The Annals of Statistics
1999, Vol. 27, No. 5, 1745-1784

TRANSFER OF TAIL INFORMATION IN CENSORED
REGRESSION MODELS

BY INGRID VAN KEILEGOM AND MICHAEL G. AKRITAS

Limburgs Universitair Centrum and Penn State University

Consider a heteroscedastic regression model ¥ = m(X) + o(X)e,
where the functions m and o are “smooth,” and ¢ is independent of X.
The response variable Y is subject to random censoring, but it is assumed
that there exists a region of the covariate X where the censoring of Y is
“light.” Under this condition, it is shown that the assumed nonparametric
regression model can be used to transfer tail information from regions of
light censoring to regions of heavy censoring. Crucial for this transfer is
the estimator of the distribution of ¢ based on nonparametric regression
residuals, whose weak convergence is obtained. The idea of transferrring
tail information is applied to the estimation of the conditional distribution
of Y given X = x with information on the upper tail “borrowed” from the
region of light censoring, and to the estimation of the bivariate distribution
P(X < x,Y < y)with no regions of undefined mass. The weak convergence
of the two estimators is obtained. By-products of this investigation include
the uniform consistency of the conditional Kaplan—Meier estimator and its
derivative, the location and scale estimators and the estimators of their
derivatives.

1. Introduction. Let (X, Y) be a random vector where Y denotes a pos-
sible transformation of the variable of interest and X is a covariate. Let C be a
“censoring” random variable which is conditionally independent of Y given X,
and suppose that the observable random vector is (X, Z, A), where Z = Y AC,
and A = I(Y < C). Finally, let (X, Z;,A;),i=1,...,n, denote independent
replications of (X, Z, A).

In this context, nonparametric estimation of the conditional distribution
F(y|x) of Y given X = x was introduced by Beran (1981), and studied by
several authors [Dabrowska (1989), McKeague and Utikal (1990), Gonzalez
Manteiga and Cadarso Suarez (1994), Akritas (1994), and Van Keilegom and
Veraverbeke (1996, 1997a, b)]. As with the ordinary Kaplan—Meier estimator,
the tails of the Beran estimator may contain little information if the cen-
soring is “heavy.” In particular, the Beran estimator cannot estimate F(y | x)
for y greater than the upper bound of the support of the conditional dis-
tribution of the censoring variable given X = x. This is due to the inher-
ent lack of information and cannot be overcome in a completely general set-
ting. Likewise all existing estimators of the bivariate distribution of (X, Y)
[e.g., Dabrowska (1988), Akritas (1994), Stute (1993, 1996), van der Laan
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(1996)] have regions of unassigned mass when censoring in the upper tails
is heavy.

In this paper we propose new estimators for F(y|x) and for the bivariate
distribution of (X, Y') which, under some additional assumptions, do not suf-
fer from the aforementioned disadvantages. In particular, the paper proposes
a method for estimating the conditional distribution F(y|x) in such a way
that tail information available in F(y|x), with x in regions of light censoring,
is transferred to the tails of F(y|x) for x in regions of heavy censoring. The
problem of transferring tail information was posed in Section 6.1 of Akritas
(1994) in the context of estimating a bivariate distribution and extension of
the least squares estimator to censored data; see Van Keilegom (1998) for the
application to least squares estimation in the present context. To make this
transfer possible, it is necessary to assume that (X, Y) follows the nonpara-
metric regression model

(1.1) Y = m(X) + o(X)e,

where ¢ is independent of X, the function m(-) is the unknown regression
curve and o(-) is a conditional scale functional representing possible het-
eroscedasticity. This model assures that the upper tail of F(y|x) is, up to
a scale factor, the same for all x, which is the weakest possible condition un-
der which the transfer of tail information can be accomplished. In particular,
model (1.1) implies that

(1.2) F(y|x)=Fe<y_m(x)>,

o(x)

where F, denotes the distribution of the error variable &. Let m(x) and
&(x) be nonparametric estimators for m(x) and o(x) and F, be the Kaplan—

Meier estimator obtained from the censored nonparametric regression resid-
uals ((Z; — m(X;))/0(X;),A;), i =1,...,n. Then relation (1.2) suggests

y - ﬁl(x))

o(x)
as an estimator of F(y | x). To see why this has the aforementioned advantage
over the Beran estimator, suppose that for a certain region R of x-values the
censoring mechanism allows the right tail of F(y|x) to be “well estimated”
for all x in R. This implies that the right tail of F, is “well estimated” by the
right tail of F',. In view of (1.3), it follows that the right tail of F(y|x) is “well
estimated” for any x.

The scenario of different degrees of censoring for different regions of the
covariates arises often in practice. Consider the typical case in which the co-
variate is a strong prognostic variable for the event of interest. Then, in regions
of the covariate indicating high risk, the amount of censoring is considerably
lower than in regions indicating low risk, as here extended follow-up is needed
to observe the event under study. In this situation, tail information in the high
risk region can be carried over to the low risk region.

(1.3) F(y|x)= F(
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To estimate the bivariate distribution of (X, Y) without having regions of
unassigned mass, we use the relation

(1.4) F.y) = [ Fy|)dFx(@).

where F'x is the marginal distribution function of X. Relations (1.3) and (1.4)
suggest

(1.5) P(x, y) = /; F(%’ZL)@) dF (1)

as an estimator for F(x, y), where F x(t) is the empirical distribution function
of the covariate X. This method for estimating the bivariate distribution was
proposed in Akritas (1994), but with the Beran estimator replacing the present
estimator F(y|¢). This estimating procedure is not only reasonable, but also
efficient [Akritas (1994)].

The paper is organized as follows. In the next section we give the precise
definition of the estimators of the residual distribution, the conditional distri-
bution of Y given X and the bivariate distribution of (X, Y), and we state the
main assumptions under which the results will be derived. Section 3 describes
the main results. A number of related results regarding the asymptotic prop-
erties of the Beran estimator, the estimators m(x), 6(x) and their derivatives,
all of which are of independent interest and are needed for the proofs of the
main results, are stated in Section 4. The main steps of the proofs are given in
Section 5 while the detailed derivations are deferred to appendices. In partic-
ular, Appendix A contains proofs of results needed for the weak convergence of
the Kaplan—Meier process based on nonparametric regression residuals, and
results needed for the weak convergence of the bivariate distribution of (X, Y)
are proved in Appendix B. The present work is part of Van Keilegom (1998)
where more detailed derivations can be found.

2. Definitions and assumptions. Consider the random vector (X, Y)
satisfying the nonparametric regression model (1.1), where the smooth
functions m and o are assumed to be, respectively, a location and scale
functional [as defined in, e.g., Huber (1981), pages 59, 202]. Let C, Z and
A be as defined in Section 1 and let F(y|x) = P(Y < y|x), G(y|x) =
P(C = y|x), H(y|x) = P(Z < y|x), Hy(y|x) = P(Z = y,A = 1]x)
and Fx(x) = P(X < x). The assumed independence of ¥ and C for
given X implies that 1 — H(y|x) = (1 — F(y|x))(1 — G(y|x)). Fur-
ther, denote F(y) = P(e < y) = P((Y — m(X))/a(X) = ¥), G(y) =
P((C—-m(X))/o(X) < y)and for E = (Z—m(X))/o(X) we use the notation
H,(y) = P(E < y), Ha(y) = P(E = y,A =1), H(y|x) = P(E < y|x)
and H,;(y|x) = P(E < y,A = 1| x). The probability density functions of the
distributions defined above will be denoted with lower case letters.

When no underlying structure is imposed on the random vector (X, Y'), non-
parametric estimation of the conditional distribution of Y given X is usually
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done by the conditional Kaplan—Meier estimator introduced by Beran (1981),

" Wi(xaan) }
1) Flylx)=1- {1 I ,
(y|x) zlg;lj[Ai:I " H(Z; > Z)W (%, ay)

where W,(x, a,) are the Nadaraya—Watson weights,
K((x - X;)/a,)

Wi(x,a,)= " K(x-X))/a,)

with K a known probability density function (kernel) and {a,} a sequence of
positive constants tending to zero as n tends to infinity, called a bandwidth
sequence. This estimator reduces to the usual Kaplan—Meier (1958) estimator
when all weights W,(x, a,) equal n~1. On the other hand, in the case of no
censoring (Z; = Y;,A; = 1), the estimator equals the kernel estimator of
Stone (1977). The estimator F(y|x), however, shares the same drawback as
the ordinary Kaplan—Meier estimator in that it often does not behave well
in the right tail. By imposing a slight restriction of generality in the form of
model (1.1), we propose an alternative estimator for F(y|x) which will, in
certain situations, not suffer from this drawback. This proposed estimator is
based on relation (1.2) which follows from (1.1).

The first step will be to estimate the error distribution function F,. This
will be accomplished by estimating m and o and using the Kaplan—Meier
estimator on the censored residuals. To estimate m and o we will work with
the particular definitions,

(2.2) m(x) = /01 Fl(s|x)J(s)ds,  o2(x) =/01 FY(s|x)2J(s)ds — m(x),

where F~!(s|x) = inf{¢; F(t|x) > s} is the quantile function of Y given
x and J(s) is a given score function satisfying fol J(s)ds = 1. Note that if
the assumed independence of ¢ and X holds for certain location and scale
functionals then it holds for all location and scale functionals. Hence, working
with the functionals m(x) and o?(x) in (2.2) is no restriction of generality.
Replacing F(s| x) with the Beran estimator (s | x) in these expressions yields

(2.3) m(x)zfol F~Y(s|x)J(s)ds, &2(x)=/01 FY(s|x)?J(s)ds — m>*(x)

as estimators of m(x) and o(x). The score function J will be chosen so that
m(x) and &(x) are consistent even if the tails of the Beran estimator are not
consistent. Set £, = (Z; — m(X;))/6(X;) for the resulting censored residuals,
and let

(2.4) Fy)=1- T] (1—;),

. n—i1+1
Ei=y, Ap=1

where E(i) is the ith order statistic of E;, ..., E, and Ay is the corresponding
censoring indicator, denote the proposed estimator of F,. To our knowledge,
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the asymptotic properties of the Kaplan—Meier estimator based on residuals
from nonparametric regression have not been considered in the literature.
Relation (1.2) leads to (1.3) as an estimator of F(y|x). As was explained
in the introduction, the bivariate distribution of (X, Y) given in (1.4) is now
estimated by (1.5) where Fy(x) =n~1Y" | I(X; < x). Because the asymptotic
theory is based on the i.i.d. representation for ﬁ' which is valid up to any point
smaller than 7z A 7q (where 75 = inf{y; F(y) = 1} denotes the upper bound
of the support of any distribution function F'), we need to to work with a
slightly modified version of (1.5). Namely the asymptotic theory developed in
Section 3, pertains to

25) Faaoy) = [ F(PR ) db o),

where T, < To(t) + m(t) for ¢ € Rx and where T < 7y . This is actually
an estimator of Fp(x,y) = [* F.(y AT, — m(t))/o(¢)) dF x(t), which can
become arbitrarily close to F(x, y) if 7z < 7 and T',, respectively, T', is chosen
sufficiently close to T'o(¢) + m(¢), respectively, 7 , for all z.

