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Quantum stochastic calculus is extended in a new formulation in which
its stochastic integrals achieve their natural and maximal domains. Operator
adaptedness, conditional expectations and stochastic integrals are all defined
simply in terms of the orthogonal projections of the time filtration of Fock
space, together with sections of the adapted gradient operator. Free from
exponential vector domains, our stochastic integrals may be satisfactorily
composed yielding quantum It6 formulas for operator products as sums
of stochastic integrals. The calculus has seen two reformulations since
its discovery—one closely related to classical 1t6 calculus; the other to
noncausal stochastic analysis and Malliavin calculus. Our theory extends
both of these approaches and may be viewed as a synthesis of the two. The
main application given here is existence and uniqueness for the Attal-Meyer
equations for implicit definition of quantum stochastic integrals.

0. Introduction. Quantum stochastic calculus is now a well-established
noncommutative extension of classical 1td calculus [10, 32, 37]. There are other
such extensions, notably 1t6—Clifford theory [7, 40], fermionic [1] and quasi-free
[8, 26] stochastic calculi and the calculus based on free independence [11, 25].
However, to date, the most developed [2, 5, 9, 16, 17, 19, 22, 27, 29, 30, 34,
33, 38, 43] is the bosonic theory originated by Hudson and Parthasarathy [23].
Moreover, fermionic theory has been incorporated into the bosonic by means of a
continuous Jordan—Wigner transformation which has a simple quantum stochastic
description [24].

As originally set down the homogeneity of exponential vectors with respect to
the continuous tensor product structure of (symmetric) Fock space was key to the
development of the calculus. Quantum stochastic (QS) integrals were constructed
for time-indexed families of operators which are defined on exponential vectors
and satisfy an adaptedness property which is itself nicely described in terms of
these vectors. The QS integrals were thereby defined on such exponential domains,
too. Their composition as operators is thus inadmissible, strictly speaking, within
this exponential vector formulation, since they typically do not leave the linear
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span of exponential vectors invariant. Only inner products of QS integrals acting
on such vectors may be formed. Perhaps, surprisingly, this limitation has not been
felt until recently—a rich stock of QS processes has been constructed through an
effective theory of QS differential equations. This limitation does make itself felt
when one is interested in algebraic questions such as the structure of the collection
of bounded operator-valued quantum semimartingales [2].

One way in which QS calculus has been extended beyond exponential domains
is by means of the Hitsuda—Skorohod integral of anticipative processes [21, 41]
and the related gradient operator of Malliavin calculus [18, 35]. In this noncausal
SJormulation [9, 27] the action of each QS integral is defined explicitly on Fock
space vectors, and the essential quantum It6 formula (in inner product form) is seen
in terms of the Skorohod isometry. Neither exponential domains nor adaptedness
of the operator-valued integrands are required. Set against these advantages, the
domains of both the annihilation and number integrals in this approach are still
restricted—this time to parts of the domain of the square root of the number
operator—even when the resulting operator is bounded. This domain limitation
again artificially limits operator composition.

A second way in which the scope and domain of QS calculus has been extended
is by means of an abstract It6 calculus on Fock space [5]. Specifically, in this
approach the fact that all vectors of the Fock space admit an abstract predictable
representation, f = E[f]+ [5° & (f)dxs, is exploited to obtain a formula for
the action of QS integrals which makes good sense for nonexponential vectors.
For example, if X, is the creation integral fé H; dAI and f; = fé E(f)dys,
then X; f; = jé (Xs&5(f) + H; f5) d xs. This leads to a definition of QS integrals
which agrees with the original one when restricted to exponential vectors.
In this 1t6 calculus formulation operator composition of QS integrals is admitted.
Under some conditions the domain of these QS integrals may be the whole of
Fock space—a fact which plays an important role in the theory of quantum
semimartingale algebras and the theory of quantum square and angle brackets
[2, 43]. The main disadvantage of this formulation is that the QS integrals are only
defined implicitly. In fact, the definitions amount to a system of abstract stochastic
differential equations and, up to now, the general existence and uniqueness of
solutions for these equations were not known. Moreover, the maximal operator
domains of these QS integrals have been far from clear.

The purpose of this work is to unify and extend both of the above approaches.
We give definitions which provide the action of QS integrals explicitly; introduce
no unnatural domain limitations; settle the existence and uniqueness question for
the systems of stochastic differential equations arising in the It calculus approach;
and permit operator composition of QS integrals, governed by a quantum It6
product formula. Moreover, we demonstrate maximality of operator domains for
these QS integrals.

The main idea is to base the calculus on a finely tuned definition of operator
adaptedness, exploiting an adapted gradient operator inspired by classical
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stochastic analysis. On exponential vectors the usual definition is recovered;
however, the new definition frees us from any prescribed domains and imposes no
extraneous domain constraints. For example, the domain of a ¢-adapted operator
can now be all of Fock space when it is bounded and need no longer be an algebraic
tensor product when it is unbounded. The new definition provides a clearer picture
of the relationship between quantum and classical It calculus; it also leads to a
definition of conditional expectation for Fock space operators which enjoys all the
algebraic properties one could hope for, given the vagaries of unbounded operators.

The refinement of operator adaptedness is also the point of departure for the new
definitions of QS integrals given here. In particular, the gradient operator, used in
the noncausal formulation of QS calculus, is replaced by the adapted gradient. This
overcomes the unnatural domain constraint imposed in the noncausal approach
while maintaining explicitness of the action of QS integrals. The connection with
the Itd calculus approach is then seen through commutation relations between the
Skorohod and time integrals and the adapted gradient operator, and a recursion
formula enjoyed by the QS integrals.

A brief preliminary account of this work has appeared in [4].

1. Notation and conventions. The collection of subsets of R having finite
cardinality:

{oc CRy:#0 < 00}

will be referred to as the finite power set of Ry and denoted I', with '™ denoting
the collection of n-element subsets. For n > 1, Lebesgue measure induces a mea-
sure on '™ through the bijection s — {s1, ..., s,} from {s € RY isp <-+- < sp}
to ['™_ By letting @ € I'® be an atom of measure 1, we arrive at a o-finite
measure on (J,~q '™ =T called the symmetric measure of Lebesgue measure
onRy, [20].

Measurable for Hilbert space—valued maps means here strongly measurable,
and integrable means Bochner integrable; since all Hilbert spaces appearing will
be separable, weak measurability implies measurability [14]. Fixing a complex
separable Hilbert space b, Guichardet—Fock space (or simply Fock space) is the
Hilbert space tensor product h ® L?(I"), which we identify with the space of
(classes of ) square-integrable functions L2(I'; ), and is denoted & . Elements
of I will always be denoted by lowercase Greek letters such as «, 8, o, 7 and o,
and these will be used exclusively for this purpose. With this convention we write
simply [ f(o)do to denote the integral of a Hilbert space—valued function f
over I with respect to the symmetric measure of Lebesgue measure on R .
Similarly, [ ¢(s)ds will always denote the integral of a function ¢ over R, with
respect to Lebesgue measure. The following elementary identity is fundamental—
a proof may be found in [28].
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LEMMA 1.1 (Integral-sum lemma). Let g be a nonnegative measurable
function I' x I' = R (or a Bochner-integrable function I' x I' — h) and let G be
the function defined by G(0) = ) 4, &(a,0 \ @). Then G is nonnegative and
measurable (resp. integrable) and

/G(a)do:/ (e, B)dadp.

The following subspaces of Guichardet—Fock space are useful:

(1.1a) K@ :=Doma",  K:=()X,
a>1
(1.1b) Fhin 1= {f eF supp f C U '™ for some m §,
n<m
(1.1¢) &(S) :=Lin{e(p):p € S},

where S is a subset of L2(R+). Here Dom denotes the domain of a Hilbert
space operator; N is the number operator, Nf(c) = #0f (o), with maximal
domain; and aV is defined through the functional calculus. Also, e(¢p) denotes
the exponential vector of the test function ¢ [37] which in Guichardet—Fock space
is the measure equivalence class of the function

o l_[ @(s).

Following is a list of set-theoretic notation and measure-theoretic conventions
that we shall adopt throughout. Let s, € R and let w, 0, T € I". Then

wyy :=w N[0, 1], = w Nt oo, and so on;
Vo :=max{s:s € g}, o_:=o0\{Vvo}, A0 :=min{s:s € 0};
wUs:=wU{s}, o\s:=0o\{s}

“o<t’meanss <tVseo,teT;

Iyi={wel:wC]0,s[}, I:={wel:wCls,oo[};

“a.a. T > s~ means almost all T € I'* (here s is fixed), whereas

“a.a. (r > 5)” means almost all elements of {(7,s) €' x R} :t > s};
Foi=h@LXTy),  F°=L*T.

Guichardet—Fock space enjoys a continuous tensor product structure: for
each s > 0 the map

(1.2) f®gr (0w flwy)g(o))
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extends uniquely to an isometric isomorphism ¥; ® ¥° — ¥ . This structure is
elegantly carried by the exponential vectors, being determined by the following
restriction of (1.2):

ve(9[0,51) ® &(@1s.000) > vE(P),

where, under the natural isometry £, — F; ® F° given by f — f ® g,
with 8 := €(0), Fy is first viewed as a subspace of F. The notation here is
®la,b[ := ¢1[a,p[, and 1 denotes the indicator function.

An important consequence of the integral-sum lemma is the following identity:

(1.3) // f(oUt)dodtz/#a)f(a))da),

which is valid for nonnegative measurable functions I' — R and for measurable
functions I' — § for which either/both sides are defined.

We use the following notation for algebraic tensor products: for subspaces
U and V of Hilbert spaces H and K, U © V C H ® K is the subspace
Linfu @ v:u € U, v € V}, and for operators R on H and S on K, R ® S denotes
the operator on H ® K with domain Dom R ® Dom § satisfying (R © S)(x ® y) =
Rx ® Sy. Finally, a pair of Hilbert space operators satisfying

(1.4) (Ru, v) = (u, Sv), ueDomR, veDomS§S,

will be called an adjoint pair. When Dom R is dense this amounts to the
condition R* O S.

2. It6 calculus in Fock space. Our aim in this section is twofold. First, we
construct part of the It6 calculus on Fock space, describing familiar probabilistic
concepts in this unfamiliar language while emphasizing the universality of Fock
space. Second, we develop relationships between the components of this calculus
(derivative, projection and integrals). These will be applied later, once we have
introduced noncommuative processes. The section ends with a discussion of the
connection with classical 1t6 calculus through probabilistic interpretations of the
objects introduced.

2.1. Integration. The measurable structure on I' x Ry is the completed
product measure of the Guichardet measure on I' and the Lebesgue measure
on R . We need a spectrum of integrability conditions for a Hilbert space—valued
map x :I" x Ry — . We write x;(w) for x(w, s). Then:

e x is time integrable if, for a.a. w, the map x.(w) is integrable R, — b and the
following a.e. defined map is square integrable:

L(x):w— /xs(a)) ds.
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x is absolutely time integrable if x is measurable and the map (w, s) — ||x;(@)]|
is time integrable.

e x is Bochner integrable if, for a.a. s, the map x; is square integrable I' — h and
s > [xs] is integrable R, — F.

x is Skorohod integrable if the following map is square integrable I' — b:

$(x):0—~> sz(o* \ s).

seo

x belongs to Dom 4 if x is square integable I' x Ry — h and x is Skorohod
integrable.

x is absolutely Skorohod integrable if x is measurable and the map (w, s)
lxs (w)]| is Skorohod integrable.

