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PROBABILITIES OF MODERATE DEVIATIONS FOR
SOME STATIONARY ¢-MIXING PROCESSES

By MALAY GHOsH AND GUTTI JoGESH BABU!
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and University of Oregon
Probabilities of moderate deviations of the sample mean from the

population mean are calculated for certain strictly stationary ¢-mixing
processes.

1. Introduction. Consider a strictly stationary sequence {X,, n > 1} of ran-
dom variables (rv’s) defined on a probability space (Q, %7, P). Define M,* as
the g-field generated by X, -- -, X, and M=_, as the o-field generated by X,,,,
Xyius1s + -+ It is assumed that

for the events 4e M* with P(4) >0 and Be My,
(1.1) |P(B|A) — P(B)| < ¢(n), where ¢(i)’s are nonnegative
numbers satisfying
1=2¢(l) =2 42) = -+, lim,_,¢(n) =0.

The condition (1.1) is usually referred to in the literature as the ¢-mixing con-
dition.

Central limit theorems (CLT’s) for sequences of rv’s satisfying (1.1) are
proved by Ibragimov (1962) under certain conditions on the moments of the
X,;’s and on the ¢(i)’s. These results ensure under certain conditions convergence
in law of the sample sum S, = Y7 X, (when suitably normalized) to the normal
(0, 1) variable. Berry-Esseen type results for such sums are available in Reznik
(1968) and Philipp (1971), and have been used by them in proving laws of the
iterated logarithm.

In this paper, we obtain probabilities of moderate deviations (PMD) for sample
means. We shall observe that our results generalize the PMD findings of Ghosh
(1974) under m-dependence. Included also are the PMD results of Rubin and
Sethuraman (R-S) (1965) in the i.i.d. case. R-S, however, consider also the
case when the X,’s are independent but not identically distributed.

We adopt the convention of denoting by K, (> 0), K, (> 0), r (> 0), etc.,
generic constants. The word “strictly” will henceforth be omitted before “sta-
tionary” for brevity. Also, in what follows, a, ~ b, will mean a,/b, — 1 as

n— oo.

Received November 7, 1973; revised August 23, 1976.

1 Part of the work was done while the author was visiting the Department of Mathematics,
University of Ilinois.

AMS 1970 subject classifications. 60F99, 60G10.

Key words and phrases. Probabilities of moderate deviations, stationary processes, ¢-mixing,
Esseen’s lemma, m-dependent processes.

222

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to Qﬁ%%

The Annals of Probability. STORS
Www.jstor.org



MODERATE DEVIATIONS 223

The main result of the paper is as follows.

THEOREM. Suppose the stationary process {X,, n = 1} satisfies (1.1). Then, for
any ¢ > 0,

(1.2) P(n'S, — ¢ > ca(log n/n)t) ~ (2zc? log n)~in=i,
and

(1.3) P(|n~'S, — p| > co(log n/n)?) ~ 2(2xc* log n)~tn=4"
hold under the conditions

(1.4) E|X,|"** < o0,  for some > 0;
(1.5) Dwaa $H(n) < oo

(1.6) 0+ o® = V(X)) + 2 5., Cov (X;, Xiy)) -

The proof of the theorem is postponed to Section 3. Certain basic lemmas
pertaining to the proof of the theorem are proved in Section 2. The results (1.2)
and (1.3) are the PMD results. Noting that x(1 — ®@(x))/N(x) — 1 as x — oo,
where N(x) = (27)~% exp(—4x*), @(x) = §°,, N(y) dy, alternate representations
of (1.2) and (1.3) are as follows:

(1.7) P(n=¥(S, — np)Jo > c(log n)t) ~ 1 — @(c(log n)t) ;
(1.8) P(n}|S, — np|jo > c(log n)t) ~ 2[1 — D(c(log n)})] .

The calculations of Ibragimov (1962) show that ¢* < oo under our conditions.
Our conditions (1.4) and (1.5) are stronger than the ones required in proving
the corresponding CLT’s. Ibragimov (1962) has proved a CLT (see his Theorem
1.5) assuming (1.5) and the weaker condition EX;* < co. For proving a Berry-
Esseen type result Reznik (1968) needs the stronger assumption E|X,[*** < oo
for some 6 > 0 in place of EX,> < oo. It is not out of place to mention here
that Reznik’s (1968) paper contains a gap. He applies Esseen’s lemma to two dis-
tribution functions, F, and F,, without verifying that at least one of them satis-
fies some smoothness condition (see Feller (1968), page 512, Lemma 2). The
gap has been closed by Stout (1974).