The primary objective of this paper is to study the asymptotic behavior of
the estimators in (2.4), (1.3) and (2.5). The following functions enter in the
asymptotic representation for these estimators, which we will establish in the
next section:

o n=a-ro|- [ SR Gt R

fe 0yl =(=F] x)){_ I. (1{H13((Z||§)))2 L IEVI(S ;)1) }

n(z, 8| x)= /_m £(z,8,v|x)J(F(v|x))dvo(x),

(G010 = [ t(e 00| (P 0) 750

Yy |x)= f % dH(s) + /,yoo f}f}(f!(g :

Y shy(s|x) Y d(she(s|x))
72(y|x)—/_mwdﬂe1(s)+/_ml_l—m‘

dv o (%),

Finally, H,(y) and H,(y) are estimated by the empirical distribution func-
tions based on the residuals E;,

ﬁe(y)=n_1ZI(E,§y) and ﬁel(y):n_IZI(EA'iSy, Ai:]-),
i=1 i=1



1750 I. VAN KEILEGOM AND M. G. AKRITAS

H(y|x)and H,(y|x) are estimated by the conditional empirical distribution
functions [Stone (1977)],

i=1
and

ﬁl(y | x) = Z?:l Wi(x7 an)I(Zi =Y Ai = 1)7

and the density f x(x) is estimated by fx(x) = (na,)™! I K({(x—X))/ay).
The assumptions we need for the proofs of the main results are listed below
for convenient reference.

(A1) (i) The sequence a, satisfies na’(loga;!)! = O(1) and na3+?
(loga; )™t — oo for some & > 0.

(ii)) The sequence a, satisfies na
some 6 > 0.

(iii) The support R x of X is bounded, convex and its interior is not empty.

(iv) The probability density function K has compact support, [« K(u)du =
0 and K is twice continuously differentiable.

4

4 — 0 and na3*?(loga,!)! — oo for

Let T, be any value less than the upper bound of the support of H(-|x) such
that inf, g (1 - H(T,|x)) > 0.

(A2) (i) There exist 0 < s, < s; < 1 such that s; < inf,  F(T,|x), sy <
inf{s € [0, 1]; J(s) # 0}, s; > sup{s € [0, 1]; J(s) # 0} and inf, g inf, _
f(F~Y(s|x)|x) > 0.

(ii) J is twice continuously differentiable, fol J(s)ds =1 and J(s) > 0 for
all0 <s< 1.

(iii) The function x — T, (x € Rx) is twice continuously differentiable.

(A3) (i) The distribution Fy is thrice continuously differentiable and
inf, p, fx(x)> 0.

(i1) The functions m and o are twice continuously differentiable and
inf, g, o(x)>0.

(ii1) The error variable ¢ has finite expectation.

(A4) (i) The functions 7n(z, 6| x) and {(z, 6| x) are twice continuously dif-
ferentiable with respect to x and their first and second derivatives (with re-
spect to x) are bounded, uniformly in x € Ry, z < T, and 8.

(ii) The first derivatives of n(z, § | x) and {(z, 6 | x) with respect to z are of
bounded variation and the variation norms are uniformly bounded over all x.

(A5) The function y > P(m(X)+eo(X) < y) (y € R) is differentiable for
all e € R and the derivative is uniformly bounded over all e € R.

For a (sub)distribution function L(y | x) we will use the notations I(y|x) =
L'(y|x)=(3/dy)L(y|x), L(y|x) = (¢/dx)L(y| x) and similar notations will
be used for higher order derivatives. [In the proofs, the function L(y|x) of
assumption (A6) will be either H(y|x), Hi(y|x), H,(y|x) or H,1(y]|x).]
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(A6) (i) L(y]|x) is continuous.
(i) L'(y|x)=1(y|x) exists, is continuous in (x, y) and sup, , |yL'(y|x)|
< o0.
(iii) L"(y|x) exists, is continuous in (x, y) and sup, , |y2L"(y | x)| < oo.
(iv) L(y|x) exists, is continuous in (x, y) and sup, , |yL(y|x)| < oo.
(v) L(y|x) exists, is continuous in (x, y) and sup, |v2L(y|x)| < cc.
(vi) L'(y|x) exists, is continuous in (x, y) and sup, , |yL'(y|x)| < co.
(vii) L'(y|x) exists, is continuous in (x, y) and sup, , |yL'(y|x)| < co.
(viii) L"(y|x) exists, is continuous in (x, y) and sup, , |y*L"(y|x)| < oo.

3. Main Results. The results for ¥,(y), F(y|x) and F(x, y) are given
separately.

3.1. Asymptotics for the Kaplan—Meier estimator based on nonparametric
regression residuals. The results of this section extend the classical results
of Durbin (1973) and Loynes (1980) concerning the weak convergence of the
empirical distribution function when parameters are estimated, to the present
nonparametric regression setting with censored data. The weak convergence
of the Kaplan—Meier process n/2(F,(y) — F,(y)) follows from a Lo and Singh
(1986)-type asymptotic representation, which we give first.

THEOREM 3.1. Assume (A1), (A2) (1), (i), (A3) (i), (ii), (A4) (G), H(y | x) and
H,(y|x) satisfy (A6) (1)—(vi), and H,(y|x) and H,(y|x) satisfy (A6) (ii), (iii),
(vi), (vii). Then,

Fuy) = Fuy) =n ' o(Xs, Zio Ay y) + Ro(3),

i=1
where sup{|R,(y)|; —cc <y < T} = op(n~Y?) and, with S,=1—- F,,
z—m(x
(P(x’ z2, 65 y) = §e<A9 89 y)
o(x)

= Se(¥)n(2, 8| x)y1(y [ %) = Se(y)(2, 8 x)v2(y | ).

Note that the i.i.d representation of the usual Kaplan—Meier estimator due
to Lo and Singh (1986) contains only the term £,. The extra term in the rep-
resentation above is caused by the fact that we replaced (Z; — m(X;))/o(X;)
with (Z;, — m(X;))/6(X;). We continue with the statement of the weak con-

vergence result for the process nY/2(F,(-) — F,(-)).

COROLLARY 3.2. Under the assumptions of Theorem 3.1, the process
nY2(F,(y) — F,(y)), —oo < y < T converges weakly to a zero-mean Gaussian
process Z(y) with covariance function

Cov(Z(y), Z(y') = E(e(X, Z, A, y)o(X, Z, A, y)).
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3.2. Asymptotics for the estimator F’( y|x). The results of Theorem 3.1 and
Corollary 3.2 enable us to show an asymptotic representation and the weak
convergence of F(y|x).

THEOREM 3.3. Assume (Al), (A2) (1), (ii), (A3) (1) (i1), (A4) (), H(y|x) and
H,(y|x) satisfy (A6) (1)—(vi), and H,(y|x) and H (v |x) satisfy (A6) (ii), (iii),
(vi), (vii). Then,

P(y|x) - F(y|x):pe<y;(_nzgx>> _ Fe<y;('7;§x))

x—X;
)hx,y(zi7 Al) + Rn(x7 y)7

z(nan)liil K

where sup{|R,(x, y)|; (x, y) € Q} = OP((nan)71/2)7 Q=A{(x,y); x€ Rx, (y—
m(x))/o(x) < T} and

hele28) = [z 0100+ 120102 P80 1 (22 ) 3,

COROLLARY 3.4. Under the assumption of Theorem 3.3, the process (na,, )"/
(F(y|x)—F(y|x)), x € Rx fixed, (y —m(x))/o(x) < T converges weakly to a
zero-mean Gaussian process Z(y | x) with covariance function

Cov(Z(y|x), Z(y'| x))
= fX(x)/KZ(u)du Cov(h, ,(Z,A), h, ,(Z,A)]| X = x).

n

REMARK 3.1. Condition (Al) (ii) is needed for the proof of Theorem 3.1
which is used in the proof of Theorem 3.3. However, the proof of Theo-
rem 3.3 requires only that the remainder term in Theorem 3.1 satisfies
sup,.r |R,(y)| = 0,((na,) "/?). This rate can be obtained by using na’ — 0
instead of na? — 0 of assumption (A1) (ii).

REMARK 3.2. Itis easily seen that in the uncensored case and when J(s) =
1 [that is, m(x) = E(Y | x) and o?(x) = Var(Y | X)], the asymptotic variance
function of the process (na,)Y2(F(-|x) — F(-| x)) reduces to

[ [ K du (2

Co(x)
x EVar(s2)(y;(—";’§x)>2 + E(s3)y;(—";§x) + 1},

while the asymptotic variance of the process (na, )2 3" Wi(x, a,)(I(Y;<y)
— F(y|x)), which corresponds to the usual kernel estimator F(y|x), is
3 (x) [ K2(u)du F(y|x)(1 — F(y|x)). Figure 1 illustrates that when the
error distribution is normal and there is no censoring, the present estimator
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FiG. 1. Graph of the variance of function of F(y|x) (full line) and F(y|x) (dashed line) divided
by their common factor gl(x) K 2(u) du for normal survival times and in case of no censoring.

is more efficient and should be used when model (1.1) can be assumed. [The
plot does not include the common component of the variance functions; i.e.,
they correspond to the variance functions divided by f3'(x) [ K?(u)du.]

However, even though the estimator F(y|x) is constructed under model
(1.1) whereas the estimator F( y | x) does not require any model assumptions,
the variance of F(y|x) is not always smaller than that of F(y|x). This is
because F(y|x) involves the estimation of m(x) and ¢%(x), which introduces
extra variability in the estimator. We note that the primary consideration in
choosing the score function o/ is to achieve uniform consistency of ri(x) and
7%(x), and that this objective is incompatible with efficient estimation of m(x)
and o2(x) when the degree of censoring varies with x.

To illustrate that the variance of F(y|x) is not always smaller than that of
F(y|x) we consider the following distributions for the survival and censoring
times:

(Y| X =x)~Exp(A,), (C|X =x)~ Exp(u,),

for certain choices of the parameters A, and u,. We use J(s) = b"11(0 < s < b),
where b € (0, 1) is chosen in such a way that m(x) and o2(x) can be estimated
consistently (see below for the actual choices). [We do realize that this indi-
cator function does not satisfy the smoothness conditions imposed in assump-
tion (A2) (i), however (a) the indicator score function greatly simplifies the
(long) calculations, and (b) it can be approximated arbitrarily well by a score
function that does satisfy the conditions, meaning that similar results can be
obtained from calculations with an appropriate score function]. In Figure 2
we show the variance of the Beran estimator F(y | x) and the new estimator
F(y|x) for A, = 1 and for p, determined in such a way that the probability
of censoring (given by u,/(A, + u,)) is, respectively, 0.2, 0.4, 0.6 and 0.8. For
determining the endpoint & of the score function </, we first note that for a
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given sample, the value of b should be smaller than (or equal to) max, F( y|x)
[otherwise m(x) is not defined]. Therefore, we calculated this maximum for
1000 independent samples of size 50 and defined b as the average of these
maxima. In this way we obtain & = 0.98,0.93, 0.81 and 0.52 for the situa-
tion where the probability of censoring is, respectively, 0.2, 0.4, 0.6 and 0.8.
Figure 2 shows the variance of F(y|x) and F(y|x) for y € [0, F~1(0.99 | x)]
(except for Figure 2d where we restricted to the interval [0, F~1(0.85| x)] since,
in that case, the variance of 17'( y|x) increases extremely fast as y tends to
infinity). From the figures it follows that the variance of the new estima-
tor F(y|x) is not always smaller than that of the Beran estimator F(y | x).
However, we can still say that F(y|x) behaves better than F(y|x) on the
average. This is especially so for cases with heavy censoring (see Figure 2¢
and 2d) since in these cases the variance of the Beran estimator tends to
infinity (this is so for all cases where the probability of censoring is larger
than 0.5).