L(x) and 8(x) are called the time integral of x and the Skorohod integral of x,
respectively. We emphasize here that, for the definitions of both time integrability
and Skorohod integrability, we assume neither the square integrability of each x;
nor the (joint) measurability of x. Note, however, that if x and x’ are maps
I' x Ry — b which agree a.e., then x” is time integrable if and only if x is, in which
case L(x") = L(x), and similarly for the Skorohod integral. Therefore, although
L(x) and §(x) are defined pointwise, we view both £ and 4 as mappings from
measure equivalence classes into ¥ . The definition of Bochner integrability is the
standard one, rephrased here for easy comparison with the pointwise integrability
conditions. The space Dom 4 is merely the domain of the Skorohod integral when
it is viewed as an unbounded Hilbert space operator L>(I" x R; h) — F.

PROPOSITION 2.1. Letx beamap "' x Ry — b.

(ai) If x is square integrable, then x is locally Bochner integrable and

[ el ds < ﬁ( [ yl ||xs<w>||2dwds)l/2.

(ail) If x is Bochner integrable, then x is absolutely time integrable and
£ = [ lxlds.
(bi) If x is measurable, then

[[[1x@Uotix@Usidodias < [ [ fols@Pdods.

(bii) If x is square integrable and the function (w, s, t) — {(xs;(w U t), x;(w U s))
is integrable, then x € Dom 8 and

2.1) ||5(x)||2:/||xs||2ds+///(xs(a)Ut),x,(a)Us))da)dtds.
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(biii) If x is absolutely Skorohod integrable, then x is square integrable and the
function (w, s,t) — ||xg (@ Ut)|||x;(w U s)|| is integrable.

Identity (2.1) will be referred to as Skorohod isometry.

PROOF OF PROPOSITION 2.1. (ai) follows from the Cauchy-Schwarz in-
equality in L2(R,). If x is Bochner integrable, then, by standard vector integra-
tion theory [14], it is jointly measurable. Moreover, by a continuous version of
Minkowski’s inequality [42],

{/[/ le(w,s)llds]zdw}l/sz{/ ||x(a),s)||2da)}1/2ds=/ llxs |l ds,

which establishes (aii). (bi)—(biii) follow from straightforward applications of the
integral-sum lemma—see [27] for further details. [

Let x beamap I' x Ry — b. Then x is adapted if
(2.2) xs(w)=0 forw ¢ Iy,
and x is It6 integrable if x is adapted and the map

0, ifo =0,

Jx):I' = b, o )
Xve(o_), otherwise,

is square integrable. Note J(x) is that called the It0 integral of x. Like L(x)
and $(x), it will be viewed as an element of £ . As with time and Skorohod
integrals, Itd integrability depends only on the measure equivalence class of x,
and the It6 integral lifts to a mapping from measure equivalence classes into ¥ .
In contrast to time integrals and Skorohod integrals, It6-integrable maps are
necessarily measurable.

A Fock vector process is a family x = (x5)s>0 in F. It is adapted if x; € F;
for each s, and measurable if the map s — x; is measurable R, — ¥ . For a
measurable vector process x, there is a measurable map xX:I" x Ry — b such
that X, (-) is a version of x; for each s. If x is adapted, then X may be chosen to be
adapted in the sense of (2.2). The measure equivalence class of X is unique, and
we shall therefore abuse notation by using x for the map as well as for the process.

Using the integral-sum lemma, the following is a straightforward consequence
of our definitions.

PROPOSITION 2.2.  Let x be an adapted map I x Ry — 0. Then the following
are equivalent:

(a) x is Ito integrable;
(b) x is Skorohod integrable;
(c) x is square integrable.
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Moreover, in any of these cases we have J(x) = 8(x) and
(2.3) 190 |I> = / lxs 11 ds.

We shall refer to identity (2.3) as It6 isometry. Comparison with (2.1) shows that
Skorohod isometry extends It6 isometry beyond adapted maps. Another way of
expressing Ito integrability is in terms of the set

Fyg:={(w,s) el xR;:w < s}.

The collection of equivalence classes of It6-integrable maps may be identified
with L2(Tq; h). The adapted projection on LT x R4; b) is the orthogonal
projection onto the closed subspace L?(Iaq; h):

Pygx : (Cl), 5) > 1{w<s}xs ().

In the discussion of the Itd calculus approach to QS calculus, we shall use the
notation f0°° x5 d x5 for J(x), in recognition of the fact that it may be viewed as an
integral in F with respect to the continuous path (x;)s>0, where x; is (the measure

equivalence class of ) the indicator function of Fs(l) [3].
Letting R stand for any of the integrals «£, § or J, we write for a < b € [0, oo],

RE(x) = R(A 0 ()x.).

Note that the Skorohod integrability of 1j, p[(-)x. is not implied by the Skorohod
integrability of x and the same goes for time integrability. This is an essential
feature of these integrals [6].

2.2. Differentiation and projection. For a vector space—valuedmap f:I" — V,
let Vf and Df be the maps I' x Ry — V given by

Vi(w,s)=f(@wUs), Df(w,s) =1{p<s) f(@U5).

The operators V and D commute with the norm in h in the sense that if
k=1|f(llyp where f:T" — b, then Vk(w, s) = ||V f(w, s)||, and likewise for D.
Straightforward application of the integral-sum lemma [cf. (1.3)] gives the
following result.

PROPOSITION 2.3. Let f:I" — b be measurable. Then V f and Df are
measurable and satisfy

(2.42) / / IV (@, ) dwds = f #o1lf ()2 do.

(2.4b) / / IDf (@, 9)|? dwds = / 1f @) do — | f @)
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It follows that we may view V and D as (measure equivalence) class mappings.
When f € , we call Vf and Df the stochastic gradient of f and the adapted
gradient of f, respectively. Moreover, we write Dom V for the domain of the
stochastic gradient viewed as an unbounded Hilbert space operator (cf. Dom 4):

DomV:={feF:VfeL*I xRy:bh)).

For o € I', s € Ry and a vector space—valued map f:I" — V, let V, f, Dy f
and P; f be the maps ' — V given by

Vo f(@) = f(wUo), Do f(@) =ljp<o) f(@U o), Pof =1r, f.
Thus, writing D; f for D) f, we have
D f=Df(,s), Dgf=f
and
Dy f =Dy, - Dy, f ifo={s1<---<s,}.

The following algebraic relations are evident for s < ¢:

(2.5a) Pyf = f(2)ég, PP f =P P f =P f,
(2.5b) D:Ds f =D Psf =0,
(250) DsPtf:Plef:Dsf7

as is the reproducing relation D; f (o) = f(o U 1) for o < 7, with special cases:
(2.5d) f(@) =Dy f)(D) =Dyyf(w_) ifw# 2.

2.3. Integro-differential and adjoint relations. First, we relate Skorohod
integration with stochastic differentiation and give the adapted counterpart.

PROPOSITION 2.4. Let f € ¥ and let x:I' x Ry — bh be Skorohod
integrable:

(a) If the map (w, s) — (x5(w), f(wUs)) is integrable, then

(8(x), f) =//(xs(w),st(w))da)ds.
(b) If x is It6 integrable, then

00, f) = [ (e, Dyf) ds.
PROOF. More straightforward applications of the integral-sum lemma. [

Next, we summarize the Hilbert space properties of the stochastic and adapted
gradients and the Skorohod and It6 integrals. For further details, see [3] and [27].
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THEOREM 2.5. As Hilbert space operators 8,V , D and J enjoy the following
properties:

(a) (8, Dom ) and (V,Dom V) are closed, densely defined operators.

(b) 8* =V (and V* = ).

(¢) Dom4$ > Dom+/N ® I; DomV = Dom+/N.

(d) The Ito integral is an isometric operator L?(Taq: h) — F with final
space [851+, whose adjoint is the adapted gradient D:

DI=1,
that is, for all x € L*(Taq; b)),

o
D;/ Xsdxs = X4 aa.teRy;
0

Ker D = (ImJ)" = Cdy: J* = D;
ID = Py,

that is, forall f € ¥,

f:P0f+/OooDsdes'

(¢) The Skorohod integral is an extension of the 1t6 integral: I = 8|2 .4)-
(f) The adapted gradient is the closure of the product of the adapted projection
and the stochastic gradient: D = PyV.

2.4. Almost everywhere defined operators. Our philosophy in this paper is to
treat the maps D; like operators on ¥, exploiting the fact that D is a bounded
operator on F so that, unlike V, it is defined on the whole of . With each
f € F,Dsf is a well-defined element of & for almost every s. Of course, the
null set depends on f, and for this reason Dy is not an operator on ¥ in the usual
sense—we shall speak of almost everywhere defined operators on ¥ . We take
this viewpoint in order to exploit the relations (2.5a—d). On measure equivalence
classes of maps such as elements of ', these translate to the a.e. relations and the
a.e. reproducing property

26a) DiDsf =D;P;f =0, DsP,f =P Dsf =D f fora.a. (s <1t),
(2.6b) f(w) = (PsDy, [)(wy)) for all s and a.a. w.

2.5. Commutation relations. In this section we describe the effect of the
operators P; and the a.e. defined operators D; on Skorohod and time integrals.
The relations we obtain will be applied to QS integrals in Section 5.2. Note the a.e.
properties

fG?:PYfaDsfefw fE\?;,S<t:th:0,
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PROPOSITION 2.6. Let x:I" x Ry — b be measurable. If P,;x; is square
integrable I' — 1 for almost every t > 0, then the following are equivalent:

(a) x is Skorohod integrable.
(b) s+ 154y D xs is Skorohod integrable and the map t — 56(D,x.) + Pix;
is Ito integrable.

In this case we have, for a.a. t,

2.7) D, 8(x) = 8,(Dsx.) + Pyx;.

PROOF. In view of the identity

1{0<l}/3(x)(0 Ut) = Z 1{a<t}1[0,t[(5)xs((0 \s)U t) + 1{a<l}xt(0)7

seo

we have
(2.8) D;8(x)(0) = 8(Ljo,i( (") D;x.) () + (Pix;) (o).

If x is Skorohod integrable, then, since P;x; is square integrable, 1jo ;[(-) D;x. is
Skorohod integrable and (2.7) holds for a.a. #; moreover, the a.e. defined map
(o,t) —> 56(D,x.)(o*) + (Pix;) (o) is adapted and square integrable and thus Itd
integrable. Conversely, if x satisfies (b), then, since x is measurable and

[180@1Pdo = [ [ 1D @)IP deods
by (2.4b), x is Skorohod integrable by (2.8). [
PROPOSITION 2.7. Letx:I" x Ry — b be measurable. If x.(9) is integrable,
then the following are equivalent:

(a) x is time integrable.
(b) s+ D,x; is time integrable for a.a. t and the map t — [L(D;x.) is square
integrable.

