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We consider the (d + 1)-dimensional an dynamical system constituted
by weakly coupled expanding circle maps on 74 together with the spatial
shifts. This viewpoint allows us to use thermodynamic formalism, and to
describe the asymptotic behavior of the system in this setup. We obtain a
volume lemma, which describes the exponential behavior of the size under
Lebesgue measure of dynamical balls around any orbit, and then a large
deviations principle for the empirical measure associated to this dynamical
system. The proofs are direct: we do not use the coding constructed by Jiang
[Preprint (2002)] for such systems.

1. Introduction. Coupled map lattices were introduced in 1983 by Kuhiniko
Kaneko. They are models of discrete time dynamical systems on lattice spaces.
They act on a product space formed by an interval or a manifold on each site of
the lattice Z?. The evolution at each step of time is the composition of a chaotic
dynamics applied independently on each site and of a coupling between sites.

Such systems present a competition between the chaos of the local map
and the coupling which tends to organize the system spatially. They present
many interesting features such as spatio-temporal chaos, intermittency or phase
transitions (see [14, 15] for an overview of physical studies and numerical
simulations).

We consider in this article the case of a weak coupling between expanding maps

of the circle. We work on the state space X = (S I)Zd and take as local dynamics
an expanding map of the circle, that is, £ :S' — §', which is C!** and such that

1f')>r>1 VxeS

The coupling can be chosen from a wide class (see Section 2.2 for the needed
assumptions), but the simplest example to be considered is a diffusive coupling
between nearest neighbors

I3
(Ge()i = =&)xi+ =) ;)
j~i
(or, more precisely, a smooth modification of this example on the circle).
The coupled map lattice is then the map F = F, = G, o Fy, where Fj is the
uncoupled map defined by Fy(x); = f(x;)-
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We study the limit behavior of the spatio-temporal empirical measures associ-
ated to the coupled map F,

1
Rr(x)=—— Y Sgiopigr € M (X),
T|Ar] 0<t<T,icAr

where S denotes the spatial shifts [defined by (S'x)x = Xie+il, At =[—T, 714 and
ML (X) is the space of probability measures on X.

We prove in Theorem 2.2 that if the coupling is small enough (for small ¢ in the
explicit example G, considered here), Ry satisfies under initial measure 7z, the
product of Lebesgue measures on the circles, a large deviations principle with rate
function

_ ) —hwE s — / pdu, if u is invariant by F and S,
I(M) = ’ X
+00, otherwise,

with h(F,s) the metric entropy associated to the (d + 1)-dimensional dynamical
system (F, S) and ¢ a potential associated to the dynamics (see Section 3 for its
exact definition). This result means, roughly, that

it Ry () ~ 1) ~ exp(T1Ar| (ki 0 + [ odin) ).

This implies in particular that Ry converges exponentially fast to the set of
equilibrium measures associated to ¢,

EQ<¢>={veM1<X>:h<F,5)<v)+/x¢du:o}.

This result is linked to previous articles by Jiang [12] and Jiang and Pesin [13].
Generalizing previous results of Bunimovich—Sinai [4] and Pesin—Sinai [28], they
characterized the spatio-temporal chaos for a weak coupling between expanding
or Anosov maps by the uniqueness of the equilibrium measure associated to ¢.

Our result puts the emphasis on the variational principle associated to this
potential and shows by a new way that, in this context, —¢ really plays the role of
the logarithm of the Jacobian. Our result is indeed a generalization to the case of
coupled map lattices of well-known results for single site hyperbolic dynamical
systems [7, 20, 24, 25, 33] or Gibbs measures on shift spaces [5, 8,9, 23].
This offers the perspective of generalizing other linked properties such as the
Gibbs characterization (as defined by Haydn and Ruelle [10] and Ruelle [30]) of
equilibrium measures or multifractal analysis (see [27]).

Note that (except for the construction of the potential ¢) our large deviations
principle is independent of previous results of Jiang and Pesin. We use neither
the coding by a shift space nor the uniqueness of the equilibrium measure. This
allows us to work under less restrictive assumptions, although we still need a weak
coupling assumption for many steps of the proof.
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The most important and demanding part of the proof is a volume lemma result
(Theorem 2.1): We show that the partial sum of the potential ¢ governs the size
under m of the set of points whose orbit stays near a given one under fixed time
and space translations. The proof of this result relies on a property of expansivity
for the coupled map and a sharp analysis of inverse branches. Using this to prove
large deviations is then a natural generalization of the methods of Young [33] and
Kifer [20] for single site maps.

Another approach has been developed to characterize spatio-temporal chaos
under stronger regularity assumptions, via spectral properties of an adapted
transfer operator. We refer the reader to [1, 31] for the most recent results and
detailed bibliographies. Stronger regularity assumptions make it possible to study
the asymptotic behavior of the temporal empirical measure, but in this case
thermodynamic formalism cannot be used and results are less complete (see [3]
for such results).

This article is organized as follows: We give our precise assumptions and results
in Section 2. In Section 3 we recall the derivation of the potential in which we are
interested, done in [12, 13]. In Section 4, we precisely analyze the inverse branches
of the coupled map and deduce a preserved expanding property. Section 5 is then
devoted to the proof of the volume lemma and Sections 6 and 7 to the proof of the
large deviations principle.

For the sake of comprehension, some facts on convergence of subsets of Z¢ and
a review on thermodynamic formalism are given in the Appendixes.

2. Settings and results.

2.1. The state space. We work on the state space X = (S I)Zd (withd > 1),
equipped with the reference measure m = m®Z
on the circle.

On the circle S! = R/Z, the distance is d(x, y) = mingez |[x +k—y| < 1/2. We

put two distances constructed from this on X:

, where m is the Lebesgue measure

1. d(x,y) =sup;cza d(x;, y;), which is compatible with the differentiable struc-
ture of X defined by partial derivatives;

2. dy(x,y) = sup;cyzd ,omd(xi,yi), where we take for i € Z4 the norm li| =
maxj<x<q |ix| and p < 1 is a fixed parameter. The main interest of d,, is that
(X, dy) is a compact space; hence we can use the thermodynamic formalism to
describe the system.

We denote by Sk the spatial shift of vector k € Z4 on X: If x = (Xi);cz4, then
(S*x); = Xxj+r. For N € N, we write Ay =[—N, N4 cz9.

2.2. The coupled map. Let the uncoupled expanding map be Fo = Q,;cz4 fi,
where f; = f:5' — S!is C!** and expanding, that is, satisfies
(1) l<y=<If®l=M VxeSs',



LDP FOR COUPLED CIRCLE MAPS 695

and f’ hence log | f’| is a-Holder continuous,

@) log| f'(x)| —log | f' M| <Cid*(x,y)  ¥x,yeS".

We also define the coupling map G : X — X as a C? map (for the distance d) that
commutes with all the spatial translations (S¥), ;. and satisfies the estimates

9G,; .
3) ‘a’—au < gp*i—l Vi, jez,
X
902G, o
(4) ax'a;k < 892max(\l—J|,\l—k\) Vl, ],k c Zd,
J

with & >0and 0 <6 < 1. . .
We denote K = €3 ;540" and Ky = &3 ;.74 0%, The first derived
estimates are
(G) &G —x,Gy)—y) <€ > N Hagx,y) Viezl x yexX,
kezd
0

(6) 3

G; G .
Lx) — ’@ﬂg&ﬁj&“ﬂaudo Vi,jeZ x,yeX

)Cj ax] ke7zd

The associated coupled map is then

F=GoF.

We say that F satisfies assumption (#) if it is the composition of two such maps
whose parameters satisfy the two conditions:

(HD) 0 <p,
(H2) y—MKX > 1.

The first assumption is essentially technical and enables us to get functions regular
enough for the distance d,. Equation (H2) expresses the preservation of the
expanding property for the coupled map and implies two essential estimates:

@) y=y—-—MKXy>1,
8) K < 1.
REMARK. These coupling maps are similar to those given in previous papers
on this type of system (they are called short range maps in [12, 13]).
2.3. Volume lemma. We define for T € N and E a finite subset of Z7,
9) By(T,E;8)={y:d,(S' o F'(x),S o F'(y)) <8 VO<t<T,i € E},

the ball associated to a distance which describes the dynamics of F and the spatial
shifts S. It contains points whose orbit stays near a given orbit under fixed space
and time translations. The volume lemma describes the measure of this ball in
terms of local derivatives along the orbit of x:
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THEOREM 2.1. [f F satisfies assumption (F), then there exists a potential
function ¢ : X + R that is Holder continuous for the distance d,,, such that for
1

anyx € X,0<6 < e E a finite subsetond and T > 1, we have

C»(T,E, S, p) exp( Y goSo F’(x))
0<t<T,ieE
(10) <7 (B (T, E; 8))

<Cx(T,E, 8)exp< Y goSo F’(x))

0<t<T,ieE
with
li loeCH>(T, E,,, § = li loeC3(T,E,,8) =0
A FiE e Bun o p) = im 2o log G(T En. 6)
n— n— 00
(11)

1
Vi< —,0<p<l,
2M

and for any sequence E, converging to 7% in the sense of Van Hove (see
Definition A.1).

