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EMPIRICAL EDGEWORTH EXPANSIONS
FOR SYMMETRIC STATISTICS!

By HEIN PUTTER AND WILLEM R. VAN ZWET

University of Leiden and University of North Carolina, Chapel Hill

In this paper the validity of a one-term Edgeworth expansion for
Studentized symmetric statistics is proved. We propose jackknife esti-
mates for the unknown constants appearing in the expansion and prove
their consistency. As a result we obtain the second-order correctness of
the empirical Edgeworth expansion for a very general class of statistics,
including U-statistics, L-statistics and smooth functions of the sample
mean. We illustrate the application of the bootstrap in the case of a
U-statistic of degree two.

1. Introduction. Let (%, .%) be a measurable space and P a probability
measure on (2, %). Let X;, X,,... be a sequence of i.i.d. random variables,
taking values in 2 with unknown common distribution P. Let ¢y: 2V X% —
R be symmetric as a function on 27V, that is, for every x,,..., x5y €2 and
every permutation {ay,..., ay} of {1,..., N}, we have

ty(X1,.es 2y P) =ty (24,0, %, 5 P).
It will be assumed throughout this paper that
(1.1) Ty =ty(Xy,..., Xy; P)
is a random variable with expectation
(1.2) ETy =0 forall N
and variance o %(Ty) = o2, satisfying
(1.3) 0<c<oy<C<wo forall N

for finite positive constants ¢ and C. Suppose that T, /oy converges in
distribution to a standard normal distribution. Typically, the accuracy of the
normal approximation is of the order N~1/? as N tends to infinity. In this
paper we shall focus on second-order approximations, that is, on approxima-
tions with error »(N~1/2) to the distribution functions of Ty /oy and also of
the Studentized version Ty /Sy, where SZ is an estimator of og. We shall
accomplish this by first proving the validity of a (one-term) Edgeworth
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expansion with remainder »(N~!/2?) and then estimating the unknown con-
stants in the expansion. The procedure is therefore called an empirical
Edgeworth expansion.

As an estimate SZ of oy, we shall use the jackknife estimator of variance,
introduced by Quenouille (1949, 1956) and Tukey (1958). Let us suppose that
we have one additional observation X, ,; at our disposal, and define for
i=1,...,N,

(14) T =ty(Xy, 0y X1, X1y Xy P), THN*Y =Ty

and
_ 1 N+1

1.5 T, T,
(15) ey I

The jackknife estimator of variance S% is then defined as
N+1

(1.6) Sy= Y (Ty - T9) .

i=1

We shall make extensive use of the properties of Hoeffding’s decomposition
[Hoeffding (1948)]. For £ = 1,2,..., let Q, denote the set of integers from 1
up to k£ and define for a set A C Q,

(1.7) E(TylA) = E(TylX;,i € A).

Next, for D c Q, define

(1.8) TN,D = Z (_1)‘D‘_|A‘E(TN|A)-
AcD

Here | A| denotes the cardinality of a set A and the summation in (1.8) is over
all subsets A of D including the empty set. In this way we obtain for instance

Ty 5 = ETy,
(1.9) Ty,:=Ty, D) E(TN|X) ETy,
Ty un= (TNI i,Xj) - E(TylX;) - E(TNIXJ-) + ETYy.
The Hoeffding decomposition of Ty is given by
Ty= ) Typ= ZTN{l}+ »> Ty iyt 22 Ty imt -
DcQy 1<i<j<N 1<i<j<k<N

For notational convenience we shall write Ty, instead of Ty ; and Ty;;
instead of Ty |; ;. Define two real numbers A; and A, as

(1.10) A\ = N3 %0 3ETR,, Ay = N 20 ETy Ty 5T 1o -
Then the Edgeworth expansion for the distribution function of Ty /oy is
given by

Ay
(111) Gy(x) = ¥(x) - r 2(x% ~ 1) ().
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Note that (A, + 31,)N~1/? serves as an approximation to the third cumulant
of Ty /oy. The Edgeworth expansion to the distribution function of Ty /Sy is
given by

¢(x)
6VN

We shall prove the following results:

(1.12)  Hy(x) = ®(x) + ((2x® + 1) A, + 3(x* + 1)Ay).

THEOREM 1.1. Suppose that there exist real numbers ¢ > 0,C > 0, p > 3,
r > 2, sequences {8y)y_, with 8y \ 0,{ry} with 7y = © and a positive contin-
uous function y on (0,*), such that (1.2) and (1.3) are satisfied and

(1.13) EINYV2T,IP < C,

(1.14) E|N32Ty,,I" < C,
(N

(1.15) Y (k )ETﬁmk < §yN ~3/2
k=3

and

(1.16) |Ee™"" ™| <1 —x(t) <1 VYte (0,7y) forN=1,2,....

Then there exists a sequence ey N 0, depending only on ¢,C, p, r,{5y},{ry}
and x, such that for N = 2,3,...,

(1.17) sup |P(Ty/oy <x) — Gy(x)| < ey N2

xeR

THEOREM 1.2. Suppose that there exist real numbers ¢ > 0,C > 0, p > 3,

r > 2, a sequence {1y} with Ty = % and a positive continuous function x on
(0, ) such that (1.2), (1.3), (1.13), (1.14) and (1.16) are satisfied and

N
N-1 _
¥ (k_l)ETﬁngCN 3,
k=3

(1.18)

N
Y (]X_ZZ)ETgﬂk < CN-/2,
k=3 -

Then there exists a sequence ey v 0, depending only on ¢,C, p, r,{ty} and x,
such that for N = 2,3,...,

(1.19) sup | P(Ty/Sy <x) — Hy(x)| < eyN~/2

xeR

The empirical Edgeworth expansions are obtained by replacing the con-
stants A; and A, in (1.11) and (1.12) by estimates. The estimation of A; is
straightforward and very similar to the estimation of o 2(Ty). Recall that,
with one additional observation X, ; from P, T\’ and Ty are defined as in
(1.4) and (1.5).
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To estimate A, we assume that we have two additional observations from
P: Xy, and Xy, ,. Let Ty be as in (1.1). Define, for 1 <i <j <N + 2,

(1.20) TGP =T =tx(Xysoos Xits Xiatro s Xj1s Xji1s ooy Xyios P),

with X; and X replaced by Xy, and Xy, ,. Furthermore, let

_ 1 N+2
(1.21) T = Y T,
Yo N+1 SN
J#i
_ 1 Nx2_ g -
12 Ty - (N3% 0 Tr ome
N+2 5 2 1<i<j<N+2

We propose the following jackknife estimates for A; and A,:
N+1

(1.23) = VN Z (Ty — T /SN

and

L=2/N XYY (Ty-T¢-T¢ + 1§
(1_24) 1<i<j<N+2
x(Ty = T)(Ty - TY")[S3.

By substituting the estimators A, and A, for A, and A, in the Edgeworth
expansions Gy and Hy, defined in (1.11) and (1.12), we obtain the empirical
Edgeworth expansions

A+
(1.25) Gy(x) = O(x) - ¢— (x - 1) ()
and
(1.26) Ty(x) = ®(x) + Pl )((2 2+ 1A +3(x%+ 1)4,).
. N \/— 1 2

The following result asserts the validity of the empirical Edgeworth expan-
sion.

