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A MINIMAXITY CRITERION IN NONPARAMETRIC
REGRESSION BASED ON LARGE-DEVIATIONS

PROBABILITIES

BY ALEXANDER KOROSTELEV

Wayne State University

A large-deviations criterion is proposed for optimality of nonparamet-
ric regression estimators. The criterion is one of minimaxity of the large-
deviations probabilities. We study the case where the underlying class of
regression functions is either Lipschitz or Holder, and when the loss¨
function involves estimation at a point or in supremum norm. Exact
minimax asymptotics are found in the Gaussian case.

1. Introduction. Consider observations

1 Y s f irn q j , i s . . . , y1, 0, 1, . . . , n s 1, 2, . . . ,Ž . Ž .in in

Ž . 1of a regression function f t , t g R , in an additive random noise j . Forin
Ž 2 .each n the random variables j ’s are i.i.d. 0, s -Gaussian. The problem isin

to estimate the regression function f at a fixed point, say, at the origin. This
Ž . Ž .problem of estimating f 0 from observations 1 has been studied in various

w Ž . Ž .xaspects see Ibragimov and Khas’minskii 1981 and Stone 1982 .
ˆ ˆŽ .Let f be an arbitrary estimator of f 0 ; that is, f is a measurablen n

< <function of Y , i s 0, 1, . . . . In this paper we introduce a minimax riskin
ˆ Žn.Ž < Ž . < .associated with the logarithm of P f y f 0 ) c , where P s P is thef n f f

Ž .probability of the observations Y in 1 for a fixed ‘‘true’’ regression f ; c ) 0in
is a given constant independent of n. The superscript n is omitted in the

ˆ� < Ž . < 4notation P for the sake of brevity. The random event f y f 0 ) c relatesf n
to the large deviations since for each c ) 0 and for any consistent estimator
f̂ its probability is vanishing as n ª `.n

Ž .In Section 2 we assume that regression f belongs a priori to a class S L
of the Lipschitz functions:

< < < < 1S L s f : f t y f t F L t y t , t , t g R ,Ž . Ž . Ž .� 41 2 1 2 1 2

where L is given, L ) 0. Introduce a minimax risk

1 ˆ< <2 b c s inf sup log P f y f 0 ) c ,Ž . Ž . Ž .Ž .n f nnf̂ Ž .fgS Ln
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A. KOROSTELEV1076

ˆwhere the infimum is taken over all possible estimators f . It turns out thatn
Ž .the asymptotics of b c as n ª ` can be found explicitly, unlike the case ofn

the traditional risks, for example, the quadratic risk

22r3 ˆ3 inf sup n E f y f 0 ,Ž . Ž .Ž .f n
f̂ Ž .fgS Ln

wwhere E is the expectation with respect to P cf. Ibragimov and Khas’minskiif f
Ž . Ž .x1981 , Chapter 7, and Stone 1982 .

Ž .The minimaxity criterion 2 has a strong resemblance to the Bahadur-type
w Ž .risks in parametric problems Bahadur 1960, 1971 , Ibragimov and

Ž . Ž .xKhas’minskii 1981 , Section 1.9, and Fu 1982 . We study the problem for a
fixed value of threshold c which makes the considerations global. From this

Ž .point of view our results are closer in the parametric case to Sievers 1978 .
Ž .In the nonparametric setup the asymptotic analysis of 2 is far from being

trivial even in the Gaussian case.
In Section 3 we give an extension to the case of the Holder regression¨

w Ž .functions, applying the optimal recovery theory Micchelli and Rivin 1977
Ž .xand Donoho 1994 . Section 4 presents a generalization of the estimation

problem on the sup-norm. The asymptotic minimaxity in the sup-norm is
shown to be the same as that at a point. The results are discussed in brief in
Section 5.

2. Asymptotic minimaxity over Lipschitz classes.

Ž .THEOREM 1. Under the assumptions on the observations Y in 1 , thein
equality

c3

4 lim b c s yŽ . Ž .n 23Lsnª`

holds.

