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ZEROS OF THE DENSITIES OF INFINITELY DIVISIBLE
MEASURES

By PaTrICK L. BROCKETT AND WILLIAM N. HUDSON
The University of Texas at Austin and Auburn University

We consider an infinitely divisible measure p on a locally compact Abelian
group. If u < A (Haar measure), and if the semigroup generated by the support
of the corresponding Lévy measure » is the closure of an angular semigroup,
then u ~ A over the support of p. In particular, if f |x(x) — 1|»(dx) < oo, for
all characters x, or if » < A then p < A implies . ~ A over the support of p.

1. Introduction and Summary. Hudson and Tucker (1975a) proved the follow-
ing result: if F is an absolutely continuous infinitely divisible probability distribu-
tion on R' with density f, then f(x) > 0 a.e. [A] on the support S(F) of F and S(F)
is of the form (— o0, a], or [a, o), or R. Here A is Lebesgue measure. Their method
of proof involved admissible translates and used properties unique to the real line,
and hence could not be extended even to R2 The support statements of Hudson
and Tucker were generalized in the R! setting by Tucker (1975) and Brockett
(1977). Brockett showed that for continuous infinitely divisible measures on Hilbert
spaces the support is the translate of an angular semigroup when the corresponding
Lévy measure » satisfies [, |l x||@¥(x) < oo, and is of the form (& + A4) with &
angular and A4 closed in the contrary situation. This result generalized the corre-
sponding result by Hudson and Mason (1975) for » absolutely continuous on R”".
Related results (but not equivalent ones) were obtained by Kallenberg (1976,
Theorem 6.8) for supports of infinitely divisible random measures (or point
processes.).

In our present work we shall extend the equivalence result of Hudson and
Tucker (1975a) to locally compact groups. In the equivalence problem, we obtain
the surprising result that it is the geometric character of the support of the Lévy
measure which enters into the proof of equivalence with Haar measure rather than
the analytical character of the Lévy measure. This is in contrast to the R' case in
which Hudson and Tucker used analytical properties of the Lévy measure to obtain
their admissible translates proof.

Let G be a separable locally compact Abelian group with Haar measure A. We
shall consider infinitely divisible measures p without Gaussian component since the
Gaussian case has been adequately discussed previously (see Heyer 1977). Such
measures are known to have characteristic functions of the form

(1.1) A(x) = x(xo)exp{/(x(x) — 1 — ig(x, x))dr(x)}

Received October 20, 1978.

AMS 1970 subject classifications. Primary 60B15, 60E05; secondary 43A25.

Key words and phrases. Infinitely divisible measures, locally Compact Abelian group, absolute
continuity, support of measures, equivalence with Haar measure.

400

Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to
The Annals of Probability. BEN®RY ;

WWW_jstor.org



INFINITELY DIVISIBLE DENSITIES 401

for each character x € G* (see Parthasarathy 1967). The measure » is called the
Lévy measure of p and satisfies [ Re(x(x) — 1)dv(x) < oo for all characters x, Re
being “real part of”. The function g(x, x) is a centering term which insures the
convergence of the integral in (1.1) when f|x(x) — 1|dv(x) = oo. It may be omitted
in the case f|x(x) — 1|dv(x) < oo in which case the formula

(12) 00 = xi(x)exp{/(x(x) — Dav(x)}

obtains. Measures with finite Lévy measures v are the compound Poisson measures.

2. Equivalence properties. Let p be infinitely divisible with representation
given by (1.1), and let S denote the semigroup generated by the support of », i.e.,
S = (UXoS(»**))~ where S(a) denotes the support of the measure a. Using the
techniques of Brown (1976) coupled with the support results of Brockett (1977) for
generalized compound Poisson measures we may obtain the following lemma.

LEMMA 2.1. There exists infinitely divisible measures p, and p, such that p =
1 * i where i ~ pu and , is compound Poisson with S(u,) = & = (U2.oS@**))~

Before stating our main result we first recall the following definition. An angular
semigroup is an open subsemigroup which contains zero in its closure. Further
information on angular semigroups is available in Hille and Philips (1957), and the
connection between angular semigroups and supports of infinitely divisible
measures is found in Hudson and Mason (1975) and Brockett (1977).

THEOREM 2.1. If u is infinitely divisible, p < X\, and if & is the closure of an
angular semigroup, then p ~ X on S(p), i.e., A{xeS(p):du(x)/dA = 0} = 0.

PrROOF. Assume to the contrary that A is not absolutely continuous with respect
to u. Then there exists a set E C S(u) such that u(E) = 0 and A(E) > 0. Let E’
denote the collection of points in E of metric density 1 (i.e., such that A(E N
N,)/AN(N,) — 1 as the neighborhood N, of ¢ collapses down to {c}). It is known
that A(E \ E’) = 0 (see McShane 1947, pages 222-224). For ceE’, take B as an
open neighborhood about c.