THEOREM 1.3. Let X,,..., Xy be an i.i.d. sample from P, let Ty be a
symmetric random variable, deﬁned asin (1 1). Let the ]ackkmfe estimator of
variance Sy, be defined as in (1.6), A, and A, as in (1.23) and (1.24), and Gy
and HN as in (1.25) and (1.26). Suppose that there exist real numbers ¢ > 0,
C >0, p>3,r>2,a positive continuous function y on (0,*) and a sequence
Ty = ©, such that (1.2) (1.3), (1.13), (1.14) and (1.16) are satisfied and

(1.27) 5 (2’ 2)ET]39 <CN-*.
k=3
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Then there exist sequences &y N\ 0 and ey \ 0, which depend only on ¢, C, p,
r, x and the sequence {ry}, such that for N = 2,3, ...,

(1.28) P(sup|P(TN/0'N <x) — Gy(x)| = 8NN_1/2) < &y,

x€R
(1.29) P(sup|P(TN/SN <x)-— ﬁN(x)| > sNN*I/z) < by
x€R

The typical situation to which these empirical Edgeworth expansions may
be applied is the following: let 6 = 0(P) be a parameter of interest and
suppose that Uy = uy(X;,..., Xy) is an unbiased estimator of 6. As X,
,..., Xy areii.d., we may safely restrict attention to symmetric functions u,.
Let

(1.30) Ty = VN (Uy — 0)

and suppose that with ¢ = 0 %(Ty), Ty/ oy =7#(0,1). We wish to obtain a
second-order correct confidence interval for 6. For the special case of the
sample mean it is well known that it is important to base inference on a
pivotal random variable, that is, on a random variable whose limiting distri-
bution does not depend on any unknown quantities. If o is known, we
might take Ty /oy; if op is unknown, we have to use Ty /Sy, with S% an
appropriate estimator of 0. The confidence interval for § may then be based
on the quantiles of the empirical Edgeworth expansion of the distribution
function of Ty /oy or Ty/Sy.

Results similar to Theorem 1.2 were obtained earlier in a paper by
Helmers (1991) in the special case of Studentized U-statistics of degree two.
The results of this paper may be used to prove Helmers’ result under weaker
moment conditions, but more importantly, the class of statistics for which the
Edgeworth expansions are established is considerably larger and includes, for
instance, L-statistics, smooth functions of the sample mean and smooth
functionals of the empirical distribution function.

All the results in this section are formulated as inequalities for fixed, but
arbitrary, N. Since the constants in the conclusions are not specified, how-
ever, they should be viewed as purely asymptotic results. The reason for
phrasing the assumptions and conclusions in these results in such a laborious
way is that we want to define uniformity classes. The constants and se-
quences appearing in the conclusions of the results depend only on the
constants and sequences appearing in the assumptions and in particular not
on N. This allows us to consider a sequence of problems, indexed by N, where
for every N the random variables X; may be different, as well as their
distributions P, the functions Ty = ¢5(X],..., Xy; P) and so on, as long as
the conditions continue to be satisfied for the same fixed constants and
sequences for every N. The conclusions of the theorems are then also true for
every N and the asymptotic assertion follows, uniformly in P and {T}.

The jackknife estimator of variance as we have defined it in (1.4)—(1.6) may
seem somewhat awkward, since with N + 1 observations from P, for practi-
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cal purposes we would then wish to approximate the distribution of T},
instead of T}y, and the variance of Ty ,; would be the object of interest. In our
notation, the familiar delete-one jackknife would coincide with S%_;. A
comparison of (4.13) with the same expression for N — 1 yields that the
delete-one jackknife S _, can also be used in Theorem 1.2 if for sequences
y N 0and gy \ O,

i

In view of (1.3) this is easily seen to be true, provided that |02 — op_,| <
&y N~3/* for a sequence &y \ 0.

In (1.2) it is assumed that ET, = 0 for all N. This condition excludes
interesting standardized statistics, such as many L-statistics and smooth
functionals of the empirical, for which typically ETy = #(N ~1/2). Suppose
that ETy = By and write Ty = Ty — By. Then, apart from the first (con-
stant) term, the Hoeffding decompositions of T, and T} coincide. An inspec-
tion of the proofs of Theorems 1.1 and 1.2 shows that if | By| < ey N~'/* for a
sequence &y N\ 0, then the Edgeworth expansions of Ty/oy and Ty/Sy
require an additional term of —( By/oy)¢(x). Thus, for instance, the Edge-
worth expansion of Ty /Sy becomes

d(x B
6\(/N) (2x% + 1)A; + 3(x2 + 1) Ay — &/NU—z :
Of course, to obtain an empirical Edgeworth expansion, one would proceed to
estimate By.

The class of jackknife-type estimators that we consider in this paper has
the desirable property that every evaluation needed to compute it, such as
T4 and T§"?, is based on exactly N observations. This avoids the problem of
relating the Hoeffding decompositions of Ty and T)_,. Unfortunately, Que-
nouille’s (1956) jackknife estimator of bias is essentially based on this differ-
ence between the Hoeffding decomposition of Ty and T _;. It is not surpris-
ing, therefore, that the type of estimators that we consider in this paper are
not suited to estimate bias. We shall therefore not address bias estimation
here and insist that ETy = 0.

The remainder of this paper is organized as follows. In Section 2 we
discuss some important examples. In Section 3 we show how Theorem 1.2 can
be applied to prove second-order correctness for bootstrapping Studentized
U-statistics of degree two. Section 4 contains the proof of Theorem 1.2. In
Section 5 we prove the consistency of the jackknife estimators of the quanti-
ties appearing in the Edgeworth expansions. Finally, Section 6 contains a
technical lemma.

Ty Ty

On ON-1

P(x) +

2. Applications. We shall consider some important applications of The-
orem 1.3: U-statistics, L-statistics, smooth functions of the sample mean and
smooth functionals of the empirical distribution function. Berry—-Esseen
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bounds for U- and L-statistics were established in van Zwet (1984) and in the
second example we shall make use of the results in that paper. Recall that
the jackknife estimator of variance Sy is defined as in (1.6), A, and A, as in
(1.23) and (1.24) and Gy and Hy as in (1.25) and (1.26).

AppLICATION 1 (U-statistics). Let X,,..., Xy be iid. random variables
assuming values in a measurable space (%, %) with common distribution P,
and let hA: 2" — R be a measurable function which is symmetric in its
arguments, with

En(X,,...,X,) =0 and ER*(X,,...,X,) <.

Let

-1

UN=(]’X) YooY (X, X))
1<iy< - <ip<N

be a U-statistic of degree m and put

Ty = VN (Uy — 0).
Define
(2.1) g(x)=E(h(Xy,...., X)X, =x) -0,
(2.2)

d/(xay) =E(h(X1>'--aXm)|X1 =an2 =y) _g(x) _g(y) - 0
Theorem 1.3 implies the following corollary.
COROLLARY 2.1. Suppose that the distribution of g(X,) is nonlattice and

suppose that there exist p >3 and r > 2 such that E|g(X))|” <« and
Ely(X,, X)I" < . Then

(2.3) VN sup | P(Ty/oy < x) — Gy(x)| = 50,
xR

(2.4) VN sup | P(Ty/Sy < x) — Hy(x)| = »0.
xR

The proof is quite straightforward, following the proof of Corollary 4.1 of
van Zwet (1984), and is therefore omitted.

ApPPLICATION 2 (L-statistics). Let Xj,..., X be iid. random variables
with common distribution function F. Let ¢y,...,cy be a sequence of real
numbers, let X;.,,..., Xy.y denote the order statistics of X;,..., Xy, and
define the L-statistic

N
Ly=N"Y ¢;X;.n
i-1

Suppose that Ly is an unbiased estimate of 6 and define

Ty =VN(Ly — 6).
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Suppose that there exist real numbers a, b and ¢ such that

max |¢;| < a, N max |¢; —¢; ;I < b,
(2'5) 1<i<N 2<i<N
N? max |¢; — 2¢,_; + ¢;_,l <ec.
3<i<N
This corresponds to the case of smooth weights. Assumption (2.5) is fulfilled if
there exists a function J: (0,1) > R with bounded second derivative such
that ¢; = J(i /(N + 1)). Theorem 1.3 implies the following corollary.