The moment condition (1.4) is assumed by R-S (1965) and Ghosh (1974). If
¢(n) = 0 for n = m + 1, where m is some fixed nonnegative integer, we obtain
the case considered by Ghosh (1974). Thus the present theorem includes the
m-dependent as well as the i.i.d. cases earlier considered.

2. Some basic lemmas. We develop here some lemmas to be used subse-
quently in proving the theorem. From now on, it is assumed without any loss
of generality that © = 0 and ¢ = 1. Define
2.1 X/ =X,, =X, if |X|<n

=0 otherwise , I<ig<nnzl.

Then, if S, = Y7_, X,/ (n = 1), one gets the following lemma.
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LemMA 1. Under (1.4),
(2.2) |P(S%, > c(nlog n)t) — P(S, > c(nlog n)t)| = O(-4*-#%) .
Proor.
LHS of (2.2) < AU | X > n¥) < nP(X,| > ni)
< nn—e+2+6) E|X1|°2+2+” — 0(,,—&02—&6) ,
using the definition of X,”’s, the stationarity of the X,’s, Markov’s inequality
and (1.4). This proves the lemma.
In view of the above lemma, to prove (1.2), it suffices to’show that
(2.3) P(S,’ > c(nlog n)?) ~ (2zc? log n)~tn—t .
We prove one more lemma in this section which gives the order of E|S,’'| for
all positive integers m > 2. The present lemma generalizes Lemma 1.9 of Ibra-
gimov (1962), but only for the truncated random variables X;"’s.
LemMMA 2. For 1 < u < n, and for any positive integer m = 2,
(2.4) E|S,/|" < Ky(uR(m)(log n)*s + ut™),
where R(m) = R,(m) = n*™=*-2= or O according as m > or < ¢+ 2 + 0; K,
and K, are constants which may depend on m but not on n and u.
Proor. We prove the lemma by induction. First observe that
(2.5) E|S,|* = uE(X,®) + 2 Y ¥z D E(X X)) s
using the stationarity of the X,”s. Using now a result of Ibragimov (1962),
(see, e.g., Lemma 1, page 170 of Billingsley (1968)), one gets
(2:6)  |E(XX))| = |E(XXL) — B(G)EXG)| + |E(X)EX )|
< 20*()E(X) + [EX/T .
Now, from the definition of the X,’s in (2.1), the stationarity of the X,”s,
Markov’s inequality, and (1.4) one gets,
2.7) EX/| < E[[Xlryoan] < nH SB[ XM 0 o]
= o(n~#?-#-4%)
where [ is the usual indicator function. Also, EX,”? < EX? = A (say) < co. It
follows now from (2.5)—(2.7) that
(2.8)  E|S/P < Au+ Do Dt [2494()) + ()] < Ky,
where one uses # < n and (1.5). This proves the lemma for m = 2.
To prove the lemma by induction, assume next that

2.9) C(u, m)y = E|S,/|™ £ K,(uR(m)(log n)*2 + ui™) = D(u, m) (say),

and prove a similar inequality for C(x, m + 1). Towards this end, define S/, , =

ey X!, and S, = 3t X!, .. Using the definition of C(x,.m) and the sta-

tionarity of the X,’s, one gets '