In this case we have the a.e. identity

(2.9) D;L(x) = L(Dyx.).

PROOF. Let x be time integrable. Then, for a.a. (w,?), the map s
1{y»<s)xs(w Ut) is integrable and so, for a.a. 7,

D L(0)(@) = 1ipe / (@ U1)ds

= [tomnntunds = [(D)@ ds

for a.a. w. Hence, for a.a. t, D;x. is time integrable and (2.9) holds—in particular,
the map ¢ — L(D;x.) is square integrable.
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Conversely, if (b) holds, then the map x.(w) is either x.(&) or (Dyyx.)(w—)
and so is integrable for a.a. . Moreover, the map « € I" \ {@} > [ x;() ds is the
composition of the measure isomorphism o — («—, V) from '\ {@} into ["yq and
the square-integrable map (w, 1) — [(D,x;)(w) ds. Hence, it is square integrable,
so that x is time integrable. [

The proof of the following is now straightforward.

PROPOSITION 2.8. Let x be a measurable map I' x Ry — b and let t > 0.
(a) If x is time integrable, then Pyx. is time integrable and
L(Pix.) = P L(x).
(b) If x is Skorohod integrable, then 1o ;[ P;x. is Skorohod integrable and
56(Ptx.) = P, 4$(x).

Moreover, if also 1j; 0o[(-) Pix. is Ito integrable, then P;x. is Skorohod inte-
grable and

J(P;x.) = P;%g(x) + j?O(P;x.).

REMARK. Each of the supplementary conditions in Propositions 2.6, 2.7
and 2.8—namely, square integrability of 1r,x; for a.a. ¢, integrability of x.(&)
and Itd integrability of 1 oo[(-)P;x.—is a condition on the R,-valued map
(@, 5) = [|lxs(w)]. In view of the fact that P; and D; commute with the norm || - ||
(see the remark following the definitions of V and D), each of these results also
holds if time and Skorohod integrability are replaced by absolute time and absolute
Skorohod integrability, respectively.

2.6. Probabilistic interpretations. In this section we describe explicitly the
connection between the objects we have introduced in Fock space (P,q, D, V, §,7J)
and their classical probabilistic counterparts. While formally independent of the
rest of the paper, the ideas here underlie the whole work.

A probabilistic interpretation of Fock space is provided by a quintuple of
the form (€2, §, (3¢)r>0, P, m) in which (€2, §, (3¢);>0,P) is the canonical fil-
tered space of m = (m;);>0 and m is a normal martingale—that is, a mar-
tingale for which (m,2 — 1#);>0 is also a martingale—which has the chaotic
representation property. Examples of such martingales include Brownian motion,
the compensated Poisson process and some of the Azema martingales [15]. The
chaotic representation of random variables leads to a natural isomorphism W
between F and X := L%*(Q, 3, P; h), which may suggestively be expressed as
f+ [f(o)dms [31]. Each of the operations P;, D;, V;, 8, J and £ has inter-
pretations on X as well-known probabilistic operations. For this point of view in
the Poisson case, see [36].
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The orthogonal projection P; is Ul o E[-|§] o W, and F = ¥ 1(X,)),
where X; = L%(Q2, §;, P; ). In particular, a square-integrable classical stochastic
process in X is adapted if and only if its image under W~ is adapted in the sense of
Section 2.1. Since the martingale m has the chaotic representation property, it also
possesses the predictable representation property. Any random variable f in X
may therefore be expressed as f = E[f] + f0°° & (f)dm; for some predictable
process (&§:(f))s>0 in X. Viewing (&);>0 as a family of a.e. defined operators
on X, we see it as a probabilistic interpretation of (Dy);>o:D; = U log oW,
Similarly, V corresponds precisely to the gradient operator in Malliavin calculus,
and V; corresponds to the stochastic derivative, along the element x :s > s At of
the Cameron—Martin space, on X [35]. By Theorem 2.5(b) 4 is the adjoint of V
and therefore [18] corresponds to the Hitsuda—Skorohod integral with respect to
the process m. It also follows from Theorem 2.5(e) that J, being the restriction of 4§
to adapted Fock vector processes, corresponds to the It6 integral with respect to m.
Theorem 2.5(d) includes an expression of the predictable respresentation property
of m, and the isometry of Itd integration with respect to m, on ¥ . Finally, 2.5(f)
implies that D; = P;V; (in the sense of a.e. defined operators), which corresponds
to Clark’s formula [12, 13].

Thus, each of the operations introduced in Sections 2.1-2.4 corresponds to well-
known operations of classical stochastic analysis once Fock space is interpreted
as the chaotic space of some normal martingale. In fact, one should rather think
the other way around. Probabilistic operations such as Skorohod integration,
stochastic differentiation, predictable representation and so on may be expressed
merely in terms of the chaotic expansion of random variables. They use no
specific property of the particular martingale beyond chaotic representation and
the form of Itd isometry. The normality of the martingale implies that its angle
bracket (m,m); equals ¢, and so the fomula for It isometry remains the same
for each such martingale. Fock space is thereby seen as an abstract chaos space
which encodes the chaotic representation property and the It6 isometry formula of
normal martingales and which carries simple intrinsic operations which perform
the L2-stochastic calculus of the martingale.

3. Operator adaptedness. In this section three natural candidates for time-s-
adaptedness for a (possibly unbounded) Fock space operator are shown to
be equivalent, and, using the a.e. reproducing property, a very useful further
equivalent condition is found. We take these as our definition and verify that they
generalize the obvious definition on exponential domains. Under the new definition
composition of time-s-adapted operators yields a time-s-adapted operator. We note
that all domains previously used in QS calculus are adapted subspaces in the sense
defined below. Recall the a.e. reproducing relation (2.6b).

3.1. Definitions and basic properties. A subspace V of ¥ is called s-adapted
if, for any f in V:
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(i) PsfeV,
(i) D;f eV fora.a.t >s.

Clearly, any intersection of s-adapted subspaces is s-adapted. A subspace V of &
is called adapted if it is s-adapted for every s; these will be referred to as Fock-
adapted spaces.

In the proof of the following result, repeated use is made of the a.e.
relations (2.6a, b), as well as the identity

(P = P) f=3(D.f), s<t=o00,
in which P is the identity operator.
THEOREM 3.1. Let C be an operator on F with s-adapted domain D. Then
the following are equivalent:

(@) Forall f € D, (1) PiCf = P;CPyf and (ii) D;Cf =CD; f fora.a.t > s.
(b) Forall f € D, (1) CPsf = PiCPsf and (ii) CD, f € F; for a.a. t > s,
(C Dy f)i>5 defines an Ito-integrable process and

3.1 C(f =P [)=37(CD.[).

(c) Forall fe D,({) PsCf =CP;f and (ii) D,Cf =CD, f fora.a.t > s.
(d) Forall fe D,

Cf(w) = (CPsDy, [)(ws)  foraa o.
PROOF. Obviously, (c) = (a) and (a) + (b) = (c). It therefore suffices to

establish (a) < (b) and (c) < (d). Suppose that (a) holds and let f € O. Then,
by (aii), CD; f € F; for a.a. t > s and (C Dy f);> is Itd integrable with

(3.2) I°(CD.f)=I°(D.Cf)=Cf — P;Cf.
Applying this identity to P f gives
0=CPsf_PsCPsf,

and so (bi) holds and also, by (ai), P;Cf = C Py f. Putting this back into (3.2)
gives (bii); hence, (b) holds.

Suppose that (b) holds and let f € D. Then, applying (bii) then (bi), for
aa.t>s,

D,Cf =D;CPsf + DIZ(CD.f)=D: P;,CPs f +CD, f =CD,f,
so (aii) holds. Applying (3.1),
P,CP-f = PJ(CD.f) =0,

since J3°(C D. f) is orthogonal to ¥, so (ai) holds, too.
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Suppose that (¢) holds and let f € . Then iterating (cii) shows that PyDgCf =
CPsDg f fora.a. B > s. Therefore, using the a.e. reproducing property,

Cf(w) = (P Dw(s Cf) (ws)) = (CPY Dw(s f) (ws))

for a.a. w, so (d) holds.
Suppose, finally, that (d) holds and let f € £. Then, applying (d) first to Py f
and last to f,

CP f(w) = (CPsDw(S Psf)(ws)) = 1{w<s}(CPsf)(ws))
= 1{w<s}(CPsf)(w) = l{a)<s}(cf)(w) = P,Cf(w)
for a.a. w, so CP; f = P;Cf. Also, applying (d) to f and then to Dy f,

(D Cf)(w) = 1{w<t}cf(w Ur) = l{a)<t}(CPsDa)(S th)(ws))
= (CPs Dy, D; f)(ws)) = (CD; f)(w)
for a.a. (w,t) witht > s,s0 D,Cf =CD, f fora.a.t > s. Hence, (c) holds. [

An operator C on ¥ is called s-adapted if it has an s-adapted domain on which
it satisfies any/all of the equivalent conditions of the above theorem. We call (a),
(b), (c) and (d), respectively, the differential, integral, commuting and projective
definitions of adaptedness.

REMARKS. (o) Notice how the projective definition builds on the a.e.
reproducing relation (2.6b).

() f ge F5, he F' and 1 > s, then Pi(g ® h) = h(D)g ® dz and D;(g ®
h) = ¢ @ D;h. It follows that, for any operator C on F, with domain V, the
operator Col (having domain VOFS)iss- -adapted.

(i) From the projective definition of adaptedness, one sees that an s-adapted
operator satisfies

CP f=PCf fort > s and f € Dom C N Dom(C P;),

and so is t-adapted, provided only that Dom C is r-adapted.

(iii) Also, from the projective definition, it follows that if s-adapted operators
C and C’ agree on F; N DomC N DomC’, then they agree on their common
domain Dom C N Dom C’.

(iv) Given an operator C on F; with domain ¥ NV, where V is an s-adapted
subspace, Cf(7) = (5 PyDy f)(15)) defines an s-adapted operator C on V
extending C, called the s-adapated extension of C to V.

The following property of s-adapted operators follows easily from the a.e.
reproducing property and the integral-sum lemma.
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PROPOSITION 3.2. Let C be an s-adapted operator on ¥ . Then, for all
fe¥F and g e DomC,

(f.Cg) = /ﬂ (P.Dyf. CPDyg) df.

>S

Let 4 denote the collection of s-adapted operators on £ .

PROPOSITION 3.3. A, is closed under operator products, sums and scalar
multiples.