COROLLARY 2.2. Suppose that (2.5) is satisfied, E|X,|” < « for some p > 3,
a?(Ty) = ¢’ for some ¢’ > 0 and all N and E(NY*Ty|X,) satisfies (1.16).
Then (2.3) and (2.4) hold.

To prove Corollary 2.2 we start by deriving a representation for the terms
in the Hoeffding decomposition of T, which is of interest in its own right.
Define i.i.d. uniform random variables U,,...,Uy and take X, =F }(U,),
where F~1(¢) = inf{x: F(x) > t} denotes the left-continuous version of the
inverse of F. We let U, .y, ..., Uy.y denote the order statistics of Uj,..., Uy.
Then we have the relation

1
26) Xov-Xov= L [ IT(Lu.u®) IT (1o,u)(t)) dF ().
AcQy 0 icA 1€A°
[Al=j
To see why this relation holds, note that the integrand is zero for a fixed ¢
unless ¢ is between the largest of the U’s with i in A and the smallest of
the U’s with i not in A, and this can only occur if the U;’s with i in A hap-
pen to be the j smallest among U, ..., Uy. For the only A for which the inte-
grand is not identically equal to zero, the integral yields || UyoxiUps 1) dF~1(t) =

X;i1.n — X;. y- Now we obtain

[Xj+1:N _Xj:N]D

Z ' l_ID(l[Ui,l)(t) - t)t‘AﬁDc‘

AcQy 0 icAn

[Al=j
(2.7) x TT (Ley(t) — (1— )1 — )" "2V ar1(z)
ieA°ND
= I T o) D ),
[Al=j

Next, write
N N N
YeXy=cr X+ Y (¢ -0)X,.n
i=1 i=1 i=1
(2.8) 1
= ) a(X1.n—Xjy) tC
=1

o8
>

~
II
-
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where a; = —-Yi_c;—¢), for j=1,...,N—1, and 0 otherwise. Write
[ANDl=1 and |A N D|=m, with j =1+ m. For the first term on the
right in (2.8), (2.7) yields

N-1
Z aj(Xj+1:N _Xj:N)l
D

Jj=1

1 N-ID| _ .
[ Tt -0 2 (%P -

(2.9)
S IDI~m 1
< % (121" "ar, ar
m=0
N-|D|
B fol IT (1w, 0(6) =) B #(LN = 1D 1) A%(ay) dF(2),

where %(l; N — |D|, t) denotes the probability that a binomial random
variable with parameters N — |D| and ¢ equals [ and AP!(q,) is the |Dlth
difference of a,, defined recursively by

A(a) = a4y —ay, A(a;) = A(A'/_l(al))-
Taking D = {i} and D = {i, j} and using (2.8) we find that

N
1
Ty; = ~N"1/2 Z Cl/ (l[U,-,,l)(t) N t)
=1 70

(2.10)
X (];’_‘11)#1(1 — )N dF (e,
N 1
TNij = -N"1? Z (¢, — lel)fo (I[Ui,l)(t) - t)(l[Uj,l)(t) - t)
(2.11) I=2
x(];’_‘;)tl*m — )Nt aF(t).
Arguing as in van Zwet (1984) we find
(2.12) E|Ty,|” <aP2P 'E|X,|PN- /2P,
(2.13) E|Ty,|" < b"2%E|X,|'N-@/2r,
In Putter (1994) it is shown that
Y (N -2
(2.14) Y (k =, )ETﬁmk < 45¢2N4EX?.
k=3

Since by (2.12), (2.13) and (2.14), o ?(Ty) is bounded, application of Theorem
1.3 completes the proof of the corollary. O

APPLICATION 3 (Smooth functions of the sample mean). Let X,..., Xy be
i.i.d. mean zero random variables taking values in a real separable Banach
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space B. Let H: B — R and define
Ty = VN (H(Xy) — EH(Xy)).

Let H)(x) denote the sth Fréchet derivative of H at the point x € B, where
H®X(x)h, -+ h, is the s-linear continuous symmetric form with arguments
hi,...,h, € B. Define ||H®(x)| to be the supremum of H“)(x)h, -+ h, over
all hy,...,h, € B with ||A,]| =1 and let

(2.15) IH®|.. = sup | H®(x)|.

x€B
Since T} o(¥-2)ET2,, < CN~° implies L}_,(¥-2)ET2,, < CN~*, the fol-
lowing is a consequence of the results in Bentkus, Gotze and van Zwet (1997)
and Theorem 1.3.

COROLLARY 2.3. Suppose that H'(0)X; satisfies Cramér’s condition
(2.16) lim sup | E exp{itH'(0) X,}| < 1

[t]— o
and suppose that E||X,||” < = for some p > 3. Suppose furthermore that H is
three times Fréchet differentiable with Y3_ ||H"|l.. finite. Then (2.3) and (2.4)
hold.

APPLICATION 4 (Smooth functionals of the empirical distribution function).
Let X,,..., Xy be real-valued i.i. d random variables with common distribu-
tion fanction F Let Fy(x) = N"'Y, Ix _,, denote the empirical distribu-
tion function of X;,..., X,. Let B be the space of cadlag functions from R to
R, let H be a map from B to R and define

— VN (H(Fy) - EH(Fy)).

Let H®(F) denote the sth Fréchet derivative of H at the point F € B with
s-linear continuous symmetric form H“(F)h, --- h, for hq,..., h, € B. De-
fine ||H®)(F)| to be the supremum of H“(F)h, -+ h over all hy,...,h, €B
with ||&,|| = 1 and define |[H®|.. = supy . gllH®(F)|l as in (2.15). The results
in Bentkus, Gotze and van Zwet (1994) and Theorem 1.3 imply the following
corollary.

COROLLARY 2.4. Suppose that H'(F)X1x _ ., — F(x)) satisfies Cramér’s

condition as in (2.16). Suppose furthermore that H is three times Fréchet
differentiable with Y}_ ||H|l.. finite. Then (2.3) and (2.4) hold.

3. The bootstrap. The results in Section 1 have been formulated in such
a way that the conclusions hold uniformly for all Ty and P satisfying the
assumptions of the theorems for fixed constants and sequences (cf. the
discussion following Theorem 1.3). This allows an application to the boot-
strap. For every N, we take as our underlying distribution the empirical
distribution P, based on the observed sample X,..., Xy. Then we need to
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check the moment assumptions of the various terms in the Hoeffding decom-
position under Py. When the structure of Ty is not too complicated, it is
possible to relate these moment assumptions under P, to moment assump-
tions of the corresponding terms in the Hoeffding decomposition of 7, under
P. We shall illustrate this for a U-statistic of degree two. This case has been
studied earlier by Helmers (1991). For more complicated statistics, verifica-
tion of the nonlattice condition (3.2) for the linear part in the Hoeffding
decomposition of the bootstrap statistic may pose considerable problems.

Let X,,..., Xy be a sequence of iid. random variables with common
distribution P, let h: R? > R be a symmetric kernel with Ei(X,, X,) = 6
and Eh%*(X,, X,) < © and define the U-statistic

Uy — (];’)1 YY h(X,X).