(2.10)  E(S) + SL)™ = E(S.] + IS0 )" = D3 ("FE(S | ISLL)
= 2C(u, m + 1) + X7 ("FIE(SS IS -
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Using the stationarity of the X,’s, and Lemma 1, page 170 of Billingsley (1968)
with r = (m + 1)/(m + 1 — j), and s = (m + 1)/j, one gets
LE(S, ™21 S%, %) — EIS,[" LS, |
(2, 1 1) < 2¢(m+1—j)/(m+l)(t)(E|Sul|m+1)(m+1—j)/(m+1)(E|Sul|m+1)j/(m+1)
< 20V ()Cu, m 4 1) I<jsm.
It follows now from (2.10) and (2.11) that
E|S, + 8, ™ < (2 + 28V (6)2™)C(u, m + 1)
+ i ("F)EIS/ M TIES, |
(2.12) < (2 4 2™V mD(1)C(u, m + 1)
T (YIS, ) =20 E]S, )
< (2 4 2mPV (1)) C(u, m + 1)
+ 2mHICmAD/™(y, m) |
Again from (2.9), C™+V/™(u,m) < K,(u™+V/mR™+0/™(m)(log n)¥2 4+ ud™+v). Now,

for m+1=c"4+2+49d, Rmy=R(m+4+1)=0. For m+1>c*+2+ 9,
(uR(m))m+b/m < ypt/mplmin/am m—ci-2-8) < yphim+1-ci-2-0) — yR(m41). It follows

now from (2.12) that
(2.13) E|S, + S, . |" < [2 4 2mtgV o tD(H)]C(u, m + 1) + D(u, m + 1) .
Using the Minkowski inequality, one gets
CQ2u,m + 1) = E|S,’ + S, + Sy, — Su. "™
(2.14) < {EV™RIS) 4 8L
+ (ZEH + DBy
Note now that form + 1 < ¢* + 2 + 9,
EIX/|™*0 < B|X/|#r < B[ < K,
and form + 1 > ¢ + 2 4+ 4,
E| X[+ < ppm+l-c-2-0 F Y /|24 < K R(m 4+ 1),
using (1.4), (2.1) and the definition of R(m). The above leads to
(2.15) E|X/|"™* < K\ (1 + R(m + 1)).
Combining (2.13) and (2.15), one gets from (2.14),
(2.16)  CQuy m + 1) < [{(2 + 2"V ™0(O)C(u, m + 1) + D(u, m 4 1yp/omso
+ K t(1 4+ R(m + 1))V/em+mtr
Consider now the two separate cases (iym + 1 < ¢* + 2 + dand (i) m + 1 >
¢+ 2+ 0. ‘
CasE (i). Here R(m + 1) = 0. Given any ¢, (> 0), choose ¢ to be sufficiently
large (not dependent on n) that 2m+¢¥™+1(r) < ¢, (by 1.5)). Then, one gets
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from (2.9) and (2.16),
CQu,m + 1) < [{(2 + &)C(u, m + 1) 4+ K utmo}/omtd 4 K, m+t
< [+ e){(2 + &)C(u, m + 1) + K upmoj/imid]mtt
for u sufficiently large, say u = u, = u,(m, ¢;). Also, given any ¢ > 0, choose
&, (> 0) such that (1 + ¢)™*(2 + ¢) < 2 + . This leads to
(2.17) Cu,m + 1) < (2 + ¢)C(u, m + 1) + K ut™h,
for u = u,. This is also valid for u < u, by using the inequality E|S,/|" =
umE| X/|™ < u,"E|X,|*+*** and by suitable readjustment of K, if necessary. Re-
peating (2.17) r times and using C(1, m + 1) < E|X;|"**** < K, one gets
C2r,m+ 1) 2+ ¢)C1l,m 4 1)
(2.18) + K272k (1 + (2 + g)27HmD .
+ {2+ ezhemy-y
< K[(2 4 €Y + (2)m ] < K, (2N = D27, m+ 1),
choosing ¢ (> 0) so small that 2 4 ¢ < 2# < 2i™+0 for m = 2.
- Case (ii). Here R(m + 1) # 0. Take ¢ = [(log n)™*Y”], the integer part of
(log n)™+b72, Then (2.16) and (1.5) lead to
CQ2u,m + 1)
< [{(2 + K,(log n)~)C(u, m + 1) + D(u, m + 1)}/m+D
+ Ky(log n)¥2aRY "™+ (m 4 1)+
(2.19) < [(1 + K,(log n)™){(2 + Ki(log n)™)C(u, m + 1)
_|_ D(ll, m + 1)}1/(m+1)]m+1
= (1 + Ky(log n)=)™*+{(2 + K,(log n))C(u, m+ 1) 4+ D(u, m + 1)}
< 2(14K,(log n)=C(u, m+1) + Ky(uR(m+ 1)(log n)*z 4- ut"+?) .
When 27 < n, i.e., r < (log 2)-*(log n), repeating the inequality (2.19)r times
and recalling C(1, m 4 1) = E|X/|™*' < K,R(m 4 1), one gets
C2,m + 1) £ 27(1 + K,(log n)~")y"C(1, m + 1)
+ K, 2°R(m + 1)(log n)s X323 {(2 + Ky(log n) )2~}
(2.20) + K@) By (@ + Kllog n) 2o
< K, 2'R(m + 1) + K, 2"R(m + 1)(log n)*z 4+ K;(27)¥™+b
<DQ2",m+1).
Combining (2.18) and (2.20) one gets for any u = 2" (< n),
(2.21) C(27, m) < K,[2"R(m)(log n)*2 4 (27)¥"].
Now suppose 2" < u < 27+ Use the binary decomposition # = }}5_,v;2/ with
“wv,=1,y;,=00r1for0<j<r— 1. Then,

