A being the d.f. corresponding to & and C(A) denoting the set of continuity points
of A. Therefore, in view of Proposition 4, p, ) is a probability density function
for F .. Moreover, by Scheffé’s theorem,

/ mx(ll)(U)dG /me)(d)da‘:

lim  sup
M=+ Ac BR)

[see, e.g., Theorem 16.12 in Billingsley (1995)].
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In particular, in the Dirichlet case (y = 1) and for n =1 (i.e., @ = @ + 8x), we
obtain

a [t
oem(0) = Il@(g)(a);/(; Re(exp(— '/Rlog(l +it(s — a))&(ds))) dt,

which is a useful alternative representation of the posterior probability density
function of the mean of the Dirichlet random probability measure, given X (1) = x.
See Proposition 5 in Regazzini, Guglielmi and Di Nunno (2002).

It is clear that to obtain the results we have just illustrated, existence of
an R, satisfying (A.5) is crucial. One might wonder whether it is possible
to determine such an R,, concretely. An answer for the Dirichlet case can be
given, for example, by applying the Markov inequality to bound the conditional
probability appearing in (A.5) from above and, then, by resorting to the expression
of the predictive probability d.f. for censored observations given, for example, in
Regazzini (1978).

As far as the numerical evaluation of the posterior density of [x@(dx) is
concerned, we can use (8) and (9), after discretizing o (if necessary). For il-
lustrative purposes, we consider an example already investigated, just for the
Dirichlet case, by Regazzini, Guglielmi and Di Nunno (2002), in which n = 2,
x® =(0.05,0.1) and « is the beta distribution, with parameters (1/9, 1) and to-
tal mass equal to 1/2. Here we set N =20, s; = j/N and a; = a((s;—_1,s;])
(j=1,...,N). Plots of posterior densities and d.f.’s are sketched in Fig-
ures 3 and 4. Again, thicker lines correspond to the generalized Dirichlet process
with y = 2. Notice that one can also consider more observations, although with a
greater computational effort.

10

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 3. Posterior densities of [ x@(dx), where § coincides with a Dirichlet process (y = 1) and
with a generalized Dirichlet process (y = 2). The measure o is the beta distribution with parameters
1/9 and 1 and total mass 1/2.
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0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. Posterior distribution functions of [ x@(dx), where ¢ coincides with a Dirichlet process
(y = 1) and with a generalized Dirichlet process (y = 2). The measure a coincides with the beta
distribution with parameters 1/9 and 1 and total mass 1/2.

5.2. A normalized y-stable subordinator. Let
v (dv) = ctv’ "L dv, y €(0,1),c>0,

and notice that the family of measures {v;:f > 0} meets conditions 1-3 in
Section 2. The IAP {& :t > 0} associated with {v; : ¢ > 0} is the so-called y-stable
subordinator. Its use is relevant in certain problems in applied probability as
pointed out, for example, in Kingman (1975). An analysis similar to the one we are
going to develop below was presented in Barlow, Pitman and Yor (1989), where
the authors discussed the generalization of the multivariate Dirichlet obtained by
replacing the gamma subordinator by a stable one. See also Pitman and Yor (1997).
The expression of the Laplace transform of §4(x) is given by

Elexp(—Aéaw)] = exp(—A(x)c /0 (1 — ¢ M0yy=7=1 dv)

(0,+00)

< Ax)cl'(1 — y))J’)
=exp| — .
14
5.2.1. Finiteness of (f). Before approaching the problem of determining the
distribution of the mean ¢( f), we are going to verify the equivalent conditions for

existence given in Proposition 1. In this case we observe that the second of those
conditions is equivalent to requiring

/R|f(x)|7’oe(dx) < +o00.
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5.2.2. Exact distribution of ¢(f). When dealing with an f satisfying the
above inequality, Proposition 2 leads to the following expression for the probability
d.f. of ¢(f):

1
E[F(G) +F(o —0)]

1 1 T1 ra-—
=—-—— lim —exp{—ct”Mcosﬂf |f(x)—o|7’oz(dx)}
2 mwTt+oolo t y 2 Jr

. ( 'd—y) . ny
x sin| ¢tV ————= sin ——
y 2

x /ngn(f(x) —o)|f(x)— oly(x(dx)) dt.