Finally we note that simulation studies comparing the finite sample perfor-
mance of F(y|x) and F(y | x) have been carried out in Van Keilegom, Akritas

(a) P(A=0Ix) = 0.2 (b) P(A=0Ix) = 0.4

0.8

0.6

FIG. 2. Graph of the variance function of F(y|x) (full line) and F(y|x) (dashed line) divided by
their common factor f }l(x) K 2(u) du for exponential survival and censoring times.
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and Veraverbeke (1998). As these simulations indicate, the estimator F(y | x)
outperforms (on average) F(y | x) also for finite sample sizes.

3.3. Asymptotics for the estimator F(y, x).

THEOREM 3.5. Assume (A1)~(A5), H(y|x) and H(y|x) satisfy (A6) (i)-
(vi), and H,(y|x) and H,(y|x) satisfy (A6) (i1), (iii), (vi), (vii), (viii). Then,

FT(xa y) - FT(xa y) = n71 Z gx,y(Xia Zia Az) + Rn(xa y)a
i=1
where sup{|R,(x,y)l; x € Rx,y € R} = op(n™'?), and g, ,(t,2,8) =
?:1 g;’y(t, z, 8), where
gl (t,2,8) = E{¢<t, 2,8, 20 TX(;(;n(X))I(X < x)},
’ o
yAT, —m(2)
o(t)

)I(tsx),

& (b 2.5) = [n(z, 51)+ (2. 8]0)

« yAT,—m(¢)
£ o(0)

3 _ yAT,—m(¢) <
£,(t.2.0) = F, (X0 )10 <

_ E[F(y A T(f(;(;n(X)>I(X < x)]

COROLLARY 3.6. Under the assumptions of Theorem 3.5, the process n1/?
(Fp(x,y)— Frp(x,y)), x € Rx, y €R, converges weakly to a zero-mean Gaus-
sian process Z(x, y) with covariance function

Cov(Z(x, ), Z(x', ¥'))
= B{[g} (X, 2,8+ &2 (X, Z. )]} (X, 2. 8) + 8% (X, Z,8)]]

+ Cov[Fe<y A T;(;(T(X)>I(X§ %), Fe(y/ A T;;;Q’”(X)y(x < x')i|.

4. Some auxiliary results. The asymptotic representation and weak
convergence results stated in the previous section require some results con-
cerning the location estimator m(x) and the scale estimator ¢(x) which are
stated below as propositions. In particular, the uniform consistency of mi(x),
m/(x) and (m/(x) — m'(x'))/(x — x')° and their analogues for &(x) will be
established, as well as asymptotic representations for 7 (x) and 6(x). In turn,
these results require the uniform (both in y and x) consistency of the Beran
estimator and its derivative. The proofs of these results can be found in Van
Keilegom and Akritas (1998) and Van Keilegom (1998).
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In the uncensored case, the consistency of derivatives of a regression func-
tion has been studied by Schuster and Yakowitz (1979), Gasser and Miiller
(1984), Hardle and Gasser (1985), Mack and Miiller (1989), Rychlik (1990),
among others. The uniform consistency of a regression function was the ob-
ject of study in Devroye (1978),Schuster and Yakowitz (1979), Miiller and
Stadtmiiller (1987) and Hérdle, Janssen and Serfling (1988). In the latter
paper strong uniform consistency rates are established for kernel type esti-
mators of functionals of the conditional distribution function, under general
conditions.

LEMMA 4.1. Assume (Al) (i), (iii), (iv), Fx is twice continuously differen-
tiable, inf . .p [ x(x) > 0, and H(y|x) satisfies (A6) (i), (iv), (v). Then

sup sup |H(y|x) - H(y|x)| = O((na,) *(oga,")"?) as.,

xRy —00<y<0o0

sup sup |H(y|x) - H(y|x)| = O((na}) ?(loga,")"?) ass.

xeRyx —00<y<0o0

LEMMA 4.2. Assume (Al) (i), (iii), (iv), Fx is twice continuously differen-
tiable, inf . cp, fx(x) >0, and H(y|x) satisfies (A6) (1), (iv), (v). Then,

|H(y|x)— H(y|x)— H(y| )+ H(y| )|
sup

%0y % — &'
= O((na2®)2(loga,")"?) as.,

where 6 > 0 is as in assumption (Al).

PROPOSITION 4.3. Assume (Al) (1), (iil), (iv), Fx is twice continuously dif-
ferentiable, inf . p  fx(x) > 0,and H(y|x)and H,(y|x) satisfy (A6) (1), (iv),
(v). Then

sup sup |F(y|x) — F(y|x)| = O((na,) *(loga,")'/*) as.,

x y<T,
sup sup |F(y|x) - F(y|2)| = O((nad) 2(loga;,))?) as.

* y<T,

PROPOSITION 4.4. Assume (Al) (i), (iii), (iv), Fx is twice continuously dif-
ferentiable, inf,.p  fx(x) > 0,and H(y|x)and H,(y|x) satisfy (A6) (1), (iv),
(v). Then,

|F(y|x)— F(y|x)— F(y|x)+ F(y| %)
|x — «']3

sup sup
X, x! ySTx/\Tx/

= O((na?**)"2(loga,,")"?) as.,

where 6 > 0 is as in assumption (Al).
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PROPOSITION 4.5. Assume (Al) (1), (iii), (v), (A2) (1), J is continuous,
fol J(s)ds =1, J(s) >0 for all 0 < s <1, Fyx is twice continuously differen-
tiable, inf .. fx(x) > 0,and H(y|x)and H,(y|x) satisfy (A6) (i), (iv), (v).
Then,

sup (%) — m(x)] = O((na,) (loga,)"?) as.

If in addition inf, o(x) > 0, then,

sup |5 (x) — o(x)| = O((na,) V*(loga,")"?) a.s.

PROPOSITION 4.6. Assume (Al) (1), (iii), (iv), (A2) (1), J is continuously dif-
ferentiable, fol J(s)ds=1, J(s) = 0forall 0 <s <1, Fyx is twice continuously
differentiable, inf,.r  fx(x) > 0, and H(y|x) and H(y|x) satisfy (A6) (i),
@iv), (v). Then,

sup |/ (x) — m'(x)| = O((nay) *(loga, 1)) as.

If in addition m and o are continuously differentiable and inf,.p o(x) > 0,
then,

sup [6/(x) — o' (x)] = O((na3) 2 (log a;H)'?)  as.

PROPOSITION 4.7. Assume (Al) (i), (ii1), (iv), (A2) (1), (ii), F x is twice con-
tinuously differentiable, inf ..p  fx(x) > 0, and H(y|x) and H,(y|x) satisfy
(A6) (1), v), (v). Then,

[/ (x) —m/(x) — m/(x') + m/ ()|

sup = = O((na®*)"12(loga, " )1?) a.s.
x, x |x - x/|

If in addition (A3) (ii) holds, then,

~/ _ / _ ~) / / /
sup |U (x) o ('|xx) ::’-,'gx ) +o (.?C )l — O((nai+28)—1/2(10g a;l)l/Z) as.,
x, x' -

where 6 > 0 is as in assumption (Al).

PROPOSITION 4.8. Assume (Al) (1), (ii1), (iv), (A2) (1), J is continuously dif-
ferentiable, fol J(s)ds=1,J(s)>0forall 0 <s <1, Fy is twice continuously
differentiable, inf, g fx(x) > 0, and H(y|x) and H,(y|x) satisfy (A6) (1)—
(vi). Then,

() = () = ~(na,) 70 3K (T 020 Al 0+ Ry (),

i=1 n

where sup{|R,,(x)|;x € Rx} = O((na,)%*(logn)**) a.s.
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PROPOSITION 4.9. Assume (Al) (1), (ii1), (iv), (A2) (1), J is continuously dif-
ferentiable, fol J(s)ds=1, J(s)>0forall0 <s <1, Fyx is twice continuously
differentiable, inf ,.p, fx(x) > 0,inf .p, o(x) > 0and H(y|x)and Hi(y|x)
satisfy (A6) (i)—(vi). Then,

6(x) - o(x) = —(nay) @) 3 K( —X i)z(zi, A 1%) 4+ Ro(x),

i=1 @n
where sup{|R, (x)|;x € Rx} = O((na,)?*(ogn)®*) a.s.
5. Proofs of main results. This section contains the proofs of the results
stated in Section 3. Some technical results needed in the proof of Theorem 3.1

are deferred to Appendix A, while results needed for showing Theorem 3.5 are
proved in Appendix B.

PRrROOF OF THEOREM 3.1. We start with

/y dﬁel(s) _ fy dHel(s)
—00 1—I-:Te(s) -0 1 — H,(s)

y 1 1
= /oo[l “hHe 1o He<s>] Ha(s)

o I_;H(s) (B, (s) — Ho(s))

y 1 1 A
* /—oo[l — H,(s) 1= He(3)1| d(H ,1(s) — H1(9)).

The last term on the right-hand side is op(n~/2) by Corollary A.5. Using

Proposition A.3, the sum of the first and second term can be written as

/y I_‘A[e(s) — He(s) 1

y A
G m G e+ [ Ty Al — Ha(o) +op(n)

=n' Y o(X;, Ziy Ay, y) (1= F () + op(n12),
i=1

where the equality follows by Propositions A.2 and its analogue for H,;. Now,
write (using a Taylor expansion)

log(1 P+ [0

12 I(E(i) <y AH=1) 1
23 (n—i+1)>2 (1-R))?

)

a.s., uniformly in y, where R; is between 0 and 1/(n — i + 1). The result
now follows by noting that F,(y) — F.(y) = —(1 — F (y))(log(1 — F.(y)) —
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log(1 — F,(y))) + op(n~1/2), and that
log(1— Fo(y)) = — /7 (1 = H(s))" dHy(s).

PROOF OF COROLLARY 3.2. We will make use of Theorem 2.5.6 in van der
Vaart and Wellner (1996), that is, we will show that

(5.1) /OOC Jlog Nyj(e. 7. Ly(P)) de < o,

where N|; is the bracketing number, P is the probability measure corre-
sponding to the joint distribution of (X, Z, A), Ly(P) is the L,y-norm and
T ={e(X,Z,A, y);—c0 < y < T}. Proving this entails that the class 7
is Donsker and hence the weak convergence of the given process follows from
pages 81 and 82 in van der Vaart and Wellner’s book. Since the functions
x = S, (¥)y;(y|x) (i =1,2) are bounded (uniformly in y), as well as their
first derivatives, their bracketing number is O(exp(K&~1)) by Corollary 2.7.2
of the aforementioned book. Hence, since n(z, 8| x) and {(z, 8|x) are uni-
formly bounded, the bracketing number of the second and third terms of
o(x, z, 8, y) is O(exp(Ke™1)). For the first term, we note that the first term of
£.((z—m(x))/o(x), 8, y) is decreasing in (z — m(x))/o(x). Hence, its brack-
eting number is m = O(exp(K e 1)) by Theorem 2.7.5 in van der Vaart and
Wellner (1996). Also the class of functions of the form (z — m(x))/o(x) —
(1-F.(y))I((z— m(x))/o(x) < y) needs m brackets by Theorem 2.7.5. Fi-
nally, we note that since I(§ = 1)(1 — H,((z — m(x))/o(x)))"! is bounded (for
z < T) and independent of y, the second term of &,((z — m(x))/o(x), 8, ¥) has
bracketing number m. This concludes the proof, since the integration in (5.1)
can be restricted to the interval [0, 2M], if |¢(x, 2,6, y)| < M for all x, z, 6
and y (for £ > 2M we take Nyy(e,.7, Ly(P))=1). O

PROOF OF THEOREM 3.3. Write
F(y|x)— F(y|x)

[ (C5m) rCwm )]
(5w ) ()
(5 )

= a}L(x’ y) + ai(x’ y) + ai(x, y)

We start with o2 (x, y).