PROOF. Let C and C’ be s-adapted operators on & and let f € Dom(CC’).
Then P f and D; f lie in Dom(C’), C'P; f = P;C'f and C'D, f = D,C’f for
a.a. r > s, since f € Dom(C’) and C’ is s-adapted. But C'f € DomC and
C is s-adapted, so P;C’'f and D,C’f lie in DomC, C(P;C'f) = P;CC’f and
C(D;C'f)= D;CC’f fora.a.t > s. This shows that +4; is closed under operator
multiplication. Since an intersection of s-adapted subspaces is s-adapted, #A; is
also closed under addition. It is obviously closed under scalar multiplication. [J

A fails to be an associative algebra in the same sense in which the collection
of all unbounded operators on ¥ does; namely, an element C whose domain is not
all of ¥ fails to have an additive inverse, and scalar multiplication by 0 yields not
the zero operator, but its restriction to Dom C.

The adjoint of a densely defined s-adapted operator C may fail to be s-adapted
as it stands. However, we shall see in the next section (Corollary 4.4) that
conditioning an operator which is adjoint to C yields an s-adapted operator adjoint
to C.

The next result addresses the question of when an s-adapted operator can pass
under an Itd integral.

PROPOSITION 3.4. Let C be an s-adapted operator and let x :|a, b > F
be an Ito-integrable Dom C-valued vector process, where s < a < b < o0.
If 32 (x) e DomC, then the adapted Fock vector process 1j, p(-)Cx. is also Ito
integrable, and

(3.3) 30 (Cx) =CI(x).
PROOF. Set g = 32 (x). Then D;g = x; for a.a. t € [a,b[ and, by the
s-adaptedness of C,
Cx;,=CD;g=D,Cg for a.a. t € [a, b].
Hence, 1}, p[(-)Cx. is Itd integrable and

9°(Cx.) =3°(D.Cg) = (P, — P,)Cg = C(Py, — P,)g.
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Since P,g = g and P,g =0, (3.3) follows. [

We shall see later [Proposition 4.1(v)] that the condition Jla’ (x) €e DomC is
automatically satisfied for s-adapted operators which have their natural s-adapted
domains.

3.2. Examples and comparisons. Recall that in the original (exponential
vector) formulation of QS calculus, all processes are defined on a domain of the
form Vy © &(S), where Vj is a dense subspace of §) and S is an admissible subset
of LZ(R+), that is, a subset for which & (S) is dense in F(LZ(R+)) and @05 € S
whenever ¢ € S and s > 0 [23]. Since, for all s and a.a. f,

(3.4) Pyve(p) =ve(gpos;) and  Dive(p) = ¢(t)ve(@po.),

such domains are adapted in our sense. Note the a.e. identity

Drve(p) = ve(@po.1)e(@fr.00f) (T) where t = AT.

Commonly used admissible subsets are dense subspaces of LZ(R,) such as
(LNLYZ)Ry) [23], the set {p € (L2N L) (Ry): [lpll2 < 1 and [[p]leo < 1} [17]
and the set {15 : B is a finite union of bounded intervals}. The admissibility of this

last set was established in [39].

PROPOSITION 3.5. Let C be an operator on ¥ with domain of the form
Vo © &(S), where Vy is a dense subspace of h and S is admissible. Then C is
s-adapted if and only if, for all v € Vo and ¢ € S

(i) Cve(gpo.s1) € Fs
(i) Cve(p) = Cve(po,s) @ €(@s,000)-

PROOF. First note that if C is s-adapted, then (i) holds. Suppose therefore
that C satisfies (i) and let v € Vy and ¢ € S. Then [by (3.4)], for a.a. w > s,
Py Dyve (@) = ve(@lo,s))€(@[s,00[) (@) and so, for a.a. w,

(C Py Dw(s US(QD)) (ws)) = CUS(QD[O,S[) (a)s))g(@[s,oo[) (w(s)

= (Cve(po.51) ® &(¢[s.000) ) (@).

Appealing to the projective definition, we see that C is s-adapted if and only if
(ii) holds. [

Thus, the new notion of adaptedness for Fock space operators extends the
original definition beyond exponential domains.

All the domains commonly used in QS calculus are adapted. Recall the spaces
defined in (1.1a—c).

e ¥ itself is obviously adapted. This is the proper domain for bounded operator-
valued processes.
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e Each X @ is adapted since P, leaves Dom(a”) invariant and f la¥ D, fl|>dt =
a=2|Da" f 2. Thus, K is adapted, too. This is a natural domain for both
noncausal QS calculus and for integral-sum kernel operators on ¥ .

e Fin is obviously adapted since if f € # has supportin '™, then P f and D, f
have support in T and T~ respectively.

e For any subspace M of L?(R,) satisfying gjo, € M whenever ¢ € M and
t > 0, the symmetric tensor algebra Lin{® ™ ¢:¢ € M, n > 0} is adapted since
P ®" ¢ = ®"gposr and Dy ™ ¢ = (1) " gjo,11.

e The original domain used by Maassen for expressing QS integrals as integral—
sum kernel operators [30]:

{feF :suppf CT'rand | f(w)] < CK™ forsome T, C and K},

is adapted since both the support and boundedness properties are clearly
invariant under Py and D;; for example, || D; f (w)| < C'K*®, where C' = CK.

4. Conditional expectation and operator processes. The projective defini-
tion of s-adaptedness leads to a natural way of defining conditional expectation
for Fock space operators. When applied to any operator it yields an s-adapted
operator; when applied to an operator which is already s-adapted, it yields an ex-
tension of the operator to a natural domain for the purposes of QS calculus; and
when applied to bounded operators, it gives the usual result. In this section the
basic classes of Fock operator processes are introduced: adapted, measurable and
continuous processes, and martingales, and their stability is discussed.

4.1. Conditioned spaces. The idea is to construct the domain of the condi-
tioned operator so that it is maximal given the domain constraint of the uncondi-
tioned operator. Thus, for any subspace V of ¥, its time-s conditioned space is
defined by

Ds[V]i={feF :PsD.f €V foraa.t>s}.

Clearly, Ds[ V] is an s-adapted subspace. A list of additional properties enjoyed by
this construction follows.

PROPOSITION 4.1. Let V and V' be subspaces of ¥ and let s > 0.

(0) D[F1=F,D,[VNV =D [VINDg[V'].
(1) D[V is t-adapted for all t > s.
(ii) If V is s-adapted, then Ds[V]ID V.
(i) D¢ [Dg[V]] =Dys[D;[V]] =Ds[V]forallt > s.
(iv) Ds[VID(VNF) o F*.
(v) Letb > a > s and suppose that (x;)se[a,p[ is a D[V ]-valued It6-integrable
vector process, then JZ (x) e Ds[V].
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PROOF. These are routine verifications. For example, in (v), JZ (x) € Fp & Fy;
it follows that Pg D,Jla7 (x) = PsD; _xy;if T €'y \ Ty, and is O otherwise. [J

Thus, the map Dy manufactures an s-adapted subspace from any subspace V
which moreover contains V if V is already s-adapted. (iii) is a tower property of
the maps, and (v) is a technical property which will be useful later [in the proof of
Theorem 4.3(v)].

4.2. Conditioned operators. We come now to a central definition of our
approach. Let C be an operator on ¥ with domain V. Taking our cue from the
projective definition for adaptedness, we define an operator E;[C] on F by the
a.e. prescription

(Es [C]f) (w) = (CPS‘ Dw(s f)(ws))y
with domain
{f €Ds[V]:t > 1=y PsC Py Dy f is square integrable ' — F}.

Using the integral-sum lemma, it is easily verified that E;[C] f € & and that the
operator E [C] is s-adapted. The next result therefore includes an extension of
Proposition 3.2.

PROPOSITION 4.2. Let C be an operator on ¥ and let s > 0.

(a) Es[CI=E[P;CPs].
(b) Ifg € DomE[C], then PS‘ES‘[C]g = P [C]P;g = PsCPsg.
(c) If g e DomE[C] and f € ¥, then

(f.E[Clg) = fﬂ Py £.CPDyg) d.
>5
(d) If (C,CY) is an adjoint pair of operators on F [see (1.4)], then
(Es[C, E[CT)) is also an adjoint pair.
(e) If C and E4[C] are densely defined, then E;[CT* D E [C*].

PROOF. Parts (a) and (b) are immediate consequences of the definition.
Part (c) follows from (b) and Proposition 3.2. Part (d) follows from (c), and
(e) from (d). O

Notice that if C is s-adapted then the subspaces F; N DomC and
Fs N Dom E[C] coincide, and E[C]g = Cg for g in this subspace. It follows that
Es[Cl1Psf =CPsf and [Eg[ClDsf =CDyf,

whenever P f (resp. Dy f) belongs to Dom C. What follows is a list of the basic
properties of time-s conditional expectation. A refinement of (d) of the above
proposition is included.
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THEOREM 4.3. Let C and C’ be operators on F , let . € C and let s > 0.

(0) Es[I1=1,E{[C +AC] D E([C]+ AE[C'].
(i) E[C] is t-adapted for every t > s.
(1) C is s-adapted if and only if Dom C is s-adapted and C C E;[C].
(i) E [E[C]] =E[C] C EJ[E[C]] forall t > s.
@iv) E;[C] D Co 1, where C= PiC|z,nDomc and I = Igs.
(v) If C,E4[Cl and Eg[C1* are all densely defined, then Eg[C1* is s-adapted
and E;[CT* D E[C*].
(vi) If C is bounded (with domain F), then E[C] is bounded (with
domain F), too, and has norm at most ||C||.
(vii) If C is nonnegative, then so is Es[C].
(viii) If S is an s-adapted operator, then Eg[CS] D E;[C]S.
(ix) If B is a bounded s-adapted operator with domain £, then
E[BC] D BE,[C].
x) If C =C1 © Cy, where Cy is an operator on 5 and C, is an operator
on F°* whose domain includes 84, then Eg[C] D (8g, C285)C1 © Igs.

PROOF. Most of these properties follow from straightforward applications of
the a.e. relations (2.6a, b), the integral-sum lemma and Propositions 4.1 and 4.2 to
the definitions. For example, (i) follows from (i) of Proposition 4.1 and remark (ii)
following Theorem 3.1. Parts (iii) and (v) are a little more delicate.

(iii)) The inclusion follows from (i) and (ii)—it is the equality that still
needs proof. For f € ¥, f belongs to Dom[E[E,[C]] if and only if P;D, f €
DomE,[C] for a.a. @ > s, and the map o > 1iy- PE[CIP;Dy f is square
integrable. By Proposition 4.2 these hold if and only if:

(@) PPDgP;D, f € DomC fora.a. 8 >t anda.a. a > s;

(b) B 1ig=y) P,CP,DgPsD, f is square integrable for a.a. o > s

(©) ar> 15 PsCPsD, f is square integrable.
But since t > s, PDgP;Dy f = 85(B)PsDy f for a.a. B and (b) is vacuous, so
f € DomE[E,[C]] if and only if f € DomE[C]. Moreover,

Es [El [C]]f(w) = (El [C] Ps Dw(s)f(ws)) = (CPS‘ Dw(s)f(ws)) = Es [C]f(w)

for a.a. w. Hence, E;[E;[C]] = E[C].

(v) In view of Proposition 4.2(e), all that remains to be proved is that E;[C]* is
s-adapted under the assumption that, along with C and E;[C], it is densely defined.
Thus, set V =DomE;[C] and V* = DomE;[C]* andlet f € V* and g € V. Then,
by Proposition 4.2(a),

(P £, Es[Clg) = (f, Es[C1Pyg) = (PES[CT £, 8).