REMARKS. 1. The potential function ¢ is defined in Section 3.2, readily
following the construction given in [12] and [13]. From this definition and the role
it plays in the volume lemma (see, e.g., [19] for an equivalent result in the case of a
single map), —¢ can be called the “logarithm of Jacobian per site” of the map F'.

2. The speeds of convergence in time and space are completely independent.

3. This result is, in fact, true not only under Lebesgue measure, but also for any
probability measure u which is locally absolutely continuous with respect to it,
with a Radon—-Nikodym derivative satisfying, with 0 < A < B,

Al QB ey p gl
=l =

A direct consequence of this result, or of Proposition 6.1, concerns the
topological pressure (see Section B.2 for the definition) of the potential ¢:

COROLLARY 2.1. If F satisfies assumption (), the topological pressure of
the potential ¢ under the dynamical system (F, S) is null,

Pr.s)(¢) =0.

This was already stated in [11, 12] in various contexts. Here it takes on a
particular importance since it ensures with the Gibbs variational principle B.3 that
the rate function / [defined in (13)] is nonnegative.
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2.4. Large deviations principle. We can use the previous volume lemma to
prove a spatio-temporal large deviations principle for the empirical process

L , !
(12) Rr.g(x) = o > Bsioptn € M(X)
|E] 0<t<T,icE

under the initial measure 77 (and, more generally, under the same probability
measures as for volume lemma; see Remark 3 after Theorem 2.1).
We introduce the function / defined on M (X) by

1% e { “hp.s) V) — fxwv, if ve Ml (%),
~+o00, otherwise,

where Milnv(X) is the set of probability measures which are invariant under F and
spatial shifts with the weak-star topology [ux — w iff [ gdur — [ gdp for any
g € C(X)] and h(Fs) is the metric entropy (see Appendix B). We have then the

following theorem:

THEOREM 2.2. Assume F satisfies assumption (#). Then I is a nonnegative,
convex and lower semicontinuous function. For any map s : N — N nondecreasing
and such that s(T) tends to infinity as T tends to infinity, the sequence
(Rr, AS(T))*(W) of measures on ML(X) satisfies a large deviations principle with
rate function 1, that is:

1. For any K closed subset of M'(X), we have

1
limsup ————logmix: Ry A, (x) € K} < — inf I(v) (upper bound).
T—>oop T|Agr)l gmix:Rra) } vek P

2. For any O open subset of M'(X), we have

.. 1 — .
th_l)lo%fm logm{x *RT Ay (X) € 0} > — vlgg I1(v) (lower bound).

REMARKS. This result remains, in fact, true for more general sequences of
sets: The upper bound is valid for any spatial sequence E7 converging to Z¢ in the
sense of Van Hove; the lower bound is valid for any special averaging sequence
(see Definition A.2). Proofs are given in Sections 6 and 7 in this general setup.

Notice that the relative speeds of averaging in time and space can be completely
arbitrary (we make no assumption on the function s). This independence of speeds
of convergence in time and space is important, but not surprising since we know
that for weak coupling there is a semiconjugacy between (F, S) and shifts of a
(d + 1)-dimensional Gibbs system (see Theorem 2 in [12]). The time direction
then becomes a spatial shift like other directions on the coding space. This
semiconjugacy, in fact, allows us to deduce a large deviations principle for Rt g,
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from the same result for Gibbs systems (see [5, 8, 9, 23]) by a contraction principle
(Theorem 4.2.1 of [6]). We could not identify the rate function obtained in this
way; hence we preferred to develop a direct proof, without using the coding.
However, note that our analysis of inverse branches in Section 4.2 is not far from
the construction of a Markov partition for the system.

3. Expansion of the derivative. In this section, we follow [13] to derive the
potential ¢ by a sharp analysis of the derivative of the map F restricted to finite
boxes. We give all the steps, referring the reader to Section 5 of [13] or to [2] for
the detailed computations.

3.1. Finite box maps. For A a finite subset of Z¢ and n € X a fixed boundary
condition, we define

FA,n:XA=(Sl)A—>XA, xp > F(xa Vnpc)la

with w = x5 Vv n,c defined by w; = x; wheni € A and w; = n; otherwise. In fact,
Fpy=GA Fyt) 0 Fowith Gp ;= G(xpA Vnpc). Theterm Gy isa C? map, and
if we write DG A, =1dp + A, With Ay, = (ai’j)i,jeA’ we get from estimates
(3) and (6) the following estimates for any i, j € A, xp, YA € XA,

(14) lai,j (xa)| < €671,
(15) la;, j(xa) —ai j(ya)l < & Z 02Kl (xa, ya),
keA
(16) |ai(,nj)(-x/\) (W)(XA)| 0d(1 AC)
JC
(17) ‘al(f]\) (XA) (A )()’A/)’ Qd(l A \A)

if AC A" and yp/|p =xp.
3.2. Expansion. We get, using (8),
1 Alloo < man<8 > g2 f') <Ky <K <1,

JjeA

hence, log(Id 4+ A) exists and we can write
log | detDFA,n(xA)l = log|detDFo(xA) det DGA,H)(n)(FO(xA))|

= Z log | f/(x;)] + log|det(explog(Id + A)(Fo(xa)))|
ieEA

=Y log| f'(x;)| +logexp(trlog(Id + A)(Fo(x4)))
ieA
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_1)
=Y log|f (x| + tr(— > ( ; ) At(Fo(XA)))

ieA 1>1
= Z(loglf’(xi)l —wa,yi(xa)),
ieA

where w i (xa) = ¥y21(=1)/0)al) (Fo(xa)), denoting A’ = (a]').
Estimates (14)—(17) give analogous results for w under the same condition (8),

&
(18) hUAmJ(XA)|§'th3€,
(19) WA () = wagi A < T > 01 Kd(xa, ya),
- keA
1 d(i, A€
(20) |wA,n,i(xA) - wA,n/,i(xA)| = me @ ),
1 di,A'\A
2y [wa i (xA) — wA’,n,i(yA’)| = m gAE AN ),

if AC A’ and ypr|p = xa.

All these estimates imply that ¥;(x) = limy_ 0o WAy, 5,i(X|Ay) exists, is
independent of the boundary conditions, shift invariant (i.e., ¥; = ¥ o St for
all i € Z49) and satisfies

(22) ol < 7=
ME& .
(23) [Yo(x) —Yo(y)| < m Z Q‘I_k‘dk(x, y),
kezd
1 .
24) |1ﬁ0(x) — wAJ?,O(xlA)| < m@d(hAc)

Assumption (H1) implies moreover with (23) that g is Lipschitz continuous for
the distance d,,.
We define hence

(25) @(x) =—log| f (xo)| + o

as the potential of interest to describe the dynamic of the system (F, S). The term
¢ is a-Holder continuous for the distance d,.

4. Conservation of the expanding property. We introduce @ # E C A two
finite subsets of Z¢, a time T € N and x € X a reference point. We choose a finite
box restriction of FT to A, FK with boundary conditions changing with time:
Fj = Fp pi-1(y) 0+ 0 FA F(x) o Fa x. This implies, in particular, that

(26) FA(xlp)=F'(x)la YO<r<T.
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This will essentially simplify the approximation of F' by F, in the proof of the
volume lemma. We do not explicitly mention the dependence on the boundary
conditions following the orbit of x: we have already seen in the previous section
that the limit potential does not depend on it.

4.1. Bijectivity of the coupling map. First of all, our assumptions on the
coupling map G are sufficient to get:

PROPOSITION 4.1. Under assumption (H2), G 5 is a C' diffeomorphism.

