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PREDICTING INTEGRALS OF RANDOM FIELDS USING
OBSERVATIONS ON A LATTICE1

BY MICHAEL L. STEIN

University of Chicago

For a stationary random field Z on R d, this work studies the asymp-
Ž . Ž .totic behavior of predictors of Hv x Z x dx based on observations on a

lattice as the distance between neighbors in the lattice tends to 0. Under a
mild condition on the spectral density of Z, an asymptotic expression for

Ž . Ž .the mean-squared error of a predictor of Hv x Z x dx based on observa-
tions on an infinite lattice is derived. For predicting integrals over the unit
cube, a simple predictor based just on observations in the unit cube is
shown to be asymptotically optimal if v is sufficiently smooth and Z is not
too smooth. Modified predictors extend this result to smoother processes.

1. Introduction. This work studies the behavior of linear predictors of
integrals of stationary random fields based on observations on a regular

wŽ . x Ž . wŽ . xlattice. Ripley 1981 , Chapter 3 , Tubilla 1975 , Matern 1986 , Chapter 5 ,
wŽ . x Ž .Cressie 1993 , page 321 and Stein 1993 , among others, consider the

asymptotic properties of predictors of area averages of random fields, that is,
Ž .predicting H Z x dx over some set B, often a square, for a random fieldB

d Ž . Ž .Z: R ª R. Schoenfelder 1978, 1982 and Schoenfelder and Cambanis 1982
Ž . Ž .studied the more general problem of predicting Hv x Z x dx. However, none

of these works investigates whether or not these predictors are asymptoti-
cally efficient relative to the optimal linear predictors. Under a broad class of
models for Z, this paper derives an expression for the asymptotic variance of

Ž . Ž .the optimal predictor of Hv x Z x dx based on an infinite lattice of observa-
tions as the lattice spacing tends to 0. In addition, explicit expressions are

Ž . Ž .dobtained for predictors of H v x Z x dx based just on observations inw0, 1x
w x d0, 1 that achieve this asymptotic mean-squared error if v is smooth and Z
is not too smooth. It follows that these predictors are asymptotically optimal
when the conditions on v and Z are satisfied.

Section 2 studies the following scenario: for a stationary process Z on R d,
Ž Ž .. dsuppose we observe Z d J q n for all J in Z , the d-dimensional integer

lattice, where d is a positive scalar and n a fixed vector in R d. Under
Ž .condition 2.1 on the spectral density of Z, Section 2 derives an asymptotic
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Ž . Ž .expression for the mean-squared error of the predictor of Hv x Z x dx as d ,
the distance between neighboring observations, tends to 0.

Since, in practice, one never has observations on an infinite lattice, this
result is of limited utility by itself. However, it does serve as a benchmark for
predictors based on a finite lattice. If we can show that a predictor based on a
finite lattice has the same asymptotic variance as the optimal predictor
based on an infinite lattice, then it is obviously asymptotically efficient
relative to the optimal predictor on the finite lattice. Section 3 considers

Ž . Ž .dpredicting H v x Z x dx byw0, 1x

J y h J y h
v Z ,Ý ž / ž /m mJ

1 Ž .where h s 1, . . . , 1 , m is a positive integer and each component of J varies2

from 1 through m. If v has bounded partial derivatives of order d q 1 on
w x d0, 1 and Z is not too smooth, then Proposition 3.1 shows that this simple
predictor is asymptotically optimal. The condition that Z not be too smooth is

Ž . < <yqthat its spectral density f v must decrease more slowly than v as
< < Ž . Ž . Ž < <yd .v ª ` for some q - 4. Since, under 2.1 , f v s o v is necessary for f
to be a spectral density, Proposition 3.1 is only meaningful in at most three
dimensions. Section 4 demonstrates how the results of Section 3 extend to
larger q and hence larger d by modifying the predictor.

2. Asymptotic variance of optimal predictors. Suppose Z is a weakly
stationary random field on R d with mean 0 and spectral density f. Through-
out this paper, we will assume

< < < <2.1 f v 7 g v as v ª `, where g t is regularly varying as t ª `.Ž . Ž . Ž . Ž .

wŽ . xSee Feller 1971 , page 276 for the definition and properties of regularly
d Ž .varying functions. For positive functions a and b on R , the notation a v 7

Ž . Ž . Ž . Ž . Ž .b v means that a v rb v is bounded away from 0 and `; a v 7 b v as
< < Ž . Ž .v ª ` means that, for some R ) 0, a v rb v is bounded away from 0 and

< < d` for all v G R. For v: R ª R measurable and square integrable, define
Ž . Ž . iv

X x < Ž . < 2 Ž .V v s Hv x e dx. Assume H V v f v dv - `, which implies that
Ž . Ž .Hv x Z x dx is well defined as a mean-squared limit of finite weighted sums

Ž Ž . Ž . . < Ž . < 2 Ž .of Z with var Hv x Z x dx s H V v f v dv.
Ž . Ž . Ž Ž ..Consider predicting Hv x Z x dx based on observing Z d J q n for all

d d ˆw . Ž .J g Z , where d ) 0 and n g 0, 1 . Let Z x be the optimal linear predictord