Ž .The proof of 4 is based on the following two lemmas. First, to show that
Ž . 3 Ž 2 .b c does not exceed asymptotically yc r 3Ls , we define a kernel estima-n

tor
< <j

U y15 f s N Y 1 y ,Ž . Ýn jn ž /N< <j FN

w x Uwhere N s cnrL . We call f asymptotically minimax in the sense of riskn
Ž .2 since it satisfies the following inequality.

LEMMA 1. The inequality

1 c3
U< <lim sup log P f y f 0 ) c F y ,Ž .Ž .f n 2n 3Lsnª`

Ž .holds uniformly in f g S L .



LARGE-DEVIATIONS PROBABILITIES 1077

Ž . Ž U . Ž . ŽPROOF. Define the bias term b f s E f y f 0 . Put K s 1 yn f n jn
< < .qj rN and note that

6 f U y f 0 s Ny1 K j q b f .Ž . Ž . Ž .Ýn jn jn n
< <j FN

Further,

< <j N K jjny1sup b f F N K f y f 0 F LŽ . Ž .Ý Ýn jn ž / ž /n n NŽ .fgS L < < < <j FN j FN7Ž .
c1

< < < <s c 1 q o 1 1 y t t dt s 1 q o 1 ,Ž . Ž . Ž .Ž . Ž .H 3y1

Ž . Ž .where o 1 ª 0 as n ª `, the vanishing term o 1 being independent of f.
Ž .It is easily seen from 6 that

U y1< <8 P f y f 0 ) c F P N K j ) c y sup b f .Ž . Ž . Ž .Ž . Ýf n jn jn nž /Ž .fgS L< <j FN

The random variable Ny1Ý K j is zero-mean Gaussian and has< j < F N jn jn
variance

2 Ls 2
2 y2 2 y19 V s s N K s n 1 q o 1 .Ž . Ž .Ž .Ýn jn ž /3 c< <j FN

Ž . Ž . Ž .Applying 7 and 9 to 8 , we obtain the inequality

2 31 1 c y cr3 cŽ .
U< <lim sup log P f y f 0 ) c F lim y s y ,Ž .Ž .f n 2ž /n n 2V 3Lsnª`nª` n

Ž .uniformly in f g S L . I

Ž .To prove the reverse inequality, introduce a one-parameter family S L of0
Ž .the regression functions f s f t, u . Choose « ) 0 small, take an arbitrary u ,

< <u F c q « , and define

< < < <u 1 y L t r c q « , if t F c q « rL,Ž . Ž .Ž .f t , u sŽ . ½ 0, otherwise.

Ž .Use the notation P for P . Note that u coincides with the value f 0 ifu f Ž?, u .
Ž .f g S L . Hence, for f known to belong to this parametric subfamily, the0

problem of regression estimation reduces to the problem of estimation of u .

ˆLEMMA 2. For an arbitrary estimator u of u obtained from the observa-n
Ž . Ž .tions Y in 1 with f s f t, u , we have, for each « ) 0, the inequalityin

31 c q «Ž .ˆ< <lim inf sup log P u y u ) c G y y « .Ž .u n 2n 3Lsnª` < <u Fcq«
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Ž .PROOF. The observations Y in 1 are equivalent to a single Gaussianin
observation y which has mean value u and variancen

D2 s 1 q o 1 Ls 2r 2r3 n c q « ,Ž . Ž . Ž .Ž . Ž .n

Ž .where o 1 ª 0 as n ª `. Indeed, in the model of observations Y s a u qin in
Ž Ž .. < <j with a s 1 y Lr c q « irn , the Fisher information with respect to uin in

is equal to Ý a2 rs 2. Thus, the variance D2 of the equivalent Gaussiani in n
Ž .experiment equals the inverse value of the Fisher information, the term o 1

ˆ Ž .being independent of u . For an arbitrary estimator u y define the randomn n
events

ˆ ˆ< < < <A s u y y c q « ) c and A s u y q c q « ) c .Ž . Ž . Ž . Ž .� 4 � 41 n n 2 n n

Ž . Ž .The triangular inequality guarantees that I A q I A G 1 for any « ª 0.1 2
Further, the following inequalities are true:

ˆ< <sup P u y y u ) cŽ .Ž .u n n
< <u -cq«

1 1
G P A q P AŽ . Ž .cq« 1 cq« 22 2

1 dP dPcq« ycy«s E I A q I AŽ . Ž .0 1 22 dP dP0 0

21 c q « y c q «Ž . Ž .nG exp y E exp I AŽ .0 12 2ž /ž /2 2 D 2 Dn n

y c q «Ž .nqexp y I AŽ .22ž /2 Dn

2 < <1 c q « y c q «Ž . Ž .nG exp y y n« P F n«02 2ž /ž /2 2 D 2 Dn n

21 c q «Ž .
G y « exp y y n«2ž / ž /2 2 Dn

for n large enough. This proves the lemma since

2 31 1 c q « c q «Ž . Ž .ˆ< <lim inf sup log P u y u ) c G lim y « s y « .Ž .u 2 2n n 2 D 3Lsnª` nª`< < nu -cq«

I

Ž .PROOF OF THEOREM 1. Lemma 1 implies that lim sup b c Fnª` n
3 Ž 2 . Ž .yc r 3Ls , while Lemma 2 guarantees inequality lim inf b c Gnª` n

Ž .3 Ž 2 .y c q « r 3Ls y « . This proves the theorem since « ) 0 is arbitrarily
small. I
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3. Asymptotic minimaxity over Holder classes. In this section we¨
Ž .assume that f g S g , L, B , where

< < < ?g @ ?g @S g , L, B s f : f t F B ; f t y f tŽ . Ž . Ž . Ž .� 1 1 2

< <gy?g @ 1F L t y t , t , t g R ,41 2 1 2

with given positive constants g , L and B. Here g denotes the greatest? @
integer strictly less than g . Note that the class of Lipschitz functions in the

Ž . Ž .previous section S L s S 1, L, ` . For g integer, g G 1, we have g s g y 1,? @
Ž .and the class S g , L, B is a set of bounded regression functions having

Ž .g y 1 th Lipschitz derivative.
Ž .The definition of b c in this case also must be modified:n

1 ˆ< <10 b c s inf sup log P f y f 0 ) c , 0 - c - B.Ž . Ž . Ž .Ž .n f nnf̂ Ž .fgS g , L , Bn

Ž . 1Let a function c# t , t g R , be a solution of the extremal problem

c 0 ª max,Ž .
under the restrictions

5 5 2c F 1 and c g S g , 1, ` ,Ž .2

5 5 2 q`Ž Ž ..2where c s H c t dt.2 y`

Ž .THEOREM 2. For any c, 0 - c - B, the minimax risk 10 satisfies

2q1rgcy12 y1rglim b c s y 2s L .Ž . Ž .n ž /c# 0nª` Ž .

Ž . Ž . q` Ž .PROOF. Introduce a kernel function K t s c# t rH c# t dt and ay`

Ž Ž Ž ...1rgbandwidth h s cr Lc# 0 . The correctness of these definitions follows
Ž .from the optimal recovery theory which we apply after Donoho 1994 .
Ž .Introduce the kernel estimator obtained from the observations Y in 1 :in

q` jy1U11 f s hn K Y .Ž . Ž . Ýn jnž /hnjsy`

Similarly to Lemma 1, the following inequality holds uniformly in f g
Ž .S g , L :

< U <P f y f 0 ) cŽ .Ž .f n

jy1F P hn K j ) c y sup b f ,Ž . Ž .Ý jn nž /ž /hn Ž .fgS g , Lj

12Ž .
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with the bias term

j jy1b f s hn K f y f 0Ž . Ž . Ž .Ýn ž / ž /hn nj

` t
y1s 1 q o 1 h K f t y f 0 dt ,Ž . Ž . Ž .Ž . Ž .H ž /hy`

Ž . Ž .where o 1 ª 0 uniformly in f g S g , L, B as n ª ` since the functions in
this class are bounded and uniformly continuous over any finite interval. The

Ž .following renormalization relation is true as shown in Donoho 1994 :