PROOF. We get from estimate (5) and the triangle inequality that

di(Ga(x),GA(Y) = di(x.y) — & > 07 Ma(x,y)  VieA.
keA

Hence if x # y, let ig be such that d;,(x, y) = max;ca d;(x, y) > 0. Then

di(Ga(x), GA(Y)) = djy (x, y)(l —-€y 92’—") > (1= K2)djy(x,y) >0
keA
because Ky < K < 1 by (8). This proves that G 5 is one-to-one.

We have already noticed that ||A|loc < 1, which gives that DG, is invertible,
hence that G, is everywhere a local diffeomorphism. The range of G, is then
open and is closed by compactness of X 4 ; hence its range is the whole space X 5
because it is connected. Then G 4 is a bijection and a local diffeomorphism, then
a diffeomorphism. []

REMARK. Map G is also a bijection (one-to-one in the same way, surjective
taking the limit of preimages on finite boxes).

4.2. Inverse branches of FK. The single site map f:S! — S! is of degree
p = [g1|f'(x)|dx, an integer between y and M, and then has locally p inverse
branches around each point. We can, in fact, construct the branches globally except
in one point (see Section 2.4 of [17]).

We will use this construction to define inverse branches for F{y around the orbit
of x. Associated to the fact that G is a diffeomorphism, this method will give us
inverse branches for FK.

We denote C[A]={0, ..., p— 1} to enumerate the inverse branches of Fy. At
each time 0 <t < T, we construct the branches around F’(x). We take

Ar={yeXna:di(y, Foo F'(x)) < 1/2 Vie A}

[then m™(A;) = 1] and for any site i € A, we denote x(()t’i), xft’i), ey xg’_ii (resp.

a(()t’i), ait’i), e ag’_ii) the preimages by f of (Fyo F'(x)); [resp. (Foo F'(x)); —
1/2], indexed such that:
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o x"" = Fl(x);

° x(()t"), a?’l) x{t") e a(()t") are in this order on the circle.

’

Then, for all 8 € C[A], we define

xg) = (xé’(’i’)))ieA the preimages by Fy of Fyo F'(x),
(t,i) (i)
Ao = [Tlagiy- agiys),

ieA
satisfying the following straightforward properties:
° x(()t) = Fl(x).
o xy € Ap, VB ECIAL
[ mA(UIgE@[A] A'B’;) =1.

e [{ is a bijection from Ag; onto A;.

We denote by FO_JI’ P the inverse bijection characterized by FO_JI’ ﬂ(y) = Ag; N

Fy 1(y) for any y € A;. These inverse branches satisfy a contraction property,
which has to be precisely described:

LEMMA 4.1. Forall y,z € A, there exists a ¢y , permutation of C[A], with
Y, 2> @y, measurable, such that ¥ B, B eCIALYieA,if B(i)=B(i), then

1 » . 1
(27) Mdi (v,2) < di(FO’l’B*(Y), Foig, @) = ;di (. 2).
If y or z equals Fy o F'(x), then ¢y, , = Id.

PROOF. The left inequality is obvious, because d; (Fy(3), Fo(2)) < Md; (3, 2)
is always true. For the contraction rate, we have to be careful because the partition
is adapted to F’(x), but not to all other points. What has to be understood is how
d;(y, z) is realized at each site i € A:

e If the shortest arc from y; to z; (defining the distance) does not contain
(Foo F'(x)); — 1/2 [case (i) of Figure 1], then by, (B)E) = B(@).

e Otherwise, ¢y ,(B)(i) = B(i) & 1, depending on the order of the three points y,
zand (Fyo F'(x)); — 1/2 [cases (ii) and (iii) of Figure 1], but not on 8.

This construction defines ¢, , as a one-to-one map, and if we are interested in
site i, the inverse maps § and B are indistinguishable; hence,

1
-1 —1 ] -1 1.
di(Fy, 500 Fo g, @) = di(Fg g5 Fo g g, () (D) = S i 2)-

If y or z is equal to Fjy o F'(x), we always have the first case.
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c c c
z z y y z
y
®

(i) (iii)

FIG. 1. The three cases, where c = Fy o F'(x) — % If f preserves the direction on the circle (i.e.,
f > 0), (ii) corresponds to @y,z(B) (@) = BG) + 1, (iii) to ¢y - (B) (i) = B(i) — 1, and this is reversed

otherwise.

It is not hard to check that ¢, , depends on y and z only through the distance
and the order of their coordinates in the open sets S' \ {(Fpo F'(x)); — 1/2}, which
are measurable maps of y and z. [

We have also, from the left inequality of (27), applied with y = (Fy o F'(x));
and z tending to (Fp o F'(x)); — 1/2, that

1
(28) {ydl(Ft(x),y) < m} C U Aﬂ’[.
BeCIALB()=0

We can then describe the inverse branches of F K with

CIT, Al =1{0,..., p— [jILTIxA
CIT,A, El={a€C[T,Al:a,; =0 V1 <t <T,i € E}.
Then:

PROPOSITION 4.2. We associate in a unique way to each o € C[T, A] an
open subset Ay (x) of X such that:

o Ay (X)NAy(X) =D ifa#da.

o mM(UAy(x))=1.

e There exists A C X5 with m™(A) = 1 such that for all a € C[T, A], FK is
one-to-one from Ay (x) onto A. We denote by F;g its inverse.

Moreover,

{yEXA:di(Ft(x),Ff\(y))<ﬁV0§t<T,ieE}
(29)
c U A

a€C[T,AE]
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PROOF. We define
T—1
A=) F'"1""0G(A)
t=0

to avoid any problem of definition [m” (#4) = 1 by preservation of total measure
by Fp and G, and by finite intersection] and
-T ~1 . -1 -1 -1
Fpo=F0000.° G oFy 40906 00k 41906,
which is well defined on 4. All properties are then easily deduced from those
of Fy; g with

T-1
Ao ()= Fy L (A) = () F ' (Araa) [V F 7 (A). .
t=0

REMARK. 1. Subsets +4y(x) can be really complicated sets, due to the
perturbation term G and the noncompatibility of inverse branches, but we avoid
problems using the contraction property as described in Lemma 4.1.

2. In fact, this construction [except the inclusion (29)] requires only the local
Markov structure of expanding maps and the bijectivity of the coupling.

NOTATION. In the following text, when « € C[T,A] and 0 <t < T, the

notation Fgla denotes, in fact, Fg_t o Fgg, so that

-t _ p—1 —1 —t+1
(30) FA,a_FO,T—t,a(T—t,~)OG oFyy -

4.3. Expanding property. We can use the weak coupling assumptions and
the inverse branch analysis of F to get a sharp form of the preservation of the
expanding property when we replace Fy by Fa:

PROPOSITION 4.3. Suppose F satisfies assumption (H2), y € A satisfies
d;(FT (x), y)<8§<1/2foranyi € E C A andthat x € C[T, A, E]. Then

S .
Gl di(FT (). F'y()) < = +4-070E)  vo<i<T.icE,
’ 14

where A = 2()/+']§(_1) and 0, M, K and y =y — M K, are defined in Section 2.2.

REMARK. This proposition gives a complete decoupling of the temporal
expanding property and spatial weak coupling, uniformly in time and space.

PROOF OF PROPOSITION 4.3. We know that G, is invertible, and by the

estimate (5) on the coupling and the triangle inequality, we have, for y,z € X5
andi € A,

di(y,2) <di(GA(3), GA() + & Y 07 Hd(x, y).
keA
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Then foreach 1 <t <T andi € A,
di(Gy o FT7H(x), G o F 1P (1))

<d;(FT7* (), F L (y))

,a
+&Y 0 Ha (G o FT" M (x), Gl o FIT ().
keA
For the inverse of Fy, we can use Lemma 4.1, with the permutation ¢ = Id because

one of the points is on the orbit of x, and identity (30) to get, for all i € E (because
a €C[T, A, E)),

1 _ _ _ _
% (GRl o FT7 (), Gl o FH (1)

<di(FT™'(x), F}',(»)

1 _ _ _ _
< ;di(GAl o FT=(x), G o Fi ().
Combining these two estimates gives, foranyi € Eand 1 <t <T,
di(FT7'(x), F L, ()

l, T—t+1 —t+1
32) sydl(F @), Fai ()