Ž .of Z x based on the infinite lattice of observations, so that the optimal linear
ˆŽ . Ž . Ž . Ž .predictor of Hv x Z x dx is Hv x Z x dx. Finally, setd

X
< < 2S t s f v q 2p tJ V v dv ,Ž . Ž . Ž .ÝH

Ž .A t

Ž . Ž .d X dwhere A t s t yp , p and Ý means summing over all elements of Z

except the origin.
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Ž . Ž .PROPOSITION 2.1. Under 2.1 , if f v ) 0 almost everywhere with respect
Ž .2 Ž Ž . Ž . .to Lebesgue measure, Hv x dx - ` and var Hv x Z x dx - `, then

ˆ y1Ž Ž .� Ž . Ž .4 . Ž .var Hv x Z x y Z x dx ; S d as d x0.d

PROOF. The proof has two basic steps. First, show that there is a possibly
Ž y1 .suboptimal linear predictor that has asymptotic mean-squared error S d .

Second, show that the optimal predictor cannot have mean-squared error
Ž y1 .asymptotically smaller than S d .

Let U be the Hilbert space given by the real linear hull of the functionsd , n
idv

XŽ Jqn . d Ž .e for J g Z with respect to the inner product f , f s1 2
Ž . Ž . Ž .Hf v f v f v dv. Corresponding to each element f g U , there is a1 2 d , n

idv
XŽ Jqn . Ž Ž ..random variable Z defined by identifying e with Z d J q n andf

extending the correspondence first to finite linear combinations of these
elements and then to limits of such linear combinations with respect to the

Ž Ž . Ž . . Ž . < Ž .norm on U . We then have var Hv x Z x dx y Z s Hf v V v yd , n d

Ž . < 2f v dv. The Hilbert space U s U is equivalent to the space of functionsd d , 0
Ž . Ž . Ž .U v s a v q ib v with a and b real, a even, b odd and both with period

y1 Ž . < Ž . < 22pd in each of its arguments with Hf v U v dv - `, as long as we
Ž . Ž . Ž . < Ž . Ž . < 2equate functions g v and g v that satisfy Hf v g v y g v dv s 0.0 1 0 1

Ž . yi dv
X
n Ž .Furthermore, f v g U if and only if e f v g U . In particular, thed , n d

Ž y1 . yi dv
X
n Ž .function f which equals V on A d and for which e f v has period0 0

2pdy1 in each argument is in U . Thend , n

var v x Z x dx y ZŽ . Ž .H f0ž /
X

y1 < y1 yi2p J X
n < 2s f v q 2pd J V v q 2pd J y e V v dvŽ . Ž . Ž .ÝH

y1Ž .A d

s S dy1 q R ,Ž . d

where

< < < < 2R F f v V v dvŽ . Ž .Hd
d y1Ž .R _A d

1r2
X

2 2y1< < < <q2 f v V v dv f vq2pd J V v dv .Ž . Ž . Ž . Ž .ÝH H½ 5d y1 y1Ž . Ž .R _A d A d

Ž . Ž y1 . Ž y1 .Under 2.1 , we have S d 7 g d and

< < 2 y1 < < 2 y1f v V v dv s O g d V v dv s o g d ,Ž . Ž . Ž . Ž . Ž .Ž .H Hž /d y1 d y1Ž . Ž .R _A d R _A d

Ž .2 < Ž . < 2 < < Ž Ž y1 ..since Hv x dx - ` implies H V v dv - `. It follows that R s o g dd

and that the suboptimal predictor defined by Z has asymptotic mean-f0
Ž y1 .squared error S d .
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Next we need to show that the optimal predictor does no better asymptoti-
wŽ . xcally than given by Proposition 2.1. Following Hannan 1970 , page 167 , it is

easy to show that the optimal predictor is given by the random variable
corresponding to

Ý f v q 2pdy1 J V v q 2pdy1 J eyi 2p J X
nŽ . Ž .

h v s .Ž .d y1Ý f v q 2pd JŽ .

Then

ˆvar v x Z x y Z x dxŽ . Ž . Ž .� 4H dž /
X X 2y1 y1 i2p J nG f v q 2pd J V v q 2pd J y e h v dvŽ . Ž . Ž .ÝH dy1Ž .A d2.2Ž .
X

y1 < < < <G f v q 2pd J V v y V v y h vŽ . Ž . Ž . Ž .�ÝH dy1Ž .A d

2y1< <y V v q 2pd J dv .Ž . 4
ˆŽ Ž .� Ž . Ž .4 .Proposition 2.1 will follow if we can show var Hv x Z x y Z x dx Gd

Ž y1 . Ž Ž y1 ..S d q o g d . Since

2y1< < < < < <V v y V v y h v y V v q 2pd JŽ . Ž . Ž . Ž .� 4d

< < 2 < < < < < y1 <G V v y 2 V v V v y h v q V v q 2pd J ,Ž . Ž . Ž . Ž . Ž .� 4d

