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ON MARTINGALES IN THE LIMIT

By A. BELLow! AND A. DVORETZKY?

Northwestern University and Hebrew University, Jerusalem

The purpose of this note is to show that the set of L!-bounded
“martingales in the limit”, unlike the set of L!-bounded “amarts”, is not a
vector lattice.

1. Introduction. In recent years A. G. Mucci introduced the notion of
“martingale in the limit” [2], [3] which considerably generalizes that of martingale.
He also proved [3] that every (real) L'-bounded martingale in the limit converges
a.s., thus extending the Martingale Convergence Theorem.

Subsequently G. A. Edgar and L. Sucheston [1] showed that every (real) “amart”
is a “martingale in the limit”; the notion of “amart” (short for asymptotic
martingale) had been introduced and developed earlier also in an attempt to
generalize the concept of martingale and to extend the Martingale Convergence
Theorem. Edgar and Sucheston also showed in their paper that “several crucial
properties possessed by amarts fail for martingales in the limit, namely: the
maximal inequality, Riesz decomposition, optional stopping theorem, optional
sampling theorem”. The purpose of this note is to add one rather basic property to
this “negative list.” In fact, we shall show by way of example that the set of
L'-bounded martingales in the limit (unlike the set of L'-bounded amarts) is not a
vector lattice.

We now make precise our setting and terminology. Below (2, %, P) is a fixed
nonatomic probability space. All the rv’s considered in what follows are real. We
denote as usual by L' = L(Q, ¥, P) the space of all integrable rv’s. For a rv
X € L' we write

1X1li = Jal X(w)|dP(w).

We recall that a sequence (X,,),n of 1v’s belonging to L' is said to be L'-bounded
if

suanN”Xn”l < oo.

If § C ¥ is a sub-o-field, E® denotes the corresponding conditional expectation
operator in L.

The notation (X, %,),cy means that the sequence of rv’s (X,),c is adapted to
the increasing sequence of sub-o-fields (%), (€., . C %, CF form<n).
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Finally we recall the definition of the martingale in the limit [2], [3]:

DEFINITION.  (X,,, F,), e is @ martingale in the limit if X, € L' for each n € N
and if

SUP(s, myp <n<ml E (X)(@) — X, (@) >0 as.  asp-—soco
2. The example. There exists a sequence (X,, ¥,),cn Such that: a) (X,),en
converges to 0 a.s. and in L'; b) (X,, %,),en is a martingale in the limit, but

(1X,|s F)nen is not. Hence the set of L'-bounded martingales in the limit is not a
vector lattice.

PrROOF. We define by induction: a sequence (w,) of partitions of {2, a sequence
(G,) of “successive generations” (the atoms of G, can be thought of as the
“distinguished” atoms of 7,), and a sequence (c,) of constants as follows:

Step 1. We divide © into a partition of 4 sets

m = {Aqy, B(y AGy Bly)
where P(A(;) = P(A()) =3 and P(B(;) = P(B(,). We let
G, = {4(y Ay

=4

We have
ky=|m| =4

A(m) = sup{ P(C)|C € m} <3
1(G,) = P(A(y) + P(A®) = it

3.
Step 2. Rewritem; = {Cy 1» Cqry, 2 Cay, 3 Caip, 4} We divide each atom C =
Cqy,i € m into 4 sets:
C=A4p),: U Bp,; U Ap),: U By,
where

1
P(Ap, 1) = P(4g,) = P(C)

P (B('z), )=P (B('ﬁ), 0)-
We let '
my = {Al2), > Bly,is Ay, i By, i3 1 <1 < ky}
G, = {Ap), i Apy, 5 1 <i <k}

c, =2%
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We have:
= |m] = 4k, = &
1
A(my) = sup{ P(C)|C € m} <3A(m) < =

I(G,) = L ((P(4),:) + P(4p,)))
2 1 1
= ?2?L1P(C(1),i) = —2P(9) = 2

Assume now that 7;, G; and ¢; have been constructed for 1 < j < p.

Stepp + 1. Rewrite m, = {C,, ;; | <i <k,}. We divide each atom C = C, ;
€ =, into 4 sets:

C=AG+1y,iU Blpary,i U AGrn,i U Blany,s
where

P(A(p+l), ) = P(A(p+l),1) 21,.,_2 C)

P(B('p+1), i) = P(B('}n), i)
We now let

Tpi1 = {Alpa1y,is Blpa1y,ir Alpary, is Blpan, s 1 <i <Kk}

Gyo1 = {AGp+1y,0 Alpsry, 55 1 <i <k}

Gpyy = 27%2
We have, by induction
kyy1 = = |m, Tyyr| = 4k, = - - = 4!
A1) = sup{ P(C)IC € 7,41} < $A(7) < 2y
(G, 1) = 2 (P(4'pur, i) + P(A”(p+l), )
= %zlx&-lp(c(p),i) 2,,,,2 P(R) = 2”, .

In particular we have:
1) A(m,)—>0 asp — o0;
) Z7.1(G) < + .
We now define the following sequence of rv’s:
Yo = aily, = erle,

Y(2),i = 021A,(2),i - 021A,(2),i fOI' l i< kl
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and in general for p > 1
Yori = Gy, = Gl for 1 <i <k,
Note that if we write
®e,=U 1<i<k,_,S9PP Yo
then

(3) P,y = 1(G)).
We now define correspondingly the following sequence of o-fields:

Sy = o(m)
S@,i = o(m U (4@, Biy,j» Aly.» Bip.js 1 <J <i})
and each 1 < i < k;; and in general forp > 1
Seoni = (M1 U {4y, o Bipy, o Alpy, o Blpp.ss 1 <J < i})
for each 1 <i < k,_,. It is clear that
SayC 8¢, for 1<i<k

and that for each p > 1;
Sns C Sy if 1<s<t<k,_,

Si C Sy, forany 1<i<k,_,1<j<k,

Thus (8, ;) arranged “lexicographically” is increasing and clearly Y, ; is G, ;-
measurable. By (2), (3), (3), P(lim sup,&,) = 0 and thus Y, ; — 0 a.s. Also

S Y ), ildP = 26, P(A¢y), )) = 2P(Cp-1y, ) < 2A(m,_,)
and hence by (1), Y, , —>0in L'.
Finally note that if p > 1
ESeri-((Y(,, ) =0 for 1<i<k,_,
ESe-vk-2(Y, ) =0 for i=1

Thus (Y, » 9,),;) is a martingale in the limit.
On the other hand, if p > 1, then for 1 <i < k,_; we have

2CPP(A(,p), i) _

ES@r-1(| Y, i) (w) = 2 for w€&Cp,uoyy

P(Cip-nyi)
and fori =1
2¢ P(A(l )1) :
ESe-vk,_ (IY l)(w) =2 TP 9 for weE C.,_
2 UL ()1 P(Cop-,1) -1

and- the sets {C(,_y,;; 1<i<k,_,} form the partition 7, , of 2. Thus
(1Y), il» (), ) is not a martingale in the limit.

The desired sequence (X, ¥,),en is obtained by arranging the sequence
(Y(p), > S(py, 1) “lexicographically” and relabelling it. This completes the proof.
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