Mg . _ _ Mg i
+ = 2 O A (FT ), Py, ) + 5~ 30 02

keE ke A\E
We now want to go from this local estimate to a global estimate (in time and space).
We will estimate this term from above by a double sequence which can be entirely
solved by a generating function method. For this we analyze the behavior of all
points at a given distance of EC. With E(®) as defined in Appendix A, we denote
forO<¢t<Tand! >0,

v(l,t)= sup di(FT~'(x), Fy ', ()

ieED

[and v(l,7) =0 if ECD = 2.
If i € ECD, for any 0 < k <[, we have the inclusion i + Ay C E*=D c E.
Then (32) becomes, for t > 1,

di(FT7'(x), FA L, ()
< %di(FT—Hl(x), Fat+i ()

l
3 3 M (T 0, Frl )+ 53 Y 6

+ Mg
Y k=0 |h=k Y k=1 h=k
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—v(l t— 1)+—Z > oMy —k, z)+—2 > g,

k=0 |h|=k k>1 |h|=k
Hencefor/>0and 1 <t <T,
(33) ol < ol — 1)+ Zo{kv(l k,t) + — Z%»
4 Y k=0 Vi 2

with o = ME&cy6?* and ¢, = Card(h € 79 : |h| = k). We define then, for § > 0,
the double sequence

1 .
—, if 1 <0,
2

uld,t)y=19 if 1>0,r=0,
1 .
Sudt=D+ 2 Zaku(l—kt) if 1>0,1>0.

k>0
We have the following upper bound for v:
LEMMA 4.2, If v(l,t) satisfies recursive relation (33), sup;sgv(l,0) =
v(0,0) <é,and ifag/y < 1, then
(34) v(,t) <u(,t) Vi>0,t>0.

PROOF. The proof is by induction on ¢ and then on /, because 1 — «g/y > 0

and
(1 _ @)v(l,t)
y

—v(l =D+ Zakv(l—k N+ Zaku(l—k t).

k=1 k>l

The fact that «g/y < 1 is a direct consequence of the assumption (H2)
because ap < Y o = MKy < MK < y. Assumption (H2) implies also that
the assumptions of Proposition C.1 are satisfied with o and oy = M Ecpok.
Proposition C.1 and Lemma 4.2 imply

)
v(l,t) < ————— + -6
(y — MXK2)'

Optimizing forany i € E,sincei € E (_d(i’EC)+1), we get the desired estimate (31).
O

We can evaluate in the same way the effect of a change of finite box restriction
on the inverse iterates of the map:
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PROPOSITION 4.4. If F satisfies assumption (H2), then for any y € A, there
is a bijection ¢y, : C[T, A, E] — C[T, A\ E] suchthat y — ¢, is measurable and
foralla € C[T, A, E],

(35)  di(Fy'y() Falp @) <2-09CF  VO<i<T,ie A\E.

PROOF. For the coupling, we have exactly the same type of estimate as in the
context of Proposition 4.3 forany i € A\ E,

di(Gy' (1), G p(2)

36 , ¢ |
©o <di(y,2)+6€ ) 92|l_k|dk(y,z)+5Zgz\l—k\_

ke A\E keE

The inverse branches of Fy are constructed in Section 4.2 independently on each
site and around the orbit of x. Since F f\ x)=F f\\ g(x)=F ’(x), these inverse
branches are in fact locally independent of the finite box. We can then use the
same method as in the proof of Lemma 4.1 to choose inverse branches such that
the contraction property applies well to preimages of y.

In the first step, we compare for i € A \ E the relative positions of the points
(GX' i (G g ()i and (Fo o FT71(x)); — 1/2 to define the action of ¢, at
time 7 — 1 (see Figure 1 in the proof of Lemma 4.1) such that

1 -1 1
Mdi(GA ()))» GA\E(y))
~1 ~1 ~1 -1
= di(FO,T—l,oz(T—l,~) oG A ) Fo 1-1.ya)(T—1,9 © Gae®)
| -1
< ;dl(GA ), G g )

Then, if ¢, is well defined for times greater than or equal to T — 7 + 1, we compare
ateachi € A\ E the relative positions of (G' o F1 ™ ()i, (GX{E o Fg\tg}a )i
and (Fpo FT1(x)); — 1/2 to define the action of ¢, at time T — ¢ such that for
alla € C[T, A, E],

1

Mdi (Gx_\l °© FX,IJLI()’)v GX{E ° Fz:\lg,lm(a)()’))

-1 -1 —t+1
<di(For—ta-1,9°Ga © FA,tatJr ),
-1 -1 —t+1
FO,T—l,¢y(a)(T—t,~) °G\E° FA\E )
=y i( A %A ), A\E ° A\E,¢y(a)(y))‘

In the same way as for Lemma 4.1, we get that ¢,, is a measurable function of y.
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Combined with (36), this then gives forany i € A \ E,
di(F;fa (y)a FX\ZE’%((X)()’))

1
37) =7 i(Fag O FAig g, @O)

Mg - _ _ MEg -
Y kemE Y ek

We can hence proceed as in the proof of Proposition 4.3, with

U(l, t) = Sup dl(FX’ta(y)v FX\IE’%(O{)()’))
ieA\(ED)

and § =0. [

4.4. Expansiveness. A first straightforward consequence of the expanding
property stated as Proposition 4.3 is the expansiveness of the dynamical system
(F,S):

PROPOSITION 4.5. If
‘ . 1
dy(S' o F1(x),S" o F! o= —
o (8" o F'(x), 8" o F'(y)) < &0 i
forallie 7% and t € N, then

xX=y.

PROOF. The inclusion (29) and the Proposition 4.3 can be combined to get
that under assumption (H2), if di(Ff\ (%), Ff\(y)) <dpforall0<t<Tandi € E,
then we have, in fact, the better estimate

8o o
di(th\(x), F,’\(y)) < )7T—t + - Qd(t,E )'

We can then take A = Ay and N tends to infinity, which gives the same property
for the global map F. The assumption made for this proposition clearly implies
that d; (F'(x), F'(y)) < 8¢ for all i € Z¢ and ¢ € N. Hence,

) .
di(X,y) S ~_(} +)\‘ .Qd(l,EC)
14

forall E C Z% and T € N. Taking E = A, then T and n go to infinity and we can
conclude that x =y. [

A classical and essential consequence of this property is that the metric
entropy h(r,s) associated to the system is an upper semicontinuous function of
the probability measures (see Proposition B.1). This (and the continuity of the
potential function @) proves that the rate function / of the large deviations principle
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defined in (13) is lower semicontinuous and allows us to use the Gibbs variational
principle for the proof of the upper bound.

5. Proof of the volume lemma. We begin by proving an intermediate volume
lemma for the finite box map F, with constraints on the orbit on the smaller box E
and then use this proof to prove Theorem 2.1 for the global system (F, S).

PROPOSITION 5.1.  Under assumption (#), forx, EC A, T and(0 < 3§ < ﬁ
as in Section 4 with A large enough, we have

exp( > <pos"oFf(x)—T|E|62(T,E,5)—C4(A,T,E))
0<t<T,iecE

(38) <m™y:d;(F'(x), F\(y)) <8 YO<t<T,icE}

< eXp( Y o S'o F'(x) + T|E|C5(T, E, 8) + Cs(A, T, E))
0<t<T,ieE

with

(39) lim Cu4(An,T,E)= lim Cs(Ay,T,E)=0 VT >1,EcCZ%
N—o00 N—o0
~ ~ 1
40 lim Co(T, E,,8) = lim C3(T,E,,5§) =0 Vi< —
( ) TLmOO 2( ’ n» ) TLmOO 3( ’ n» ) < 2M

n—oo n—oo

for any sequence E, tending to Z¢ in the sense of Van Hove. Moreover, C, and C3
are continuous in §.

The essential idea to prove this result is to do a change of variable by FK. This
must be done with some caution to ensure we are on domains where this map is
injective and to analyze all the terms.

5.1. Proof of the upper bound of Proposition 5.1. We decompose X 5 in the
subsets (A (X))yee[r,a]> On €ach of which FK is one-to-one. Notice that we do
not lose anything because mA(U Ay(x)) = 1 and since § < ﬁ, the intervals
which appear are those that correspond to C[T, A, E] (see Proposition 4.2 for
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these properties),

m™y e Xa:d;i(F'(x), Fi(y)) <8 YO<t<T,iecE])

= > mMyeA ) :di(F'(x), FA(y)) <8 VO<t<T,i € E}
aeC[T,AE]

41
@ - ¥ /x Ly (71 0, R, ) <5)

aeC[T,AE]" A 0<z<T icE

A
(dy),
IDFT(FA (y))l

by a change of variables with FI{ which is a bijection from «, (x) onto .
We apply then the results of Section 3.2 to get

! ( > log|DF. Fi= ()\)
=exp| — 0g A,Fi(x)© y
IDFT(Fy T () o Ao

=€XP< > (—10g|f,~/|+wA,z)0FAa(y)>

0<t<T,ieA

where we denote wa,; = wy fi(y),; for any z. We do not mention the boundary
conditions, since all our estimates are uniform on them.