Ž .from 2.2 , it suffices to show

X
y1 < <f v q 2pd J V vŽ . Ž .ÝH

y1Ž .A d2.3Ž .
< < < y1 < y1= V v y h v q V v q 2pd J dv s o g d .Ž . Ž . Ž . Ž .� 4 Ž .d

Ž . Ž y1 . Ž y1 < <.By 2.1 , f v q 2pd J rg d J is uniformly bounded by some constant C
Ž y1 .for all v g A d , J / 0 and all d sufficiently small, so

X
y1 < < < < < y1 <f v q 2pd J V v V v y h v q V v q 2pd J dvŽ . Ž . Ž . Ž . Ž .� 4ÝH dy1Ž .A d

X
y1 < < < < < < < y1 <F C g d J V v V v y h v q V v q 2pd J dvŽ . Ž . Ž . Ž .Ž . � 4Ý H dy1Ž .A d

1r21r2 X
2 2y1< < < < < <F 2C V v dv g d J V v y h v dvŽ . Ž . Ž .Ž .ÝH H d½ 5 ½ 5y1Ž .A d

1r2
2y1< <q V v q 2pd J dv .Ž .H½ 5y1Ž .A d
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Ž . < Ž . Ž . < 2 Ž .y1Thus, 2.3 easily follows if H V v y h v dv s o 1 . We haveAŽd . d

< < 2V v y h v dvŽ . Ž .H dy1Ž .A d

2X y1Ý f v q 2pd JŽ .2< <F 2 V v dvŽ .H y1½ 5y1 Ý f v q 2pd JŽ .Ž .A d
2.4Ž .

2X y1 y1< <Ý f v q 2pd J V v q 2pd JŽ . Ž .
q 2 dv .H y1½ 5y1 Ý f v q 2pd JŽ .Ž .A d

Ž .The first integral on the right-hand side of 2.4 tends to 0 as d x0 by
dominated convergence since the integrand tends to 0 and is dominated by
< Ž . < 2 dV v , which is integrable over R . The second term on the right-hand side

Ž .of 2.4 is bounded by

2 2X Xy1 y1< <Ý f v q 2pd J Ý V v q 2pd JŽ . Ž .
2 dv .H 2y1 y1Ž .A d Ý f v q 2pd J� 4Ž .

Ž . X Ž y1 .2 � Ž y1 .42Using 2.1 , it follows that Ý f v q 2pd J r Ý f v q 2pd J is uni-
Ž y1 .formly bounded for v g A d and all d sufficiently small, so the second

Ž . Ž .term on the right-hand side of 2.4 tends to 0 as d x0. Thus, 2.3 and
Proposition 2.1 follow. I

Ž .Note that the condition f v ) 0 almost everywhere is necessary. Let B
� 4 Ž .be the set on which f is 0, let 1 ? be an indicator function and define f v s

Ž . � 4 Ž y1 . yi dv
X
n Ž .V v 1 v g B on A d , and elsewhere by the periodicity of e f v ,

Ž .so that f g U . For f v s 0 on a set of positive measure, the predictor Zd , n f

Ž y1 . X Ž y1 . < Ž . < 2has asymptotic mean-squared error S d y H Ý f v q 2pd J V v dv,B
Ž y1 . < Ž . < 2which is nonnegligibly smaller than S d as long as H V v dv ) 0.B

3. Integrals over the unit cube. In practice, we normally only observe
Z over a finite lattice and v has bounded support. As an important special

Ž . Ž .dcase, we will consider predicting H v x Z x dx based on observingw0, 1x
1y1Ž Ž .. Ž .Z m J y h , where m is a positive integer, h s 1, . . . , 1 and J ranges2

d Ž . � 4d Ž .over the m points in L m s 1, . . . , m . Stein 1993 considers this problem
Ž .when v x ' 1. This section considers the asymptotic optimality of the natu-

ral predictor

J y h J y h
ydẐ s m v ZÝm ž / ž /m mŽ .L m

Ž . Ž .dfor H v x Z x dx.w0, 1x

Ž .PROPOSITION 3.1. If f is bounded and satisfies 2.1 , g is regularly varying
with exponent yp with p - 4 and v has bounded partial derivatives of order

d ˆw x Ž Ž . Ž . . Ž .dd q 1 on 0, 1 , then, as m ª `, var H v x Z x dx y Z ; S m .w0, 1x m
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Since we require p ) d for f to be integrable, this proposition is vacuous
for d G 4.

PROOF OF PROPOSITION 3.1. The key to proving this result is the following
lemma bounding the difference between a Fourier transform of a smooth
function with support on the unit cube and its approximation by a finite sum,
proven in the Appendix.