The integrand is absolutely integrable in (M, 4-00) for any M > 0 and, therefore,
we have

%[F(G) +F(o —0)]

(10)

1 1 <
= - — —arctan
2 my

Jrsen(f () —o)|f(x) —ola@dx) n_y)
Jalf @) — ol aldx) '

For technical details, refer to the Appendix.

5.2.3. Posterior distribution. Finally we face the problem of finding an ex-
pression for the posterior distribution of ¢( f) given x1) by resorting to Proposi-
tion 3. Let y; < y» < --- < yp, be the h distinct values among f(s1),..., f(sy)
arranged in increasing order (h = 1,..., N). Thus, if 0 € (y;_1, y;) is a point at
which F is continuous, we get

F(o; f(s1),...., f(sn))
Lo (—Zj;ll(o* — )7 + 3 — o) e tan”_y)

=~ — —arctan| —5 -
Y@ —yp)Yej+ 3 (i —0)a; 2

2 my

where a; = Z{i:f(sl.):yj}a(s,‘), j=1,..., h. Suppose xi is any point such that
f(xx) = y». Application of Proposition 3 yields the following expression, up
to a constant, for the posterior density of a mean of the normalized y-stable
subordinator given X1 = xi:

ar(o =y T (v — o) ey

(11D
iy —olrap?+ (Zh_ sen(yj — o)ly; — ol a;)? tan’ (y /2)
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if y, <yj_1 <o and
or(yr — o) YT (0 = y))7 ey

Ol lyj —olrap?+ (Ch_ sgn(y; — o)ly; —ol7e;)? tan? (ry /2)
if y,>yi>o.

General results given in Section 4 can be used, by taking f(x) = Ly;;(x) in
(11) and (12), to provide an expression for the distribution of the random
probability ¢(s;), as well. If we observe X| = xy, it is enough to consider two

cases: x; # s; and x; = s;. Hence, for any o € (0, 1), the posterior density
function is, up to a constant, equal to

(12)

o’ 11— o) oy

(13) ©a1+ (1 —0) )2+ ((1 —o)ar —oVay)?tan2(y /2)

in the first case and equal to

o’ —0) oo

(1 (07a1 + (1= o) a)?+ (1 —0)’ar — o7ay)? tan’(wy /2)

in the second case. It is worth noting an interesting, although not surprising, feature
of (13) and (14): If x; = s;, then, from (14), we observe that the posterior density
function of ¢(s;), given X1 = xy, tends to +00 (0, respectively)aso — 1 (o0 — 0,
respectively). On the other hand, if x; # s;, then, from (13), it is possible to
conclude that the posterior density function of ¢(s;), given X| = xi, tends to +00
(0, respectively) as 0 — 0 (¢ — 1, respectively).

APPENDIX

PROOF OF PROPOSITION 1. To prove this proposition, define

g1V == E[exp(=2&| ], 1 >0,

and

vir1(1) == E[exp(ir€| fD].  1€R,
whenever (i) is valid. Moreover, let (f,),>1 be a sequence of measurable simple
functions such that0 < | f1| <--- <|f|, f» = f pointwise and f,, — f uniformly
on any set on which f is bounded. By virtue of fact 4 in Section 2 and (3), we
obtain the equalities

(Al g W)= exp[/R [exp(—Av| frn(X)]) — 1]e (dx dv)}, A>0,

x (0,400

(A2) g ()= exp[/R [exp(itv] fu(x)]) — 1]Pg(dx dv)}, teR.

X (0,4+00)
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Finally, if (iii) is in force, by the Fubini theorem,

/ [1 = cos(yt1£ (¥)]) | dx dy)
Rx(0,+00)
(A3)
= sinu/ Vg (dx dy)du, t=#£0,
(0,400) Ausir|

with A,/ = {(x,y) € R x (0,4+00):y[tf(x)| > u}. Note that the (general-
ized) monotone convergence theorem, together with (A.1), entails g, (A) —
exp[fRX(o’Jroo)(e_)‘”'f(x)‘ — Vg (dx dv)] as n — +oo, for any A > 0. More-

over, pointwise convergence of (f;),>1 to f implies that é (fn) —d> é (f) in R as
n — +00, so that g 7,|(A) — g/ (A) and, under (1), ¥, 1,(t) — ¥ (t) pointwise.
Hence,

g1 = eXP[/ (e M@ 1) By (dx dv)}, A>0,
Rx(0,400)

and, since P(§| fl < +00) =1limy g r|(A), we obtain the equivalence between
(1) and (i1).