We treat the terms corresponding to i € E and to i € A \ E differently. In the
first case, we want to replace them by ¢ o St o F'(x), while in the second we want to
reconstitute D(FX\TE’ é (a)(y)) and integrate it to 1 by another change of variables
on X A\E-

Hence, ifi € E,

[(—log| f{|+wa) o Fi () —¢oS oF'(x)]
<|log|f{lo Fy L (y) —log|f{|o F'(x)]
+ ’wAzOFAa (y) —wap,i o F'(x)| + |wa,i o F'(x) — ¢ o F'(x)].

The third term is easily estimated by the speed of convergence of wy ; to ¥; given
in (24). Summing over all times and sites gives

Y lwaioFl(x) - wloF(x)|_2(1 Z d(i.AC)

42) 0<t<T,icE
=Cs5(A,T,E).

Then we get C5(An, T, E) — 0 when N goes to infinity.
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For the two other terms, we use the fact that d; (FT ! (x), F;’a (y)) < & for all
0 <t <T and i € E which implies with Proposition 4.3 that

5 .
di(FT7 (), Fyt, (1) < — +4-09GE) Vo<1 <T,icE.
’ Y

This combined with the a-Holder property of log | f’| [see (2)] and the concavity
of x — x% gives

1 _
= 2 leglfile Fiy (v —log|f{lo F'(x)]
| | 0<t<T,ieE

o
8 1 A di C
,E%)
§C1(? Z V—_T-i_m et ) ,
ieE

0<t<T

(43)

which goes to 0 as T tends to infinity and E tends to Z¢ in the sense of Van Hove,

because y > land 1/|E|} ;ck gdGE) goes to 0 by Proposition A.1.
For wy ;, we use estimate (19) and get, with K2 =) ;74 gIkI/2,

|lwa.io F,t\TO,T()’) —wa,; 0 F'(x)]

MEg i _
<0 2 O MA(FITT 0), F ()
B keA
MX &6 MK . Mg .
< ° 1/29d(l,EC)/2+ Z gli—kl
1- X7 1-X 200 =K) e
Then
1 _
ﬁ Z ]wA’ioFf\’aT()’)—wA,iOFI(X)‘
(44) | |0§z<T,ieE
- MX § Z _ 1 MK )2 (1 _HL)L Zed(i,EC)/Z,
1-KT,* yi=T " 1-X \2 |E] 4
<t<T ieE

which goes also to 0 as T — oo and E — 7.
In the same way, for i € A \ E, we use the link between behaviors of Ff\faT )

and F 1’&2 by (a)(y) given in Proposition 4.4, writing

|(—log|fil+wa,i)o Ff\faT()’) — (= log| f{1+wa\E,i) © Ff\_\g,(z,y(a)(y)\
<|log|f{lo Fiy ) =1og {10 Fisf .o O

+ lwai o Fy g () —wavei o Fy o ()]

+ |wa\E,i © F,t\TO,T()’) — WA\E,i © A‘\E,%(a)(y)

’
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and, using Proposition 4.4 instead of Proposition 4.3 and estimate (21) instead
of (24),

1 —
TIE. 2 llog | f{1 o Fj oy () =1og f{1 o FATE 4. ()]
0<t<T,icA\E
(45) s .
< Cl_ Z Qad(t,E)’
|E] icEC€
1 _ —
w2 [waie PRy ) —wasio Fyy ()]
(46) | | 0<t<T,ieA\E
d(z E)
- 2(1 + J{) |E| Z
1 _ a—
T Y |waveioFhy () —wa\gio Fz’\\g,ma)(y”
| | 0<t<T,ieA\E
(47)

)‘MJCI/ZI Z d(zE)/Z
- 1-X |E|

all these terms tending to O when E tends to Z¢ in the sense of Van Hove by
estimate (57).

We take finally for C; the sum of the right-hand side in formulas (43)—(47) and
get the global estimate

1
IDF}(Fyt ()

1

- T -T
|DFA\E(FA\E’¢y(a)(Y))|

X exp( > @oS oF'(x)+TI|E|C3(T, E,8) + Cs(A, T, E)).
0<t<T,icE

On the other hand, we get an upper bound for the product of indicator functions
in (41) by the terms corresponding to ¢ = 0, and use the identity

> = ¥

-T -T
weeiT.a,g] DFT o Fy py(@)  a€C[T,A\E] DFTo Fpo

1

due to the bijectivity of ¢, from C[T, A, E] onto C[T, A \ E]. We can then
separate the terms in £ and those in A \ E, and integrate the last ones by a change
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of variable,

m™y € X :di(Fi(x), Fy(y)) <8 VO<t<T,icE)

1
< / > — m™\E (dy)
XME geeT.a\E] IDF \E(FA\E «O)I

Ely:.d;(FT(x),y) <8 Vie E}

XeXP( ¢oS oF'(x)+T|E|C5(T, E,8) + Cs(A, T, E))
0<t<T,ieE

( Aa<x>)<26>'E
aeC[T,A\E]

XeXP( 9oS oF'(x)+ T|E|C5(T, E, ) + Cs(A, T, E))
0<t<T,ieE

= exp( > @oS oF'(x)+TI|E|C3(T. E,8) + Cs(A, T, E)),
0<t<T,ieE

where C3 C3+ + log(28) satisfies the announced limit.

5.2. Proof of the lower bound of Proposition 5.1.  For the lower bound, we use
the same kind of estimates as for the upper bound, except for the term

[T Yueoero. Fyl (<)
0<t<T,ieE

Indeed, to insure this, we have to assume that d; (F ! (x), y) < é fori in a set larger
than E: We choose L such that

)
—+xr-0k<s
Y

and assume that E) C A (this is the sense of A large enough in Proposition 5.1).
Then, if d; (FT (x), y) < 8 for all i € E), Proposition 4.3 implies that when
a€C[T, A, EP)],

(LC)y

S .
di(F"™ (), Fy ) < 55+ pi-E Vo<r<T,icEW,

and in particular,

di(FT7'(x), Fy',(») <8 VO<t<T,ieE.
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The assumption « € C[T, A, E®Y)] imposes then a restriction on the sum in
the decomposition of X 4. This does not perturb the asymptotic estimates since
|[E\ E|/|E| — 0 when E tends to Z¢ in the sense of Van Hove. Then

m™y e Xa:di(Fi(x), F\(y)) <8 VO<t<T,i € E}

= ) f [T Sarmeo.p <

a€C[T,A,E@D)] XA i epw

X eXP( > (=log f{ +wai)o fﬁfaT(y))mA(dy)

0<t<T,ieE

ZmA\E(L)( U Aa(x))mE(L){y:di(FT(x),y)<8 VieE(L)}
a€C[T,A\ED)]

xexp( Z (poSioFt(x)

0<t<T,icEWL)

~T|ED|C5(T, ED), 8) — C5(A, T, E(L))>

zexp< > sooS"oF’<x)—T|E|62<T,E,a>—c4<A,T,E>),
0<t<T,ieE

where

|ED)] |[ED\ E|
C3(T,EP),8) + ——1¢loo

|E|

Co(T,E,b) =

tends to 0 as 7' goes to infinity and E tends to Z¢ in the sense of Van Hove, and
C4(A, T, E)=Cs(A, T, EW).

5.3. Proof of Theorem 2.1.  We approximate F by F, using convergence on
1

a finite box for finite time: For any 0 < & < 557 — 4, there exists Ny such that for
all N > Ny,
di(Fp, ), F'(y)) <e VO<t<T,icEandye X,
Cs(AnN,T,E) <e.
We deduce then from the upper bound of Proposition 5.1 applied to Fja ,,
m(By(T, E; 8))
<mf{yeX:d;(F'(x), F'(y)) <8 VO<t <T,i € E}

m™{y € Xy :di(Fh, (x), Fy, () <8+¢eV0<t<T,i€E}
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< exp( Y @oS oF'(x)+T|E|C3(T.E,8+¢&)+Cs(An, T, E)).
0<t<T,i€eE

We take then N — 00, ¢ — 0 and use continuity of C3 in 8 to get the desired upper
bound with C3 =exp(T |E|C3).