LEMMA 3.1. Suppose v has bounded partial derivatives of order d q 1 on
w x d0, 1 . Then there exists a constant C independent of m and v such that

J y hX Xiv x yd iv Ž Jyh.r mv x e dx y m v eŽ . ÝH ž /d mw x0, 1 Ž .L m

2 d 2< <C log m 1 q vŽ . Ž .
F 1 q2 d½ 5< <m Ł 1 q vŽ .js1 j

Ž .for all v g A m , where v is the jth component of v.j

To apply Lemma 3.1 to Proposition 3.1, write

ˆvar v x Z x dx y ZŽ . Ž .H mž /dw x0, 1

2
J y h Xyd iv Ž Jyh.r ms f v V v y m v e dvŽ . Ž . ÝH ž /mŽ .A m Ž .L m

X

q f v q 2p mK V v q 2p mKŽ . Ž .ÝH
Ž .A m K

3.1Ž .

2J y h X Xyd i�v Ž Jyh.r my2p K h4ym v e dv .Ý ž /mŽ .JgL m

Ž .The second term on the right-hand side of 3.1 is bounded by

X
2< < < <f v q 2p mK V v q 2 V vŽ . Ž . Ž .ÝH

Ž .A m K

J y h Xyd iv Ž Jyh.r m< <= V v q 2p mK q V v y m v eŽ . Ž . Ý ž /½ 5mŽ .JgL m

2
J y h X2 yd iv Ž Jyh.r m< <q2 V vq2p mK q2 V v ym v e dv ,Ž . Ž . Ý ž /mŽ .JgL m
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Ž . Ž Ž .. Ž .which we want to show is S m q o g m . Similar to the proof of 2.3 , this
result will follow if

2
J y h Xyd iv Ž Jyh.r mV v y m v e dv s o 1 ,Ž . Ž .ÝH ž /mŽ .A m Ž .L m

Ž < < 2 .2 d Ž < <.2which follows from Lemma 3.1 and H 1 q v rŁ 1 q v dv sAŽm. js1 j
Ž 3.O m . Then Proposition 3.1 obtains if we can show the first term on the

Ž . Ž Ž .. Ž .right-hand side of 3.1 is o g m . By 2.1 and f bounded, we have that, for
Ž . ŽŽ < < q.y1 .any q - p, f v s O 1 q v and

22 d 4yq< <1 q v 1 q Ý vŽ . js1 js O ,2 2q d dž /< < < < < <1 q v Ł 1 q v Ł 1 q vŽ . Ž . Ž .js1 j js1 j

so, by Lemma 3.1,
2

J y h Xyd iv Ž Jyh.r mf v V v y m v e dvŽ . Ž . ÝH ž /mŽ .A m Ž .L m

4 d d 4yqlog m 1 q Ý vŽ . js1 js O dvH4 2dm Ž .ž /A m < <Ł 1 q vŽ .js1 j

4 d y4 yqy1s O log m m q m .Ž . Ž .Ž .
1rŽ .Since g m m ª ` for any r ) p, by choosing q s p y , say, we get that the2

Ž . Ž Ž ..first term on the right-hand side of 3.1 is o g m for p - 4. I

Propositions 2.1 and 3.1 imply that if the conditions on f and v in
ˆProposition 3.1 are met and f is positive almost everywhere, then Z does asm

well asymptotically as the optimal predictor based on the infinite lattice of
Ž .observations at J y h rm and thus does as well asymptotically as the best

Ž . Ž .predictor based on observations at J y h rm for J g L m .

4. Extension to smoother processes. This section describes a class of
predictors for which the results of Section 3 apply to values for the exponent
p that are greater than or equal to 4. The problem with the predictor in
Section 3 is that it essentially predicts the integral of Z over the cube of side

y1 Ž . yd ŽŽ . .m centered at J y h rm by m Z J y h rm . This natural predictor is
not good enough for smooth processes. In spectral terms, this corresponds to
approximating

J y h Xiv xh v s v q x e dxŽ . Hm J ž /d mw Ž . Ž .xy1r 2 m , 1r 2 m

yd ŽŽ . . Ž XŽ . .by m v J y h rm exp iv J y h rm . To develop a better approximation,
Ž . 1rŽ2 m. i s y nwe first need some preliminary results. Define h s, n s H e y dym y1rŽ2 m.

Ž . d Ž . Ž .and a v s Ł h v , Q , where Q s Q , . . . , Q . Define D to be themQ as1 m a a 1 d k
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subset of Zd whose components are nonnegative and sum to k. Then, for v
w x dpossessing bounded partial derivatives through order q on 0, 1 ,

qy1 1 J y h
ŽQ . ydyq4.1 h v s a v v q O m ,Ž . Ž . Ž . Ž .Ý Ým J mQ ž /k! mks0 QgDk

Ž . ŽQ .Ž .where the remainder is uniform in v and J g L m and v x s
� Q1q? ? ?qQd Q1 Qd4 Ž . r x ???  x v x . Defining1 d

i j

� 4b n s 1 j q n even ,Ž .j nqjj! j q n q 1 2Ž .
we have

k j kq11 s s
h s, n s b n q O ,Ž . Ž .Ým jnq1 ž / ž /ž /½ 5m mm js0

< <where the remainder is uniform for srm F p .
We can now write a function of the form Ý e iv