Next, given ¢t # 0 and ¢ € (0, %), combine the monotone convergence theorem
with the properties of (f,),>1 to prove that

J,

&/l

[1 = cos(yt|fn(x)])]Va(dx dy) — /(- [1 = cos(yt] f(x)])]Va(dx dy)

Ae/in
and
/. st ) ) = ) syl @
as n — 00. Moreover, if (i) and (ii) hold, then we have
(A4) (1-— e—e)/A De(dx dy) g/A [1 — e @5, (dx dy) < o0,
&/lt] e/ltl

which allows us to apply the dominated convergence theorem to obtain

/A [1 = cos(yt|fn(x)])]Va(dx dy) — A [1 — cos(yt] f(x)])]Va(dx dy)
e/l o/lt]

and

/ sin(ye| fi (0)]) P (dx dy) — / sin(yt|f (0)]) Pa (dx dy)
Ae/lt| A

&/lt]
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as n — +00. Thus, under (i) and (ii),

V£ = exp[ﬁl;{x(o +oo)[cos(tv|f(x)|) — 1 +isin(tv] f(x)])]Pe(dx dv)}

and this is enough to assert that (i) entails (iii).
Finally, assume (iii). Then [ Ausi dVy < 400 holds true for every u > O.

Moreover, letting Au/m ={(x,y):yltfu(x)| > u}, we get AI(Z;)M 1 Ay and

)| = exp|— sinu
ol = exp|= [ sina [,

uflt]

— exp[—/ sinu/ Da(dxdy)du]
(0,+00) Ayt

by the dominated convergence theorem. Analogously, under (iii) and with ¢
in (0, /2),

Vy (dx dy) du]

/( sin(tv| f (x)]) Vg (dx dv) — / sin(tv] f (x)]) Vg (dx dv)

&/lt| 8/Itl

(by monotone convergence),

/A sin(tv] f (x)]) Vg (dx dv) — / sin(tv| f (x)]) Ve (dx dv)
e/l

Ae/lr|

(by dominated convergence)

and both limits are finite. Thus, we can state that

Vsl () — exp[ﬁl;{x(o +oo)[cos(tvlf(x)|) — 1 +isin(tv] £ (x)])]Pe (dx dv)}

as n — +oo for every ¢t € R, where the limiting function is continuous at t = 0.
Then (i) holds true by the continuity theorem for characteristic functions. [

PROOF OF PROPOSITION 2. In view of (4) it is enough to prove that the

integrand is absolutely integrable on (0, ) for any ¢ > 0. Fix a constant a > 0
and observe that the absolute integral on (0, €) is bounded from above by

/0 /Ux —0l|<a

e ]
+/ —/ |sin(tv(x — 0))| Vg (dx dv) dt
0 ! Jvjx—0o|>a

ol —
sin(tv(x — o)) tv|x — o |V (dx dv) dt

tv(x —0)

=L+ D.
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Moreover,

1158/ v|x — o |Vg(dx dv)
v|lx—o|<a

zs/ v|x — o |Ve(dx dv)
{vlx—o|<a}N{0<v<1}

+8/ v|x — o |Ve(dx dv)

