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We consider linear nth order stochastic differential equations on [0, 1],
with linear boundary conditions supported by a finite subset of [0, 1]. We
study some features of the solution to these problems, and especially its
conditional independence properties of Markovian type.

1. Introduction. It is well known that, under suitable Lipschitz and growth
conditions on the coefficients, a classical Ito stochastic differential equation

t t
(1.1) X(t)=$+/0 b(s,X(s))ds—i—/O o(s, X(s))dW(s),

where W is a Wiener process and £ is a £p-measurable random variable for a given
nonanticipating filtration {¥;, r > 0} of W, has a unique strong solution which is
a Markov process.

If £ is not Fp-measurable or the coefficients b, o are random and nonadapted,
then any reasonable interpretation of X in (1.1) will not be an ¥;-adapted process
and, unless o is a constant, we need to use some anticipating stochastic integral to
give a sense to the equation. In these cases, the solution is not a Markov process in
general.

Still another setting that leads to anticipation is the case of boundary conditions.
That means, the first variable of the solution process is no longer a datum of the
problem, time runs in a bounded interval, say from O to 1, and we impose a relation
h(X(0), X(1)) = 0 between the first and the last variables of the solution. In this
situation, the fact that the solution will not be Markovian is quite intuitive, since
the strong relationship between X (0) and X (1) will prevent the independence of
X (0) and X (1) from holding, even when conditioning to X (a), a € ]0, 1[, except
maybe in some very particular cases.

On the other hand, it may also seem intuitive that the following weaker
conditional independence property can hold true: For any 0 <a < b < 1,
the o-fields o{X(¢), t € [a,b]} and o{X(¢), t € la,b[’} are conditionally
independent given o {X (a), X (b)}. We will denote it by

(1.2) o{X(t), t e [a,b]}a{X%X(b)}a{X(t), t €la,b[}.
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Now X (0) and X (1) are on the same side in relation (1.2), so that the boundary
condition does not seem to cause the problem seen above. But the following
example shows that this is wrong:

EXAMPLE 1.1.  Consider the problem
X0 =fX@)di+W(@),  rel0.1],
h(X(0), X(1)) =0,

where the noise appears additively, and assume that a unique solution exists and
that the boundary condition given by & does not reduce to an initial or final
condition. Then, relation (1.2) holds if and only if f(x) = ax 4+ B, for some
constants @ and 8. This was proved by Nualart and Pardoux [16].

The processes satisfying (1.2) were called reciprocal processes by Bernstein [5].
The concept arose directly from Schrédinger ideas on the formulation of quantum
mechanics. More recent research on such processes has been carried out by
Jamison [12], Krener [14], Krener, Frezza and Levy [15], Thieullen [20] and
Zambrini [21].

Other names can be found in the literature to refer to the same concept.
A reciprocal process is a one-parameter Markov field in Paul Lévy’s terminology,
and is also called a quasi-Markov process, a local Markov process and a Bernstein
process. We shall simply call them Markov fields (see Definition 4.1).

EXAMPLE 1.2. Now consider the problem
X0+ f(X(@0), X)) =W(@), tel0,1],
X(0) =cy, X(1) =cs.

This is a second-order stochastic differential equation, and it is natural to ask
for conditional independence properties of the two-dimensional process Y (¢) =
(X (#), X (1)), since X (¢) has C! paths, and therefore it is meaningless to look for
this kind of properties for X (¢) itself.

Nualart and Pardoux [17] proved that if Y (¢) is a Markov field, then, as in
Example 1.1, f must be an affine function. Moreover, if f is affine, then Y is
not only a Markov field, but a Markov process.

Let us look at this example more closely: note that a boundary condition for a
second-order equation has the general form
h(Y (0), Y (1)) = (0,0),

where Y (0) = (X (0), X(0)) and Y (1) = (X (1), X(1)). However, in Example 1.2
the two scalar conditions do not mix values at 0 and values at 1 of Y. The same
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happens, for instance, with the Neumann-type conditions X 0) =cy, X (1) =ca,
and the result is the same (Y Markov field = f affine = Y Markov process).