In the same way, for the lower bound, let L be such that % 0
for any 0 < € < §, let Ny such that for all N > Ny,

di(Fy (), F'()<e  Y0<i<T,icED andye X,

L+1 1 L
+ <8<5p", and

Ci(Ay. T ED) <.
Then
m(By(T, E; 6))
di(F'(x), F'(y)) <$ VieE,
di(F'(x), F'(y)) <ép~' Vie EW\E,

y: vVo<t<T

Il
3|

di(F'(x), F'(y)) < sp~L Vie ED\ LD,
>ify € X:di(F'(x), F'(y)) <8 YO <t < T,i ¢ D)}

>m™{y € Xay:di(Fi, (), Fh () <8—e V0O<i<T,ieED)

> exp( Y poS oF(x)—T|ED|CH(T, ED), s —¢)
0<t<T,ieE

— C4(AN. T, E(Z))>.

Taking ¢ — 0, we get the desired lower bound with Cy = exp(—T|E (i‘)léz(T,

E (i), 3)). The only dependence of C» on the constant p defining the distance
comes from the choice of L.

6. Large deviations upper bound. In these two last sections, we will use
many results from thermodynamic formalism. We refer the reader to Appendix B
for all standard definitions and results.

Our proof of the upper bound of the large deviations principle follows, at least
for the main steps, the method of Kifer [20]. It presents no particular difficulty
since the space M'(X) is compact for the weak-star topology and the volume
lemma gives the identification of the log Laplace transforms.

For E7 a given sequence of subsets of Z¢, we denote

Rr(x) = Rr. gy () = ——— > Sgior() € M (X)
SET TlET| SOF(X)

0<t<T,icEr
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the associated empirical process.

6.1. Identification of the pressure. The first step in this proof is the identifica-
tion of the limit of the log-Laplace transforms of the empirical process Rr inte-
grated against any continuous potential V with the topological pressure of V + ¢:

PROPOSITION 6.1. Under assumption (F#), for any sequence (ET)r>0
tending to Z4 in the sense of Van Hove and V € C(X), we have

(48) limsu
T—>oop TlET|

log/ exp(TlEﬂ/ VdRT(x)>m(dx) Prs)(V+o).

Corollary 2.1 is immediately deduced from this proposition, taking V = 0.

PROOF OF PROPOSITION 6.1. For é >0 and T > 0, we take Y a maximal
(T, &)-separated set in X;, which means that
x,x eYandx #x = x’§éBx(T, Er;6)

and Y is maximal for this property. Then | J, .y Bx(T, E7; §) = X by maximality
and, if x, x’ € Y are distinct, then

By (T, E7;38/2)N By (T, ET;68/2) =
Hence, denoting yy (8) = sup{|V (x) =V (y)| :d,(x, y) < 8}, aquantity which goes

to 0 with § by continuity, we decompose the integral in small balls and get

3 exp( > (VoS oF (x) - yV(8/2))>ﬁ(Bx(T, Er;58/2))

xeY 0<t<T,i€ET

< /x exp( Y VoSio Fl(x))m(dx)

0<t<T,icEr

<> exp( Y (VoS oF'(x)+ yv(a)))m(Bx(T, ET;8)).

xeY 0<t<T,i€eET

We use then the volume lemma, take the logarithm and divide by T|E| to get

TIEs llog[Zexp( Z (V+(p)oSioFt(x)>:|

xeY 0<t<T,i€eET

(5) L C(TE i )
- P 0o ) s A
Yv ) T\E7| g2 T2,0

log/ exp(TlETI/ VdRﬂx))m(dx)

=<
TlETl
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1 i t
< T|ET|log|:Zexp( Z (V4+@)oS' oF (x)>i|

xeY 0<t<T,i€eET

+yv () + log C3(T', Et, 9).

T|ET|

We take now successively the supremum on maximal (7, §)-separated sets, the
limsup when 7 goes to infinity (makes the terms C, and C3 disappear) and
the limit 6 — 0. We get hence the desired result directly from the definition of
topological pressure. [J

6.2. Proof of the upper bound. For § > 0 and V € C(X) fixed, M (X) is
compact and any closed subset F' can be included in a finite union of balls of the

type Bu(V;8) ={n:| [Vdu— [Vdv|<3§},

d
(49) Fc|JBy(V;8)  withyeF.
=1

By the Chebycheyv inequality,

m{x: Ry (x) € By(V: )} geT‘ET‘“—fod”)/ eTIETIRT () 7 (g x).
X

Then using Proposition 6.1 we have, for such an open ball,

lim sup
T—oo T ET|

logm(RT € By (V; 5)) <§-— /x Vdv+ P s(V + ).

The inclusion (49) implies now, for F closed,

lim sup
T—o00 |ET|

logm(Rr € F) < 1max (lim sup
=

logmi(Ry € By, (V; 8)))
I<d\ T 500 | T|

< max<8 —/ Vdv+ P(F,S)(V +(p)>.
X

veF

We can then make § tend to 0, optimize on V continuous and use a minimax type
result (available because F' is compact) to get

limsu logm(Ry € F §max< inf (P V+ —/ Vdv))
T_)OOP o gm(Rr € F) max{ ol F.5)(V +¢) N
=Sup(h(p,s)—/ (de)
veF X
= —inf |
g 1)

where we used the dual Gibbs variational principle (because 4 is upper semicon-
tinuous).
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7. Large deviations lower bound. The large deviations lower bound is a
local property in the sense that it is equivalent to prove

liminf
T—oo T|ET]|

logm{x:Rr(x) € Bu(Vi,..., Vk; 8)} > —1(v)

=h(r,5 (V) +/ pdv
X

forall v e ML(X), Vi,...,Vk € C(X) and § > 0, denoting B, (Vy, ..., Vg; ) =
{m:lfx Viedi — [ Vikdv| <8 V1 <k < K}, because this gives the basis of the
weak-star topology on M (X).

The idea for the lower bound is a geometric estimate, which comes from [33]
and is better expressed for an ergodic probability v: We decompose the set
{x:Rr(x) € By(V1,..., Vk;8)} in small balls By (T, ET; ). We need approxi-
mately eT1ETIhE.5 () of them (by a metric version of the Shannon—-McMillan—
Breiman theorem, stated as Theorem B.2) and each is approximately of size
eTIEr] [x¢dv) ynder m (by the volume lemma and the ergodic theorem).

We will write it directly for convex combinations of ergodic measures. We need
for this a strong mixing result, the specification property. We obtain the general
case by an approximation argument.

7.1. Specification property. 'This strong quantitative mixing property is again
a consequence of the preservation of the expanding property.

PROPOSITION 7.1. If F satisfies (H2), then for all 5 > 0, there exists p(§) € N
such that forany Ty, ..., Ty € N, x!,...,xlex and p1, ..., pr—1 > p(8), there
exists x € X such that

d(F'(x), F'x") <8 vo<r<T,
d(FTHPi(x), FT'(x?) <8  VO<t<Ts,

d(Fz+ZzL:_11(T/+p1)(x), F’(xL)) <$§ VO<t<Tj.

PROOF. We work in this proof with the global map F and the topology
associated to the distance d(x, y) = sup;z« d;i (x, y). Let

Vo(T;8)={y:d(F'(x), F'(y)) <§ VO <t <T}
be the dynamic neighborhood around the orbit of x. We want to show that

Vo (Ty:8) N F- TP (Vo (Ty: ) 0 - -0 F~Zi= B0 (v (Ty1 8)) # 2.
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By a simple induction argument, it is sufficient to show that for all x € X, T > 0,
0<d< ﬁ, p > p(8) and A such that Int(A) £ &, we have

V(T;)NF T PInt(A) # 0 = Int(FT(V(T;8)NFP(A)) # 2.

We can proceed as in the proof of Proposition 4.2 in the infinite-dimensional
case to get that for any o € C[T,Z¢]1=1{0,...,p — 1}[1""’T]X'Zd, there exists
Ay (x) defining an infinite open partition of X [|J A (x) = X] such that F T is
injective on s (x) with inverse branch F, T,

As in Section 4.2, if § < ﬁ, then Vy(T;38) C Ag(x) and FT(V(T:8)) =
{(y:d(FT(x),y) <8} is a product of intervals of size 26 around F T(x). In the
same way, FO_T is a contraction around the orbit of x,

1
d(FT™'(x), Fy'(y) < WI(FT(x), y).