2 _(x) —m(x) (y - m(x)) 1(n%<x) - m(x))2 :
for some A, between (y — m(x))/d(x) and (y — m(x))/d(x). The second term
of these two terms is O((na,) 'loga;?) a.s. by Proposition 4.5. For the first
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term, we first replace 6(x) by o(x) (using Proposition 4.5) and then apply
Proposition 4.8. For a2 (x, y) we have

6(2) — o(x) y — m(x) fe<y - m(x))

o(x) o(x) o(x)

ai(x, y) =

A

where B, is between (y — m(x))/o(x) and (y — m(x))/6(x). The second
term above is O((na,) loga,!) a.s. by Proposition 4.5 and the fact that
sup, |y*f,(y)| < oo, and the first term has an asymptotic representation
given by Proposition 4.9. The above show that

)zf;(Bx),

aZ(x, y) +ad(x, y)

(5.2) =(nan)_liK<x;Xi)hx,y(Zi,Ai)

i=1 n

+ O((na,) **(loga;})**) as.

Next note that (na,)Y?al(x, y) = op(1), uniformly in (x, y) € Q, follows from
the order of the remainder term in Theorem 3.1, and the weak convergence

established in Corollary 3.2. This and (5.2) complete the proof of the theorem.
O

PROOF OF COROLLARY 3.4. Let Z,;(y|x) = (na,) Y?K((x — X;)/a,)h,_,
(Z;,A;),i =1,...,n, be a triangular array of random processes, with y €
F ={y;(y —m(x))/o(x) < T} and x fixed. We will prove that the conditions
displayed in Theorem 2.11.9 in van der Vaart and Wellner (1996) are satisfied
for 3! ; Z,;. Endow % with the semimetric p defined by

p(y, y/)=max{ife<y/_—m(x)) _ fe<y - m(x)>

o(x) o(x) )|
S () ()

Since |f,(z)| and |zf,(z)| are bounded for z € R, we can divide & for ev-
ery ¢ > 0 into N, = O(s™!) subintervals Z2j» J = 1,..., N, such that
p(y,y')<Ces C>0forall y,y € Z,; and hence >, sup,, yes, 1 Zni(¥ %) =
Z,:(y|x)|?> < &% by proper choice of C, since n(z,8|x) and {(z,8|x) are
bounded as well. This shows that the bracketing number is O(e~!) and hence
the third displayed condition is satisfied. The other two conditions are easily
seen to hold.

It remains to calculate the covariance of the limiting process. Let X =
(X4,...,X,). Since supx’y|E(I:I(y|x)|X) — H(y|x)| is easily seen to be
O(a?), it follows that > ; W(x,a,) E(&(Z;, A;, y|x)|X) = O(a?) uni-
formly in x and y. Noting that A, , is defined in terms of the functions 7
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and ¢ which include the function ¢, it can be seen that the above implies > ;
Wi(x,a,)E(h, , (Z;,4;)|X)= O(a?). We will show that

(5.3) (nan)_liE{Kz(x;Xl)v(Xi,x, ¥, y/)}

i=1 n
tends to the displayed expression, where

’Y(Xi’ X, Y, y/) = E{[hx,y(zi’ Al) - E(hx,y(zi’ Al) | ‘Xl)]
X[hy y(Zi, A;) — E(hy o (Z5,80) | X)] | X}

Using the fact that for all s < ¢,

E{[I(Z; = s)— H(s| X)II(Z; = t) - H(t| X,)]|X]
= H(s|x) - H(s[x)H(t|x) + O(a,),
holds whenever K((X; —x)/a,) # 0, it follows after some simple algebra that

|’Y(Xi7 X, Y, y/) - ’Y(xa X, Y, y/)| = O(an) for K((XL - x)/an) # 0. Hence’ (5'3)
equals

Fx(®) [ B2 () duy(x, %y, ¥') +o(1)
= Fx(%) [ K*(w)du Cov(h, ,(Z,A), hy y(Z,8)| X = x) + o(1).

PROOF OF THEOREM 3.5. Write

FT(xa y)_FT(x? y)

(5.4) = /W[F(%;)m(t)) - F(%})mﬁ))] AP (1)
o[ F (%;)m(t)) d(Fx(t) - Fx(t).

For the first term on the right-hand side of (5.4) we will make use of Theo-
rem 3.3. However, the remainder term in that representation is not op(n~1/2),
as is required. Let o/ (x, y), i = 1,2, 3, be as in the proof of that representa-
tion. Then, the first term on the right-hand side of (5.4) equals

X A
(5.5) / [a,ll(t, yAT)+a2(t, y AT +a3(t, y A Tt)] dF ().

—0o0
Using equation (5.2), «%(t,y A T,) + a3(t, y A T,) can be expressed as the
sum of a leading term and a remainder term which is op(n~'/2) uniformly
in (¢, y). Thus only the term al(¢, y A T,) needs further attention. However,
using Theorem 3.1 together with Lemma B.1, it is easily seen that this term
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can also be written as a leading term and a remainder of order op(n=1/2).
Combining the two leading terms, it follows that (5.5) equals

-2 X..Z. A, J VI(x; <
n ZZ@( 0 1 1 O'(XJ) ( J_x)

i=1j=1

TS

n

— X .
X |:n(Zi’Ai|Xj)+§(ziaAi|Xj)y X; m( J):|

U(Xj)

5 (yATXj—m(Xj)
‘ (T(Xj)

The result now follows from Propositions B.5, its analogue for { and B.6. O

)I(XJ- < x)+op(n1?).

PROOF OF COROLLARY 3.6. To prove the weak convergence of the given pro-
cess, we will make use of results in van der Vaart and Wellner (1996). Let
F ={(t,2,0) = 8, 4(t,2,0): x € Ry, y € R}. We will show that the class 7
is Donsker by showing that

(5.7) / Jlog Nyj(e, 7, Ly(P)) de < o0

[see page 130 in van der Vaart and Wellner (1996)] where N, is the bracketing
number. Set e (X) = (y A Tx — m(X))/o(X) and write

(z—m(t))/o(t) 1 —
gtz == [ [T 1 < eq(u)) dHa(s) dF x(w)
16=1)

"I H (G- m()/o(0)
< | = Fuerni(

z—m(t)
o(2)

= n(z.816) [ Suler@)miler(@)] ) dFx(w)

< eT(u)) dF x(u)

= 4(z.810) [ Suler()rer(u) | dFx(w)

4
1
= Z g ,(t, 2,8).

The term gx (¢, z,8) is decreasing as a function of (z — m(¢))/o(t) and
bounded and hence O(exp(K&1)) brackets are required by Theorem 2.7.5 in
van der Vaart and Wellner (1996). Similarly, the bracketing number for the
integral in gl (t z, 8) is at most O(exp(K&~1)) and hence the same holds for

gx y(t z, 0) 1tself since the expression in front of the integral is bounded and
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independent of x and y. Since the integrals in g% (¢, 2, §) and g}* (¢, 2, 6)
are bounded (uniformly in ¢), as well as their first derivatives (with respect
to t), their bracketing number is O(exp(Ks~1)) by Corollary 2.7.2. Therefore,
the terms g13 (¢, 2, 8) and g;* (¢, z, 5) themselves also need O(exp(Ks~ 1))
brackets, because n(z,8|t) and {(z,8|t) are bounded and independent of x
and y. All together, we have O(exp(K&™')) brackets for g% (2, 2, 9).

For g2 ,(t,2,8) we first note that the bracketing number for the class
of functions of the form ¢ — I(¢ < x) is O(exp(K&~!)) by Theorem 2.7.5 in
the aforementioned book. For the functions ¢ — f.((y A T, — m(%))/o(t)),
we consider three cases. If ¥y < min, T, then Corollary 2.7.2 in van der
Vaart and Wellner’s book entails that O(exp(Ke™!)), brackets are needed.
If y > max, T,, then f.((y A T; — m(t))/o(t)) does not depend on y
and hence one bracket suffices. For the intermediate case, that is, for
min, T, < y < max, T,, we apply Theorem 2.11.9 in van der Vaart and
Wellner (1996) on Y7y Z,,(y) = n" 237", f.((y A Tx, — m(X,;))/o(X))).
For each & > 0, divide the interval [min, T,, max, T,] into N, = O(e!)
subintervals 9‘8']1 of length not more than K& for some K > 0. Then, for each
J=1.. N, Yiysupy yepn | Z,i(y) — Z,.(y)|? < &2, by proper choice of
K > 0. This shows that the bracketing number is O(s7!) in this case. In total,
we have O(exp(K e 1)) brackets for the class {t — f,((yAT,—m(¢t))/o(t));y €
R}. Similarly, the class {t - (y AT, — m(t))/o(t)f.((y A T; — m(2))/o(¢))}
also requires O(exp(K e~ 1)) brackets. This shows that the bracketing number
for gi,y(t, z,8) is O(exp(Ke™1)). Finally, for the term gi,y(t, z, 8), analogous
arguments as before show that also O(exp(Ke 1)) brackets are needed for
this term.

This shows that the integral in (5.7) is bounded by K f02M de/el? < o0
where M is an upper bound for g, ,(Z, z, 6)| (because for & > 2M, one bracket
suffices to cover 7). This shows that the class 7 is Donsker. The result now
follows from pages 81 and 82 in van der Vaart and Wellner (1996).