1<i<j<N
Let Ty = VN (Uy — 6) and define
g(x) = E(h(Xy, X,)1X, =x) — 0,
P(x,y) =h(x,y) —g(x) —g(y) — 0.
Hoeffding’s decomposition of T} is then given by

(3.1)

1 N 2
Ty = Wi;g(&) + IN(N=T) XY ¥(X, X))

1) 1<i<j<N

Let SZ be the jackknife estimator of variance of Ty and define Fy(x) =
P(Ty/Sy < x). To define the bootstrap approximation to Fy, let X, ..., X3
be an i.i.d. sample from the empirical distribution P, and define

vi=(N) " X mxexp),

1<i<j<N
1 N N
05 = B(U§1Xy, o, Xy) = 35 Y Y A(X, X)),
i=1j=1
T§ = VN (Ui — 6%),  Fi(x) = P(T§/Sh = x1X,,..., Xy),

where S%? is given by

-1
o = (5] LT mxn X, T - N - 6,

2 1<j<k<N+1
Jiok#i
1 N+1 N+1 9
v o %2 . o
Ti=yr7 2, S= L (T-1¢).
i=1 i=1

The Hoeffding decomposition of 75 can be expressed as

1 N 2
Ty Ee D oy BE (XX,
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where the functions g, and i, are defined by
gn(X{) = E*(h(XT, X3)IXT) — 6,
I (XE,X3) = h(XF, X§) — en(X¥) — en(X3) — 63,
Here E* denotes expectation under Py, conditionally given X;,..., Xy. It is

easily seen that the functions g5 and iy may be expressed in terms of the
functions g and ¢ as follows:

en(XP) =g(X}) — g+ 9(XF) - ¥,
U (X7, X3) = o( X5, X5) — p(XF) — p(X5) + v,
where

N _ N = N o_
g=N"'YeX), () =N'YTu(xX), #=NTLiX)

i=1

COROLLARY 3.1. Suppose that the distribution of g(X,) is nonlattice and
suppose that there exist p >3 and r > 2 such that E|g(X)|’ < o,
Ely(X,, X,)I" < % and E|y(X,, X)|"/? < ». Then

VN sup | Fi(x) — Fy(x)| —p 0.
xeR

ProOF. It is clear from the proof of Theorem 3 of Helmers (1991) that the
nonlattice condition on the distribution of g(X;) implies almost surely a
nonlattice condition on the distribution of g, (X}*), which is uniform for large
N, that is, for every 0 < a < A < o, there exists ¢ > 0 such that

(3.2) limsup sup |E*exp(itgy(Xi))| <1-¢ as.
N a<l|t|l<A

We proceed to show that E*|g,(X;)|” is bounded in probability. Note that
_ ol p =
E* gy (XD <c,(E*g(XP)[ + 11" + E*[p(XH)[ +191°).
Since E|g(X,)|” < «, we have by the law of large numbers,
E*|g(X)|" »p Elg(X)[, 181" —p 0.

Next,
_ » _ N N P
E*[p(XH)[ + 1P =N X [N Y (X, X))
i=1 j=1
N N P
(33) + N_Z Z Z lp(Xl’X])
i=1j=1
N N P
<2N7! E N1 Z w(XL,Xj)
i=1 j=1
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It suffices therefore to show that N"'LY | INT'Z | (X, X))|” goes to zero
in probablhty Write

N Z

i=1

4

N-! Zl//(Xl,X)

Jj=

N P

e N Y WX, X)P 2N Y [N R (X, X))
i=1 i=1 J#i
The first of these terms tends to zero almost surely, and a fortiori in
probability, by the Marcinkiewicz strong law of large numbers (Gf
Elyp(X,, X)IP/P*D < ). Applying Lemma A.1 we see that there exists 6 > 0
and random variables (X, X)), for 1 <i <j <N such that (X}, X)) <
N1'7?% and
P(#(X,, X)) = (X, X;),1<i<j<N)=1-0(1).

It follows that

N p
Ly (X;, X)) 28)
= j#i
N 5 p
=P(N' ) (X, X)) =& +2(1)
= J#i
2
<P|N@-2Xp=2)-3 Z( ) >e| +4(1)
N 2
— p|NO-p-2)-3 Z( ) > e| +2(1)

IA
2

2
g ING-Xp=2-3F 3 ( Y lp(Xi,Xj)) +2(1)
; J#i

< e INGXP=2D71Fy2 (X, X,) +2(1) > 0
if3<p <2+ (1 —8)"L It follows that there exists p > 3 such that
- 4 =P
(3.4) zlpxnl +ll -
Next, we show that E*[y (X5, X5)|" is bounded in probability. Note that
E* |y (X5, X) [ < e (B*|w(X5, X)) [+ 2B [y(X)| +191").
First of all,

o (X, X)[

M=
M=

E*|y(XF, X5)[ =N2

i

Il
-

j=1

v x) (Y] |

1<i<j<N

<N?

12

MZ

I
—

i
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The first of these terms tends to zero almost surely by the Marcinkiewicz
strong law of large numbers, the second to E|¢(X,, X,)|” < «© by the strong
law of large numbers for U-statistics. Finally, for r < p, we have by (3.4),

2E*|y(XF)| + 1yl -5 0.
Application of Theorem 1.2 shows that uniformly in x,

F]:kl(x) = CI)(x) + (g(—\/]xv)[(ZxZ + 1))@‘ + 3(.962 + 1))\45] + O'(N_l/z),

where Af and A} are given by
AT = E'gy(XT), A5 = Ergn(X{)en(X5)w(XT, X5).
Arguments, similar to the ones employed for the terms E*|g,(X;)|”

and E*|yy(XF, X5)I” show that AT —, A; for i = 1,2. Since the functions
(2x2 + 1)¢(x) and (x2 + 1)¢(x) are bounded in x, the corollary is proved. O

4. Edgeworth expansions. The proofs of this section rely heavily on a
result on Edgeworth expansions for U-statistics, obtained by Bickel, Gotze
and van Zwet (1986). Let X;,..., Xy be ii.d. random variables assuming
values in a measurable space (Z,.%) with common distribution P, and let
h: X2 — R be a measurable function which is symmetric in its two
arguments, with EA(X,, X,) = 0 and Eh*(X,, X,) < «. Let

N !
o= (3] EE ax.x)
2 — =
1<i<j<N

be a U-statistic of degree two. Define the functions g and ¢ as in (3.1) and

A= a'g*3Eg3(X1),

)\2=a'g_3Eg(X1)g(X2)¢(X1,X2), K3 = Ay + 3A,.
Then k3N '/? serves as an approximation to the third cumulant of

Uy /o (Uy). The (one-term) Edgeworth expansion for the distribution function
of Uy /o (Uy) is given by

(4.1)

K

(42) Gy (%) = ®(x) = wr= (2% = 1) ().

The validity of this expansion was first proved by Janssen (1978) and
Callaert, Janssen and Veraverbeke (1980). The best result to date has been
obtained by Bickel, Gotze and van Zwet (1986), who proved the following
theorem.

THEOREM 4.1 [Bickel, Gotze and van Zwet (1986)]. Suppose that there
exist real numbers C > 0, p > 3, r > 2, and a positive continuous function x
on (0,%), such that

(43) Elg(X,)[ <C;
(44) E|y (X, X,)[ < C;
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and
(4.5) |Eexp(itg(X,))| <1—-x(¢) <1 Vt>O0.

Then there exists a sequence ey \ 0, depending only on p, C, r and yx, such
that for N = 2,3,...,

(4.6) sup |P(Uy/0(Uy) <x) — Gy(x)| < ey N~ 1/2.
xeR

Bickel, Gotze and van Zwet (1986) prove this theorem under a slightly
weaker moment assumption on g, namely E|g(X1)|31{|g(Xl)|2t) - 0ast — o
This is implied by (4.3), since for ¢ > 0 and p > 3,

3/p (p—3)
Elg(X)[Lpxpion < {Elg(XD[) " {P(g(X)] = t))" 77

(p-3)
< (Bla(x )lp}s/p{E|g<X1)|’°}” " Eaxyl
B ! tP tr=3

Note that, like the results of Section 1, the present theorem is formulated
in such a way that the conclusion is valid uniformly for any class (%, P) for
which the assumptions are satisfied for fixed C, p, r and y. The uniformity is
important when we want to apply this result to symmetric statistics where
the functions g and ¢ in the Hoeffding decomposition of the statistic depend
on N. It allows us to consider sequences {gy}, {4} and {Py} as long as
(4.3)-(4.5) are satisfied for fixed constants C, p and r, and for a fixed function
x for every N.