X Kl that approximatesK K
Ž . Ž .h v well for v g A m . For fixed nonnegative integers r and t , . . . , t ,m J 0 r

define
tr d bJ y h 1

ŽQ . iv lr mkf v , J s v n Q e ,Ž . Ž .Ý Ý Ł Ým lt kQ q1 bž / ½ 5km mks1bs0 QgD ls0b

Ž .where n n for l s 0, . . . , t are defined as the unique solution to the systeml t
of equations

j ti
jb n s n n l for j s 0, . . . , t .Ž . Ž .Ýj l tj! ls0

< <We then have, for srm F p ,
tq1t1 s

i slr mh s, n y n n e s O ,Ž . Ž .Ým ltnq1 nqtq2ž /m mls0

which implies

td a1
i slr ma v y n Q eŽ . Ž .Ł ÝmQ lt aQ q1 a½ 5amas1 ls0

4.2Ž .
d taq1< <v

s O .Ý dqaqt q1až /mas1

One way to proceed would be to consider the predictor given by the random
Ž . iv

XŽ Jyh.r mvariable corresponding to Ý f v, J e . For p, v, r and t , . . . , tLŽm. m 0 r
satisfying the conditions of Proposition 4.1 and f the conditions of Proposi-
tion 2.1, this predictor is asymptotically optimal. However, it uses some

w x d Ž .observations outside 0, 1 . Instead, defining S j s 1 if j F m y t andm M
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Ž . Ž .S j s y1 otherwise, where t s max t , . . . , t , letm M 0 r

tr d bJ y h 1
ŽQ . iS Ž J .v lr mm k kc v , J s v n Q e ,Ž . Ž .Ý Ý Ł Ým lt kQ q1 bž / ½ 5km mks1bs0 QgD ls0b

Ž .where J s J , . . . , J . Then the predictor corresponding to1 d
iv

XŽ Jyh.r m ˆŽ . Ž .Ý c v, J e , which we will call Z r ; t , . . . , t , is given byLŽm. m m 0 r

r 1 J y h
ŽQ .Ẑ r ; t , . . . , t s vŽ . Ý Ý Ým 0 r bqd ž /mmŽ . bs0 QgDJgL m b

t t db b

= ??? n QŽ .Ý Ý Ł l t kk b½ 5
ks1l s0 l s01 d

J y h q S J l , . . . , S J lŽ . Ž .Ž .m 1 1 m d d
= Z .ž /m

w x dThis predictor only uses observations in 0, 1 .

Ž .PROPOSITION 4.1. Suppose f is bounded and satisfies 2.1 where g is
regularly varying with exponent yp, v has bounded partial derivatives of

Ž ? @. w x dorder max r, d q 2 q pr2 on 0, 1 and r and t , . . . , t are nonnegative0 r
integers satisfying r ) pr2 and t ) pr2 y k q 1 for k s 0, . . . , r. Then, ask

ˆŽ Ž . Ž . Ž .. Ž .dm ª `, var H v x Z x dx y Z r; t , . . . , t ; S m .w0, 1x m 0 r

Before proving this result, some comments are in order. The conditions on
v, r and t , . . . , t are stronger than necessary. In particular, Proposition 3.10 r
does not follow from Proposition 4.1. Furthermore, the definition of the
predictor is somewhat arbitrary. For example, the predictor changes if x , thej
jth component of x, is replaced by 1 y x . Thus, in practice, it may bej
desirable to use some other predictor that also possesses this optimality
property. One possibility is to use the exactly optimal predictor under some

Ž .spectral density g for Z. I would conjecture that, for any g satisfying 2.1 ,
the resulting predictor would be asymptotically optimal if the true spectral

Ž . Ž . Ž .density for Z is given by f , where f satisfies 2.1 and g v rf v is bounded
< <and does not tend to 0 as v ª ` at faster than an algebraic rate. Of course,

for large m, it may not be feasible to calculate the exactly optimal predictor
under g.

Ž .Schoenfelder 1982 studied the asymptotic behavior of predictors using
random sampling locations. Among the sampling plans she considered, strati-
fied random sampling had the fastest rates of convergence. Her conditions on

Ž .the covariance function of Z are neither more nor less general than 2.1 here.
However, where they overlap, the rates of convergence given by Proposition

Ž .4.1 are always at least as fast as those given by Schoenfelder 1982 for
Ž .stratified random sampling. If 2.1 holds, then her results give predictors

based on stratified random sampling that have asymptotic mean-squared
y1y1r d Ž . < <ydy1error of order n for f v 7 v and asymptotic mean-squared
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y1y2r d Ž . Ž < <ydy2 . d y1y1r derror of order n for f v s o v . Since n s m here, the n
Ž . < <ydy1rate for f v 7 v is the same as in Proposition 4.1. Furthermore, the

y1y2r d Ž . Ž < <ydy2 .n rate for f v s o v is worse than that in Proposition 4.1,
Ž . Ž < <ydy2 .since f v s o v implies the asymptotic mean-squared error in Propo-

Ž y1y2r d .sition 4.1 is o n .