APPENDIX A
A result needed for Theorem 3.1.
LEMMA A.1. Assume (Al) (i), (iii), (iv), (A2) (i), (i1), (A3) (ii), Fx is twice

continuously differentiable, inf ..p [ x(x) > 0, H(y|x) and H,(y|x) satisfy
(A6) (1), (iv), (v), and H,(y | x) satisfies (A6) (i1). Then,

sup ’n_l Z{I(Ei <y)—I(E;<y)

—o0<y<+00 i=1
—P(E = y|2;) + P(E = y)}| = op(n"),

where P(E < y|Z,) is the distribution of E = (Z —1m(X))/6(X) conditioning
on (X],ZJ,AJ), j:l,...,n
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PrOOF. The expression between braces equals I(E; < yd,o(X;)+d,1(X;))
— I(E; = y) — P(E = yd,o(X)+d,;(X))+P(E < y), where d,,; (x) = ((x)—
m(x))/o(x) and d,9(x) = 6(x)/o(x). The proof is based on results in van der
Vaart and Wellner (1996). Let

F ={I(E < ydy(X) + dy(X)) - I(E < y)
—P(E < ydyo(X) +dy(X)) + P(E < y);
—00 < y < +00,d; € C1™°(Ry) and dy € C3°(Ry)},

where C’1+5(R x) is the class of all differentiable functions d defined on the
domain Ry of X such that ||d|,5 < 1, CHB(RX) is the class of all differen-
tiable functions d defined on Ry such that ||d|;,s < 2, and inf {d(x)} > %
and ||d|1,5 = max{sup, |d(x)]|, sup, |d'(x)|} + sup, . |d'(x) — d'(x")|/|x — 2']°.
Note that by Propositions 4.5, 4.6 and 4.7, we have that P(d,; € Ci*a(RX)
and d,, € C3"°(Rx)) — 1 as n — oo. In a first step we will show that the
class .7 is Donsker. From Theorem 2.5.6 in van der Vaart and Wellner (1996),
it follows that it suffices to show that

(A1) f0°° Jog Ny\(e. 7. Ly(P)) de < ox,

where Ny is the bracketing number, P is the probability measure correspond-
ing to the joint distribution of (E, X), Ly(P) is the Ly-norm. We will re-
strict ourselves to showing (A.1) for the class & = {I(E < ydy(X) + d1(X));
—00 < y < 400, d; € C1°(Ry) and dy € C3"°(Ry)}, since the other terms
are similar, but much easier. In Corollary 2.7.2 of the aforementioned book it
is stated that m; = Nyj(¢?, C{*°(Rx), Ly(P)) < exp(Ke 2+ and my =
Ny (&2, C57°(Ry), Ly(P)) < exp(Ke 2(1+9) Let df <d¥,...,dL <dY be
the functions defining the m; brackets for Cl+3(R x) and let dF < a??, cees
dL < dY be the functions defining the m, brackets for C;"°(Ry). Thus, for
each d; and dy and each fixed y,

I(E < yd%(X)+ dF(X)) < I(E < ydy(X) + dy(X))
<I(E < ydY(X) + dY(X)).

Define FL(y) = P(E < ydL(X) + dE(X)) and let yljk, kE=1,...,0(s72),
partition the line in segments having FL ;-probability less than or equal to
a fractlon of £2. Similarly, define FY (y)=P(E < ydU(X) + dU(X)) and let
yl]k, k=1,...,0(s72), partition the line in segments having F -probability
less than or equal to a fractlon of 2. Now, define the followmg bracket for
y: yLJk1 <y< ywk2 where yljk is the largest of the ylk with the property
of being less than or equal to y and yUk is the smaflest of the yljk with
the property of being greater than or equal to y. We will now show that the
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brackets for our function are given by
I(E <y}, d%(X) + df (X)) < I(E < ydo(X) + d1(X))
< I(E < yi,d7 (X) + df (X)).
Let us calculate
- . 2
[1(B < 35, dY(X) + 4 (X)) ~ I(E = yly, d5(X) + dF(X)|
=Fi(yih,) — Fi(yia,) = Fi(y) — Fi(y) + K&°,
Applying a Taylor expansion to the function H,, yields
Fii(y) = Fji(»)

= /[He(ycf?(x) +df (x)| %) — H(yd(x) +df(x) | x)| dF x(x)

= [ helyE;(2) + &(x) | %)
x [W(dY (x) = () + (@Y (x) = dF(x))] dF x(x)
A2 = [h(E;(x) + &(x) | 2) (v () + &) (€;(0)
x (dY(x) = d(x)) dF x(x)
= [ helyE () + &) | 2) () (E () !
x (dY(x) — d¥(x)) dF x(x)
+ [ he(9€ (x) + £(2) | 2)(@Y (x) - dF(x)) dF ().

Here, &;(x) is between d¥(x) and dY(x) and gj(x) is between d~§‘(x) and Jy(x)
Since we can choose the brackets d; and d ;j such that sup, |dY(x)| < 1 and
inf, |az];(x)| > % (for all ¢ and j) and since sup, , |yh.(y|x)| < oo, (A.2) is
bounded in absolute value by

K1Hd~§-] - J?”P,l + K2||dzU - diLHP,1 < (K + K2)82

(since ||d||p,1 < ||d| p o for any function d, where ||d|| p 4, respectively, |[d| p 5 is
the L,(P)-norm, respectively, Ly( P)-norm of d). Hence, for the class % and for
each & > 0, we have at most O(e~2 exp( K ¢~ 2/(1t9)) brackets in total. However,

for & > 1, one bracket suffices. So we have [;* \/log Ny(e, F1, Ly(P))de < oo.

This shows that the class #; (and hence %) is Donsker.
Next, let us calculate

Var(I(E < yd,»(X) +d,i (X)) — I(E < y)
— P(E < yd,3(X) +d,1(X)) + P(E <))




1766 I. VAN KEILEGOM AND M. G. AKRITAS

= Var(I(E < yd»(X) +d, (X)) - I(E < y))
(A.3) < E[E{I(E < yds(X) +d,n(X)) - I(E < y)}* | X))
= E[H (yd,»(X) + d,1(X)| X)
— H,(min(y, yd,o(X) + d,1 (X)) ]| X)]
+ E[H (y| X) - H (min(y, yd,2(X) + d,n (X)) | X)]
= E[ho(ya,2(X) + a1 (X) | X)[y(dpe(X) = 1) + d,n (X)),

for some a,;(X) between 0 and d,;(X) and some a,y(X) between 1 and
d,9(X). Since

Sl;p|yhe(yan2(x) + anl(x)"x)}
= Sl;p|{|yan2(x) + anl(x)}anZ(x)_l + |an1(x)|an2(x)_1}

X he(yanZ(x) + anl(x) | x)|
< K; (say)

[by Proposition 4.5, because sup, , k. (y|x) < oo, sup, ,|yh.(y|x)| < co and
inf, o(x) > 0], (A.3) is bounded by

K E|d,(X) — 1| + sup h(y [ x)E|d,, (X))
x’ y
o(x) .
— 1| + Kysup|m(x) —m(x)| - 0 a.s.,
again by Proposition 4.5. Since the class .7 is Donsker, it follows from Corol-
lary 2.3.12 in van der Vaart and Wellner (1996) that

< K,sup
X

| n |
lim lim sup P< sup n VY f(Xi)i > s) =0,

al0  nsoco fe7,Var(f)<a li=1

for each &£ > 0. By restricting the supremum inside this probability to the
elements in 7 corresponding to d;(X) = d,;(X) and dy(X) = d,o(X) as
defined above, the result follows.

PROPOSITION A.2. Assume (Al), (A2) (i), (i1), (A3) (1), (i), (A4) (), H(y | x)
and H{(y | x) satisfy (A6) (i)—(vi), and H (y | x) satisfies (A6) (ii), (iii), (vi), (vii).
Then,

I;[e(y) - He(y)
=n"! Xn:[_{n(zi’ MIX)+UZL A XDyt (y ] X))
i=1

+I(E; < y)— H(y)] + Ru(y),
where sup{|R,,(y)|;—oc < y < +00} = op(n~Y?).
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ProOF. Using Lemma A.1 and the notation in the statement of that
lemma,

ﬁe(y) - He(y)

B Y6(x) + r(x) — m(x)|
-/ {H ( o(x)

nt i{I(Ei <y)— H,(y)} +op(n %)
i=1
e o(x)

N o o _ 2
# 5 [ huGo (20 (x)(),(tc;m(x) R ) ar)

+n7t Xn:{I(Ei < y)— H,(y)} +op(n1?),
i=1

| )~ B0 dFx)

dF x(x)

where y; is between y and (yo(X;)+m(X;)—m(X;))/o(X;). The second term
above is o(n~/?) a.s. by Proposition 4.5 and since sup, , |y*%,(y | x)| < co. The
first term on the right-hand side of (A.4) splits naturally in two parts. We will
deal with the second one only. Using Proposition 4.8 it follows that

/h( m(x)( ;n(x) dF 5 (x)

= ~(na) Y [ @ 0K (T )02 A 0 dF x(2)
i=1 n
(A.5) +o(nV2)
= (a3 [ K (L) B 22,8 9 AP ()

+ o(nfl/z),

a.s., uniformly in y, where B(x, 2,8, y) = f5(x)h.(y|x)n(2,8|x). Using a
two-term Taylor expansion of B(x, Z;, A;, ¥) around X, (A.5) can be written as

- (o) B 28, [ (S )Pt

n

(o)t B 700 [ K(FLE ) - XD dF (o)

I’L

~ 5 (na,) 12/ (

)(x X,)?B"(&i5 Z;, A, y) dF x(x) + o(n™?)
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=-n"'Y B(X;, Z;, AL, y)fx(X) 4+ O(a2) + o(n™1/?)

i=1

=—n""Y h(y| X)n(Z,;, A | X;) + o(n™?),
iz1

where ¢; is between x and X ;. This completes the proof. O

PROPOSITION A.3. Assume (Al) (1), (iid), (iv), (A2) (i), (i1), (A3) (i), Fx is
twice continuously differentiable, inf, g fx(x) > 0, H(y|x) and H(y|x)
satisfy (A6) (1), (iv), (v), and H (y|x) satisfies (A6) (ii). Then,

sup  |H(y) - Ho(y)| = O((na,) *(log a;")"?) as.

—o0<y<+00
PrROOF. Applying Lemma A.1 and a Taylor expansion yields that

FL(3) = Ho() = [ Bl | p XD =) )

+n71 Zn:{I(Ei <y)—H,(y)}+ op(n~V?).
i=1

where y, is between y and ((yd(x) + m(x) — m(x)))/o(x). The first term
is O((na,) Y2(loga,')¥/?) a.s. by Proposition 4.5. For the second one,
the Dvoretzky—Kiefer—Wolfowitz (1956) inequality yields O(n~'/2(log n)/?)
as. O

REMARK A.1. The representation in Proposition A.2 can also be used to
obtain a bound of Op(n~1/2), instead of O((na,) 1?(loga;*)'/?) a.s. as estab-
lished above. Note that the nature of such results is entirely different from
the case where Euclidean parameters for location and scale are estimated.
The rate of convergence of the present nonparametric estimators is slower
than n~'/2 and recovery of the root n convergence is due to the averaging
over the covariate values. Similar results can be found in Cristébal Cristébal,
Foraldo Roca and Gonzalez Manteiga (1987) and in Akritas (1994, 1996).

PROPOSITION A.4. Assume (Al) (i), (iii), (iv), (A2) (1), (i), (A3) (i), Fx is
twice continuously differentiable, inf, g fx(x) > 0, H(y|x) and Hq(y|x)
satisfy (A6) (1), (iv), (v), and H,(y|x) satisfies (A6) (ii), (iii), (vi). Let J, =
{(y1> ¥2); [He(y2) = He(y1)| < ¢} Then,

sup{|FIe(y2) — H,(y1)— H,(y2) + H,(y1)]: (31, ¥2) € Jdn} =op(n™?),

where a, is any sequence of positive numbers tending to zero as n tends to
infinity that satisfies a,a,! loga,;* — 0.
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PrOOF. Consider the decomposition

ﬁe(y2) - I;[e(yl) - He(y2)+He(y1)

B y90(x) +m(x) —m(x)| |
- [{m e ¥) = H( )
(A.6) o 7 -
(IO O L (y,10] ar e

n

1769

+n Y {I(E; < y5) — Ho(y2) — I(E; < y1) + Ho(y1)} + 0p(n™1?),

i=1

uniformly in y; and y, by Lemma A.1. The second term on the right-hand

side of (A.6) is O(ay*n~2(log n)"/2) a.s. by Lemma 2.4 in Stute (1982).
first term equals

/{W(he(m | %) = he(y1] %))

+ 0 (o5 9) = bl | 9| dF x(2)
+ O((na,) loga,!)

