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AN INDEPENDENCE IN BROWNIAN MOTION WITH
CONSTANT DRIFT

By FREDERICK STERN

San José State University

For Brownian motion with constant drift, when and where the first
exit from (—b, b) occur are independent random variables.

Let X(f), t = 0 be Brownian motion with constant drift ¢ > 0, variance
parameter 1 and X(0) = 0. Suppose a < 0 < b are given constants. Define
the first time the process hits a as T, = inf {¢: X(#) < a} if X(f) < a for some ¢
and as oo if X(#) > a for all ¢, and the first time the process hits b as T, =
inf {t: X(f) = b} if X(f) = b for some ¢ and as co if X(f) < bforall . LetT =
min (T,, T;) be the first time the process leaves the interval (a, b).

THEOREM. E(exp[—aT,]|X(T) = b) = E(exp[—aT_]|X(T) = —b)
Proor. The Laplace transform for T, is known [2, page 362] and given by

1) E(exp[—aT,]) = exp[—b((¢* + 2a)t — ¢)]
while the Laplace transform of T, is given by
) E(exp[—aT,], T, < oo) = exp[a((c’ 4 2a)t 4 ¢)] .

By decomposing according to whether the first hit occurs at b or at @ and using
the strong Markov property, we get [1, pages 29-30].

3) E(exp[—aT,;]) = E(exp[—aT,], X(T) = b)
+ E(exp[—aT,], X(T) = a) - E(exp[—aT,_,]),
(4)  E(exp[—aT,], T, < )
= E(exp[—aT,], X(T) = a)
+ E(exp[—aT,], X(T) = b) - E(exp[—aT,_;], T,_, < o).
Using the results in expression (1) and (2) the solution to these two equations is

—_ _ By — ebe sinh [—a(c? + 2a)t]
Q) E(exp[—aT,], X(T) = b) " Snh [(6 — )@ T 20)7]
(6) E(exp[—aT,], X(T) = a) = e _SiBR[—5(C + 20)}]

sinh [(a — b)(c* + 2a)t]
Set a = —b in (5) and (6). For @ = 0, they give
W) P(X(T) = b) = e® sinh [bc]/sinh [2bc]
(8) P(X(T) = —b) = e~ sinh [ —bc]/sinh [ —2bc] .
Combining (5), (6), (7) and (8) completes the proof.
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This theorem might have been derived using the methods of weak convergence
and analogous results for the gambler’s ruin problem [3], results which suggested
the present one. In particular, if a simple random walk on {0, 1,2, -, 2z}
begins at the integer z with absorption at either end, the duration of the walk
and the point of absorption are independent, whatever the fixed probability of
a positive unit step.
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