Thus, Py f € V* and Eg[C1* Py f = P;Eg[C]* f. Next, note that, for any k, h € F,
P.k is locally It0 integrable, and (D.k, h) = (D.k, P.h) is locally integrable with
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ff(D,k, h)dt = (k, Jz(P.h)). Using this together with Propositions 3.4 and 4.1(v)
and the fact that P E;[C] f = E;[C]P; f for t > s, we obtain

b b
/ (D, £, Ey[Clg) dt = (£, 90 (B,[C]P.g)) = f (DE,[CT* £, g) dt

for b > s. Since b is arbitrary, there is a Lebesgue null set N, of [s, oo[ such that
(D f,Es[Clg) = (DE[C]* f, g) for t ¢ Ng. Letting g run through a countable
family in V, whose linear span is a core for the closure of E;[C], we see that, for
aa.t>s, D, f € V*¥and E;[C]*D; f = D,E;[C]* f. Hence, E;[C]* is s-adapted.

O

By (iv) and (vi) our definition extends the usual definition for bounded
(everywhere defined) operators C:

ES[C]=5®I Wher652P5C|j?S and I = Igs.

In view of property (ii) above, we say that an operator C is maximally s-adapted
if E[C]=C.

Property (v) expresses the sense in which conditional expectation commutes
with the adjoint operation. When applied to already s-adapted operators, or
maximally s-adapted operators, it gives us the following useful result.

COROLLARY 4.4. Let C be an operator on ¥ which is densely defined and
s-adapted. If E[C] is closable, then:

(@) Ej[C*]=E[CT*;
(b) Es[C] =E[C] provided that C* is s-adapted.

In particular, the operators Eg[C1* and E;[C] are maximally s-adapted.

PROOF. By (v) and (ii), E;[E;[C]*] D E[C]* D E{[C*]. But C C E{[C],
so C* D E4[CT* and therefore E;[C*] D E [E;[CT*]. Combining these, we obtain
E;[C*] D Es[CT* D Eg[C*], which gives (a). Now (b) follows easily by applying
(a)to C*. O

Thus, if C is densely defined, closable and maximally s-adapted, then both
C* and C are maximally s-adapted, too. Let A¥ denote the collection of closed
densely defined and maximally s-adapted operators on F. The next result is
complementary to Proposition 3.3.

PROPOSITION 4.5. The collection 4% is closed under the Hilbert space
adjoint operation and contains B(F) N Ay = B(Fy) Q Igs.
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PROOF. The first part is contained in Corollary 4.4. Let C € B(¥) N 4 and
write I for Igs. Then, for u € £, Clu ® 8y) = CP;(u ® 6g) =
P,C(u ®8y) =u’ ® 8y for some u’ € F;. Therefore, forve F*, C(u @ v)(o) =
CP; D% (u @ v)(oy) = U(O‘(;)C(u ® 8z)(0y)) = (u' ® v)(o). It follows that
C=C®I foran operator C in B(%F5). Conversely, if C € B(¥;), then Colis
s-adapted by (x) of Theorem 4.3, and CRI = S[C ® 1] by the corollary,
soC Q1 is s-adapted. [

4.3. Fock operator processes. Let H be a Fock operator process, that is,
a family (H;)s>0 of operators on ¥ . The process domain of H, denoted P Dom H,
is the intersection of the domains of its constituent operators; H is measurable,
or continuous, if, for each f € PDom H, the map s — H;f is measurable
(resp. continuous); and H is adapted, or bounded, if each H; is s-adapted
(resp. bounded). To H we associate a process H by

(4.1) Hy =FE [H), s>0.

Thus, H is an adapted Fock operator process and, when H itself is adapted,
H, O H; for each s. Therefore, when applied to adapted processes, this procedure
systematically extends the domain of the process so that it becomes maximally
adapted: Es[ﬁs] = fls. This is helpful for dealing with unbounded operator-
valued processes—in particular, for providing a robust definition of a martingale.
A process H will be called a Fock operator martingale if it is adapted and satisfies

E [H]C H;,  t>s.

By the tower property of conditional expectations [Theorem 4.3(iii)], this may be
written in the equivalent form E;[H;] C Eg[H]. If H is a martingale and satisfies

Es[Hol C Hy,  5>0,

for some operator H, then H is said to be complete with closure Hy,. For any
operator C on ¥, (Es[C])s>¢ defines a complete martingale with closure C—such
martingales are called exact. Note that closures are nonunique (every martingale
has a truly trivial closure!).

A pair of Fock operator processes (H, H") is called an adjoint pair of processes
if each (Hj, Hf ) is an adjoint pair of operators [see (1.4)]. As we have already
remarked, adaptedness of H does not automatically entail adaptedness of H' when
the process is unbounded. On the other hand, whenever the process domain of H is
dense, Bessel’s equality using an orthonormal basis drawn from P Dom H, shows
that H' is measurable if H is.

Let 4 denote the collection of adapted Fock operator processes, let A% =
{H € A:H € A“St for each s}, let A = {H € A: H is bounded, with process
domain #} and let M denote the collection of Fock operator martingales.
Propositions 3.3 and 4.5 give the following result.
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PROPOSITION 4.6. A is closed under sums, products and scalar multiples;
A% is closed under adjoints; and AP is a unital *-algebra contained in A*.

Due to the unavoidable inclusion relations involved in the definition of
martingales, there is a dirth of algebraic properties of M. However, the sum of
two exact martingales is a complete martingale, and the collection of bounded
operator-valued martingales forms a linear space closed under adjoints. Moreover,
the following *-subalgebra of A has been investigated in [2]:

A" ={H € AP :3 Radon measure u such that V7 > s > 0 and fe¥F
s.LILFI =1, ICH: = H) £IP + I (H = HO £
+ (PsHy — Hy) 1 < u(ls, D},

where, following [38], its elements have been called regular semimartingales; they
are shown to be expressible as sums of QS integrals of processes in #4”; moreover,
the resulting integrands are characterized.

5. QS integrals. In this section we introduce new definitions of stochastic
integrals, with respect to the basic processes of QS calculus, for adapted Fock
operator processes. The technical core is Section 5.2 on commutation relations
between the noncommutative stochastic integrals and sections of the adapted
gradient operator. It is also verified that the integrals produce martingales and that
the martingales are complete.

5.1. Definitions. Let H be an adapted Fock operator process. Allowing Q to
stand for either P or D, let V2(H) denote the subspace of ¥ consisting of those
vectors f for which:

e O,D;f eDomH; fora.a. (s <), and
o the a.e. defined F -valued map (s, 7) > 1~ H; Q5 D; f is measurable.

For each f in VZ(H) there is a measurable h-valued map, written (w,s) —
HSQf(a)), such that lrs(-)HSQfC U 1) is a representative of H;Q;D. f for
a.a. (s < t). This map is uniquely defined up to a set of measure 0, and satisfies
the a.e. identity

HEf () = (Hy Qs Doy, £) ().

We emphasize here that, for each s > 0, while HSQ f is a measurable map I' — b,
it need not be square integrable—in other words, in general, [HSQ f1¢ F. Thus,
HEf should not be thought of as a Fock vector process—in general, it is not.
However, the following result describes subspaces of vectors f for which the
maps HCf simplify, and it also gives conditions on H for the spaces V< (H)
to have a simple description. Recall that the domain of the stochastic gradient V
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coincides with that of +/N. Along with VP(H) and VP (H) we associate to H
two additional subspaces of ¥ :

V(H) :={f e PDomH :s — H, f is measurable},
VV(H) :={f eDomV:V,f eDom H; for a.a. s; s — HV f is measurable}.

Here H is a Fock operator process which is not assumed to be adapted.

PROPOSITION 5.1. Let H be a Fock operator process.
(a) Suppose that H is adapted.

() If fe V(H), then f € VP (H) and [HF f]1 = H, f for a.a.s.
(i) If f € VV(H), then f € VP(H) and [HP f]1 = H,V f for a.a. s.
(b) Suppose that H is measurable and adapted. Then VP(H) contains

PDom H.
(c) Suppose that H has an adjoint process H' which is measurable and has

dense process domain. Then:

G VV(H)= {fe Dom+/N: Vs f € Dom H fora.a. s }.
(ii) If H is also adapted, then

VQ(H) ={feF:0;,D;f € DomH; fora.a. (s < 1)}.
(d) Supposethat H is measurable and bounded, with process domain F . Then:

(i) VV(H)=Dom+«/N.
(i) If H is also adapted, then VP (H) = VP (H) = F.

PROOF. (ai) This follows easily from the a.e. reproducing property.

(aii) Let f € VV(H). Then f e Dom+/N for a.a. (s < 1) PD. .V, f =
PViD. f = DgD. f and for a.a. s, Vg f € Dom H,. Hence, if H is adapted,
D;D; f € Dom H; for a.a. (s < 7), and 1{r>s}HvDsDrf = 1{r>s}PsDrHstf’
which is a measurable function of (s, 7). Hence, f € VP (H) and, for a.a. (s, w),
HPf(w) = HyV f (w) by the a.e. reproducing property.

(b) This is immediate.

(c) Let H satisfy the condition of (c) and let (e,;) be an orthonormal basis for &
selected from PDom H.

) If fe Dom+/N and V, f € Dom H; for a.a. s, then, by Bessel’s equality,
HV f = Zn(H;f en, Vs fle, for a.a. s. But this is manifestly a measurable

function of s; therefore, f € VV(H).
(i) If H is adapted and f € F satisfies Q;D; f € Dom H; for a.a. (s < 1),
then, by another application of Bessel’s equality, for a.a. (s < 7),

1{r>s}Hv OsD: f = 1{r>s} Z(HsTen, OsD: f)en,
n

which is a measurable function of (s, 7). Thus, f € Ve(H).
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(d) This is a special case of (c). [

The creation, number, annihilation and time integrals of an adapted Fock
operator process H are given, respectively, by the (a.e. defined) actions:

ATH)f =8(HPf) 10 Y (Hy P Dy, f)(wy)),

SeEw

N(H) f =8(HPf): 0 Y (H;Dy Do, f)(wy)),

SEW

va=£w%mwafmmm%ﬂ@mw,

T f = £H )i [ (H P Dy @3 ds,
with the following natural domains:

DomAT(H) ={fe VP(H) : HPf is Skorohod integrable},
DomN(H)={f € vP(H): HDf is Skorohod integrable},
DomA(H)={f € VD(H) : HDf is time integrable},
DomT(H)={f € VP(H) : HPf is time integrable}.

Recall (4.1) defining the extension of an adapted Fock operator process H to
its maximally adapted form H. From the remarks following Proposition 4.2, it
follows that VC(H) = V2(H) and H2f = HOf for f € V2(H) and Q = P
or D. Therefore, each of the QS integrals is unaffected by allowing the integrand
to achieve its maximally adapted form:

A(H) = A(H),

where here, and from now on, A stands for a generic QS integrator.
The following linear relations are clear from the definitions:

VeH+K)DVEH)NVE(K), VeOH)=V2(H), ve()=F,
A(H +K) D A(H)+ AK), ALH) =2A(H), A(0) =0,

where H and K are adapted Fock operator processes and A € C \ {0}. Multi-
plicative relations between the QS integrals constitute the quantum It6 product
formulas, to be described in the final section.

