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A NOTE ON THE UPPER BOUND FOR LI.D. LARGE
DEVIATIONS!

By I. H. DINWOODIE
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Let X, denote the mean of an iid. sequence of random vectors
X, X5, X3,... taking values in R%. If A denotes the convex conjugate of
the logarithm of the moment generating function for X, then

lim sup — logP(X €C) < —-inf{A(v): v € C}

when C c R is closed and the moment generating function for X, is finite
in a neighborhood of the origin. An example is given in which this upper
bound fails for a certain closed set in R® and the moment generating
function for X is not finite in a neighborhood of the origin. An example is
also given in which this upper bound is valid for all closed sets but the
moment generating function for X; is not finite in a neighborhood of the
origin.

1. Introduction. Let (Q, o, P,) be a probability trlple on which is de-
fined a sequence X, X,, Xj,... of iid. random vectors in E = R¢ with
common law p. Define A,: E — [0, «] by

M(v0) = sup {Cwo, ) - log e ntan).

£eR?

which is the convex conjugate of the logarithm of the moment generating

function. Deﬁne A(A) =inf,_, A () when ACE and let X, =
nH X+ - +X). It is known that

llmmf logP X, eU -A(U)
m

when U CE is an open set. The lower bound in this generality is due to
Bahadur and Zabell (1979) who also proved that if C c E is compact or closed
and convex, then

(1.1) lim sup — logP(X €C) < -A,(C).
It is a standard result in large deviations that if, for some ¢ > 0,

(1.2) fet"""ﬂ(du) <o,
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then the upper bound (1.1) holds for all closed sets C c E. A proof is given in
Proposition 6.3 of Azencott (1980). The purpose here is to present an example
for which (1.1) fails for some closed set C when (1.2) is not satisfied and also to
present an example where (1.1) holds for all closed sets C when (1.2) is not
satisfied.

It is known that the upper bound (1.1) does not always hold for open sets,
even with condition (1.2). Our counterexample to (1.1) for a closed set C in R3
is based on Slaby’s (1988) counterexample to (1.1) for an open set U in R2.

2. Examples. Example 2.1 will use the following lemma.

LemMmaA 2.1. Suppose that Y,,Y,,... is an i.i.d. sequence of random vec-
tors in R with law u defined on the probability triple (Q,, %8,, P). IfA=
U,;>:C; € R? is a countable union of closed sets such that C; c C,, , and if

lim sup — logP(Y €A)> —A,(A),

then there exist an i.i.d. sequence X,, X,, ... of random vectors in R%*! with
law 7 defined on a probability triple (), &, P,) and a closed set C c R%*+1
such that

1 -
lim sup zlog P(X,eC)> —-A(C).

Furthermore, E, | X,|™ < @ if E, |Y,|™ < o, for m > 1.

REMARk. If
hmlnf logP (Y €A)> —-A,(A),
then C can be chosen so that

lim inf — logP(X €C)> —-A.(C).

PrOOF OF LEMMA 2.1. Let p, = cexp(— |k|'/?), for k = +1, + 2,..., where
cl=%%__ exp(— |k]*/%). Let Z,,Z,,... be an i.i.d. sequence of real-valued
random variables on a probability triple (Ql, #,, P,) such that P(Z, = k) = p,.
Let (Q, %, P,) = (Qy X Q,, B, X #,,P, X P,) and let X;: Q, % Q, > Ré*!
be defined by X; = (Yl, Z;). The law 7 on R4+1 for X, can then be written

m=X%_oDpk° i) where fip: R? > R?*! is given by fo(x) = (x, k).
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Let A, =AX{xeR: |x — k| <¢} for each 2= +1,+ 2,..., where 0 <
£ < 3. Now, using Chernoff’s theorem,

hmsup logP (X, € 4%)
1 _ —
= lim sup — log[P“(Yn €A)P(Z,€[k—¢&k+ e])]

= lim sup — logP (Y, €A)
> —A#(A) + 8,
for some 6 > 0 suitably small. Now we will show that, for every &2 > 1,

(2.1) A (A) = A (43),
from which it will follow that

hmsup log P, (X, € A3) > —A,(A3) +6.
To see (2.1), let (x,, ry) € A5,. Then

A (xg,79) = sup {((xo,ro),(f,t)> - longd“exp(v,(f,t))w(dv)}

£, )eR4XR

sup{«xo,ro) (6.0 -1 ¥ o] deef%(dx)]pk}.