Then, if we construct the inverse branches of F? around the orbit of FT (x), we
know that almost all points of X have a preimage by F? at distance less than
1/27P) of FT (x) (because Fo_p is 1 /97 contracting for the metric d). We choose
then p(8) such that 1/77®) < 28 and get the specification property. [

7.2. Proof of the lower bound.

7.2.1. Ifv ¢ Milnv(X). In this case I (v) = +o00; hence there is nothing to do.
722 Ifv= Zszl ayv; with vy € Melrgx and Zszl a=1. Forn>0,T>1
and any 1 </ < L, we define

1
_— Sci ,
[a/T7|E7| 2 §oF!(x)

0<t<[aT],icEr

R (x) =

rh={x:RL(x) € Byy(V1,..., Vk; 8/4) and /xwdzé§<x)z/x<pdul—n}.

Then by application of the ergodic theorem, we know that vz(l"lT) goes to 1 as
T tends to infinity. Hence, for a fixed 0 < b < 1, we choose Tj such that for any
T>Tpandany 1 <[/ <L,

(50) vy > b.

Using Theorem B.2, we take g9 and 7 such that for all € < ¢y and T > T1, then
forl<I<L

1
(51) mlegzv%ram, Er,e,b) > hr.sy(v) — 1,
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where N! denotes the number of balls necessary to cover a set of v; measure b
[see (59) for the precise definition].

Let now ¢ < g9/4 and T > max(7Tp, T1). We can then choose for 1 <[/ < L
a set SZT C F’T which is maximal ([¢;T], ET, 4¢)-separated in FZT. Hence, by
maximality, we have

FZTC U B,([a;T7, ET; 4¢),

xeSlT
and this gives, combined with estimates (50) and (51),

Card(Sh) > exp(Ta;T1|E7|(h(F.5)(v) — 1))

We use now the specification property (Proposition 7.1) to construct from these
sets SIT a set St of points which are typical for v. Indeed, for any choice
of x! e S}, x?e S%, = E%, there exists a point which e-follows the orbits
of each x! during time [a;T], precisely

. I—1 .
dp(S’ o FEm—olamT1HA=DpE)+ 1y gi Ff(x’)) <e  VO<t<T[aTl,iecZ’

Let St be the set of all such constructed points: as SZT are ([q;T1], ET,4¢)-sepa-
rated, then all constructed points are distinct; hence

L L
Card(S7) = [ | Card(S7) > exp(|ET| > TaiT1(hr.s5 () — n))
=1 =1

and St is (f, ET,2¢)-separated, with T = ZlelfazT] + (L — 1)p(e), which
implies

(52) B.(T,Er;e)NBy(T,Er;e)=@  Vx#yinSr.

We choose then ¢ such that d,(x, y) < &1 implies that [¢(x) — ¢(y)| < n and
Vi) = Vi(y)| < % for all 1 <[ < L. A direct computation ensures now that there
exists 7p suchthatfor T > T, ¢ < &1, 1 <k < K and x € St, then

3
<—.

/<pd1§T<x)z/ odv—3n and ‘/ deRT(x)—/ Vi dv
X X X X

The last estimate implies that if x € St, then Rr(x) € B,(Vy,..., Vk; %) and,
also, with previous estimate on Vi,

B.(T,Er; ) C Bo(T, Er;€) C|y:Rr(y) € Bu(Vi,..., Vk; )}

We associate this with disjunction of such balls stated in (52), the lower bound of
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the volume lemma and estimates for the cardinal of St to get

m{y:Rr(y) € Bu(V1,..., Vk:8)}
> N m(Bu(T, Er; ¢))

XEST

> Y Co(T, Er.e.p)exp( TIEr| | ¢dRr(x)
X

xEST

L
> (T, Er. ¢, p) GXP(IETl > TarTV(hr,s)(v1) — 77))
I=1

X exp(f”lEﬂ/ pdv — 37}).
X
Then

lim inf
T—o00 T

Jogily: Ry () € BuVi. ... Vi) zh<F,s><v>+/x<pdv—4n,

because % ZzL:1 [a;TTh(F,s)(v) tends to h(r, 5)(v) and % to 1 as T goes to infinity.
It suffices then to let n tend to zero.

723. Ifve Milnv(X). We want to approximate such a probability measure
by v = > a;v; from the previous case with a good control on the entropy. For this

we take n > 0 and fix ¢ such that

‘/ de‘rl—/ Viedt
X X

‘/ wdfl—/ pdr
X X

We choose then & = { Py, ..., P} apartition of M 1(%) with diameter less than .
We know by the ergodic decomposition theorem (Theorem 2.3.3 in [18]) that there
exists a probability 7 on M!(X) concentrated on Mérg(X) and such that v =

fMl(x) t7(dt). We take, for 1 <I <L, a; =n(P) and v; € P; € ML _(X) such

erg

8
<§, Vi<k<K,

dlStMl(x) (Tl, Tz) <é& =

that h(p s)(vj) = h(F,s)(t) — n for m-almost all T € P;. Then, with v = Zlel apvy,
we have

hr,sy(V) > h(r 5 (v) — 1,

/(pdﬁz/ odv —n,
X X

BV, ..., Vk;8/2) C Bu(V1, ..., Vk; d).
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This implies
liminf logm(y: Rr(y) € Bu(Vi,..., Vk; 8))
T—-oo T|ET]|
> liminf 1 _< ‘R (y) -(V V'8)>
= limint TIEr| ogm\y:Rr(y)€Bs(Vi,..., Ki o

> hr.s) () +/x<pdﬁ ) +/xgodv —2n

and we conclude letting ¢ then 5 tend to 0.
APPENDIX A

Convergence of subsequences of Z?. We introduce in this appendix two
different notions of convergence for subsets of Z¢ and their main properties.

DEFINITION A.1. A sequence (E,),>¢ of finite subsets of 74 tends to 79 in
the sense of Van Hove if lim,,_, o | E,,| = 00 and

E,+i)AE
(53) fim [EnFDAE]_ g

n— 00 |En|

[where A denotes the symmetric difference of sets, AAB=(A\ B)U(B\ A)].

If E is a finite subset of Z¢, we define enlarged and restricted sets in Z¢ by

{j:d(j, E) <}, for [ >0,

(O
(54) E {{] :d(j, E€) > -1}, for [ <O.

We have then three properties of sequences tending to Z¢ in the sense of Van Hove:

PROPOSITION A.1. If (Ey),> tends to Z% in the sense of Van Hove, then:

1. Foralll € Z, (E,(,l))nzo tends to 7% in the sense of Van Hove and

0]
E
(55) im [En ':1.
n—o0 |En|
2. Forallt <1,
(56) d(j.Ef ) —
n—)oo |E | e
3. Forallt <1,
57 d(] En) —

jeES
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PROOF. 1.Forl > 1, we have

E,CEP = J (Ea+ )
JEA

such that E,(,l) \ En =Ujen,(En+Jj) \ En; hence

1 )
_IED L IEP\E

L c1y Yy (Bt DB
|| |El

|En| n—o00

1

JEN
by definition of the convergence in the sense of Van Hove (see Definition A.1).
In the same way, (E,(,l) +k)\ E,(,l) CUjen,(En+J+k)\ Ep, then

— 0.

|En| n—o00

(Ex’ +R\EY| _ |En| 5 [t j + 0\ Enl

) — !
1ED EX| fe,

We proceed similarly for E,(,l) \ (E,(,l) +k)=k+ (E,(,l) —k)\ E,(,l) and get that E,(,l)
tends to Z¢ in the sense of Van Hove.
For [ < —1, we have the description

Er(zl) = m (En+Jj)CE,
JEA_;
and computations are similar to those for / > 1.
2. For any ¢ > 0, we choose k > 0 such that lek ! < &/2 and write the sum
in terms of the subsets (E,(,l))lf_l,

(1-n (=)
1 i EC |ESDN\ ESD)
U.Ep) — AR el LR
|E | Z LA _Z |E | T
ek, I>1 n
— 1-1 -1 1-1 -1
_kZHE,E '\ E} >|IZ+Z|E,§ NE
=1 |E}’l| ZZk |E}’l|

1—k
_IENETYL e
R 2’

where we used t < 1 in the first term and |E,(ll_l) \ E,(l_l)l < |E,(ll_l)| < |E,| in the
second. By (55), the first term goes to 0, hence for n great enough,

1 . C
d(j,Ey)
B E T <e.
" jeE,

3. We use in this case the fact that ) ;- ATl = 2502l + 1)?t! converges.
Hence, for ¢ > 0, we choose k > 0 such that lek |A1|1'1 < &/2 and decompose
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EC€ in the subsets (E? \ E(l_l))lzl. Then

0] (-1

1 ", |En” \ Ex |
(. En) _ n n l
|E,| Z T _Z |E,| T

" jeES =1 "
k—1
JETUNE e
B |Enl 2’

since |E,(,l) \ E,(,l_l)| < |E,(,l)| < |A||E,|. We conclude then asin 2. [

Convergence in the sense of Van Hove is too wide to use some existing results
of ergodic theory, in particular, the ergodic theorem and the theorem of Shannon—
McMillan—Breiman. We need to restrict the class of subsets to get the whole large
deviations results:

DEFINITION A.2. The term (E,),>0 is a special averaging sequence if it is
increasing, it tends to Z in the sense of Van Hove and there exists R > 0 such that

(58) |En — Epxl <R|E,|  Vn=0.