Now, using Lemma 2.1 we may write u = p,*p, where p ~ p, and S(p,) = S.
Then

0= p(E) = [m(E — t)dpy(2)
so that u,(E — #) = 0 for p, a.e. t. Take a countable dense subset T of S(p,) = S
such that u,(E — f) = 0 (and hence w(E — ¢) = 0) for teT. In particular, u(B N E’
— T)=0. Let us now define F=[B N E’'—S]\[BN.E'—T].
Using an idea similar to that of Brown (1976) we prove:

CLamM. A(F) = 0.

ProOOF. Suppose A(F) > 0 and let b — s be a point of metric density 1 of F
where beB N E’ and seS . Let 9U(b — s) denote the family of neighborhoods of the
point b — 5. Take AU C I(b — s5) such that if U’'eWU then U’ N F) > (1 —
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e)A(U"). This can be done since b — s is a point having metric density one. Since
beB N E’ and B is open, there exists Ve9U(b) such that ¥V C B, V — seQU and
AV N E)>(A - eAV). '

Since T is dense in &, we choose t,eT, t, — s and note that A(V' N E’ — t,A
V=—s)SAVNE —t AV —t)+ NV — t,AV —s5) =NV N E'AV) + AV —
1,AV — ). This second term converges to 0 as n — o, hence is less than eA(V) for
n large. From our choice of V, A(V N E’AV) < eA(V) so for n large A[V N E’ —
LAV = 5)] <2eA(V). Now A(V—=snN F) <KA(V=s5)\(Vn E"— )]+ ANV
NE —t)n Fl. However, VN E'CBNE so(VNE —t)nF=¢ and
hence

(2.1) AV —=snF)<A[(V=s\(V N E ~-1)]
SA[(V = 9)AV N E' —t,)] <2e\V).

Observe however that V' — s is a neighborhood of b6 — s and V' — e so that (2.1)
contradicts M(U’' N F) > (1 — e)A(U’) for all U’eQ. Thus A(F) = 0 as claimed.

Now since w(B N E' — T) =0 it follows from the claim and the absolute
continuity of u that u(B N E’ — &) = 0. The choice of the neighborhood B was
somewhat arbitrary, so that if we cover E’ by a countable number of neighbor-
hoods {B,} we have E' — & C U,(B, N E’ — §) so that wW(E' — §) = 0.

Using techniques based upon those of Hudson and Mason (1975, Lemma 2.7) we
may show that if S is an angular semigroup, and 4 is a closed set, then
A(¥(4 + §)) = 0. From known support properties of convolution and Lemma 2.1,
we know S(p) = (4 + &)~ where 4 is closed (4 = S(p)) and S is angular. Thus
without loss of generality we may assume the set £ C S(p) with w(E) = 0 and
A(E) > 0 satisfies E C int(S(p)) = S(p)°. Let ceE’ and note that p(c — $°) = 0.
Since ¢ — &° is an open set this implies S(u) C [c — S°]°. However, ceS( w)’° and
&° contains 0 as a limit point so S(p) N [c — §°] # . This is a contradiction and
implies such a set E cannot exist, i.e., A ~ u over S(p).

COROLLARY 2.1. If p < A satisfies [|x(x) — 1|dv(x) < oo and v is infinite, then
p~Aover S(W=a+S.

PrROOF. That S(p) = a + & follows from Brockett (1977). Without loss of

generality we shall take a = 0. To invoke Theorem 2.1 it remains to show
& = (Up=oS(»**))~ is the closure of an angular semigroup.

CLAaM 1. &° is angular if, for a decreasing sequence of neighborhoods {B,} with
N B, = {0}, A\(B,n &) > 0.

Proor. The sum of two sets of positive measure contains an open set. Thus if
A(B, N &) > 0, then (B, N &) + (B, N §) contains an open set. But { B,} may be
chosen such that B, + B, C B,_,, hence B,_, N & contains an open set implying
&° has 0 as a limit point.

CLAaM 2. A(B, N &) > 0 for all n.
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PrOOF. Decompose p = p,*p, where u,(B,) > 0 and g, is compound Poisson.
We may do this since for y,, defined by

fim(x) = exp{ [ (x(x) — Dar(x)}

we have y, = 8,, hence for m large p,(B,) > 1 — e. Take y; = p,, and p, with
characteristic function

() = exP{fB,;(X(x) - l)dv(x)},
a compound Poisson measure.

Now p, has an atom of size d = exp{ —»(B,)} at 0 so w(B,) = (p*p)(B,) =
fu(B — Hduy(f) > (1 — €)d > 0. Since p < A and u(B,) > 0 we must have A(S(p)
N B,)=AS& n B,) >0. By claim 1 &° is angular, and hence by Theorem 2.1
p~ A over S(u).

COROLLARY 2.2. (Hudson and Mason (1975)). If p is infinitely divisible with
infinite absolutely continuous Lévy measure v, then j ~ A over S(p).

PrOOF. If » <A, then p < A and S is the closure of an angular semigroup (see
Hudson and Mason (1975) or Yuan and Liang (1976)). The result follows from
Theorem 2.1.

REMARK. We conjecture that it is always true that p <A implies & is the
closure of an angular semigroup (and hence p ~ A over S(u)); however, we have
been unable to prove this for » & A and [|x(x) — 1|dv(x) = oo.
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