PROOF OF PROPOSITION 4.1. We have

ˆvar v x Z x dx y Z r ; t , . . . , tŽ . Ž . Ž .H m 0 rž /dw x0, 1

2
Xiv Ž Jyh.r ms f v V v y c v , J e dvŽ . Ž . Ž .ÝH m

Ž .A m Ž .L m

X

q f v q 2p mJ V v q 2p mJŽ . Ž .ÝH
Ž .A m J

4.3Ž .

2
X Xiv ŽKyh.r myi2p J hy c v , K e dvŽ .Ý m

Ž .KgL m

Ž .From the definition of c v, K and the conditions on v, we havem
d iv

XŽ Jyh.r m Ž . iv
XŽ Jyh.r m ŽŽm Ý e c v, J s Ý l e , where l y v J yLŽm. m LŽm. m J m J

. . Ž y1 . Ž . Ž . Ž . Žh rm s O m for J g L m y t and l s O 1 for J g L m _ L m yM m J
.t . Then, similar to the argument used to bound the second term on theM

Ž .right-hand side of 3.1 , it can be shown that, as m ª `,
X

f v q 2p mJ V v q 2p mJŽ . Ž .ÝH
Ž .A m J

2
X Xiv ŽKyh.r myi2p J hy c v , K e dv ; S m .Ž . Ž .Ý m

Ž .KgL m

Proposition 4.1 holds if we can show that the first term on the right-hand
Ž . Ž Ž ..side of 4.3 is o g m . To prove this, first note that

2
X Xiv x iv Ž Jyh.r mv x e dx y e f v , JŽ . Ž .ÝH m

dw x0, 1 Ž .L m

2
J y hX Xiv Ž Jyh.r m iv xs e v x q e dx y f v , JŽ .Ý H m½ 5ž /d mw Ž . Ž .xy1r 2 m , 1r 2 mŽ .L m

? @pr2 J y hXiv Ž Jyh.r m ŽQ .s O e vÝ Ý Ý ž /mž bs0 QgD Ž .L mb

2td b1
iv lr m ypy1k= a v y n Q e q mŽ . Ž .Ł ÝmQ lt kdqb b½ 5m /ks1 ls0

4 d 2 t q2? @pr2 b< <log m vŽ . ypy1s O q m ,Ý 2Ž bq1qt .d 2 bž /mŁ 1 q vŽ .ks1 k bs0
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Ž .using Lemma A.1 and 4.2 . It follows that, for any fixed « ) 0, using the
conditions on t , . . . , t ,0 r

2 1Xiv Ž Jyh.r mf v V v y e f v , J dv s O .Ž . Ž . Ž .ÝH m pq1y«ž /mŽ .A m Ž .L m

To finish the proof, it suffices to show

2
Xiv Jr m4.4 f v e c v , J y f v , J dv s o g m .� 4Ž . Ž . Ž . Ž . Ž .Ž .ÝH m m

Ž .A m Ž .L m

Now,

2
X y1� 4exp iv Jm c v , J y f v , J� 4Ž . Ž .Ý m m

Ž .L m

? @pr2 1 J y h
X y1 ŽQ .� 4s O exp iv Jm vÝ Ý Ý2Ždqb. ž /mmž bs0 QgD Ž . Ž .JgL m _L mytb M

t db

= n QŽ .Ý Ł l t gg b
gs1l , . . . , l s01 d

4.5Ž .

2d d
y1 y1 ypy1= exp i v l m y exp i S J v l m q m .Ž .Ý Ýk k m k k k½ 5 ½ 5 /ks1 ks1

Consider J , . . . , J fixed and m y t F J F m for k s 1, . . . , c. For v g1 c M k
Ž .A m ,

tm dbJ y h
X y1 ŽQ .� 4exp iv Jm v n QŽ .Ý Ý Ł l t gg bž /m gs1J J s1 l , . . . , l s0cq1, . . . , d 1 d

d d
y1 y1= exp i v l m y exp i S J v l mŽ .Ý Ýk k m k k k½ 5 ½ 5

ks1 ks1

tm cbJ y h
X y1 ŽQ .� 4s exp iv Jm v n QŽ .Ý Ý Ł l t gg bž /m gs1J J s1 l , . . . , l s0cq1, . . . , d 1 c

4.6Ž .

c c
y1 y1= exp i v l m y exp yi v l mÝ Ýk k k k½ 5 ½ 5

ks1 ks1

td b
y1= n Q exp iv l mŽ . � 4Ł Ý l t k k kb½ 5kscq1 ls0

Ž .2 dyct q1 dycyt y1b b< <v m log mŽ .
s O ,d < <ž /Ł 1 q vŽ .kscq1 k
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using Lemma 3.1 and

t c c cb
y1 y1n Q exp i v l m y exp yi v l mŽ .Ý Ł Ý Ýl t g k k k kg b ½ 5 ½ 5

gs1l , . . . , l s0 ks1 ks11 c

t tc cb b
y1 y1s n Q exp iv l m y n Q exp yiv l mŽ . Ž .� 4 � 4Ł Ý Ł Ýl t a a a lt a a ab b½ 5 ½ 5as1 as1ls0 ls0

t q1bc < <vaQ q1as m h v , Q q OŽ .Ł m a a ž /½ 5ž /mas1

t q1bc < <vaQ q1ay m h yv , Q q OŽ .Ł m a a ž /½ 5ž /mas1

t q1b< <v
s O ,ž /ž /m

Ž . Ž .where we have used the definitions of n n and h s, n and the fact thatl t m
Ž .h s, n is an even function of s. Since there are only a fixed finite number ofm