Notice that each of the QS integrals is associated with either adapted differentia-
tion or projection and with either Skorohod or time integration. It will considerably
simplify the development of the basic theory if we forge a unified notation to de-
scribe the integrals. Thus, to each QS integrator A, we associate RA € {8, L) as
well as R® € {P, D} and Q” € {P, D} as follows: for A = AT, N, A or T, the
triple (R, R, Q), respectively, equals

S.D (4, D, P), (3,D, D), (L, P,D) or (L,P,P).
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Thus, A is determined by the pair (R*, Q%), R? is determined by R and vice
versa. The definitions of the four QS integrals are thereby unified:

DomA(H) = {f € V(H): HPf is R-integrable},
A(H) f=RHO)),
where O = Q? and R = R2. The notation R* will come into its own when the

fundamental formulas are extended (Section 6.3).
One further notation—each QS integrator has an adjoint integrator:

aht=a, nN'=nN, Ti=T.

Having found a compact expression for the integrals, let us unravel somewhat,
to get a better view of their workings. Let H be an adapted Fock operator process
andlet f € VE(H). Then,fort = {t; <--- <t,}, the following a.e. relation holds:

n
HsQf(T) = Z l[tk,tk+1[(s)(HS QSDZ‘](Jrl o Dln f)(tla e [k),
k=0

where fo = 0 and #,,41 = co. Thus,

n

(5.2a) S(HCf) (1) = (Hy Qy Dy, -+ Dy, f)(t1, .. k1),
k=1

and, if s — HSQ f(7) is integrable,
0 n Tie+1
(20)  LHIN@ =Y [ (H QD D )00
k=0
Therefore, (5.2a) and (5.2b) are a.e. expressions for A(H)f(r) when f €
Dom A (H), for A = AT or N, respectively, A or T.

The following identities are easily established.

LEMMA 5.2. Let H be an adapted Fock operator process and let f € VC(H),
where Q = P or D. Then the following relations hold (a.e.):

(5.3a) D/ f, P f € V(Lo H),

(5.3b) D;H2f =10,(s)HZD, f + D/ H Qs f,

(5.3¢) P HL f =110, () HEP, f + Ljs,00((s) P H, Qs f,
(5.3d) PHCf =H,0,f.

In particular, 1jo ;[ (s) (D, HsQf)(a)) gives a version of 1[0,,[(5)(HYQD, f)(w) which
is jointly measurable in s, t, .
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5.2. Commutation relations. We next apply the commutation relations ob-
tained in Section 2.5 to QS integrals. This allows us to deduce adaptedness and
martingale properties in the next section. It is also the first step toward solving the
problems raised by the It6 calculus approach to QS calculus (see Section 7.2).

In the rest of the paper, A;(H) will be used to abbreviate A(1j {H).

THEOREM 5.3. Let H be an adapted Fock operator process and let f €
V2(H), where Q = Q” and A = AT or N. Then the following are equivalent:

(a) feDomA(H).
(b) D;f € DomA;(H) for a.a. t, and t — N;(H)D;f + H:Q;f is It
integrable.

When these hold we have the a.e. identity
(5.4) DiA(H)f =A(H)D; f + H; Q: f.

PROOF. In view of (5.3d), Proposition 2.6 applies to HQf. If f e DomA(H),
then H€ f is Skorohod integrable so 1jo () D; H Q f is Skorohod integrable for
a.a. t, and

D, 8(HCf) = 8(D, HLf) + P, HLS,

which is square integrable in ¢. By (5.3a) and (5.3b), f satisfies (b), and the a.e.
identity (5.4) holds. Conversely, if f satisfies (b), then, since (5.3b) implies that

A(H)D, f = 8§(HED, f) = 84(DHES),
Proposition 2.6 gives the Skorohod integrability of HZf—in other words,
febDomA(H). O

THEOREM 5.4. Let H be an adapted Fock operator process and let
fe VE(H) be such that (H.Q.f)(@) is integrable, where Q = 0% and A = A
or T. Then conditions (a) and (b) are equivalent:

(a) G) f e DomA(H); (ii)) H.Q. f is time integrable.
(b) (i) D;f e Dom A,(H) fora.a.t; (ii) D;H.Q.f is time integrable for a.a. t;
(iii) the maps t — N, (H)D, f and t — L(D;H.Q.f) are It6 integrable.

When these hold we have the a.e. identity,
(5.5) D:A(H)f =AM, (H)D; f + L(D:H.Q.f).
PROOE. In view of (5.3d), HZ f () is integrable and so Proposition 2.7

applies. If f e Dom A(H) and H.Q. f is time integrable, then, by Proposition 2.7,
both D; H2f and D, H.Q. f are time integrable for a.a. 7, and

L(DHLSf) = D LHELS) =D, AH),
L(DH.Q.f) = D L(H.Q.f),
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both of which are square integrable in ¢. By (5.3b), therefore, D; f € Dom A;(H),
(5.5) holds and both A(H)D;f and L(D;H.Q.f) are square integrable in ¢.
Thus, f satisfies (b). Conversely, if f satisfies (b), then, by (5.3b), D,HE f=
l[o,t[(-)H,QD; f+ D:H.Q.f, which is time integrable by (bi) and (bii), with time
integral A;(H)D;f + L(D;H.Q.f), which is Itd integrable by (biii). Hence,
using Proposition 2.7 once more, H2f is time integrable—in other words,
f € Dom A(H), so that (a) holds. [

PROPOSITION 5.5. Let H be an adapted Fock operator process and let t > Q.
(a) If f e Dom A(H), where A = A" or N, then P; f € Dom A;(H) and
A(H)P f = PiACH) f.
(b) If f e Dom A(H), where A = A or T, then 7' is time integrable and
L") =P,A(H)f,

where 7' = (10, (VHEP, f 4+ 11.00{() P H.Q.f) and Q = Q™.

© If fe¥F and P, f € Dom A(H), where A = AT, N or A, then P f e
Dom A;(H) and

AN(H)P f =P A(H)P, f.

(d) If A= N or A, then the subspaces ¥ NDom A(H) and ¥; N Dom A,;(H)

coincide and
A,(H)P;f = A(H)sz,

whenever P; f € Dom A, (H).

PROOF. Each of these commutation relations follows easily from Proposi-
tion 2.8 by using (5.3c). U

5.3. Adaptedness and martingale properties. The next two results confirm
that our definitions synchronize satisfactorily.

PROPOSITION 5.6. Let H be an adapted Fock operator process and let t > 0.
Then, for each QS integrator A, the operator A;(H) is u adapted for each u > t.

PROOF. Let f € DomA;(H) and let u > ¢. First, note that, by (5.3a),
Puf, Duf S VQ(I[(),Z[H). Since AM(I[O’Z[H) = AZ(H) and l[u,oo[(')Pu X
1i0,/()H.Q.f = 0, Proposition 5.5 implies that P,f € DomA;(H) and
P,A(H)f = Ai(H)P, f. Since 1,y H,Qu f = 0, Theorem 5.3 implies that
D, feDomA;(H)and A;(H)D, f = D,A;(H) f for A = ATorN.ForA=A
or T, (5.3b) implies that D, HSQ f= HSQDM f for s < t. Therefore, by Proposi-
tion 2.7, l[ovt[H,QDuf is time integrable, so that D, f € Dom A;(H) and

A(H)Dy f = Li(HEDy f) = Dy L1 (HOf) = Dy A (H) f.
This completes the proof. [J
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THEOREM 5.7. Let H be an adapted Fock operator process. Then, for
A=A",NorA,A.(H)isa complete martingale with closure A(H).

PROOF. Let t > 0, let u € [t,00] and let f € Dom(E;[A,(H)]). Then
P:Dg f € Dom(A,(H)), the map B+ lig-yPiA,(H)P;:Dgf is square in-
tegrable I' — ¥ and E[A,(H)]f(w) = (P,AM(H)PMDQ,([ )(wp) for aa. w.
Thus, by part (c) of Theorem 5.5, f € DomE,;[A;(H)] and E;[A;(H)]f =
E;[A,(H)]f. This shows that

(5.6) E[Au(H)] CEJ[A(H)],
and so A.(H) is a complete martingale, with closure A(H). O
REMARK. In view of Proposition 5.5(d), we have the following cases of
equality in the complete martingale inclusion relations (5.6):
E/[N, (H)] = E;[N:(H)], E[Au(H)] = E[A:(H)].
In other words, the martingales E.[N.(H)] and E.[A.(H)] are exact.
5.4. Recursion formula. The commutation relations between adapted gradient

and QS integrals lead to recursion formulas for the integrals. This is the second step
toward solving the problems raised by the Itd calculus approach.

THEOREM 5.8. Let H be an adapted Fock operator process and let [ €
Dom A(H).If H.Q.f is R-integrable, then the following is well defined and valid:
AH)f =I(A.(H)D.f)+ R(H.Q.f),

where R = R and Q = Q4.
PROOF. Theorem 5.3 (resp. Theorem 5.4) applies. Noting that H.Q.f is

adapted, so that if R = 4 then R(H.Q.f) =J(H.Q.f), the result follows by Ito
integration of (5.4) [resp. (5.5)]. U

6. Restricted-domain QS integrals. In this section we introduce restricted
domains for QS integrals, which lead to good adjoint relations, as well as
extensions of the fundamental formulas of QS calculus. These latter are a
cornerstone of the calculus [37].

6.1. Definition and example. Let H be an adapted Fock operator process. We
define the restricted-domain QS integral RA (H) to be the restriction of A(H) to
Dom RA(H) ={f e VQ(H) : HQf if absolutely R-integrable},

where Q = Q” and R = R? are as given by (5.1), and absolute R-integrability
is defined in Section 2.1.
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A simplifying feature of restricted-domain QS integrals is the inclusions:
Dom *A(H) > Dom ®A,(H)
for s < t; in particular, PDom RA.(H) ¢ DomRA(H). Another is that the
processes t > RA,(H) are continuous (Proposition 6.4).

Before developing the theory, we illustrate the restriction by the example of
Fermi field operators as QS integrals.

EXAMPLE. Let J be the unitary process defined by J; f () = (—1)¥os) f(w).
Then

I @) ==D" fo) and  JPf(@) = (D" f@Us).
For every f, J¥f is Skorohod integrable and JPf is time integrable [4],
8 (172 O llg) (@) =t | f (@)

and
t
L(ITPF O ) (@) = fo If(@Us)| ds

—neither of which is square integrable in @ in general—so JPf is not
absolutely Skorohod integrable and JPf is not absolutely time integrable. Thus,

whereas Aj(] ) and A, (J) both have domain ¥, and are, in fact, bounded, RA;(J )
and RA,(J) have strictly smaller domains. These operators are Fermi creation and
annihilation field operators realized on boson Fock space [24].