(222)  E|L X" = E(XP+ Xife + - + DR XS
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where i, = v,,,_;2""7 (1 < j < r+41), X7 X/ is interpreted as zero if m, < m,.
Using now the Minkowski inequality, the stationarity of the X’s and (2.21),
one gets
E|S X/ < {EV DX/ 4 oo+ BV Dt X/

< K[54 (r1os(271-3R(m)(log s  2imr+i=)ym)n

< K38 vy 201/ RINm)(log n)fs + 2479
(2.23) < K[(S3# 2009/ mRVm(m)(log n)*s + ¥ 35 24r+1-0]

é Kl[2(r+1)/mR1/m(m)(log n)Kg + 2i(r+1)]m

< K1[2'+‘R(m)(log n)Ks 4 2imir+n]

< Ki[2R(m)(log n)*2 + (27)i"]

< K,[uR(m)(log n)*z + ui™].

3. Proof of the theorem. We need only prove (1.2) as (1.3) is then immediate.
Recall we have already assumed # =0 and ¢ = 1. Let p =p, =[n*], ¢ =
4. = [n*], k =k, =[n/(p + 9)]; «and 8 (0 < B < @ < 1) will be chosen later;
[x] denotes the largest integer < x. Then, n =k(p+¢)+ 1 0=r<p+gq.
The sample sum S,’ is then partitioned into

(3.1) S/ =U,+R,+T,,

where

(3.2) U, = 21856 =&, = 20HGH XS l<isk;
(3.3) R, = 2175 0 = e = DN ven X lsigk;

(G4) T,=T,, =yketotrxy if r=1; T,=0 if r=0.

We now prove three lemmas which imply (2.3), and thus prove the theorem.
Define {, = (log n)==*, v > 0 for n = 2.

LemMMA 3. For any ¢ > 0, under (1.4)—(1.6),
(3.5) P{U, > (¢ £ 2¢,)(nlog n)t} ~ (27c* log n)~tn=t
LeEMMA 4. For any ¢ > 0, under (1.4)—(1.6),
(3.6)  P[R, > {,(nlogn)t} = o(n~¥"(log n)~t) = P{R, < —{,(nlog n)t}.
- LEMMA 5. For any ¢ > 0, under (1.4)—(1.6),
(3.7)  P[T, > {,(nlogn)}} = o(n~t’(log n)~t) = P[{T, < —{,(nlogn)t}.
Further, for {, < ¢, n large, one has
P{U, > (¢ + 2¢,)(nlog n)}} — P{R, < —{,(n log n)}
— P[T, < —{(nlog n)t}
(3.8) < P[S,’ > c(n log n)}}
< P{U, > (¢ — 2{,)(nlog n)t} + P{R, > {,(nlog n)t}
+ P{T, > {,(nlogn)t}.
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Dividing both sides of (3.8) by (27 log n)-tn—*®, and then letting n — oo, one
gets (2.3).
Proor or LEMMA 3. For later reference, note that
(3.9)  log[nies¥nrnd®] = 4] — (¢* + 2(,)"] logn = O(logn)=, v>0,
where O, denotes exact order. By M, = O,(a,), we mean that there exist con-
stants K, (> 0) and K, (> 0), and a positive integer n, such that K, < |M,|/a, <
K, for n = n,. We have used (3.9) in deriving (3.30).
Defining £/ = p~#,(1 < i< k)and ¢, = (¢ £ 28,)(n/(kp))i(log n/log k)1,
(3.10) P(U, > (c £ 2C,)(nlogn)}) = P(k & > ¢,(k log k)t) .
Define now
(3.11) w =&/’ if |&'] < (k/log k)t ,
=0 otherwise ; 1<igk.
Using Lemma 2, one has
IP(ZEES > eo(kflog k)) — P(Tk €, > c,(k/log k)?)|
= kP(I§/| > (k/log k)¥) < k(k/log k)-+mE|&,’|
(3.12) = k(k/log k)=tmp=nK,(pnm==*=0"(log n)<a 4 pm/)
< Ki[n(kp/n)=""n=-1"~43(log n)*a + k'~in(log ky»"]