Assumption (4.5) ensures that the distribution of g(X;) is nonlattice.
However, it is clear from the proof of Bickel, Gotze and van Zwet (1986) that
the behavior of the characteristic function of g = g is irrelevant for ¢ > 7,
if 7y = . Thus, assumption (4.5) can actually be relaxed. Sufficient is the
existence of a sequence 7, — « and a positive continuous function y on (0, ),
such that

(47  |Eexp(itgy(X,))| <1—x(t) Vite(0,7y)forall N.

Of course the sequence {&y} in Theorem 4.1 will then also depend on the
sequence {7y}. In particular, in Theorem 1.2 we require the less restrictive
assumption (4.7). This is because the proof employs truncation of the linear
term g, (X,) (corresponding to N/2Ty,), which will destroy (4.5), while (4.7)
is still fulfilled for the truncated g,(X;) if it is fulfilled for the original
gn(X}) (cf. the discussion after Corollary 4.2).

Generalization of Theorem 4.1 to symmetric statistics is now straight-
forward.

Proor oF THEOREM 1.1. By (1.15) and Chebyshev’s inequality,

S N—3/2
P( il

1/3707—1/2
813/3N_1 < 6y/°N ,

Y Typ

-~ 5N 1/2) <
|D|>3
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so that this part can be neglected. What remains is a U-statistic of degree two
and we can apply Theorem 4.1 using the correspondence

Nl/zTNizg(Xi)’ N3/2TNij= ‘/’(Xi:Xj)-
This proves Theorem 1.1. O

Before we set out to prove Theorem 1.2, some preliminary remarks are in
order. To prove Edgeworth expansions under weak moment conditions, trun-
cation is a well-established technique. Lemma A.1, stated and proved in the
Appendix, is the truncation lemma we shall find useful. First we apply it to
the random variables T),. Note that for our purposes events with probability
2(N~'/?) may be neglected. We have E|Ty,|” < CN"?/% for some p > 3, by
(1.13). In Lemma A.1 we therefore choose s =p > 3 and n = N (P ~3/4P tq
obtain the following corollary.

COROLLARY 4.2. Suppose that E|NY/2Ty,|” < C for some p > 3. Then there
exist i.i.d. Tyy,..., Ty nyq with Ty; = ox(Ty,) satisfying
Ty, < N~(P=3/4P = ,(1);
P(Ty; = Ty;,i=1,...,N + 1)
+1

(4.8)

N
(4.9) >1-2C N(-1/4

Nt/2E|TZ/Vi _ TNilt < 92t+1oN—(p+3)Xp—1)/4p)

3 ﬂ(N—(3(p—t)/2p))’ 0<t<p,
@(1), t=p.

>1—4CN-(P~D/1 = 1 —,(N"1/2);

(4.11)

Throughout the proofs in the sequel we shall assume that the T}, have
been replaced by their truncated versions T};;. For simplicity we delete the
prime in TY;;, thus in effect assuming that (4.8), (4.10) and (4.11) are satisfied
for the original Ty,.

In the formulation of the theorems, however, both the assumptions and
the conclusions are stated in terms of the original T),. We should therefore
make sure in the first place that the assumptions for the original Ty, im-
ply the same assumptions for the truncated 7y,. Secondly, having conducted
the proof with the truncated random variables, we obtain a conclusion for
the truncated random variables, and hence we also have to check that the
conclusion of the theorem is still true when we replace the truncated Ty, by
the original Ty;.

To see that all this is justified in Theorem 1.2, we note that the probability
that the substitution affects the values of any of the Ty, and hence of Ty or
SZ%.is +(N~1/2) uniformly in P and Ty satisfying (1.13). Exceptional events
with probabilities of this order of magnitude are allowed in all our results.
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It remains to check that the substitution does not affect the assumptions
or conclusions of our results in any other way. Clearly, (4.11) guarantees that
(1.13) implies that E|NY2Ty,|” <27 'C(2%P*! + 1), so that assumption
(1.13) is satisfied for Ty,. In Theorem 1.2 we shall also encounter the
assumption that there exist a sequence 7y — * and a positive function y on
(0,%), such that |E exp{itN/?Ty}l <1 — x(¢) for all t € (0,7y) for all N.
Now (4.9) and (4.11) imply

|E exp(itN'/?Ty,} — E exp(itN/?Ty,}| < 8CN-(»~1/4

<8CN~ 12 forall ¢,
and

, 2
E(N1/2TN1)
EIN'2T},°

Since the remaining assumptions ensure that NETZ, ~ o > ¢ > 0, and
(4.11) yields
(4.12) N|ET}% — ETZ,| < 32CN-(»+3)p=2)/4p)

we find that E(N'/2Ty,)? and E|NY2T},|* are bounded away from zero and
infinity. Hence, for some ¢, > 0 and integer N,, (E(NY2T},)?/EINY/?Ty,|>)
> t, for all N > N,. Now, for 0 < ¢ < 7y,

|E exp{itN'/?Ty,}| <1 — x(t) + 8CN"V2 <1 — x(t)/2,

if ¢ is such that y(¢) > 16CN '/2 Since y is a positive continuous function,
it has a positive minimum on every closed interval K = [¢,, 7], and hence we
may choose a 7 = 7y < 7y for sufficiently large N, so that the minimum over
K of x(t) is still larger than 16CN~1/2, The fact that 16CN /2 - 0 as
N — o, allows us to choose 7y tending to infinity, as N tends to infinity.
Defining a function

|E exp{itN'/?Ty,}| <1 — 1/3NET7t?  if |t] <

3 [ x(®) e,

x(t) mln( 5 4t ),
it follows that there exists a sequence 7, — %, such that for sufficiently large
N > N,, |E exp{itN 2Ty}l < 1 — x(¢) for all ¢ € (0, 7y). It is easy to see that
the function ¥, the sequence {r}} and N, depend only on P and {T}} through
the various constants and sequences in our assumptions (including {ry}) and
this is therefore all we need.

Finally, in the conclusion of Theorem 1.2, the quantities o2, A, =
N32%3ETS, and A, = N5 20y ETy,TyyTy1s occur. Application of (4.11)
shows that changing Ty, into Ty, affects 0,2, A; and A, only to order
+(N71/%), »(1) and +(1), respectively, which does not alter our conclusions.

Summarizing, we conclude that in the proof of Theorem 1.2 we may assume
without loss of generality that (4.8), (4.10) and (4.11) hold for the original Ty;.

We noted earlier that all results (though they should be viewed as asymp-
totic results) are formulated as inequalities for fixed, but arbitrary N. In the
proofs, we should then formally also be working with inequalities that are
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true for every N. Phrases like (N 1) are, strictly speaking, not allowed,
because there is no N tending to infinity. To work with inequalities through-
out the proofs would, however, become extremely tedious. To avoid these
laborious formulations from occurring throughout the proofs and the more
informal passages in the text, we shall use » and @ symbols all the same,
agreeing that they are uniform in everything that satisfies the assumptions
for fixed constants and sequences. Thus, the statement ay =«(N') for
example, should be read as Na, < ¢y, for some sequence ¢y tending to zero,
depending only on the constants and sequences in the assumptions. Simi-
larly, ay = @(N 1) will stand for Nay < C, for some constant C, depending
only on the constants and sequences in the assumptions.
In order to prove Theorem 1.2 we shall need the following lemma.

LEMMA 4.3. Suppose that there exist numbers p >3, r> 2, ¢ > 0 and
C > 0, such that for N=2,3,...,(1.2), (1.3), (1.13), (1.14) and (1.18) are
satisfied. Then there exist sequences 6y \ 0 and ey \ 0, depending on Ty and
P only through p, r, c and C, such that for N = 2,3,...,

N+1
Sy —on— X (Ky; +Ly;) — 22 My;;| = eyN~1/?