{vlx—o|<a}N{v>1}

58/ v|x — o |Vg(dx dv)
O<vlx—0o|<aA|x—o]|

+8/ V|x — 0|V (dxdv)
{lx—o|<a}N{|x—0o|<v|x—0|<a}

zs/ v|x — o |Vy(dx dv)
{lx—o|<a}N{0<v<1}

+8/ v|x — o |Ve(dx dv)
{lx—o|>a}N{0<v|x—0o|<a}

+8/ v|x — o Vg (dx dv).
{lx—o|<a}N{|x—0o|<v|x—0|<a}

Indicate by /17 and I1, the second and third integrals, respectively. First, we
immediately note that & [\, <mnio<v<ny VX — OlVe(dxdv) < ax
f{lx—o\ga}ﬂ{vfl}vﬁa(dx dv) < +oo. Next, (ii) of Proposition 1 guarantees that
Jix—ol>ainpolr—ol<a)ll = e M¥=9V]j, (dx dv) is finite and, for some § > 0, in-
dependent of (x, v), we have

/ [1 —e_klx_“‘]f)o,(dxdv)
{lx—o|>a}n{v|x—o|<a}

> / Savlx — 0|y (dx dv)
(lt—o [>a}N(vlr—o|<a)

=06Mq;.

An analogous argument shows that /1, < 4o0.
Next, rewrite I, as

&€
12:/ (/ t_1|sin(tv|x—o|)|dt)f)a(dxdv)
[x—o|>a 0

400 1
:/ |sinz|z™ / Ve(dx dv)dz
0 vlx—o|>(avz/e)
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ae
=/ |sinz|z_1/ Vo (dxdv)dz
0 v|lx—o|>a

+o00
+/ Isinzlz_lf Vo (dx dv)dz.
ae vlx—o|>z/e
This yields

+o0
Igfaaf B (dx dv) +(a8)_1/ Isinz]| By (dx dv) dz,
v|x—o|>a 0

vlx—o|>z/e

the right-hand side of which is finite because of (ii) in Proposition 1,
(A3)and (A4). O

PROOF OF PROPOSITION 4. Without loss of generality, assume that f(x) = x.
Denote the value of P(- |§,£,”)) on the set {X" = x™)} by P(- |;‘,E,"))(x(”)). For
notational convenience, set q~5 = [x@(dx) and abbreviate P((f& < o|§,§1”))(x(”))
to F,, vm (o). Since (i) in Proposition 1 holds true, then, for some u(”)—null set
N1 € BRY), P(fp 1x|¢(dx) < +00lca”)(x™) = 1 for each x™ € N and it is
possible to choose (R,;);>1 in such a way that

&
(A.5) P(/ Ix|@(dx) > —= ,ﬁ,">)<x<">) <em,  VxWeNf
(=R, R 4

We now show that Fm’xm) may be used to approximate I ().

PROPOSITION Al. There exists a set No € B(R") such that 1™ (N) =0
and, for every x™ e N,
(A6) EIEOO Fm’x(n) (U) = ]Fx(n) (U)

m

holds true for each o € C(F ).

Indeed, by virtue of a martingale convergence theorem [cf. Theorem 35.6 in
Billingsley (1995)], for every o € R there is a w-null set N, € Z(R") such that
Fopco(0) = Foo (o) for any x € NS Let My = Uy eq No- If x™) € Ny, then

(A7) mgr_l‘;_loo Fm’x(") (6) = Fx(") (G)’ VG € Q m G(Fx("))'

Taking 8 := {(01, 02]: 01 < 02, 01, 02 € Q}, (A.7) entails P(¢ € A|Z")(x™) —
J4 dF (o) as m — +oo for all xM e N, and for every A € 4. Hence, (A.6)
follows by resorting to Theorem 2.3 in Billingsley (1999).

To complete our proof, we need an intermediate approximation result.
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PROPOSITION A2. Forany x™ e N, we have
(AS) dL(Fm’x(")ﬂlF:,l’x(n)) < 8}’}17 m = 17 27 RO

where dy is the Lévy metric for probability d.f.’s.