<K, [n—icz_ia (1 + qu-l- r)wz(log nyka 4 nu_a)u_;m)(log n)KZ_J
P

< K,n~¥(log n)~t-7,
for some 5 > 0, and for large n, if (1 — a)(m — 2) > 4 i.e.,

(3.13) a<1l—cm—2).
Thus, to prove the lemma, it suffices to show that
(3.14) P(X% &0 > cu(k log k)¥) ~ (2nc? log n)—tn—4*

To prove (3.14), one proceeds in analogy with Rubin and Sethuraman
(1965). Let Fy(x) = P(5k &, < x), 9:(0) = =, exp (0x) dF,(x), and dG, ,(x) =
exp (0x) dFy(x)/g,(0), 6 (> 0) being some real positive number. Then it
is possible to express the LHS of (3.14) as

9u(€,(10g k[Kk)E) (22 1003 €XP (—ca(log k[k)ix) dG, . ogasms(x) -
Define now

(3.15) fo = E[exp (c,(log k[K)} £,)]
(3.16) m, = [, E[& oxp (c,(log k[k)HE,)]
(3.17) m}+ ¢, = S E[63 exp (c,(log k[k)&)] .

Then after some simple manipulations, it is possible to write
(3.18) PRt &y > ¢, (k log k)t) = 4, {5, exp (;C,,z) dII,M”(z) ,
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where A, = A,(c,) = E[exp {c,(log k[k)t Y% &,}] exp (—c,(k log k)tm,), B, =
B,(c,) =k ta,Y(c,(k log k)}*—km,), C, = c,0,(log k), IO, . (2)=Ghpeptoge oa(km +
kts,z). Next we obtain some useful estimates of A,, B, and C,. Towards this
end, first note that using Lemma 2
(3-19) El&,* < El&/)P < Kip(pt + pn=i=-""%(log log n)*s)

< K1 + (n/p)tn4*-¥) < Kik+7,
1 <i <k, for some y > 0. Also,

(3.20) Eg < E§* LK, .

Further, using (3.11) and (3.19),

(3.21) |E(¢)| < (kflog k) EJ&/P < Kyk+7
for some 7y > 0. Next we show that

(3.22) |E&y — 1] < K k7 for some 7 >0.

This is accomplished in several steps. First note that using (3.19)
(3.23) |E€,” — E&,| = E[Slmlllel'|>(k/1ogk)b]]
< (k/log k)*E|§/|® < K k™7 for some 7y > 0.
Also, using the stationarity of the X,’s, Lemma 1, page 170 of Billingsley (1968),
(1.4), and Y221 ¢¥(j) < K, (which follows from (1.5)), one gets
|pE(XT Xi)' — E§)"

= pPE(X? — X\”) + 2 125 (p — NEX Xy — X' X1)|

= E[X121[1X1I>'n5]] + 4 g;ll |E(X1I[|xl|>né]X1+jI[|X1+,-|snb])|
(3'24) +2 Z?;ll IE(XlI[|X1|>ni]X1+jI[|X]+j|>ni])l

< noHEEOE|X M+ 8 3203 AN EH X Ty s ) EH Xy eh)

+ 4 2321 SN EX x5 at) + OPLEL X ey > wn]Y

< Kln‘*“z”’ + Kln‘*“z*"’ + Kln‘*“z""” + Klpn-(c2+1+a> < K,n7

for some r > 0.