Ž .terms for which m y t F J F m for k s 1, . . . , c, it follows from 4.5 andM k
Ž .4.6 that

2
Xiv Jr me c v , J y f v , J� 4Ž . Ž .Ý m m

Ž .L m

4 d 2 t q2? @ y2 cpr2 b d< <log m v mŽ . ypy1s O q m .Ý Ý2Ž bqt q1. d 2bž /m Ł 1 q vŽ .lscq1 kbs0 cs1

Ž .Then 4.4 and hence Proposition 4.1 follow from the conditions on t , . . . , t0 r
Ž . < < 2 tbq2 d Ž 2 . Ž 2 tbq2 qcypq« .and the bound H f v v rŁ 1 q v dv s O 1 q mAŽm. kscq1 k

for any « ) 0. I

APPENDIX

PROOF OF LEMMA 3.1. Let A be an upper bound on v and all of its partial
w x d Ž . Ž . Ž .derivatives through order d q 1 on 0, 1 . Define v x s r x v x . Thenj j

J y hX Xiv x yd iv Ž Jyh.r mv x e dx y m v eŽ . ÝH ž /d mw x0, 1 Ž .L m

2d J y h AdXiv � xqŽ Jyh.r m4F e x v dx qÝ ÝH j j 2ž /d m mw Ž . Ž .xy1r 2 m , 1r 2 mŽ . js1L m

J y h X Xiv Ž Jyh.r m iv x ydq v e e dx y mÝ H½ 5ž / dm w Ž . Ž .xy1r 2 m , 1r 2 mŽ .L m
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d J y h 1 v 2 vX j jiv Ž Jyh.r ms e v cos y sinÝ Ý j 2ž / ž /½ 5ž /m imv 2m 2mivj jŽ . js1L m

22 v Adk
= sin qŁ 2ž /v 2m mk/j k

dJ y h 2 vX jiv Ž Jyh.r m ydq v e sin y mÝ Ł ž /ž /m v 2mjs1 jŽ .L m

d < <J y h vX jiv Ž Jyh.r mF v eÝ Ý j dq2ž /m mjs1 Ž .L m

22 < <Ad J y h vXiv Ž Jyh.r mq q v e .Ý2 dq2ž /mm mŽ .L m

Ž . Ž .Lemma 3.1 holds by applying the following bound to v x and v x forj
j s 1, . . . , d. I

LEMMA A.1. If u: R d ª R has bounded partial derivatives of order d on
w x d Ž .0, 1 , then for all v g A m there exists a constant B depending on u such
that

2 ddJ Bm log mŽ .Xiv Jr mu e F .Ý dž / < <m Ł 1 q vŽ .js1 jŽ .L m

PROOF. Suppose 2n F m - 2 nq1. For nonnegative integers n , . . . , n that1 d
are at most n, consider, for some real-valued function t on R d,

2n1y1 2 ndy1 J Xiv Jr mA.1 ??? t e ,Ž . Ý Ý ž /mJ s0 J s01 d

Ž . nk nkylwhere J s J , . . . , J . We can write J s Ý j 2 , where each j is 01 d k ls1 k l k l
or 1 and we set J s 0 if n s 0. Thenk k

n n 1 11 dJ dÝ brs 1 rt s ??? ??? y1Ž .Ý Ý Ý Ýž /m a s0 a s0 b s0 b s01 d 1 d

a yb a yb1 1 d d
n yl y1 n yl y11 d= t j 2 m , . . . , j 2 m ,Ý Ý1 l dlž /ls1 ls1

0 Ž b1 n1yl y1 bd n dyl y1.where Ý is defined to be 0 and t Ý j 2 m , . . . ,Ý j 2 mls1 ls1 1 l ls1 dl
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Ž .s 0 if any b s y1. Plugging this expression into A.1 yieldsk

2n1y1 2 ndy1 J
X y1� 4??? t exp iv JmÝ Ý ž /mJ s0 J s01 d

1 1
n y1 y1 y11s exp iv j 2 m ??? exp iv j m� 4 � 4Ý Ý1 11 1 1n1

j s0 j11 1n s01

1
n y1 y1d??? exp iv j 2 m� 4Ý d d1

j s0d1

n n1 1 11 d
dÝ by1 rs 1 r??? exp iv j m ??? ??? y1Ž .� 4Ý Ý Ý Ý Ýd dn d

j s0 a s0 a s0 b s0 b s0dn 1 d 1 dd

a yb a yb1 1 d d
n yl y1 n yl y11 d= t j 2 m , . . . , j 2 mÝ Ý1 l dlž /ls1 ls1

n n 11 d
n y1 y11s ??? exp iv j 2 m� 4Ý Ý Ý 1 11

a s0 a s0 j s01 d 11

A.2Ž .