` t
y1sup h K f t y f 0 dtŽ . Ž .Ž .H ž /hy`Ž .fgS g , L , B

` t
y1F sup h K f t y f 0 dtŽ . Ž .Ž .H ž /hy`Ž .fgS g , L , `

`
gs Lh sup K t f t y f 0 dtŽ . Ž . Ž .Ž .H

y`Ž .fgS g , 1, `

`c c
s sup K t f t y f 0 dt s b ,Ž . Ž . Ž .Ž .H g , 1c# 0 c ) 0Ž . Ž .y`Ž .fgS g , 1 `

where

`

b s sup K t f t y f 0 dt .Ž . Ž . Ž .Ž .Hg , 1
y`Ž .fgS g , 1

Ž .y1 Ž Ž ..The random variable hn Ý K jr hn j is zero-mean Gaussian withj jn

Ž Ž ..Ž .y1 2 5 5 2 Ž .variance V s 1 q o 1 hn s K , where o 1 ª 0 as n ª `. Note that2n
Ž . Ž . Ž .here o 1 is independent of f g S g , L, B . As in Lemma 1, one gets from 12

that

1 jy1lim sup log P hn K j ) c y sup b fŽ . Ž .Ý jn nž /ž /n hnnª` Ž .fgS g , L , Bj

2
c y crc ) 0 bŽ .Ž .Ž .g , 1F lim sup y

2nVnª` n

2
h c y crc ) 0 bŽ .Ž .Ž .g , 1s y 22 5 52s K 2

21rgc by1 g , 1y12 2 5 5s y 2s c K 1 y .Ž . 2ž / ž /ž /Lc# 0 c# 0Ž . Ž .
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Ž . 5 5It is proven in the optimal recovery theory that c# 0 s b q K . This2g , 1
Ž . 5 5 Ž .relation implies that 1 y b rc# 0 s K rc# 0 . Finally, we obtain2g , 1

1rg 21 c cy1U 2< <lim sup log P f y f 0 ) c F y 2s .Ž . Ž .Ž .f n ž / ž /n Lc# 0 c# 0Ž . Ž .nª`

Ž .This proves the upper bound for b c .n
To prove the lower bound, we have to revise Lemma 2. By analogy with

this lemma, introduce a parametric subfamily of the regression functions

< <f t , u s u Ac# trT , u F c q « ,Ž . Ž .
where « ) 0 is arbitrarily small; c q « - B. If we choose the constants

Ž . ŽŽ . Ž Ž ...1rg Ž . Ž .A s 1rc# 0 and T s c q « r Lc# 0 , then f t, u g S g , L, B for
< <any u : u - c q « . The rest of the proof is the same as that in Lemma 2 with

the final constant
21 c q «Ž .ˆ< <13 lim inf sup log P u y u ) c G y y « .Ž . Ž .u 22n 5 5nª` 2s Ac# trTŽ .< < 2u -cq«

Ž .From the definition of c# t one has
1rg22 25 5Ac# trT s A T s 1rc# 0 c q « r Lc# 0 .Ž . Ž . Ž . Ž .Ž . Ž .Ž .2

Ž .Thus the right-hand side of 13 is estimated from below by the constant
y1 2q1rg2 y1rgy 2s L c q « rc# 0 y « .Ž . Ž . Ž .Ž .

The theorem is proved. I

Ž .EXAMPLE. In the case 0 - g F 1 the explicit solution for c# t is known
w Ž .x Ž . ŽŽ .Ž . Ž 2 ..g rŽ2gq1.see Donoho 1994 : c# 0 s 2g q 1 g q 1 r 4g . This expression
turns the equality in Theorem 2 into

y1 22 y1rg 2q1rglim b c s y 2s L c 4g r 2g q 1 g q 1 .Ž . Ž . Ž . Ž . Ž .Ž .n
nª`

In particular, for g s 1 we arrive immediately at the result of Theorem 1.