In view of (3.23) and (3.24), EX, = 0 and ¢* = 1, (3.22) will now follow
from the following lemma.

LEMMA 6. Under (1.4)—(1.6), |p~*V(3? X;) — ¢*| < K,n"7 for some y > 0.
Proor.
| —p~ V(X2 X)) < 2{Z3z1jp~HCov (X, Xuy )| + X5=, [Cov (Xos X))}
< 2 ?;}jp‘l¢‘°2+1+”’/(°2+2+”(j)(E|X1|“2““)/“2“”’)‘”2“”’/(”2””)
X (E|X1|c2+2+a)1/<c2+2+a> + 2 Z;,ozp ¢(cﬁ+1+a)/(c2+2+6)(j)
X (E|X1|(c2+2+6)/(c2+1+6))(02+1+6)/(c2+2+a)(E|X1|02+2+6)1/(c2+2+a)
< K1[P_1 Z?;}j_(°2+"’/(°2+2+"’ + Z;p=pj-1—<c2+o)/c2+2+a]
=K p7r=sKnT,
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for some y > 0, since (1.5) and the monotonicity of the ¢(j)’s give ¢(j) < K, j=.
With the usual expansion of exp (x) around x = 0, it follows from (3.20)—
(3.22) that

(3.25) |fo — 1 — $c,X(log k[k)| < K k=177 for some 7y > 0.
Further, from (3.16)—(3.17) and (3.20)—(3.22),
(3.26) m, = c,(log k[k)E(&) + O(k=+-7)
= c,(log k[k)} 4 O(k=t-7) for some 7y > 0;
3.27) - m2+o=1+ 0OKkT), for some 7> 0.
Hence, ¢, = 1 + O(k~7) for some y > 0, and one has
(3.28) B, = k=#(1 + O(k~7))O(kt-7) = O(k™7) .
Also n/(kp) = 1 + (kq + r)/(kp) = 1 4 O(n~7), for some y > 0. Hence,
(3.29) C, = c,0,(log k)t = c(log n)¥(1 4 O(logn)=7).

We prove next
A, = n~¥%1 + O(logn)-7)  forsome 7 >0.
Since —c,(k log k)im, = —c,*logk + O(k—"logk) = —c*logn + O((log n)~7)
for some 7 > 0, it suffices to show that
(3.30) E[exp(c,(log k/k)* 1% &,0)] = ni*)[1 + O(log n)~71,
for some y > 0. Note that in view of (3.25), klogf, = 4c,’logk + O(k™7) =
3c*logn 4+ O((log n)~7). Hence,
(3.31) [t =n?(1 4 O(logn)-7),  forsome y >0.
In view of (3.31), in proving (3.30), it suffices to show that
(3.32)  |B(exp(c,(log k/k)} Tk &) — £, = O(m*-7),  forsome 7> 0.
To prove (3.32), we make repeated use of the inequality (20.28) in Billingsley

(1968), page 171. The inequality is due to Ibragimov (1962).
Using stationarity and |§,)| < (k/log k)?, one gets
|E(exp(c.(log k[k)* Tt €i) — fu®]
< |E(exp(ca(log k[k)! 21 €i)) — E(exp(c,(log k[k)} 21~ Su))f.
+ fal E(exp(c.(log k[k)} 2176w))
(3:33) — E(exp(cq(log k[k)! T~ E)lful + - -
+ fa"T|E(exp (ca(l0g k[k): 31 €w)) — £
= 2¢(q) exp(2¢,)
{Z4a e~ E[exp(c,(log k[k) i €u)] + £.*7) -
Again, repeated application of (20.28) of Billingsley gives
Efexp(c,(log k/k)} iz €u)]
(3.34) < [fa + 26(q) exp(c.)]E[exp(c,(log k/k)t {7 S)] < - - -
= [/ + 26(9) exp(e)l s j=2 - k—1.
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It follows now from (3.33) that

|E(exp(ca(log k/k)* 2t €u)) — fu®]
(3.35) < 2k$(q) exp(2¢,)[ . + 26(q) exp(c,)]*
< Kiq k(1 + he, (log kfk) + K(k==7 + g)*