1
n ya y11 1??? exp iv j 2 m� 4Ý 1 1a1

j s01a1

1 1
n y1 y1 n ya y1d d d??? exp iv j 2 m ??? exp iv j 2 m� 4 � 4Ý Ýd d1 d da d

j s0 j s0d1 d a d

a yb a yb1 1 1 1 d d
dÝ b n yl y1 n yl y1rs 1 r 1 d= ??? y1 t j 2 m , . . . , j 2 mŽ .Ý Ý Ý Ý1 l dlž /

b s0 b s0 ls1 ls11 d

nqd
n yk y1q= 1 q exp iv 2 m ,� 4Ł Ł q

qs1 ksa q1q

where the term

1 1
n y1 y1 n ya y1k k kexp iv j 2 m ??? exp iv j 2 m� 4 � 4Ý Ýk k1 k k a k

j s0 j s0k1 k a k

drops out if a s 0 and a product with no terms is set equal to 1. The abilityk
to write the discrete Fourier transform in this form is the basis for the fast
Fourier transform. This same representation is also the key to proving
Lemma A.1.

Ž . dTo bound A.2 , the first step is to show that, for any function s: R ª R
w x dwith bounded partial derivatives of order d on 0, 1 , there exists a constant
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w xC such that, for all « , . . . , « g 0, 1 ,1 d

1 1 d
dÝ brs 1 rA.3 ??? y1 s b « , . . . , b « F C « .Ž . Ž . Ž .Ý Ý Ł1 1 d d j

js1b s0 b s01 d

Ž . Ž .To prove A.3 , assume, without loss of generality, « F ??? F « . Then A.3d 1
follows by noting

1 1
dÝ brs 1 r??? y1 s b « , . . . , b «Ž . Ž .Ý Ý 1 1 d d

b s0 b s01 d

1 1
dy 1Ý brs 1 rs ??? y1 s b « , . . . , b « , «�Ž . Ž .Ý Ý 1 1 dy1 dy1 d

b s0 b s01 dy1

ys b « , . . . , b « , 0 4Ž .1 1 dy1 dy1

1 1 dy1 k«dy 1 dÝ brs 1 rs ??? y1Ž .Ý Ý Ý k!b s0 b s0 ks11 dy1

= sŽ0, . . . , 0, k . b « , . . . , b « , 0 q C « dŽ .1 1 dy1 dy1 1 d

1 1 dy1 k dyky1 l« « y 1dy 2 d dÝ brs 1 rs ??? y1Ž .Ý Ý Ý Ýk! l!b s0 b s0 ks1 ls11 dy2

= sŽ0, . . . , 0, l , k . b « , . . . , b « , 0, 0 q C « dy1«Ž .1 1 dy2 dy2 2 dy1 d

d

s ??? s C « ,Łd j
js1

where the C ’s are bounded by constants independent of the « ’s. In fact, if Dj j
w x dbounds the partial derivatives through order d of s on 0, 1 , then it can be

Ž .d Ž .shown that we can take C s 2 d Drd! in A.3 .
w x dIf t and all of its partial derivatives through order d on 0, 1 are bounded

Ž . < r Ž i l2y k . <by D, then applying A.3 and the identity Ł 1 y e sks1
< Ž . Ž rq1. < Ž .sin lr2 rsin lr2 to A.2 yields

n n1 d2 y1 2 y1 J Xiv Jr m??? t eÝ Ý ž /mJ s0 J s01 d

dn n d1 d 2 d DŽ .
a q? ? ?qa n ya1 d j jF ??? 2 2Ý Ý Łd! js1,a s0 a s01 d

a )0j

n ya y1 y1d j jsin v 2 mŽ .jy1= m .Ł
sin v r 2mŽ .� 4js1 j
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Now, 2 n j F 2 n F m, so
d

a q? ? ?qa n ya y11 d j j2 2 m F 1Ł
js1,
a )0j

Ž .and, for v g A m ,
n ya y1 y1j j < <sin v 2 m min 1, v 4p mŽ .Ž .j jF F ,

< < < <v r 2p m 1 q vsin v r 2m Ž .Ž .� 4 j jj

Ž . Ž .using min x, y F 2 xyr x q y for x, y positive. Thus,
n n1 d2 y1 2 y1 J Xiv Jr m??? t eÝ Ý ž /mJ s0 J s01 d

A.4Ž .
d d2 d DŽ . y1d < <F 4p m n q 1 1 q v� 4Ž . Ž .Ł jd! js1

Ž . Ž . iv
X Jr mfor v g A m . Finally, Ý u Jrm e can be written as a sum of at mostJ

Ž .dn q 1 sums like
2n1y1 2 ndy1 J Xiv Jr m??? t e ,Ý Ý ž /mJ s0 J s01 d

Ž . Ž Ž yn 1 yn d ..where t x will be of the form u x q 1 y 2 ,???, 1 y 2 , so Lemma A.1
Ž .follows from A.4 . I
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