[€:)) k=—o

Now we can assume that ¢ = 0, since otherwise the moment generating
function is seen to be infinite; so

eCtorrs) = sup {0, €) = log [ ¢%u(de))] =\, (x0)

teR?

Thus A, (A3) = A (A) for any k, which proves (2.1).
Hence, for k = 1, there exists n, such that

—logP (X,, € 45) > —A (4 +5.

We continue and construct a sequence n, <n, < --- such that
1 —
- log P,(X,, €A3) > —A,(A3) +6.

Let Ci,k = Ci X {x (S R: |x - kl < 5}- Then Ci,k C Ci+1,k and A‘i,’ = UiZICi,k'
Hence, for each k > 1, there exists some integer i, such that

1
n—klogP(X €Ci, 1) > —A(A3) +36.
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Let C = U,.1C;, - C is closed, and it is clear by construction that

1 — 1 —
lim sup — logP,(X,€C)= limksup — log P,,(Xnk € Cik,k)
n k

> - lin}ainf A (A3) + 0

> —A,,( U A';) +5
k=1

> —-A_(C) +34.

Since L%__ |kI"p, < «, for every m > 0, it follows that E_[X,[I" < if
E,||Y,|I™ < . This proves the lemma. O

ExaMPLE 2.1. There exist a closed set C in R3 and a probability = on R3
such that an i.i.d. sequence X;, X,,... in R2 with law = satisfies E_|| X,|™ <
o, for all m > 1, and

1 =
lim sup - log P, (X, € C) > —A,(C).

Proor. Define u on R? as in Slaby (1988). Let f(x) = x” loglog(1/x) and
let A, be the set {(x,y): 0<x<¢0<y< f(x)}. Lemmas 2.1, 2.2 and 2.3 of
Slaby show that if Y7, Y,,... is an ii.d. sequence of R2-valued random vectors
with common law p and if ¢ > 0 is small, then

1 =
lim sup — log P(Y, € 4,) > —A,(A,).

It is clear that A, = U;..C;, where C; ={(x,y): t/i <x <t, 0<y=< f(x)}.
Now we can apply Lemma 2.1. Since u is a measure of compact support, it
follows that E_|| X,[|™ < =, for every m > 1. O

If E = R!, it is easily proved using the techniques of Bahadur and Zabell
(1979) that the upper bound holds for all closed sets with no conditions on the
law . Variations of the following example show that the upper bound can hold
for all closed sets in R? for any d > 2 without (1.2). The example is of interest
because although the moment generating function does not exist in a neigh-
borhood of the origin, A, is nevertheless not identically zero and so the upper
bound (1.1) is nontrivial.

ExaMpPLE 2.2. Let the law u on R? governing the i.i.d. sequence X;, X, ...
be the product of the normal distribution and the Cauchy distribution and let
C c R? be a closed set. Then A (x, y) = 3x2, and thus the set {v: A (v) = A (C)
is the union of two closed half spaces H; and H, such that

A/J.(Hi) = Ap.(C)
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Now from Lemma 2.6 of Bahadur and Zabell (1979)
lim sup — logP(X €C) < max llmsup log (X, € H,)

1<i<2

—minA, (H;) = —A,(C).

IA

This proves that the upper bound holds for all closed sets, although (1.2) does
not hold.

The preceding example is essentially one-dimensional since the set {v:
A, (v) = A (C)} can be written as the union of two closed half-spaces. We will
give another example without this property in which (1.1) holds for all closed
sets although (1.2) is not satisfied. Let P, be the normal distribution on R!
and let P, be the probability on R! with density
y>1,

_[¥73
ﬂﬂ-{m y<1

The law u on R? will be the product of P, and P,. If C c R? is closed, then
one can show that for each ¢ < A (C), the set {v: A (v) = A (C)} is contained
in a finite union of closed sets U %_ 1C such that A ,L(C )=>c and such that each
C; is either compact or convex. This can be used to show (1.1) for the set C
with Lemmas 2.5 and 2.6 of Bahadur and Zabell (1979).

An open problem is to construct a counterexample to (1.1) in R2. This will
likely be more difficult than Example 2.1 since we avoided asymptotic calcula-
tions by using those of Slaby (1988) and stacking his example in R3.
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