LEMMA 6.1. Let f € DomRA(H), where H is an adapted Fock operator
process and A is a QS integrator, and let Q = 0" and R = R Then the adapted
Fock vector process H.Q. f is absolutely R-integrable.

PROOF. Since f € VC(H), the map s — H;Qsf = 11s(@)H; Qs Dy f s

measurable R, — ¥. Since H;Qsf = 1r, HSQ f, H.Q.f is absolutely R-in-
tegrable. [

REMARK. By Proposition 2.2, since H.Q. f is adapted, it is Itd integrable if
A=A%orN.

LEMMA 6.2. Let X = RA.(H) for an adapted Fock operator process H and
QS integrator A. If f € PDom X, then:
(1) Pif €e DomX; forallt > 0;
(i) D;f € DomX; fora.a.t.
PROOF. Letx(w,s) =] HsQf(a)) |, so that x is R-integrable, and, by (5.3b),

10,41 (5) Prxs (@) = 1101 () | HCP: f () |
so that P, f € Dom A, (H) for each t > 0. Using Proposition 2.7 and a.e.
identity (5.3c) instead, the above argument yields (ii). [
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6.2. Martingale and continuity properties. 'We next show that Proposition 5.6
and Theorem 5.7 are also valid for restricted-domain QS integrals.

PROPOSITION 6.3. Let H be an adapted Fock operator process and let A be
one of the QS integrators. Then:

(@) BA,(H) is u-adapted for each u > t;

(b) if A= AT, N or A, then BA.(H) is a complete martingale with clo-
sure RA(H).

PROOF. Let X = RA(H)—both as operator and as process—Ilet (R, Q) be the
pair associated with A according to (5.1) and let # > 0.

(a) In view of Proposition 5.6, it suffices to show that Dom X, is a u-adapted
subspace for each u > t. Let f € Dom X;. Then the map k: (w, s) = 1o, (s) X

||HsQf(a))|| is R-integrable. By (5.3a)~(5.3c), if v > u > ¢, then P,f,
Dy f € VOl H),

(6.1a) 110, HEP. f (@) = (Puky) (@) < ks(w),
(6.1b) 10.11() | HED, f (@) || = (Dyks) (@)

for a.a. (w, v). By (6.1a), P, f € Dom X;, and by (6.1b), together with Propositions
2.6 and 2.7, D, f € Dom X; for a.a. v. Thus, Dom X; is u-adapted.

(b) By (a), (X5)s>0 is an adapted Fock operator process so that, in view
of Theorem 5.7, it suffices to show that DomE,[X] C DomE,[X,]. Let f €
DomE;[X], then P;D; f € Dom X C Dom X;, and, since A.(H) is a complete
martingale with closure A(H),

P X P D f =P AN (H)P D f=PAH)PD: f=PXPD:f

for a.a. T > ¢. Therefore, t +— 1r:(t) P;X; P;D; f is square integrable—in other
words, f € DomE;[X;]. This gives the required inclusion. [J

PROPOSITION 6.4. Let H be an adapated Fock operator process and let A be
a QS integrator. Then the process RA.(H) is continuous.

PROOF. Let X = RA.(H), let R = R® and Q = 04 according to (5.1) and
let f € PDom X. Writing k for the map (w,s) — ||HsQf(w)||, the following
holds pointwise:

I(Xuf = X, £)Olly = IREHZF)C) g < RE (k).
Thus, if A= AT or N,

1Xu f — X, fII> < /ru/{ks(a))}zda)ds +/ru/ru/ks(wUt)k,(a)Us)da)dtds,
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which is finite by Proposition 2.1. If A = A or T, then

u 2
1Xu f — X, f1% < /{/ ks(w)ds} do < 00,

Thus, continuity follows in all four cases by the monotone convergence theorem.
O

6.3. Fundamental formulas and adjoint relations. Our next result is an
extension of the first fundamental formula for QS calculus [23, 37] beyond
exponential domains.

PROPOSITION 6.5. (a) Let H be an adapted Fock operator process. If f €
Dom RA(H), then, for all g € F , the map

(62) (S, ,B) = 1{/3>s}<1_1s QsDﬂf7 RsDﬂg>

is integrable and

6.3 H,O;Dgf, RgDgg)dBds ={(A(H) T, g),
63) //{M}«Q 5/ RiDyg) dpds = (A(H) f, g)

where Q = Q” and R = R” are as given in (5.1).
(b) Let (H,H") be an adjoint pair of adapted Fock operator processes.
If f e DomA(H), g € Dom AT(H") and the map (6.2) is integrable, then

(6.4) (A(H) [, 8)=(f, A(H")g).
PROOF. In case (a) straightforward calculation leads to the estimate

/f{ﬂ (H.0.D5. RSD,sgndﬂdss/h<w>ng<w>n do,
where

> I(Hs Qs Doy, f (@), if A=A or N,

SEW

h(w) =
[1H QDo @ Ids.  ifA=AorT.

Similar calculation also reveals the identity (6.3).
(b) If (6.2) is integrable, then

((Hs Qs Dw(s f)(wv)) s (Ry Dw(s g) (ws))>
= ((Qs Do, [)(@s)), (H{ Ry Doy, f)(5)))

is an identity of integrable functions of (w, s), which integrates up to (6.4). U

COROLLARY 6.6. Let (H, HY) be an adjoint pair of adapted Fock operator
processes.
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(a) Then (RA(HT),RA(H)) is also an adjoint pair of adapted Fock opera-
tor processes.
(b) IfRA(H) is densely defined, then (RACH))* D A(HT).

The next result is an integration by parts lemma which contains the essential part
of one form of the quantum Itd product formula described in the final section. It is
an extension of the second fundamental formula for QS calculus [23, 37] beyond
expontential domains.

THEOREM 6.7. Let F and G be adapted Fock operator processes and let
A and A be QS integrators. If f € Dom RA(F) and g € DomRA'(G), then

(A(F)f. N (G)g)
6.5 = / /{ﬁ>t}[<F,Q,Dﬁf, Y,R.Dsg)

+(X:R;Dg f, G:Q;Dpg) +€(F;Q:Dg f, G, Q,; Dgg)|dB dt,
where X = RA.(F)and Y = RA'(G), € equals 1 if {A, A’} C {AT, N} and equals 0
otherwise,and R = R®, 0 = 02, R' = RY and Q' = 0V, according to (5.1).

PROOF. First, note that f € PDom X. and, by Lemma 6.1, F.Q.f is Ito
integrable if A = AT or N and is absolutely time integrable if A = A or T.
Moreover, successive application of Lemma 6.2 gives D, f € Dom X,,, so Dg f €
Dom X g and thus E;Dg f € Dom X, for a.a. u, 8 and (¢t < ), where E is
either P or D. Similarly for ¥, G, Q' and g. Therefore, since also f € V(F)
and g € V2 (G), each of the expressions in the integrand is a.e. well defined.

Now

(A(F)f, N(G)g) =(R(F2f), R (G%)),
whereas F2f is absolutely 3—integrable and GQ’g is absolutely R’-integrable,
where R = RA and R’ = R

CASE (a): {A,A’} C {A,T}. Then R =R = P, F2f and G%g are
absolutely time integrable, and Fubini’s theorem ensures both the integrability of

the function W (w, 7, u) > (F2 f(0), GZ (w)) and that its integral is (Xf, Y g).
Integrating W first over the region {¢t < u} using the u-adaptedness of X,,, the a.e.
reproducing property (2.6a) and (5.3b) and (5.3d) gives

//(Xuf(w), G,?g(a)))du do
= //((XuPqu(“ f)(a)u)), (PMGMQ/Dw(ug)(CUu)))dCl)dM

://{ﬂ (XiRDy [, G1 0} Dyg) dp .
>r
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The integral of W over the region {u < ¢} may be obtained by the same argument
via complex conjugation, and the sum of the two agrees with (6.5).

CASE (b): A€ {AT,N}, A’ €{A,T}. Then R=D and R’ = P; F2f is ab-
solutely Skorohod integrable and GQ/g is absolutely time integrable; moreover,
Fubini’s theorem together with the integral-sum lemma ensures both the integra-
bility of the function

®:(w,t,u) > (F2 f(@), G (wU1))

and that the value of the integral is (X f, Y g). Integrating ® over the region {t < u}
and arguing as in Case (a) gives

// Zl[o,u[ﬁ)(Ffo(a \1), G2 (@))da du

tea

— //((Xuf)(a), G (@))dadu

=//{ l}(X,Rl/Dﬁf, G:0,;Dgg)dpdt.

Integrating & over the region {u < t}, we have, since D;Dgg € DomY; for

a.a. (r < pB),
/// l[ovl[(u)(Fth(wL GuQ/Dsz(,g)(a)l)))da)du dt

= [ [(PFE D, @0, (VD Du) 1)) deo

:// (FtO:Dg f,YiR:Dgg)dpdt.
{B>1)
Therefore, the result holds in this case.

CASE(c): A € {A,T}and A € {AT, N}. This is simply the complex conjugate
of Case (b).

CASE (d): {A, A} C{AT,N}. Thene=1, R=R =D, F2f and G9g are
absolutely Skorohod integrable and the Skorohod isometry (2.1) ensures that both
of the maps

®: (0.0~ (FLf (). G2 g(w) and

V(. )~ (FLf@Uu), G gwUn))

are integrable and also that the sum of their integrals is (X f, Y g). By the integral—
sum lemma, the integral of @ is simply

//{5>t}<FlQlDﬁf’ GZQ;D58> dpdt.
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Since D, D, f € DomX, for a.a. (u < y), the integral of W over the region
{t <u}is

f f f 10,41 (t) ((F; Du Do, (@), G g(@ U ) di dwdu

- / / S Lo O(FL Dy Dy, )@y \ 1), (G2 Dy 8) (@) dex d

reay)

= [ 106D D (@), (PuGE Da ) ) der

-/ f{ﬂ | (X:DiDy [, G1 0} Dyg) dp.

Again, the integral of W over the region {u# < t} is given by symmetry and yields
the first term in (6.5). Thus, the result holds in this final case, too. 0

7. Relation to previous approaches. In this section we show that the
integrals defined in the last two sections are consistent with previous approaches.
Note that the Hudson—Parthasarathy definitions, on exponential domains, are
subsumed by each of the noncausal and the It calculus formulations.