In fact, inequalities

kim
Brn ==Y [ lani—xlg@n +2 [ x1¢(dx)
i=1 Am.i [_erRm]C

< +2/ x| @ (dx)
2 [_RnuR ¢

combined with (A.5) give

P(§1m — Bl > em|£™)(x™) < P(/

15d) > e /Al ) ) < e
Aln7kln+1

for every x" e W, |- These inequalities, in turn, entail
Fppx (@) = P($ < 0. |G1m — $| < em (") ™)

P(@ <0, 1¢1m— ¢l > em|c0)(x™)
S F:; x(n) (G + 8m) + Em>

and, analogously, IF* L (0) <F, s (0 + &m) + &m. The proof of (A.8) is now
complete, and Proposmon 4 follows from combination of (A.6) and (A.8). [

DETAILS FOR THE DETERMINATION OF (5) AND (6). Straightforward
application of (4) yields

%[F(G) +F(o —0)]

1 11, 1 {/ [cos(ru( ) —1]
=——— lim —ex cos(tv(x — o)) —
2 @wTtH+ooJo ¢ P Rx (0, +00)
] —e VYY) eV
xge—a(dx)dv}
(I—e?) v

X sin(/ sin(tv(x — o))
Rx(0,400)

X w e’ a(dx) dv) dt
(I—e?) v
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To simplify the previous expression, consider

(I—e7) e
/RX(O,-FOO) [cos(tv(x —0)) — l]a(dx)m . dv
~ +o0 (1 —cos(tv(x — o))
_/R(X(dx)/o { v(ev _ 1)
e~ v (1 — cos(tv(x — 0))) }
_ dv.
v(l —e?)

From 3.951.21 in Gradshteyn and Ryzhik (2000),

/‘+°° 1 —cos(tv(x — o)) do— 2/+°° sin?(fv(x — 0)/2) J
0 vieV — 1) v 0 viev —1) v
l sinh(wt(x — o))
2 at(x —o)
On the other hand,
/+oo e~ DY — cos(tv(x — 0)))
dv
0 v(l —e™?)
1 Frd+y—itx—o)DI'd+y +it(x —0))
= —log
2 Cd+y))?

from 2.2.4.26 in Prudnikov, Brychkov and Marichev (1992). Moreover, observe
that

. (1—e7"Y)e™@
/RX(O,—i-oo) sin(tv(x — 0))7(1 pa

1 +o00 (1 — —2it(x—o)v 1 —e VY —(1—=it(x—0o))v
=—,/ a(dx)/ ( ¢ ) e e dv
2i JR 0 v(l —e™?)

a(dx)dv

1 / B(y;1—it(x — o))
=— | log :
2i JR B(y;1+it(x — o))

where the last equality follows from 3.413.1 in Gradshteyn and Ryzhik (2000). In
light of these considerations, we get (5).

Further suppose that y € N. Using well-known properties of the gamma
function and 8.332.3 in Gradshteyn and Ryzhik (2000),

a(dx),

logT'(14+y —it(x —0))T(1 +y +it(x — o))

_ wt(x — o) 14 s
=log sinh(nt(x_a))+];10g(k +1°(x —0)”).
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By virtue of 1.622.3 in Gradshteyn and Ryzhik (2000) we also have

1. By;l—itx—o0)) < t(x — o)

—log - = Z arctan ————

2i B(y;1+it(x —0)) ] k
and (6) clearly holds.

DETAILS FOR THE DETERMINATION OF (10). Application of Proposition 2
in this case leads to

%[F(G) +F(o —0)]

1 1 1

—_ _—_ lim —expl{—c 1 —cos(tv(x —o
2 @wTtH+ooJo t p{ /RX(O,-‘,-OO)( (( )))

x v’ la(dx) dv}

X sin(c/ sin(rv(x —0))v™" a(dx) dv) dt.
Rx(0,+00)

To obtain an explicit form for the distribution, take the integral that appears in the
exponential and use Lemma 14.11 in Sato (1999) to prove that, for any ¢ > 0,

+00
/0 (1 —cos(tv(x —o)))v ™" 1 dv

1
_ —{—|z|y|x - ovr(—y)(exp(i%yw o] sgn(r))

2
Y
+ exp<—17|x — o] sgn(t)))}

'd—y) my
——~cos—,

2
where I'(—y) = —I'(1 — y)/y. Moreover, using 3.761.4 in Gradshteyn and
Ryzhik (2000), we find that

=t'|x —ol|”

F'l—y) . my
7811]7.

These computations lead to the expression for the distribution function F provided
in (10).

400
/ sin(tv(x — o))" L dv =sgn(x — o) 17 |x —o|”
0
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