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A NOTE ON CONDITIONAL DISTRIBUTIONS AND
ORTHOGONAL MEASURES

By R. J. GARDNER

University of Petroleum and Minerals

We solve a problem posed by J. P. Burgess and R. D. Mauldin, and thus
show that a result of theirs on conditional distributions and orthogonal
measures cannot be improved.

1. Introduction. In [2], D. Maharam proved the following theorem, assuming the
continuum hypothesis (CH).

THEOREM A. (CH). There exists an uncountable family ./ of pairwise orthogonal
Borel probability measures on the unit square I?, such that no uncountable subset of M
is uniformly orthogonal.

We refer the reader to Section 2 for definitions. It is easy to show that any countable
family of pairwise orthogonal probability measures is actually uniformly orthogonal.
Maharam’s example, which was suggested by work of R. L. Tweedie on Markov chains
([4]), shows (at least assuming CH) that no more can be said in general. (In fact, an easy
modification shows that Theorem A remains true, without special axiomatic assumptions,
if “no uncountable subset of .#” is replaced by “no subset of .# of cardinality ¢”.) In [1],
dJ. P. Burgess and R. D. Mauldin demonstrated, however, that no such example is possible
when the family .# forms a conditional probability distribution. More precisely, they
proved the following.

THEOREM B. Let X and Y be complete separable metric spaces, and let #(Y) denote
the Borel sets of Y. Suppose {u(x, -):x € X} is a conditional probability distribution on
B(Y), such that {p(x, -):x € X} is a pairwise orthogonal family. Then there is a
nonempty compact perfect subset K of X such that the family {u(x, -): x € K} is uniformly
orthogonal.

The question was then posed (see [1]): if » is an atomless probability measure on %(X),
can the set K of Theorem B be found to satisfy »(K) > 0? That is, is there a “fat” set K so
that the family {u(x, -):x € K} is uniformly orthogonal?

The purpose of this note is to give an example which answers this question negatively.
Some of the ideas of Maharam’s example are used.

The author would like to thank R. D. Mauldin for suggesting the problem and for
several helpful discussions.

2. Definitions. Suppose X and Y are complete separable metric spaces, and %(X),
#(Y) the corresponding classes of Borel subsets. A conditional probability distribution
pon X X #(Y) is a family {u(x, -): x € X} of probability measures on Z(Y) such that for
each E € #(Y), u(-, E) is Borel measurable with respect to %(X).

A family ./ of measures defined on #(Y) is called pairwise orthogonal if given u, v €
M with p # v, there exist B,, € #(Y) such that

w(Bw) =0=v(Y — B,).
The family .# is uniformly orthogonal if for each p € .# there is a set B, € #(Y) such
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that if v € # and v # p,
v(B,) =0=pu(Y — B,).

In the example which follows, we shall use I to denote the unit interval with Lebesgue
measure A, and N for the natural numbers. If E C X X Y, we use E, for the set {y:(x, y)
EE}.

3. The example.

THEOREM. There is an atomless conditional probability distribution u on I X B(N
X I?), such that (i) the family {p(x, -):x € I} is pairwise orthogonal; (ii) if E C I and
A(E) >0, the family {u(x, -):x € E} is not uniformly orthogonal.

ProoF. Let ¢ be a 1-1, Borel measurable, measure-preserving map from (I, A) into
(I% A3, with ¢(x) = ("(x), $®(x)), say. (See, for example, [3].)

Let (r,) be an enumeration of the rationals in I, and define ¢,, forn =1, 2, -.., by
on(x) = ([¢""(x) + r,](mod 1), $®(x)), for each x € I. Then, for each n, ¢, is also a 1-1,
Borel measurable, measure-preserving map from (I, A) into (I% A?).

Define u(x, ), for x € I, on B(N X I®) by:

plx, A) = F5a (A[A N ({n} X {¢a(x)} X D]+ NTA N ({n} X {x} X I*)]}/2"",

for A € #(N x I?).

Then p is an atomless conditional probability distribution on I X #(N X I®), and it is
easy to check that the family {u(x, -): x € I'} is pairwise orthogonal.

Now suppose E C I with A(E) > 0. Then A’[¢(E)] > 0, so setting D = {x: A[(¢(E)),]
> 0}, we have A(D) > 0. (We use Fubini’s theorem and the easily proved fact that D is a
measurable set.) By Steinhaus’s theorem, the difference set (E — D) contains an interval.
So, there is a rational r,, say such that (D + r,,) N E # ¢. Choose x* € (D + r,,) N E; then

(1) Al(¢m(E))x] > 0.

Next, suppose { B, } are sets in N X I® such that u(x, B;) = 1 for each x € I. Then, in
particular, p(x*, B,*) = 1, so by the definition of u(x*, -) we have

@) N[B N ({m} X {x*} X )] = L.

By (1), (2), and Fubini’s theorem, there is some x € E with x # x*, ¢ (x) € {x*} X I,
and

A[Be+N ({m} X {pm(x)} X I)] # 0.

But this means p(x, B.*) # 0, by the definition of u(x, -). Thus the family {u(x, -): x
€ E'} cannot be uniformly orthogonal.
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