7.1. Noncausal approach (]9, 27]). Let H be a Fock operator process. Recall
the notation at the beginning of Section 5. The noncausal QS integrals are defined
as follows:

NCAT(H) f = 8(H.f), NCN(H) f = 8(H.V.f),
NCAH) f =/HSVSfds, NCT(H) f =/Hsfds,
with respective domains
DomNCAT(H) = {f € V(H): H.f € Dom 8},
DomN°N(H) = {f € VV(H): HV.f € Dom 4},
DomNCA(H) = {f € VV(H): H.V.f is integrable},
DomNCT(H) ={f e V(H):H.f is integrable}.
We show that, when applied to adapted processes, these give restrictions of the QS
integrals of this paper.
THEOREM 7.1. Let H be an adapted Fock operator process. Then the
following inclusions hold:
NCAT(H) c AT(H),  NON(H) C N(H),
NCAH) c Ay, NYr(H) cFr(m).
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PROOF. Since, for a map x:T" x Ry — b, x is Skorohod integrable if
x € Dom4 and x is absolutely time integrable if it is (Bochner) integrable
(Proposition 2.1), the result follows immediately from Proposition 5.1. [

7.2. It6 calculus approach ([5]). We first recall the treatment in [5] where QS
integrals are extended beyond an exponential domain. Let F', G, H and K be four
adapted Fock operator processes which are measurable and have common process
domain V, where V is a subspace of & containing Vo © &(S) for some dense
subspace Vj and admissible subset S and which also satisty the local integrability
(and implied measurability) conditions

t
/0{IIF;Pcf||2+IIGstf||2+I|Hstf||+||KsPcf||}dS<oo

for all f € V and ¢t > 0. An adapted Fock operator process X with process
domain V is denoted by

! ! ! !
/ FsdAj+/ Gsts+/ HSdAS+/ K, ds
0 0 0 0
provided that, for each f € V and ¢ > O:

(1) Dy f € DomXj fora.a. s, and s — 1y, X Dy f is square integrable;
(ii)

[e.e]
th:/o Xsnt Dy f d xs

+ /Z{FSPSf +GyDs fldys + /l{Hstf + K, Py f)ds.
0 0

Here the alternative notation for It integration discussed after Proposition 2.2
is being employed. When V equals Vo © &(S), this is equivalent to X; being the
corresponding Hudson—Parthasarthy QS integral, and under various conditions the
representation (ii) is valid on larger domains V. This is exploited, in particular, in
the QS-integral representability of regular semimartingales [2]. However, since
the Fock operator process X appears on the right-hand side, (ii) represents a
kind of system of Fock space vector-valued stochastic differential equations. In
other words, the Fock operator process X is only defined implicitly through (ii).
It was not known in general whether this system has a solution, nor whether any
solution it might have is unique; moreover, nothing was known about appropriate
(maximal) domains for a Fock operator solution process. We shall see that our
integrals solve all three of these problems.

For an adapted Fock operator process H, let "A.(H) denote the QS process
A.(H) restricted as follows:

o Dom"A,(H) :={f e DomA;(H):1j0,q(-)H.Q.Dg f
' is R-integrable for a.a. § > t},
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where, as usual, Q = Q% and R = R? are given by (5.1). By the adaptedness
of RA.(H) and Lemma 6.1, the following inclusions hold:

"A:(H) D RN (H) fora.a.t > 0.

Recall the recursion formula for QS integrals given in Theorem 5.8. Equation (ii)
above, for the single QS integral process X = A.(H), reads

o0 t
(A-M) X, f = /0 Xips Dy f dxs + fo HyQ, f drs,

where Q = Q% and dry = dy; or ds, respectively, according as A € {AT, N} or
A €{A, T} [cf. (5.1)]. By a “solution of (A-M)”” we mean a pair (X, &) consisting
of an adapted Fock operator process X and a Fock-adapted space & contained
in PDom X, such that, for each f € D:

(i) Dsf € Dom X for a.a. s;

(i1)) X.D.f is locally square integrable;
(iii)) Qs f € Dom H; for a.a. s;
(iv) H.Q.f islocally R-integrable

and the identity (A-M) holds for each ¢ > 0. In short, the identity (A-M) should be
well defined and valid. Note that condition (i) is redundant since, as O is adapted,
for a.a. s, Dy f € D C Dom X;. Moreover, by adaptedness (of both X and D)
Proposition 3.4 implies that (A-M) is equivalent to

t t
(A-M') X, P f = / X, Dy f dxs + / H,Q, f dry;
0 0

compare Remark (iii) after Theorem 3.1.

THEOREM 7.2. Let H be an adapted Fock operator process and let A be a QS
integrator.

(@) If X ="A.(H) and D is a Fock-adapted space contained in PDom X, then
(X, D) solves (A-M).
(b) If (X, D) is a solution of (A-M) such that D C ;-0 VQ(l[o,,[H), then

D CcPDom’A(H) and X,f="A,(H)f VfieD,t>0.
PROOF. (a) This follows immediately by applying the recursion formula
(Theorem 5.8) to the process 1jo ;[ H .

(b) Let f € O and let r > 0. By the adaptedness of £ and condition (iv), it
suffices to show that f € Dom A;(H) and A;(H)f =X, f.

CASE A = AT or N. Then dry = dx, and, by (A-M), X;f(@) = 0. By
conditions (i)—(iv) and (A-M), the following is well defined and valid for a.a. t:

X f(t)= (X ntDe, f)(t1s oo ty—1) + 1[0,t[(fn)(Ht,, O, f)(tl, cooy ti—1),
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where T = {#j <--- < t,}. In turn the following is well defined and valid a.e.:
(X nt Dy, )1y ty1) = (th_l/\zDz,,_l Dy, f)(t1, ..., th—2)
+ 1jo,1((tn—1) (Hy, , Q1, Dy, f) (11, .., ta—2).

After repeating this n times, the following a.e. identity results:

n
X f(r)= Z 1[0,1[(fk)(Htk Ou Dy, -+ Dy, f)(fl, e fe—1).
k=1
Comparison with (5.2a) shows that l[ovt[(~)H,Q f is Skorohod integrable with
Skorohod integral X; f. Thus, f € DomA;(H) and A;(H) f = X, f.

CASE A = A or T. Then dry; = ds and, by condition (iv) and (A-M),
H.Q.f () is locally integrable and

t
(7.2) fo (H, Qs /) (@) ds = X, f(2).

By conditions (i)—(iv), (A-M) and adaptedness, the following is well defined and
valid fora.a. t={t1 <--- <t,}:

t
Xffm=(thA,D,,,f)m,...,tn_1>+/0 (Hy Qs (11, ... ty)ds

t

= (th/\lDl,,f)(tla ey tn—l) + (Hstf)(th ceey tn>ds‘

ta At

Again, this may be iterated, so that the following is well defined and valid a.e.:

(th/\zDz,, f)(fl, ey tn—1)
ta AL

= (Xt at Dy, Dy, f)(t1s o ta2) + (Hs Qs Dy, f)(t1, .. ta—1) ds.

th— Nt

After n steps, using (7.2) applied to Dy, - - - D;, f, the following a.e. identity results:

n T+ 12

Xif@ =3 [ (H QD Dy ) 1) s,
k=0 17243

where fp = 0 and #,,; = oco. Once again, comparison with (5.2b) shows

that 1[0,,[(-)HQf is time integrable with time integral X, f. Thus, f € Dom A;(H)

and At(H)f=X[f O

REMARK. By the adaptedness of £ and Proposition 5.1(cii), sufficient
conditions for D C (=0 VQ(I[(),;[H) to hold are H C PDom H and that
(H:|p)r=0 has an adjoint process which is measurable and has dense process
domain. The first condition may be arranged by restriction, and the second is a
very mild regularity condition on the process H.
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Applying part (b) of the theorem to the zero process leads to the following
uniqueness result.

COROLLARY 7.3. Let X be an adapted Fock operator process and let D be
a Fock-adapted space contained in PDom X. Suppose that, for each t > 0 and
each f € D N F, fé XD f dxg is well defined and equal to X; f. Then X.f =0
forall fin D.

8. Quantum It6 product formula. In this section we show that the compo-
sition of QS integrals is given by integration by parts with a correction term when
Wick ordering of the integrators is violated. We give the result in two forms, one
in which the correction is present and one in which it need not be. Whereas the
quantum Itd product formula obtained by Hudson and Parthasarathy is an identity
in Fock space inner products (their second fundamental formula), in Theorem 8.1
we have achieved a product formula which is an identity between the Fock space
operators. The second form is a basic consequence, for operator products of QS
integrals, of our extension of the second fundamental formula—no longer tied to
exponential vectors.

For both theorems let F and G be adapted Fock operator processes, let A and A’
be QS integrators and let A€ equal AT, N, A or T, if the ordered pair (A, A') is,
respectively, (N, A", (N, N), (A, N) or (A, AT), and let A€ equal 0 otherwise.
Recall the restricted QS integals "A (H) defined in (7.1).

THEOREM 8.1. Let Z = (XY — W), where X, Y and W are, respectively, the
processes "A.(F), "A(G) and "A.(FY) +"A/(XG) +"AS(FG), and let D be a
Fock-adapted space contained in PDom Z. If (A, A’) is one of (N, A", (N, N),
(A,N) or (A, A", then Z.f =0 forall f in D.

PROOF. By Corollary 7.3 it suffices to show that, for each ¢+ > 0 and each
f € D N F, the identity

t
@8.1) th=f0 Z,Dy f dxs

is well defined and valid. Therefore, let f be such a vector, let drg denote time or
It6 integration according as A is A or N and let 9’ = Q. Then, by Theorem 5.8,
the following is well defined and valid:

t
Wtf—f W, Dy f dxs
(8.2) 0

t t t
:'/0 XSGSQ;des‘f"/O FsYstfdrs‘f"/O FSGSQ;fdrS'
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Since f € ¥ N Dom X,Y;, applying Theorem 5.8 with Y; f in place of f, we see
that the identity

t t
(8.3) X¥if = [ XDYifdx+ [ EDY.fdr,
is well defined and valid. Since K2 = 8, applying Theorem 5.8 [and then
Theorem 2.5(d)] to f gives
DY, f=Y;Dsf + G,Q.f  foraas<t.
Substituting this into (8.3) and using the following facts established above:

l[o,t[(-)X.G.fo is well defined and Itd integrable,
l[o,t[(-)F.G.fo is well defined and R-integrable,

X:Y: f is then expressed as a sum of four integrals. Subtracting the resulting
identity from (8.2) and rearranging using the linearity of It6 and R integration
shows that (8.1) is indeed well defined and valid. [

THEOREM 8.2. Let X,Y and W be, respectively, the QS integrals A(F),
RA'(G) and BA(FY) + RA/(XG) + BAS(FG). If F has an adapted ad-
joint process F, for which X7 := RAT(FT) is densely defined, then for all
ge€DomY NDomW,

YgeDom(X")* and (XT)*'Yg=Wg.

REMARK. We are using the same notation here (X and Y) for both process
and operator.

PROOF OF THEOREM 8.2. If g € DomY N Dom W, then, by Theorem 6.7,
Proposition 6.5 and Corollary 6.6,

(X"f.Yg)=(f.Wg) V¥ feDom(X").
Since X7 is densely defined, this implies that Yg € Dom(X")* and
(XY*Yg = (A(FY)+ N(XG) + A(FG))g.
The result follows. [J

As a consequence of this theorem, we have the quantum Itd product formula
AR (G)g = (BA(FY) + RN/ (XG) + RAC(FG))g,

where X; = A,(F), Y; = RA;(G) and A€ is the Ito-correcting QS integrator,
whenever g lies in the domain of both left- and right-hand side operators.
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