using (3.25) and (1.5). Note that for large n the RHS of (3.35) is majorized by
K,n-*+-«exp[k log (1 4+ }c,*(log k/k) + K,k=*-7)] for some y > 0 provided
28 >1— a. The above is again majorized by K, n-? *'-=exp(}c,’logk +
Kik=1) = O(n*--*+i), Choose now a = 1 — (¢* + d)/(m — 2), B =1 — (¢ +
20)/(m — 2), where m > 3¢* + 56 + 2. Then, (3.13) is satisfied, 0 < B < @ < 1
and28 > 1 —a. Also, 1 —a — 28 = —2 + (3¢ + 59)/(m — 2) < —1. This
proves (3.32). Finally we show

(3.36) sup, I, , (2) — @(2)] = O((log n)~?) .

Assume for the moment that this is true. To see how the proof is concluded
first note that in view of (3.18) and 4, = n~**(1 4 O(log n)~7), for some y > 0,
it sufficies to show that

(3.37) {5, exp(—C,2) dIl, , (2) ~ (2nc* log n)~* .
From (3.28), (2.29) and (3.36) one has

1§53, exp(—C2) dIL, ., (2) — {5, exp(—C, 2) d0(2)| = O((logn)7F) .
Hence, one need only prove that
(3.38) {5, exp(—C,2) dQ(z) ~ (2nc* log n)~¢ .
It is easy to see that |{3 exp(—C,2)d®(z) — {5 exp(—C,2) dO(2)| < K,|B,| =
O(n-7) for some y > 0 (using (3.28)). Also,

(3.39) (o exp(—C,2) dD(2) = {7 (2n)~texp(—4(z + C,)* + 3C,}) dz
= (2r)71 — ®(C,)])/N(C,) ~ (27)~*C,™* ~ (2zc*log n)~%.

It remains to prove (3.36). If H(x)= P(§,<x) and dH,(x)=
exp(c,(log k/k)tx) dH(x)/{*,, exp(c,(log k/k)ix) dH(x), it follows that m, and ¢,
are the mean and the variance of &, wrt the conjugate distribution H,. If £}
(i=1, .-, k) are independent rv’s each having the same conjugate distribution

H, as &,,, Lemma 2, page 171 of Billingsley (1968) gives

(3.40)  |E, (TI% exp{it(Es — mu)k~ta, ™)) — 111 By [explit(€h — m,)k~ta,}]|
< 2k¢(q) £ K kq™* = O(n*~*"%) = O(n~7) forsome 7 >0;

in the above E, denotes expectation wrt H,. Let now F,(x) and Fy(x) denote
the respective df’s of ¥ (§,, — m,)k~t¢,~* and X} (6§ — m,)k~ts,~* when the
&,’s and &5’s have df H,(x). Let f, f;, and f, denote the characteristic functions
corresponding to @, F, and F,. Define 3, = Ej, |§f|*. It follows from (3.21) and
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(3.25) that 8y = O(k#-7) for some y > 0. Define T, = 0,°8,"%* so that T,! =
O(k~7). Proceeding in analogy with Theorem 5.1 of Feller ((1966), pages 515-
516), one gets for |¢t| < T,
(3.41) Ifo(t) — fo(O)] = KB, ~*k~H1[* exp(—751")

= O(n77)|t]* exp(—51") .
Using now Esseen’s lemma (see, e.g., Feller (1966), page 512), one gets for all
real z,

(3.42) 1F(2) — @(2)] = K[$23, | /u(0) — fo®)lle| ™ d + T,7]
< K[23, 1400 — fu(0)lle| dt
+ V28,140 — Ol de + T,7].
Again |f(r) — fi(t)] < K(log n)~¥|¢| for |f| < (log n)~* (since the corresponding
variables admit moments of order higher than two). Using this and (3.40), one
gets for large n,

S%,Jfl(’) =[O dt = §ucaopm-1 + Saogm-tsisr,| i) — fu(0)|[e] 71 dt
=< K[(log n)=* + n-7logn],
noting that log T, = O(log n); (3.41), (3.42) and the above now lead to
sup,|Fy(z) — @(z)| = O((log n)~%). But F, is the same as I, .,. Thisproves (3.36).
The proof of Lemma 3 is now complete.