4. Asymptotic minimaxity for sup-norm loss. Assume that we want
Ž . Ž .to estimate a regression function f g S g , L, B from observations 1 in the

ˆsup-norm; that is, the measure of discrepancy of f y f is defined asn

ˆ ˆ5 5 < <f y f s sup f t y f t .Ž . Ž .`n n
0FtF1

Ž .In this case the minimax risk 2 must be substituted by

1
Ž`. ˆ5 514 b c s inf sup log P f y f ) c , 0 - c - B.Ž . Ž . Ž .`n f nnf̂ Ž .fgS g , L , Bn

ˆ Ž .Note that the estimator f is obtained from all the observations Y in 1 butn in
not from the observations in the interval 0 F t F 1. This helps to avoid the
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edge effects, which is important since these effects influence dramatically the
final result.

Ž .THEOREM 3. For any c, 0 - c - B, the minimax risk 14 satisfies
2q1rgcy1Ž`. 2 y1rglim b c s y 2s L ,Ž . Ž .n ž /c# 0nª` Ž .

Ž .where c# 0 is the same as in Theorem 2.

Ž`.Ž .PROOF. The lower bound for b c follows from the lower bound at an
ˆ ˆ5 5 < Ž . Ž . <fixed point since f y f G f t y f t for any t , 0 F t F 1. To prove`n n n 0 0 0 0

U Ž .the upper bound, define the kernel estimator f t at the points t s krn,n k
k s 0, . . . , n, by

q` j y ky1U15 f s hn K YŽ . Ž . Ýn jnž /hnjsy`

Ž . U Ž .similarly to that in 11 . Extend f t to all the values of the continuousn
argument t g R1 as a piecewise constant function:

f U t s f U krn if k y 1 rn F t - krn.Ž . Ž . Ž .n n

Note that
n k k L

U U5 5P f y f ) c F P f y f ) c y .Ž . Ý`f n f n ž / ž /ž /n n nks0

Hence

1 1ˆ ˆ5 5 < <lim log P f y f ) c F lim log nP f 0 y f 0 ) c y LrnŽ . Ž .Ž . Ž .` ž /f n f nn nnª` nª`

1 ˆ< <s lim log P f 0 y f 0 ) c .Ž . Ž .Ž .f nnnª`

Thus Theorem 2 applies and this proves the theorem. I

Ž 2 .5. Discussion. If f is a constant observed in an additive 0, s -
Gaussian noise, that is, if the observations are from the model Y s f q j ,i i

Ž 2 .i s 1, . . . , n, j ’s are i.i.d. 0, s -Gaussian, then the Bahadur efficiency isi
2 Ž 2 . w Ž .determined by the constant yc r 2s Bahadur 1971 and Ibragimov and

Ž . xKhas’minskii 1981 , Section 1.9 . Comparing this with the right-hand side of
Ž . Ž .4 , we might consider 2cnr 3L as an ‘‘equivalent number of observations’’
under the assumptions of Theorem 1. Under the assumptions of Theorem 2

Ž .1rg Ž Ž ..y2y1rgthis ‘‘equivalent number of observations’’ is n crL c# 0 . Note
that this quantity loses its dependence on c and L as g ª `.

Ž . Ž . Ž .Consider the sequences of estimators 5 , 11 and 15 achieving their
asymptotic minimax values in Sections 2, 3 and 4, respectively. Each of these
sequences is inconsistent. Indeed, they are the kernel estimators with the
finite bandwidths which are proportional to c1rg. Moreover, the traditional
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kernel estimators which are optimal with regard to, say, the minimax
Ž .quadratic risk 3 , turn out to be nonefficient in the sense of our minimax

risks. If we study the estimating problem in the L -norm, then it can be2
ˆ5 5shown that the large deviations of f y f are governed by the constant2n

2 Ž 2 .yc r 2s as in the parametric case regardless of the value of g .
Ž .In the non-Gaussian case when j ’s in 1 have a ‘‘sufficiently goodin

distribution’’ with the Fisher information I , for g s 1 the following equalityj

is true:
lim lim cy3b c s yI r 3L ,Ž . Ž .n j

nª`cª0

Ž .as shown recently in Korostelev and Leonov 1995 .
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