We will use the following straightforward result to apply results from ergodic
theory.

PROPOSITION A.2. If (ET)r>1 is a special averaging sequence in 74, then
([0, T — 1] x ET)T>1 is a special averaging sequence in N x 74,

REMARK. We could use some recent results of Lindenstrauss to work with
tempered sequences, a notion more general than special averaging sequences. He
proved indeed [21, 22] that the ergodic results we use remain valid in this context.

APPENDIX B

Thermodynamic formalism. We present in our setup the main definitions
and the results we need from thermodynamic formalism. For a more general
approach and all the proofs, we refer to the well-written expository book by
Keller [18] (and to [26] for proofs of the ergodic theorem and of the Shannon—
McMillan—Breiman theorem).

B.1. Entropy. For A ={Ay,..., Ak} and B = {Bj, ..., By} finite partitions
of X, let
AVB={A;NB:1<k<K,1<I<L}

Then, for v € Milnv(X), E7 a sequence tending to Z¢ in the sense of Van Hove

and 4 a partition, we define:
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o h(v|A) =—> pcs V(A)log(v(A)) and A1 = \/0§z<T,ieET F~'o ST (A),
o hp 5 (v|A) =limroo(1/T|ET)h(v|AT),
o h(F,s5)(v) =sup{h(r,s)(v|A) : A finite partition of X}.

This last quantity is the metric entropy of v under (F, S), which does not depend
on the choice of the sequence (E7)71>0.

PROPOSITION B.1.

1. The function h(r sy is convex affine, h(F,S)(Zsz1 ajvy) = Zle arh(r,s)(vi)
when Zle a=1.

2. Forv e Milnv(X) and for any partition A such that v(0A) = 0 and diam(A) <
do = ﬁ, we have

h(r,s)(vV) =hp, s5)(v|A).

3. The function h(r sy is upper semicontinuous.

The last two properties are consequences of the expansiveness of the system
stated in Proposition 4.5 (see Theorem 4.5.6 in [18] and its proof).

A well-known result about entropy is the Shannon—-McMillan—Breiman theo-
rem, which expresses the fact that for an ergodic measure, entropy precisely de-
scribes the asymptotic size of elements of the partition:

THEOREM B.1 (Shannon-McMillan—Breiman). Ifv € ML (X)), Aisa finite

erg
partition and (ET)T>0 is a special averaging sequence, then for v-almost all x,

logv(Ar(x))

TIEr| T_)ooh(F,S)(WeA‘),

where A7 (x) denotes the element of the partition A1 which contains x.

We use in our proof of the lower bound of large deviations a metric equivalent of
this theorem, which states that for an ergodic measure, the metric entropy describes
the number of balls necessary to cover a significant set. For 7 > 0,6 > 0,0 < b < 1
and (ET)7>0 a special averaging sequence, we denote

(59) N(T,Er;8,b) = miniCard(Y} : v( U B«(T. Ex; 5)) > b}

xeY

[see the definition of B, (T, E7;4) in formula (9)]. We call a set Y as in the
definition a (T, ET; 8, b)-covering set for v.
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THEOREM B.2. If v € Melrg(X) and (ET)T>0 is a special averaging

sequence, then for all0 <b < 1,

lim lim inf
§—>0 T—oo T|ET|

log N(T, ET;6,b)

= lim lim sup

IOgN(T, ET;S,b)Zh(F,S)(U).
=0 7500 |ET]

This result for the single map case is from [16]. A proof of our generalization
to the lattice setup can be found in [2], where it was adapted from [29].
B.2. Topological pressure. AsetY C X is (T, E; §)-separated if
x,x'eY,x#x = x'¢B.(T,E;%).

It is separated maximal if it is maximal for this separation property.
We define then for V € C(X), (ET)7r>0 a sequence tending to 74 in the sense
of Van Hove and Y C X finite,

Prsy(V;T,Y)=log > exp( > VoSo F’(x)).

xeY 0<t<T,i€eET
Then
1
Pr.5)(V) = lim lim sup sup{ P(r,5)(V; T,Y):Y is (T, Er; §)-separated}
=0 7500 Er]
= lim lim sup sup{ P(r,5)(V;T,Y):
-0 7500 |ET|

Y is (T, Et; §)-separated maximal}

is the ropological pressure of V for the dynamic of (F, S). This definition is
independent of the choice of the sequence (E7). The main result for this quantity
is the Gibbs variational principle, which expresses it as a variational expression of
the entropy:

THEOREM B.3 (Gibbs variational principle). Forany V € C(X),

(60) Pirsy(V)= sup (h(F’s)(v)-f-/ Vdv),
veMl (X) X

mv
and, since h(r s) is convex affine and upper semicontinuous in our case, for any
ve ML (%),

myv

61) h(F,S)(v) = vglg(fx)<P(F’S)(V) — /x Vdv).



726 J.-B. BARDET AND G. BEN AROUS

DEFINITION B.1. The equilibrium measures associated to the dynamical
system (F, S) and to a potential V € C(X) are the invariant measures which
realize the supremum in the variational principle (60).

APPENDIX C

Generating function method for the iteration sequence. For é >0, y > 1
and («x) a sequence of nonnegative reals, let #(/, t) be defined for/ € Z andt € N

by

1 .
) if 1 <0,
2
62) ul,t)= 51, if 1>0,1=0,
Sud =D+ Zaku(l—k 0, if 1>0,1>0.

k>0

We have then for such a sequence:

PROPOSITION C.1. Suppose there exists 6 < 1 such that for any k > 0,
o = 0k, and denote S = > k>0 and S =} 'y~ k. Then, under the assumption

y—S>1,

we have for alll >0 and t > 0,

Nt

(63) win<—0 Lgm S
(v =9 200 =S—-1)

PROOF. We solve this equation by a generating function method (see [32] for
a general introduction and many useful tools). Let f(x, y) be the formal series
defined by

fy= Y ud.oxly.

[>0,t>1

Then the inductive definition of u(/, t) implies for f,

fx,y)= Z (%u(l,t—1)+%Zaku(1—k,t)>xly’

[>0,t>1 k>0

/
5yz +2 % wll, )ty + - > (Zakuu—k,z)xl)y’

Y 120 Y 150.>1 1>0.1>1 \k=0

5 (Z(xk>x y

27/1>0¢>1 k=1
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6 1
yz + — Z sz ;(y—kZozkxk)f(x,y)

Y 120 2 1s0me1 k>0
—1
(Sy 1 k
Z + Z Ryx! Y1 ——{y+ Z o x ,
Y =0 Y 20.>1 Y k>0

where R; = Y . ; ax. We formally invert this expression, using that

(1 - %(H z))

X3 (1) (et

n>0u=0 k>0
u—+h 1 u ky+--+kp
= > (V) T e
u>0,h>0 kiy...skn >0
u+h 1
- () X aa)e
n>0,u>0 \ >0 Y ke k=0, 4tk =n

Hence, using in the upper bound that R;_, < 6'"*1§, we get

S l
u(l,t)z—Z(

n=0

t—14+h 1
Z( r—1 )m > “kl"'%)

h>0 ki,....kp>0,ky+--+kp=n
1

oo 2 Rz_n(

Y 0<n<l,0<u<t

X Z o, ...akh>

ki,...kp>0,ki++kp=n
S GRUIO R U]
4 h>0 t—1 14 2y =0 pyu o\ U %
Ty -5 20351 -

REMARK. We obtained in fact in the course of the proof an exact (but
complicated) expression for the sequence u; r).
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