(4.13) i=1 1<i<j<N+1
where
(4.14) Ky, = fvi(X;) = 2NE(TNijTNj|Xi)’ J# i,
(4.15) Ly, = sz(Xi) = Tl\zli - ETZ\2/'1>
and for i +# j,

My, = fus( X, X,
(416) 7 wo(Xi, X))

= 2Ty, (Ty; + Tn;) — 2E(Ty: /T X;) — 2E(Ty, Twil X;).

Lemma 4.3 should be compared for instance with identity (A8) in Callaert
and Veraverbeke (1981). It asserts essentially that the difference between SZ
and o5 can be expressed as a U-statistic plus a remainder term which is of
negligible order for our purposes. For a proof we refer to Putter (1994).

We are now prepared to prove Theorem 1.2.

Proor oF THEOREM 1.2. In view of Corollary 4.2, we assume that |Ty,;| <
ay = N (P=3/4P Tet V, denote the U-statistic
N+1

Vy= 2 (Ky;+Ly;) + P My;;.

i=1 1<i<j<N+1
Under the assumptions of the present theorem, Lemma 4.3 asserts that
(4.17) P(IS} — oy — Vyl = ey N '/?) < §y N~ 1/?

for sequences ey \ 0 and 8y \ 0.
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We begin by bounding the moments of the terms in V). We have
_ (p—-1/ 1
Kyl < ZN[E(ITNijlp/(p DlXi)] P p[E|TNj|p] /p

< ZCI/PNI/Z[E(ITNiJ-|p/("_l)lXi)](p_D/p for i +j.
Since r(p — 1)/p > 1 for r > 2 and p > 3, this implies that
(4.18) E|Ky,|" <27C"/PN"/2E|Ty,|" < 27CH* /PN,
and in view of an inequality of Dharmadhikari, Fabian and Jogdeo (1968),

r

N+1
(4.19) E| Y Ky;| <C'N"/2,
i=1
for an appropriate constant C’. Similarly,
4.20 E|Ly,|?"* < 2P/2E|Ty,|" < 2P/2CNP/2,
N1 N1
421 E|Ly,|" < 2'E|Ty,|*" < 2!Ca2!"PN~?/% fort > p/2,
N1 N1 N
N+1 2
4.22 E Ly, | <Clayy PN~ P=2/2 if p < 4,
Ni N p
i=1
(4.23) EIMy,I" < 2 E|Ty,Ty1l" < 237 Caly N~37/2,
(4.24) E| Y)Y My, <ClayN""2

1<i<j<N+1

Now, first, (4.19), (4.22) and (4.24) imply that EVy? =+(N"1/2), so by (1.2)
and (4.17) we find that for every & > 0,

2 2
Sy —ox

oy

p

> 8) =0(N_1/2).

Since also
Z TND

P(
[D|>3

we find that there exist ¢y \ 0, such that
T Ypi<aoT,
P( N ~Dj<2inD

N
o T
> sNN‘l/Z) < @’( )

> aNN1/2) —o(N"1/2),

Sy Sy
and
T, Yoo T,
() =P(S_N Sx) SP(% <x+a(N V)| +a(N12),
N N
T; Yoo T
Fy(x) =P(§ Sx) 2P(% <x—a(N-V2)| +4(N-1/2).
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We have to show that sup |Fy(x) — Hy(x) =2(N"'/2), and as Hy(x) has
bounded derivative, this is equivalent to showing the same thing with Fy
replaced by the distribution function of Y5 .o Typ/Sy- Hence Ty may be
replaced by the U-statistic

N
U= L Tyi+ XX Tyij»
i=1 1<i<j<N
and Fy(x) by P(Uy/Sy < x).
Next we write
U, U, S
P(—N Sx) -p| X~ Sx—N).
Sy N N
Because xHj}(x) is bounded, Hy(x(1 +2(N"'/?))) = Hy(x) +2(N"'/?), and
in view of (4.17) we may replace Sz in P (Uy/oy < x(Sy/0y)) by o + Vy.
Therefore, we may replace Fy(x) by
1/2
- 1} < x)

U, o2+ Vy)/® U,
L/ -0 i S
For |z| <4/5 we have 1 + (2/2) — (22/4) < (1 + 2)V/?2 < 1 + z/2 and hence
we have, with probability 1 — (N ~1/2),

V,
P 1+ =

on

On On On

Vv Vi Vi) Vi
902 i =|1t—| —l<o-5.
20y 4oy oy 20y
As
N+1 2 N+1 2 2
Vi <3 ( Y Kyi| +| X Ly| + ( »> MNij)
i=1 i=1 1<i<j<N+1
and
N+1 2 2
P ( Y Ky, +( » MNU-) > oy N-12| < 5, N-1/2
i=1 1<i<j<N+1

for some &y \ 0 and 8y v 0 by (4.19) and (4.24), we see that

v, TN Vi |2 v,
an —3( . 4N) +o(N V2 < |1+ 5| -1
20y 4oy oy 20y

with probability 1 —+(N~1/2). By the same argument as before, it follows
that we have to show that

U, xV,
(4.25) sup P(—N - sx) — Hy(x)| =o(N"12)
x On ON
and

Uy aVy  3x(IN4 Ly,)

Pl — + sx) — Hy(x)

(4.26) sup

X

=0(N_1/2).

- 2 4
oy 20y 4oy




1560 H. PUTTER AND W. R. VAN ZWET

The first of these is a consequence of Theorem 4.1. Obviously (Uy/oy) —
(xVy/20:2) is a U-statistic of degree two. Moreover, because a, = N~ (P ~3/4p
and p > 3, (4.23) implies

EIN32xMy,I" < C'ajy(log N) =4(1) if|x| <log N.
Because of (4.21), we find that for |x| < log N,
EINY2xLy,|? < 2PCaf(log N)” =4(1).

At this point we apply Lemma A.1 again to Ky, = 2NE(Ty,;Ty;|X;). By
(4.18), E|Ky,I" < C'N"". In Lemma A.1 we now choose s =r > 2 and n =
N-1/4==2720 Tt follows that there exist i.i.d. Kyy,..., Ky v, with Ky, =
oy (Ky;) satisfying
(4.27) Kl < N-1/4-@=2/20),

P(Ky;=Ky;,i=1,...,N+1)
N+1
(4.28) >1-20——N"/

L ACN T 1 —a(NV);
(4.29) EK, - 0:
N'E|K), — Ky;|' < 22 ICN- @ +9r=0/4n)

_ Ja(NTBUmEny 0 <t <,

(4:30) a(1) t=r.

We shall treat the K, as we did the T};, that is, we shall delete the prime
and assume throughout the proof of this theorem that the original K,
satisfy (4.27), (4.29) and (4.30). The probability that this makes any difference
is 2(N~'/%). The only place where the K, occur in the conclusion of the
proof is in Ay = N*2ETy TxoTxn1s = N?/2ETy,Ky,, and we have to check
that

N¥2|ETy, Ky, — ETy, K| = 0.
This is a consequence of (1.13) and (4.30), since

N32|ETy, Ky, — ETy,Kjy,| < N3/2|ETN1( Ky, — Kf\fl)l
2
< NY2(ET},)*(E(Ky, - Kyy)?)
=ﬂ(N—(3(r—2))/4r).

Now we find that E|[N'2xK,,;|” =4(1), for |x| <log N and any p’ < 3r. It
follows that for |x| < log N, (Uy/oy) — (xVy/20:¢) satisfies assumptions (4.3)
and (4.4) of Theorem 4.1.