-1
< sup | (x) — m(x)| (inf O'(x)>
(A7) x x

% [|he(321%) = he(31] )| dF x ()
-1
+ sup|6(x) — o (x)| (n;f O'(x))
% [|y2he(y21%) = yrhe(y1 | )| dF x(x)

+ O((na,) *loga;t).

We will show that for all x € Ry,

K _
(A.8)  |y2he(ya|x) — y1he(y1| )] < T/Z’He(m |x) — H,(y1]%)| + 24,/
Qn

Showing this implies that for (y,, y3) € J4 ,
[132he(y21%) = y1he(y | %)| dF x ()
K -
< 1 |31 %) = Ho(o [ 0)| dFx(2) + 20

K = —
= 5| Ho(y2) — Ho(y1)| +2a;/% < (K +2)ay>.
Qn

The
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This together with Proposition 4.5 and the assumption on a,, implies op(n~%/?)
for the second term of (A.7). The derivation for the first term is similar, but

easier. For the proof of (A.8), define A, = {y;|yh.(y|x)| > d}/2}. Clearly, in
the case where y; ¢ A, and y, ¢ A, there is nothing to show. Consider next
the case where y; ¢ A, and y; € A,. Then there exists a y between y; and

yo such that |y, (y|x)| = ay® and u e A, for all u between y and y,. Using
this y, write

|Yoho(y2 | %) = y1ho(y1 | %)] < |y2he(y2 | x) — yh(y ] x)|
+ |yhe(y ] %) — y1h(y1]%)|

The second term on the right-hand side of (A.9) is clearly less than 2d,1/ 2 To
deal with the first term define v, (y | x) = yh.(y | x) and write

(A.9)

‘ve(yZ | x) - Ue(y | x)|

= [ (ve(- 1) 0 H'(- | 20)) (Ho(u | %))|(Ho(y2 | 2) = Ho(y | x))

= e 1 |0 - (1)
(A.10) _he(u]x) +uhy(u] x)|

a he(u|x)

C (1s Rmelethiale)
=\ ifyea Tuby(u o)
< Ka,"*(H,(yz|x) = H,(y| %)),

where the u in the first equality is between y and y,. Finally, consider the
case where both y;, y5 € A,. If we have that y € A, for all y between y; and

¥» then (A.10) shows that |ysh.(ys | %) — y15e(y1 | %)| < Kan *(H(y5|x) —
H,(y;]x)). It remains to consider the possibility that there exists a y between
y, and y, with y ¢ A,. Let u;(us) be the smallest (largest) number between y,
and yy such that u A, (u;|x) = ay'® (and similarly for u,). Also assume with-
out loss of generality that y; < y,. Then |yoh,(ys | %) — y1ho(y1 | %)| < Kay'
follows from the decomposition |ysh,(yg|x) — ¥1h(y1]|%)| < |y2ho(yo|x) —
usho(us | x)| + |ughe(ug | x) — urhe(uy[2)| + |urho(ur[x) — y17.(y1[x)| and
(A.10). O

(He(y2|x) - He(y|x))

)(He(m %)~ Hy(y|x))

COROLLARY A.5. Assume (A1) (1), (iii), (iv), (A2) (1), (i1), (A3) (ii), F x is twice
continuously differentiable inf ..y fx(x) > 0, H(y|x) and H,(y|x) satisfy
(A6) (1), v), (v) and H (y|x) and H,(y|x) satisfy (A6) (i1), (iii), (vi). Then,

[ 5| ()~ Ha(9) = op(n)

A.11 _ —
(A11) sup A5 1-Hys)

—oo<y<T

PRrROOF. Partitioning the interval (—oo, T'] into %, subintervals [y;, y;.1]
such that He(yi+1) - He(yi) = (nan)il/z(loga’rzl)l/2 = Q, where kn =
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O((na,)?(log a;*)~1/%), we have that the integral in (A.11) is bounded by

k,s p{' ! 1
n SW ~ -
1-H,(y) 1-HJy)

x sup{|Hi(v2) = Har (1) = Haa(92) + Ha(y)l: (31, 32) € I |

1 1 1 n 1
1-H,(y,) 1-H,(y;) 1-HJ(ys) 1-H.y1)

;—00<y§T}

>

+2 sup{l

(91 72) € T4 N (o0, T]Z},

where J; = {(y1, ¥2); |[H(y2) — H.(y1)| < @,}. Applying Proposition A.3 and
an analogue of Proposition A.4 for the distribution H,,, the first term above is
easily seen to be op(n~Y/?). Again using Proposition A.3, the expression inside
the supremum of the second term can be written as

(1= Ho(on) (He(y1) = Ho(on) = (1= Ho(3)) *(He(y2) = Hol)
+ O((na,)*loga,')

= (1- H, (1) *|H.(y2) — H(y1) — Ho(y9) + H,(31)]
+ O((na,) tloga;') a.s.,

uniformly on (—oo, T']. This is op(n~Y2) by Proposition A.4. O

APPENDIX B

Results needed for Theorem 3.5.

LEMMA B.1. Let the assumptions imposed in Theorem 3.5 hold. Then,

Z{@(X Z.A, M)

i=1 o(x)

n~Y? sup
xeRx

yeR

—o( X,,Z,, A, M —p 0.
a(x)

PROOF. Consider the classes % = {¢,,(X,Z,A); —0c0 < y < T} and
% = {QDZy(Xa Za A)a —00 <y = T}7 where qply(xs 2, 5) = ge((z - m(x))/o-(x),
8,5), Pay(x,2,8) = —So(¥)n(z,8|x)y1(y]x) — S.(¥){(2, 8] x)y(y]x) and
T < T < 7y, [Note that ¢(x, 2,8, y) = ¢1,(x, 2,8) + ¢9,(x, 2, 8).] In the
proof of Corollary 3.2 it was shown that the classes % and % are Donsker.
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Hence, it follows from Theorem 2.3.12 in van der Vaart and Wellner (1996)
that for every decreasing sequence 6, | 0,

| |
(B.1) n_l/zsup*iZ{gokyz(Xi, Zi, ) — ey, (X, Zy, Ai)}i —-p0, k=1,2,
i=1

where sup” is the supremum over all (y;, y5) such that Var(eg,, — ¢3, ) <
8,. We will show that for n large, this condition is satisfied for all pairs
the form (e, é) = (y AT, — m(x))/o(x), (y AT, — m(x))/d(x)). Let &,
(na,) 2(log a;1)¥/2. First note that, by Proposition 4.5, for n large, |F,(é) —
F.(e)| < §,(Kysup, f.(y) + Kysup, |yf.(y)]) and similarly for H,, where
K, Ky > 0 do not depend on x or y. Using this, and Proposition 4.5, it is
easy to see that sup, , 5|@gs(t, 2, 8) — @g.(2, 2, 8)| < Cy8, for some Cy > 0,
which implies that Var(ge; — @5,) < C282. This argument cannot be used
for (@16 — ¢1.)(¢, 2, 6), because ¢;, is not continuous in y. Note, however,
that since the function ¢, is the function ¢ in the notation of Lo and Singh
(1986), it follows that for any y;, y5, Cov(e1, , ¢1y,) = (1= F (y1))(1—F(y3))
f_y;;\yz dHel(S)/(l - He(s))za and hence Var(@lé - Qole) = Var(gole) +Var(¢1é) -
2 Cov(e1,, ©15) < C;86,, for some C; > 0. The result now follows from (B.1). O

o
(=

LEMMA B.2. Let the assumptions imposed in Theorem 3.5 hold. Then

n=32q1 sup ZiK(X X)
xeRx lj=1 j=1 an,
yeR
ATy —m(X))
<[z x (T
J
Ty —m(X,
- £ oz X (P I |1 < )
-0 as.

PROOF. Define h(x, z, 8, y) = 3 (x)n(z, 8| x)f.((y — m(x))/o(x)). Then,
WX, Zi Ay ATx)
=MX;, Z;, 8, Iy <Tx )+ MX;, Z;, 4, Tx )I(y > Tx)
=hX;, Z;, 0, )I(y <Tx,)+h(X;, Z;, A, TX.,.)I(y >Tx)
+ [h(Xj, Zi, A, y) - WX, Z;, A, TXj)]
x[I(y =Tx,)—I(y < Tx,)]
=T (9) + T3 ().

The term ngz-)( y) differs from zero only if y is between Ty, and TXj. Since
|TXj —Tx,| = O(a,) if K(X;-X;)/a,) #0, it follows that |TXJ, —y| = 0(a,)
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in that case. Hence, using a one-term Taylor expansion,
n n

naty Y K( md )P I, < 0 = 0@

i=1 j=1

uniformly in x and y. It now follows that

" X, -X;
2 71 Z K( )
i, j=1 an
X [h(XJ, Zi’Ai’ y A\ TXJ) — h(Xi, Zi’Ai’ y/\ TXL)]I(X‘] < x)
n X, -X;
ot (2
i, j=1 an
X [h(X j > ZiaAi7 y)_h(Xw Zi>Ai> y)]I(ySTXl)I(XJEx)
n X, -X;
2 —1 Z K( >
i, j=1 n

X [h(XJ, Zi’ Ai’ TX/) — h(XL', Zi’ Ai’ TXL)]
x I(y > Tx)I(X; < x).

We will show that the second term above is o(n~%/?) a.s. The proof for the
first term is completely analogous. Let g(x,z,8) = h(x, z, 8, T,). Writing
8(X;, Z;,A) — 8(X;,Z;,48;) = (X; — X,)g'(X,,Z,,A) + %(Xj - X,y
g" (&> Z;, A;) for some §;; between X; and X ; (and where g’and g” denote,
respectively, the first and second derivative of g(x, z, §) with respect to x), it
is clear that it suffices to consider

n n X X
wtat Y 3K ()X - X0 (X 2040
i=1 j=1 n
xI(y > Tx)I(X; < x)
a, ZZK WX, - X8 (X Ziu A)
=1 j=1 an

xI(y>Tx)I(X; <x)

n n X
-2, nlzZK< - )(X -X)g'(X:, Z;, \)I(y > Tx.)

i=1j=1

x[I(X; <x)-I(X; <x)].
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The second term above is O(a?), since there are only O(na,) i’s and O(na,)
J’s involved. The first one equals

e u—X; . /
(na) 3 [ K (5 )= XD d(Px() - () (Xi, Zi,8)
i=1 n
X I(y > TXZ)I(Xl < x)
(B.2) +0(a;)
= n_S/Za,_L1 > / K(
i=1
x (X, Zi, A)I(y > Tx )(X; <x)+ O(a}),
where a,(u) = n'?(Fy(u) — Fx(u)) and xi € Ry is such that K((x} —
X;)/a,) # 0. Making the substitution v = (v — X;)/a,, using integration
by parts and the fact that sup, . <4 le,(%2) — a,(x1)| = O(ay*(log a;1)1/2)

a.s. [see Theorem 0.2 in Stute (1982)], (B.2) is easily seen to be o(n"'/?) a.s.
This completes the proof of Lemma B.2. O

u—X;
an

)(u = X)) dan(w) — ap(x)))

LEMMA B.3. Let the assumptions imposed in Theorem 3.5 hold. Then,

| pz
Supl/_oo /_DO(FX(M —va,) — Fx(x; —va,))
(B.3) !
X d(ﬁ'D(xla 219 8) - FD(xl, Zl, 5)) = OP(nfl)’

where the supremum is taken over all v belonging to the support of the kernel
K,all x € Rx and all —00 < z < 400, where Fp(x,z,8) — Fp(x,z,6) =
nIy? (X, <x,Z;<2,A; =8)—P(X <x,Z <2,A=23)and where § =0
or 1 is fixed.