ProoF oF LemMmAa 4. We need only prove that P(R, > {,(nlogn)t =
o(n~t*(log n)~t) as the proof of the other quality in (3.6) is analogous. To this
end, first define,

(3.43) Tw =1, if |p] < n¥/(log n)i*+
=0, otherwise.
Then, using the stationarity of the 7,’s, and Lemma 2,
[P(R, > Cu(nlog m)t) — P(Lt 9, > C,(n log m)b)|
(3.44) < kP(lm| > nt/(log m)*+*) < kE[p,|"n=""(log ny" 3+
< K, k{gn¥™=*-1=9(log n)"a + gi*]n~"/%(log )4+
< Kl[n-°”/2-"/“(log ,,)K2 + nl—a-(m/z)a—ﬁ)](log n)m<;+u> .
But
l—a—ﬁ(l—ﬁ)= Foal ) _ﬁcz+25
2 m—-2 2 m-=2
_—(m—2)c—2m—1)5 _ e _m—1;
2(m — 2) m—2

Hence, it follows from (3.44) that

(3.45) |P(R, > C,(nlog n)®) — P(X} 9y > C,(n log n)t)|
< K n~t-1 for some 7 > 0.
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Thus, it suffices to show that
P(Z% 7 > Lu(nlog n)) = o(n=*"(log ).
Note first that
(3.46) P(Xt i > Ca(nlog n)t) < inf,,, [exp(—0On—i(log n)i+*{, (n log n)?)
X E(exp (6n—#(log n)** 2t 7:))] -
Using arguments similar to (3.33)—(3.35), it follows that
(3.47)  |E(exp(8n~t(log n)'** Tk 7)) —h,* < 2Kkp(p) exp(20)[ 1, +206(p)]*~,
where h, = E[exp(6n~*(log n)i+*5,))]. By a Taylor expansion we have
(3.48)  h, < 1+ On=¥(log n)!**|Eny| + 30°n(log n)*E(z%,) exp(0) -
But, using Lemma 2,
[E(p: — 110)| = |E011[|711|>ni/<10gm%+v]|
< {n~¥(log n)**}E(n,") < K, qn~%(log n)i+ .
Also,
|En| = 9IEX/| < GE[|X,lyxysnts] S q(n— ) HHELX 140 < K, qnyessivo
Thus,
(3.49) |Eny| < K, qn~i(log n)t+ .
Also, using Lemma 2, Ep}, < E7? < K,q. Thus one has
(k — 1) log (h, + 26(p) exp(6))

< (k — 1)log (1 + gn-'(log n)**> + K, p?)
(3.50) < k[gn~'(log n)*** 4 K,n**] < K,[nf~%(log n)*** 4 n'-3¢]

— l[nﬂ—a(log n)3+2v + n—2+s<c2+s)/<m—2)]

< K,n7 for some 7 >0,
since m > 3c¢* 4- 56 4 2. One has now from (3.47), for large n,
(3.51) |E(exp (6n~¥(log n)t+> 33t 1)) — h*| < Kin'*=% exp(K,n"7) < K,n~7

for some y > 0. Also, (3.50) leads to k log 4, < K,n-7 for some 7 > 0. So,
h,* <14 K,n=7 for some y > 0. Thus, from (3.51) and the above,

(3.52) the RHS of (3.46) < inf,,, n=%(1 + K,n"7) < K,n~**-7
for some y >0;
(3.46), and hence the lemma follows.
Proor oF LEMMA 5. Using r < p + ¢, Markov’s inequality and Lemma 2,
P(|T,| > C,(nlog n)t}
(3.53) < {n¥(log n)y+—+}"E|T,|»
< n=Xlog ny" 4 K|[(p + q)ni=*-0log n)s + (p + )]



234 MALAY GHOSH AND GUTTI JOGESH BABU

Since (p + g)/n = O(n=*+%) = O(n~*+»/tm-) it follows from (3.53) that P{|T,| >
Cu(nlog n)t} < K, n~4"-7 for some y > 0 by a suitable choice of m (> 0). This
completes the proof of the theorem.
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