To check assumption (4.7) for (Uy — (x/20y)Vy), we have to consider
the characteristic function (¢) = E exp{itN'/?Ty,}, where Ty, = Ty, —
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(x/20p Ky, + Ly,). Of course

~ 2
2 E(N'*Ty,)
t)|<1-1/3E(NY?T, t? ifltl < ——x—5.
|¢( )l / ( Nl) 1 E|N1/2TN1|3

We have shown above that E|IN'2x(Ky, + Ly,)|” = 0 uniformly in |x| <
log N for some p > 3. Also E(N'/2Ty,)? and E|NY?Ty,|* are bounded away
from zero and infinity by (1.2), (1.13) and (1.18). Hence there exist ¢, > 0 and
N, such that

|¢(¢)| <1 —c/4t? for0 <|t|<t,and N > N,.
Next we note that
2]

EE|N1/29C(KN1 + Lyy) |

lw()<1-x(¢) +

The expectation on the right tends to zero uniformly for x < log N. Since
x(¢)/t is positive and continuous on (0, ), we find that there exist 73 — oo,
Ty < Ty, such that

lp(t)|<1—1/2x(t) forty<|t| <7y and N > N;.

It follows that assumption (4.7) is satisfied uniformly in |x| < log N. Hence,
by Theorem 4.1,

U, xV, -
sup P(—N - = sx) — Gy(x)| =2(N"V2),
|x|<log N on On

uniformly in all Ty and P satisfying our assumptions. Here

Gu(x) =0 | = N = oo,

X

) JZ(UN xVy

g, =

(4.31) oy 20y

Nx
=1- —?)(ET]\:‘}1 + 2NETN12TN1TN2) +0(N_1/2),
ON

ks = oy (N¥2ETE, + 3N*/2ETy,Ty,Tys),
and it follows that Gy(x) may be replaced by

P(x)
Hy(x) = ®(x) + W[,\l(zgﬂ + 1) + 3A,(x2 + 1)],
A\, = N3 2%03ETR,, Ay = N5 203 ETy 15Ty Ty o -
For x < —log N, Hy(x) = @(N~°), and for x > log N, we have that 1 —
Hy(x) = @(N~°) for every ¢ > 0, so monotonicity of a distribution function
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implies (4.25)

sup =o(N?).

X

2
On ONn

U ba%
P(—N— 2 Y Sx) — Hy(x)

To prove (4.26) we have to show that the presence of the term
3x(XNH Ly,)?/(4oy) in (4.26) does not influence the expansion. As before, it
is sufficient to consider | x| < log N. Without loss of generality we assume that
3 < p < 4. Consider Hoeffding’s decomposition of x(X¥*! Ly.)%:

N+1 2 N+1
x( Y LNi) =x(N+ 1)EL%, +x ), (L?Vi — EL?\,I)
(4.32) i=1 i=1
+ 2x ZZ LNiLNj.

1<i<j<N+1
By (4.22) the constant term satisfies
|x[(N + 1)ELY, = @(ay PN~ ?~?/21log N) =o(N~1/?),
so it does not influence the expansion. By (4.21),
E|NV2x (L%, — EL%,)|" < (2NY?log N) E|Ly,[*
< 23PCalf(log N)* =4(1)
and for r' = 2p/3 > 2, (4.21) ensures that

(4.33)

EIN*?2xLy,Ly,I” = (2N*?log N)" (E|Ly,")’
= o(a3? P (log N)"') =o(1).
It follows that the terms x(L%; — EL%;) and 2xLy,Ly; in the Hoeffding
decomposition (4.32) satisfy the same assumptions (1.13) and (1.14) as Ty;
and Ty, ;. Also the presence of a term (L%, — EL%,) cannot affect the bound

(1.16) on the characteristic function for the same reason that the presence of
Ky, and Ly, cannot. Hence,

Uy  «Vy Bx (XNt LNZ-)2

a 2 4
oy 20y 4oy

(4.34)

(4.35)

has an Edgeworth expansion with remainder »(N~!/2) uniformly for |x| <
log N. This Edgeworth expansion is of the same form as the expansion Hy(x)
in (4.25), and in view of (4.33) and (4.34), the presence of the term
3x(XN41 Ly,)?/(40y) can only influence the expansion through the variance
of the random variable (4.35) [cf. (4.31)]. However, the term of largest order
that can contribute to this variance is of order

|xIN(|cov(Tyy, L3;)|) = @(N(log N) E|Ty, )
=0 (a} P(log NYN~(P=2/2) =4(N~1/?),

which does not change the expansion Hy(x). This proves (4.26) and the
theorem. O



EEE FOR SYMMETRIC STATISTICS 1563

5. Empirical Edgeworth expansions. In this section we prove the
consistency of the jackknife estimates A; and A, [as in (1.23) and (1.24)] of
the quantities A; and A, appearing in the Edgeworth expansions G (x) and
Hy(x) of the distribution functions of Ty /oy and Ty /Sy, respectively, thus
validating the empirical Edgeworth expansion.

For the proofs we again assume that T\, = ty(X;, ..., Xy; P) is a symmet-
ric random variable with ETy, = 0, ET2 < *and 0 < ¢ < ¢%(Ty) < C < = for
some positive numbers ¢ and C.

LEMMA 5.1. Suppose that there exist constants p >3, ¢ >0 and C > 0
such that (1.2) and (1.3) are satisfied, E|INY2?Ty,|” < C, and
y Z(kfl)ETNQ < CN~2 Then there exist sequences 5N N0 and ey N O,
which depend only on p, c and C, such that for N =
N+1 .3
Y (Ty - T{) — NETy,

P(ZVI/2
i=1

> SN) < 8y.

ProOF. Obviously all we have to prove is that for every & > 0,
N+1 3

Y (TN — TIS,‘)) — NET$,
i=1

uniformly for fixed p, ¢ and C. Write Ty, — T\ = Vy,; + Wy,, with

p(Nw

23)—)0

|D|
VNi = Z (ID(i) NI
D N+1) NP
D=1
and
Wm (10 D
Ni = D - ND-
DCOy., N+ 1
|ID|>2

Then Vy, can be expressed as Ty, — (1/(N + D)LY 1 Ty, = Ty, — Ay, and
an 1nequahty of Dharmadhikari, Fabian and Jogdeo (1968) ensures that

E|Ay|? = #(N~?). Expansion of ZN”(T T$? yields
N+1 ' N+1 N+1 N+1 N+1
Z (TN - T]&TL)) Z VNZ +3 Z VI\?LWNZ +3 Z VNZWI\?L + Z WNz
i=1 i=1 i=1

First we show that
N+1 N+1

NV Y Vi — X TNi| —p O
- -
This follows easily from the fact that for i = 1,..., N + 1,
ElVy, — Tyl

= E| — 8T, Ay + 3Ty, A% — A

3 3 3\1/3 3\2/8 3
< 3(E|Ty,l ) (EIANI ) gt 3(EITy,I”) " (ElANI’)"" + ElAyl
=@7(N?).
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Since E|NY2Ty,|> < C?/?, it also follows that E|N'/2Vy,|’ < C, for some
C, > 0 and all N.

Next, define
N+1 N+1
RNl = N2 Z Wz\:;’i’ RN2 = N2 Z VNiW]\%i’
i=1 i=1
N+1
Ry; = N2 Z V]\?iWNi'
i=1

Since EINV/2V,,|* < C, and E(NWy,)? < N2l ,(¥-1ET2,, < C, two ap-
plications of Lemma A.1 yield that for every ny — o there exist Vy,; and Wy,
fori=1,...,N + 1, such that
Vil < iy N“V8, Wl < myN—1/2

and

P(Vyi=Vyi,i=1,..., N+ 1) =1-4(1),

P(Wy, =Wy, i=1,..., N+ 1) =1-4(1).
Hence, we may replace Vy; by Vy,; and Wy, by Wy, in Ry, Ry, and Ry.