PrOOF. We will apply Theorem 7 in Nolan and Pollard (1988) on the de-
generate class of functions

T = {(v,x,z)—> I(X,<Xy—va,,Xy<x,Zy<z A =396)
—FX(X2 - Uan)I(Xz S X, Z2 S z, Az = 8)

~[ [ Xy =x - va,)dFp(x, 21, 8)

+/7c>o [m Fx(xy —va,)dFp(xq, 24, 5)}‘

Showing that the three displayed conditions in the aforementioned theorem
are satisfied will imply the weak convergence of the process stated between
absolute values in (B.3) and hence the result will follow. In what follows we
will show that these conditions are satisfied for the class % = {(v, x, z) —
I(X, <= X9—va,, Xy <x,Zy <z, Ay =8)}. The other terms are dealt with
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in an easier way. First note that the envelope function F; equals 1. Let ¢ > 0
be fixed. For the first condition, we need to find a subset .7;* of %; (allowed to
depend on the given sample), such that for each f in &7, there exists a f* in
7", such that Eg | f — f*|2 < £2n?, where the measure T, is as defined on
page 1293 in Nolan and Pollard (1988). If f (respectively, /*) corresponds to
the triplet (v, x, 2) [respectively, (v*, x*, 2*)], this means that

I(Xl SX2—Uan,X2 Sx, Z2 SZ,A2:8)

—I(X, < Xy—v'a,, Xy <x*, Zy < 2", Ay = 8)| < &%n”.

Ep

(B.4)

Partition the domain of X, — X, into O(&72) subintervals [v j»Vj41] such that
the number of X; — X ’s between each v;a, and v a, is less than K, &?n?
for some constant K; > 0 to be specified later. Divide in a similar way Ry
into O(e~2) intervals [x;, xj,1] such that Fx(x,,;) — Fx(x,) < Ky&?. Fi-
nally, divide the real line into O(e~2) subintervals [z}, z;,,], such that the
number of Z,’s between z; and z;,; is never more than Kgze?n?. It is easily
seen that, by proper choice of K, K, and K3, for any (v, x, z) there exist j,
k and [ such that (B.4) is satisfied for (v*, x*, 2*) = (v}, x3, 2;). This means
that the covering number for the class 7 is O(¢ %) and hence the cover-
ing integral J(1,T,, %, F1) is 6, uniformly over all samples and over all
n. The second condition in Theorem 7 in Nolan and Pollard (1988) is satis-
fied by noting that for any y > 0, J(vy,T,, %, F1) = 6y(1 — log y), which
equals O for y = e. Finally, for the third, condition, we have to calculate both
N(e, Px P,,%,F,)and N(e, P, x P, 71, F',), since the functions of the class
F, are not symmetric in (X, Z;) and (X,, Z,). For N(e, P x P,, %1, F1),
we can use the same partitions for x and z as before and for v we choose
O(&™?) points v; such that [v;,; —v;| < K;&* for some K; > 0. In a similar
way as before, the class of functions corresponding to all triplets of the form
(v;, xp, 2;) can be used to show that the covering number N(e, Px P,, 77, F)
is O(&7®) uniformly over all samples and all n. Selecting the points v j» %), and
2, (J. k1 =1,...,0(e7?)) satisfying |v;,; — v;| < K182, x4 — x| < Kp&®
and |H(z;,1) — H(z;)| < K3&? (where H is the distribution of Z), it is easy to
show that also N(e, P, x P, 7, F;) is O(¢7%). This shows that also the third
condition of Theorem 7 in Nolan and Pollard (1988) is satisfied and hence the
result follows. O

The next result will be used in Proposition B.6 for establishing uniform
convergence to zero of a U-process.

LEMMA B.4. Let D, D be random vectors of dimension r, F, respectively,
and let (D;, Di), i=1,...,n, be a random sample drawn from the joint dis-
tribution of (D, D). Let V(d,, d,, dy, v) be a real-valued function defined on
R" x R" x R" x T, where T = R" x R® (where s can be zero) and where v =
(v1,v9) with vy € R” and vy € R°. Assume that the function V satisfies
SUPy,.d,,dy, v [V(dy, di, dy, v)| < o0, Ep p, (V(Dy, Dy, dg, v)) = 0 for all
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n
Jj=1

V(d, d, D;, vy, vy) is a pure jump process with jumps at vy = D, and

dy € R” and v € T, that as a process in vy, %,(d, d, vy, vy) = n~1/?

that %,(d, d, v) converges weakly to a zero-mean Gaussian process #(d, d, v),
which is continuous in all the indices d, d and v. Then,

n%sup|>" Y V(D;,D;, D;,v)| —>p 0.
veT [j=1 j=1

PROOF. The continuity of the limiting Gaussian process together with the
Skorohod-Dudley—Wichura theorem [cf. Shorack and Wellner (1986), page 471,
implies the existence of versions of the processes %4,(d,d,v) (n > 1), and
#(d, d,v) which are defined on the same probability space and such that
sup, 4., 1%4,(d, d,v) — %,(d, d, v)| — 0, almost surely. [For simplicity, we de-
note the a.s. convergent versions of the processes by the same symbols as the
original processes. We will do the same for the versions of the random vectors
(Dj,Dj), j=1,...,n to be defined in the new space.| Note that in this new
space %,(d, d, vy, vy) is also a pure jump process in v, and the points where
it jumps define the realization of the random vectors D ;. Thus the represen-
tation %,(d, d, vy, v,) = nV2Y"_, V(d,d, D}, vy, vy) holds also in the new
space. Let D j be a random variable generated according to the conditional
flistr.ibution of D given D = D;. Assumption Ej 5 (V(Dy, Dy, dy,v)) = 0
implies

(B5) Ep,p,[#:(D1, Dr,v)o| = [ B0, dvdi,0)dFp, p,(dr.dy) =0,

where conditioning on @ means conditioning on each sample path of the
process #4,(d, d,v), and %,(w,d,d, v) denotes the sample path. Consider
now the process n=tY" #(D;, D;, v) as a process in v and write it as
n 1Y, #B,(w, D;, D;) to stress the fact that D; and D;, i = 1,...,n, are
not the only sources of randomness in this process. We will show the weak
convergence of this process to the zero process. To show the convergence of
the finite dimensional distributions, it suffices to show that for a fixed v,
n1y"  #,(w,D;, D,)as P — 0. Write

n 2
E|:n_1 Z ‘@v(w’ Di’ Dl)i|
i=1

(B.6) a2y E[E{,%v(w,Dil,ﬁi1)|w}E{@v(w,Di2,Di2)|w}]
L17#ly
+n72Y" E[#%(w, D;, D;)].
i=1
By adding and subtracting the zero term in (B.5), it can be seen that
|E(#%,(0, D;, D;)|w)| < supy 4 ,|%,(0,d,d,v) — #(w,d,d,v)] — 0, for
almost all w, which implies that E(#,(w,D;, D;)|®) = 0 a.s. Thus, the



TRANSFER IN CENSORED REGRESSION MODELS 1777

first term on the right-hand side of (B.6) equals zero. The second term of
(B.6) is O(n™1), since V is uniformly bounded over all variables. This shows
that n=1Y"" ; 8,(w, D;, Di) = o0p(1l) by Chebyshev’s inequality. Finally, we
consider

P( sup In’ Z[Ja’ (w, D;, D;) — #,(w, D;, D; )]i )

p(v,v)<d i=1

< ( sup sup}.@(d d,v)—#(d,d, v)‘ > s)
p(v,v)<8 d,d

Since # is a tight process, this shows the tightness of the process nl.

> 1 B,(w, D;, D;) and completes the proof. O

PROPOSITION B.5. Let the assumptions imposed in Theorem 3.5 hold. Then,

- X,
w3 Y K (TS Rz a1 X))

i=1j=1

YA TXJ- —m(XJ)
* f8< (X)) )I(Xf =)

<y/\ Ty, —m(X;)

=n"' Y (Zi, A | X)) o(X;)

)I<Xi < 2)+ Ruy(x, 9).
i=1

where sup{|R,,1(x, y)|;x € Rx, y € R} = op(n~12).

ProorF. Using Lemma B.2, it is clear that it suffices to show that

- X,
w33 K (S (X n( 20 A X))

i=1j=1

X

Ty — m(X,

(y/\ ()T(Z(Xf;/l( L))I(Xij)
n Ty — m(X,

w Sz s Xof (PR T 1 <
i=1 i

Y [Fx(X0) — (XD (Xn(Zi A | X))
i=1

e

(B.7)

(i

n n X
-2 ,JZZK( )fX<X>n<Z“A X))

=1 j=1
y/\TXi_m(Xi)
()
x[I(X; <x)—-I(X; <x)]
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is 0p(n~Y/2) uniformly in (x, y), where fx(x) = (na,) ' Y7, K((x — X;)/a,)
is an estimator for the density f x(x). We will prove that the first term on the
right-hand side of (B.7) is 0p(n~2). The proof for the second term is similar
and will be left to the reader. Writing

X—Uu

Fx(o) = ) =a;t [ K(*2 ) dlFx(w) - Fx(w) + O(a?)

an
=a,! [(Fx(x - va,) - Fx(x - va,))K'(v) dv + O(a?),

and introducing the notation F (D) — Fp(D) for the empirical process that
corresponds to the data D; = (X, Z,,A;), i =1, ..., n, and the notation

YN Txl - m(‘xl)>
o(x1) ’
the first term on the right-hand side of (B.7) can be written as
@it [(Fx(xy = vay) = Fx(x; = va,)hy(x1, 21, 81)

x I(xy < x)d(Fp(Dy) = Fp(D1)K'(v) dv.

hy(xq,21,061) = ¥ (x)n(z1, 8, | x1)fe<

Further, let
A (x,2) = / / n'2(Fx(x, - va,) — Fx(x; — va,)) dn'/?
X (FD(xla 215 6) - FD(xla 215 8))
for fixed 6 = 0, 1. Then, it can be easily seen that it suffices to consider
(nan)_lfhy(xl, 21,0)I(x1 < x)dA (x4, 21)K'(v)dv
= (a) [ [ [ dhy(xy, 2, )I(x) < %) dA, (31, 20)K (v) dv
—oo Jxp,

(B.8)
+(na,) ! [ hy(xg, 20, 9)I(x) < ¥)dA, (%1, 2) K (v) do

+ (nan)‘lffxl dh,(xy, —00, 8)I(x, < x)dA,(xy, 21)K'(v) dv,
XL

where x; is the left endpoint of the support of Ry. The first term on the
right-hand side of (B.8) can be written as

(na,) ™ [[A,(x, +00) = Ay(x, 29) = Ay(¥2, +00) + Ay(¥2, 25)]
x I(xg > x1) AR, (x9, 25, 8) dxy K'(v) dv

[where A/ (x5, 25, 8) denotes the partial derivative of &, (x,, 25, §) with respect
to x5] and this is bounded by [see, for example, Lemma B, page 254 in Serfling
(1980)] K(na,) sup, , ,|A,(x,z)| sup, ., ||} (x2, 29, )|y for some K > 0
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[where ||h,(x2, 25, §)||v is the variation norm of the function A/ (x5, 23, 8) con-

sidered as a function in z,], which is Op((na,)™!) by Lemma B.3 and assump-
tion (A4) (ii). The derivation for the second and third term of (B.8) is similar,
but easier. This completes the proof. O

PROPOSITION B.6. Let the assumptions imposed in Theorem 3.5 hold. Then,

non yATX—m(X)
-2 X.,Z., A ; Z)\i(x .
n Z Z §D< 1> “is = O'(Xj) ( J = x)

i=1j=1

- n_liE{go(Xi, Zi, A, yAT;‘(;(;"(X))I(X < x)
i=1

+ RnZ(x’ y)?