For these remainder terms to go to zero in probability, it suffices to show that
E|Ry;l = 0, for j = 1,2,3 with

N+1 N+1
— 1/2 2 _ 1/2 2
Ry, =NY2 ) Wy,Wy, Ry, =NY? Y V,Wy,
i=1 i=1
N+1
— 1/2
Ry; =NY2 Y V§ViWy
i=1

This is easy, since for 1y =2(N1/©),
E|R)y,| < nyNEWZ, - 0,
E|Ry,| < nyN*3EWZ, - 0,
E|Rysl < ny N*3(EVE)*(EWZ,)" - 0.

Finally, using an inequality of von Bahr and Esseen (1965), we have for every
g > 0, as N tends to infinity,

C'(N + 1)E|Ty,|”
<

> & (8N71/2)p/3

—

N+2
p(|w s g - )
i=1

Since the uniformity of the convergence of the various terms is easily checked,
the lemma is proved. O

LEMMA 5.2. Suppose that there exist constants ¢ > 0 and C > 0, such that
(1.2) and (1.3) are satisfied, E|NY?Ty,|® <C, E(N®32Ty,,)*><C, and
ZLJ’;’:%)ETZ\%Q}C < CN~*. Then there exist sequences &y ~ 0 and &y \ 0,
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which depend only on ¢ and C, such that for N = 2,3,...,

p| N2 m;«i—m—mwmw

1<i<j<N+2

(TN - TZS/i))(TN - Tz&zj)) - ETN1TN2TN12}

> SN) < 8y.

Proor. Write
= . o 1
Ty—TW-TY+TN" =Ty, — m(TNi + Ty;) + Ay
Ty—T =Ty, + Zy,.
Then

(Ty = T = T + T¢)(Ty — T)(Ty — TY)

1
= (TNij - m(TNi + TNj))(TNi + Zyi)(Ty; + Zy;)
+ Ay i (Tyi + Zy) (T, + Zy;)-

Straightforward calculations show [cf. Putter (1994)] that under the condi-
tions of the present lemma, EA%;; = @(N~*). It also follows from the proof of
Lemma 5.1 that EZ2, = ¢(N~2).

First we shall show that

NYV2YY A i(Tyi + Zy;) (T + Zy;))

i<j

=N23 ) Anii(Tyi Ty + TyiZy; + Ty Zyy + Zyi Zyj)

i<j

tends to zero in probability. Applying Lemma A.1 we see that there exist Ty,
such that |Ty;| < N~'/® and

P(Ty; =Ty, fori=1,...,N+2) =1-4(1),
so it suffices to show that

E|N'? %) Anii(Tni Ty + Ty Zy; + T Zyy + Zyi Zyj)

i<j

- 0.

This is true, as the above expression is less than or equal to
sNOZN"VEE|Ap 1o (Tyy + Zyy + Zyp) | + 5N ?ElAy 1521 Zys|
< N'/3(EN%,) *((BT3)"” + (BZ3,)*)
2
+iNY?(ENyy,)  "EZE,
=@(N /8 + N3/2).
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It remains to consider

1
N'/Z ZZ( Nij — m(TNi + Ty; ))(TNL + Zy;)(Tyj + Zy;)

1<J

1
- N1/? ZZTNiTNj(TNij “nr vt TNj))

i<j

1
+ N2 ZZ( Nij — m(TNi + TNj))(TNiZNj + Ty, Zy;)

i<j

1
+ N1/2 Xl‘%: (TNU N1 ——(Ty; + TNJ))ZNLZNJ
We can deal with the second and third of these terms in a similar way and

see that we have to show that

1
E|N'? Y. (TNij N1 ~—(Ty: + TNJ))(TNLZNJ + Ty Zy;)| > 0

i<j

and

1
E N1/2 ZZ (TNij — m(TNi + TNj))Z}ViZNj - O,

i<j
with |T},;| < N~'/8 and | Z},;| < N~!/3. The above expectations can be bounded,
respectively, by

N5/2N71/8E

1
(Tle - m(Tz\u + TN2))ZN1
1/2

1 ? 1/2
leg/S(E(TNm - m(TNl + TN2)) ) (EZI%II)

=@(N'/?)
and

%NB/ZN—I/SE

(TNIZ - =Ty + TNZ))ZNI

N+1

1/2

1 ? 1/2
< %Nl?’/s{E(Tle - m(TNl + TN2)) } (EZ},)

=o(N/%).
Finally, note that under the moment assumptions of the present theorem
E|Ty Ty Tyiol™” < (ElTNlTN2|3)2/5(ETI\2712)3/5 < C7°N73,

6/5

T2 Ty,| <N %3(EITy,°)”" < C¥5N-2,

e
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Now define
1
Ly, = E(TNiTNjTNij|Xi) - mE(TNiTNj(TNi + TNj)|Xi)
- ETNITNQTNIQ’
1
My;; = Ty TynTyij — mTNiTNj(TNi + Ty;) — Ly; — Ly;
— ETy1TynsTy1s-

Obviously we have E|Ly,|*® < C'N~% and E|My,|*® < C'N~? for an ap-
propriate C'. Now

1
N2 ¥ TNiTNj(TNij - m(TNi + Ty;)| = ETy:1TynoThio
1<i<j<N+2
N+2
=NY?(N+1) ) Ly, + N> 33 My,
i=1 1<i<j<N+2
and
N+2 C"(N + 2 ElL |6/5
P(NW(N+1)ZLM SO Y L o5 0,
i-1 (eN"VAH(N+1)7)
( VoYY N L
pl|n My, |> | < >0,
1<i<j<N+2 N (5']\7_1/2)6/5

by the inequality of von Bahr and Esseen (1965). One easily checks the
uniformity of the various convergences and the lemma is proved. O

Proor oF THEOREM 1.3. The conditions of Theorem 1.3 allow application
of Lemmas 5.1 and 5.2, which together with Lemma 4.3 and Slutsky’s lemma
imply consistency of the estimators A; and A,. Combining this with Theorems
1.1 and 1.2 proves the theorem. O

APPENDIX
In this Appendix we prove a truncation lemma that is used several times
in the proofs of Theorem 1.2, Corollary 3.1 and Lemmas 5.1 and 5.2.
LEMMA A.1. Let Y be a random variable with EY = 0 and E|Y|* = v, <
for some s > 1. Then, for every n > 0, there exists Y' = o(Y') such that
Y'l<n a.s;

Vs

P(Y #Y) <

s ?
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ElY —-Y|'< ——= forevery 0 <t <s.
n

Proor. Choose n > 0 and define

-7, ifY< —ng,
Y =Y, if -n<Y<n,
n, if Y > 7.

We have |Y"| < 7 a.s,,

Vs

P(Y'#Y)=P(lY|>n) < —

Ui
and

EY' —YI'=E(IY|- 1) Ty .,
< (EIY]")°P(IY|=n)""° for0<t<s.

Next we change Y” slightly to make its expectation vanish. By the above we
have |EY"| < v,/ 1n°"1 because EY = 0. Assume without loss of generality
that EY” < 0 and change the value of Y” on a set of probability < v,/7n°
where —n < Y” < 0 to the value + 7 until the expectation equals zero. This
can actually be done, since otherwise this process would end with a nonnega-
tive random variable with negative expectation. Call the resulting variable
Y' = o(Y).

Obviously, |Y'| < n and EY' = 0. Also, P(Y" # Y') < v,/n° so P(Y' #Y)
< 2v,/m°. Since we have obtained Y’ from Y” by changing the value of Y” by
at most 21 on a set of probability at most »,/n°, we have E|Y' — Y"|' <
(v,/m°)2n)". Hence,

EY -YI'<@2"'VvI{EY -Y|I'+ElY -Y[}

v,

—(1+27) (27 v 1) <2@+D

Vs

IA

s s—t

This proves the lemma. O
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