Xia Zi7Ai}

where sup{|R,5(x, y);x € Rx, y € R} = op(n~'?).

PrOOF. We start with the second term of ¢ on which we will apply

Lemma B.4 with D =X, D =(Z,A), v=(x, y) and
V(d17 d~17 d27 u) = V(xl7 21 611 X9, X, y)

= Se<y : T;_Z(;Z;n(xZ)>77(217 81 | xl)Vl(

Tx, —m(X
—E[Se(y a jzX;;l( 2))71(21, 81| x1)71

(" e 0]

Since E[£(Z, A, y| X)| X] = 0, we also have that E[n(Z,A| X)| X] =0 and
hence it suffices for the second term of ¢ to show the weak convergence of
the process n=1/2 Z'}zl V(x1, 21, 81, X j, x, ¥) to a zero-mean Gaussian process.
This will be done by showing that the class & = {xq —> V*(x1, 21, 61, X9, X, ¥)}
is Donsker, where V* equals the first term of V [see van der Vaart and Wellner

(1996), page 81]. For this we need to show that [~ \/log Ny(e, 7, Ly(P))de <

oo, where N 0 denotes the bracketing number (see Theorem 2.5.6 in the same
book). Since the function x5y — S,((y — m(xy))/0(xy)) is bounded and contin-
uously differentiable, it follows from Corollary 2.7.2 in the aforementioned
book that m = O(exp(Ke!)) brackets are required for the class {x;, —
S.((y — m(xg))/o(x3))}. Hence, by truncating these brackets at S,((T,, —
m(xy))/0(x3)), the same number is needed for the class {x; — S, ((y A T, —
m(25))/0(x))}, since S,((y A T, — m(x5))/0(%2)) = Sol(y — m(2))/ () v
S.((T, — m(xg))/0(x32)). For v;, we first divide Ry into O(e71) subintervals
[¢;, ¢; 1] such that |¢,,; —¢;| < K¢ for some K > 0. For each fixed i, there exist
m brackets that cover the class {x; — y;((y—m(x5))/0(x3)|t;); ¥y € R}. Trun-
cating these brackets at vy, ((T',, —m(x3))/0(x3) | t;) shows that the bracketing

YA sz - m(xZ)

o(x3)

x1>I(x2 < x)
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number for the truncated class {x; — v1((y A T, — m(x2))/0(x9) | ¢;); y € R}
is also m. Using the (more general) definition of bracketing number stated
on page 211 in van der Vaart and Wellner (1996), it is clear that the class
{xg = 71((y ATy, — m(x3))/0(x3)|%1);%1 € Rx,y € R} can be covered
by using all the O(s~!exp(Ke 1)) brackets corresponding to all the points

t;(i=1,...,0(e1)), since for any ¢; < x;, x} <t;., and for any y, y' € R,
Y ATy =mxs)| [\ (Y ATy —m(xy)|
T o) T e 1Y
cp(LATnmme ) (VAT mi),
RN C B A G NN Y B
N (y//\sz—m(xz) t) (y/\sz—m(xz) t)
Y i)=Y i
' o(xz) ' o(xz)
YAT,, —m(xy)| YAT,, —m(xy)|
+7( ; 'ti>—y< 2 |x>.
' o(xg) | ' o(xg) |7

The Ly-norm of each of the three terms above is less than (a constant times)
g, provided y and y’ belong to the same bracket from the class of m brack-
ets determined by ¢;. Finally, since n(z;, 8; | x1)I(x5 < x) is increasing in x,
and bounded, it requires O(exp(K & 1)) brackets by Theorem 2.7.5 in van der
Vaart and Wellner (1996). This shows the weak convergence of the process
n~Y2y V(xy, 21,81, X ;, x, ¥). The third term of ¢ is dealt with in a similar
way. For the first term, we use the following decomposition of the function &,:

Ery dH, v dH,
fe(E,A,y>=<1—Fe<y)){‘/_oo ﬁﬁml——ﬂ(())}

I(EfyaAzl) Y dHe (S)
+(1_Fe(y)){ 1—H,(E) _/_oo 1—17116(3)}

= fel(E’ A, y) + er(E’ A, y)'

For n2Y; ;€a(Ei, Ai, (y A Tx, —m(X;))/o(X ;))I(X; < x), the same argu-
ments as for the second term of ¢ show that this term is asymptotically equiv-
alent to n Y F  E{&(E, A, (y A Tx —m(X))/a(X)I(X < x)| E;,A;}. To
show that the class

= (o (TG L e o

is Donsker, use similar arguments as above for F,((y A T, — m(t))/o(t)) and
for I(t < x), and apply Corollary 2.7.2 in van der Vaart and Wellner (1996) on
the integral. On the term ¢, we will apply Theorem 7 in Nolan and Pollard
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(1988). Let
o> _ Z;—m(X,) yATx, —m(Xs)
I = {(xa y)_>§e2< O'(Xl) 5A17 O'(XQ) >I(X2§x)
Zl—m(Xl) y/\TXZ_m(X2) .
Elaa(y e Ty I =0z
xeRx,y€ R}.

Note that this is a degenerate class of functions. We will restrict ourselves to
verifying the conditions in that theorem for the class:

S = {(x, y)— <1_Fe<yAT§z}_(:)1(X2)>><l—H9<Z%‘__(LX(1)X1)>>1

I(Zl -m(X,) _yATx, —m(Xs,)
o(Xy) ~ a(Xy)

The verification of the conditions in Theorem 7 in Nolan and Pollard (1988)
for the other terms is similar, but easier. Let F; = (1 — H,(T))"! denote the
envelope function for this class and let ¢ > 0. We start with showing that there
exists a partition [y;, y;,] of the real line such that forall i, all y; <y < y,,¢
and all x € Ry,

To see this, first note that for & small enough F,l(g)>¢"! and F;(1-¢)
< &7L. Hence, all y <—&1sup, o(x) + inf, m(x) = a, satisfy F,((y —m(x))/
a(x)) < & (for all x) and all y > & !sup, o(x) + sup, m(x) = b, satisfy
F,((y —m(x))/o(x)) = 1— ¢ (for all x). Now divide the interval [a,, b,] into
K = O(s?) subintervals [y;, y;11] (y1 = a,, yg = b,) such that |y, — y;| <
e(sup, f.(z))tinf, o(x). Then, if yo = —oco and yx,4 = +oo, it is read-
ily shown that (B.9) is satisfied. Next, let us divide the line into O(&~?)
subintervals [¥,, ¥,,1] such that the number of couples (i, j) for which y, <
(Z; —m(X,))/o(X;)o(X ;) +m(X ;) < 1,1 is less than £%n?. Finally, parti-
tion Ry into O(¢2) subintervals [x;, x;,1] such that Fy(x;,;)— F x(x;) < &%
Now let .7;* be the subclass of .7; consisting of all functions for which the cor-
responding couple (x, y) equals (x;, ;) or (x;, ;) (i, j,k=1,...,0(c7%)). It
is readily seen that for any f in 77, there is a f* in 7" for which E |f—f* 12 <
3(1— H,(T)) 2¢%n2, where T, is the measure defined on page 1293 in Nolan
and Pollard (1988). This shows that the covering number N(e, T,,, 71, F1) is
O(&~*) uniformly over all samples and over all n and hence the covering in-
tegral J(1,T,, %, F,) is 4. Hence, the first condition in Theorem 7 in Nolan
and Pollard (1988) is satisfied. The second one is easily verified by an ap-
plication of Chebyshev’s inequality and by noting that the covering integral
J(y, Ty, 71, F1) = 4y(1 —log y) equals zero for y = e. Finally, for the third

,A1=1)I(X2§x);xeRX,yeR}.
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condition, we calculate first the covering number N(¢, P x P,, %1, F';) (note
that since the functions in the class % are not symmetric, we have to consider
both P, x P and P x P,). For this, the partitions x, (i = 1, ..., O(¢?)) and
y;(j=1,..., 0(£7?)) constructed above can be used here as well to take care
of, respectively, the first and the last factor of the functions in ;. For the
indicator I((Z; — m(X,))/o(X1) < (y A Tx, — m(Xy))/0(X3),A; = 1), we
partition the real line into O(e~2) subintervals [y}, y,.1] such that H,,((y A
T, —m(x))/o(x)) = Ha((§p AT, —m(x))/o(x)) < & for all y;, <y < y;,, and
for all x € Ry [this can be done in a similar way as for equation (B.9)]. The
subclass of .77 corresponding to all couples (x;, y;) and (x;, ) can be used
to show that the covering number is not more than O(&~*). For the covering
number with respect to the measure P, x P, we again use the partition y; (j =
1,..., O(e7?)) for the factors 1— F,((y AT x, —m(X3))/0(Xy)). For I(X, < x)
we divide Ry into O(&72) intervals [%;, X; 1] such that F x(%;,1)—F x(&;) < &%
A more complicated partition is needed for the remaining factor, for which
subintervals (say [y}, ¥;,1]) need to be constructed satisfying

= Z;—m(X;)
NP\ —oxy o) +m(X) < yin
(B.10) izl{ ( Z(X‘)(X)
i —m4,
‘P< (X))

X, Z,-)

o(X)+m(X) <y,

Xi’ Zl)} < 82n.

Let V be the number of (Z; — m(X;))/o(X;) that are less than H_!(£2/2)
or greater than H,!(1 — &£2/2). Then V ~ Bin(n, ?) and hence, for n
large, V — ne? < 2(e?(1 — &®)nloglogn)'/? a.s. [see, e.g., Serfling (1980),
page 35]. So, we only need to consider the terms in (B.10) for which
H;1(e2/2) < (Z; — m(X,))/o(X;) < H;Y(1 — £2/2). As before, we have that
[H;Y(£2/2), H;1(1-£2%/2)] € [—&72/2, £72/2] for & small enough. Hence, it suf-
fices to consider values of y for which y; = —(¢72/2)sup, o(x) +inf, m(x) <
vy < (£72/2)sup, o(x)+sup, m(x) = yy. Using assumption (A5), (B.10) can be
achieved for these values of y by using at most O(e~*) subintervals [y}, ¥} 1l
This shows that also the last condition of Theorem 7 in Nolan and Pollard
(1988) is satisfied and hence

. non Zi—m(X;) , YATx, —m(X)) (X <
i lel{f< Xy T o(X) Jrex, =)
ye
Z;—m(X;) y/\TXj—m(Xj)
- lea( B0 e s < zual |
— 0,(1).

This completes the proof. O
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