From these examples and other equations of first and second order that have
been studied so far (see, e.g., [2-4, 18]), we learn that:

1. The Markovian properties can be expected only in “linear” cases.
2. The specific Markovian property depends on the actual form of the boundary
condition.

It should also be noted that the requirement of linearity on the drift coefficient f
is related to the fact that the noise appears additively. Should not this be the case,
the Markovian property would occur under a different condition which relates the
drift and the diffusion coefficients (see [2] and [3]).

In the present paper we will consider linear stochastic differential equations
of arbitrary order with additive white noise. Our boundary conditions will not be
restricted to involve the solution process at the endpoints of the time interval, but
we will allow them to involve the values at finitely many points inside the interval.
They are usually called functional or lateral boundary conditions. Our main goal
is to seek which kind of conditional independence properties can be established
for the solution. A preliminary work in this direction was published in [1]. Here
we considerably refine and extend the results therein. This type of equations was
already considered by Russek [19], who proved that the solutions are Markov
processes if and only if the lateral conditions fix to a constant the variables X (¢),
for all points ¢ in the support of the conditions. His techniques, based in the notion
of reproducing kernel space, are different from ours.

Our main result (Theorem 4.5) can be stated in the following way: Fix two
points 0 <a < b <1 and set Y (¢) = (D" X (1),..., DX (1), X(t)), where n is
the order of the equation, X (¢) is its solution process and D is the time derivative;
the process Y = {Y (¢), t € [0, 1]} satisfies the relation (1.2) if and only if there
are no lateral conditions involving points inside and outside the interval [a, b].
(Note that this is different from saying that Y is a Markov field.) We also state
a conditional independence property for the case when there are conditions that
do involve points inside and outside [a, b] (Theorem 4.10). Finally we obtain a
result from which Russek’s theorem can be trivially recovered (Theorem 4.11).
The paper is organised as follows:

In Section 2 we define the statement of the problem and develop some notation
and properties that will be needed later.

Section 3 contains the main probabilistic tools: Lemma 3.4 and Proposition 3.7.
The first is a characterization of the conditional independence of two random
vectors given a function of them. It is the most important ingredient in the proof
of Theorem 4.5, but it cannot be applied for certain singular values of a and b. For
these values, we employ an approximation by the solution of perturbed equations.
The approximation argument involves the convergence in L? of a sequence of



SDE WITH FUNCTIONAL CONDITIONS 2085

conditional expectations with varying conditioning o -fields. Proposition 3.7 gives
a sufficient condition for this convergence in a general setting.

In Section 4 we establish the main results. The proofs of Theorems 4.10 and 4.11
will be only sketched, since the procedure is similar to that of Theorem 4.5, with
slight modifications.

2. Linear SDE with functional boundary conditions. The present section
will be devoted to the statement of the problem, the definition of a solution, and
to absolute continuity and approximation results for the solution of an nth order
linear stochastic differential equation with linear functional boundary conditions.

2.1. Statement of the problem and definition of a solution. Consider the
differential operator

n n—1 d
L:=D"+4a,_1D +---+a1 D+ ap, D::E,
where a; are continuous functions on [0, 1]. Let {W(¢), ¢ € [0, 1]} be a standard
Wiener process. We assume that W is the coordinate process in the classical
Wiener space (2, F, P), that means, Q2 = Co([0, 1]; R) is the space of continuous
functions on [0, 1] vanishing at zero, ¥ its Borel o-field, and P the Wiener
measure. We shall deal with the SDE
2.1) LIX]=W

on [0, 1], together with the additional conditions

m
(2:2) YowiX@p)=c, 1<i<n,
j=1

wherem >n,0<t <--- <t, <1 are some given points in [0, 1] and «;;, ¢; are
real numbers. The matrix of coefficients (¢;;) is assumed to have full rank.

As in the case of ordinary differential equations, (2.1) and (2.2) can be regarded
as a first-order system
(2.3) DY)+ A@®Y (1) =B,  tel0,1],

with constraints
m

(2.4) D aiYu(ty) =ci, 1<i<n,
Jj=1

where Y (1) = (Y1(t),..., Y, (1)), Yi(t) = D"'X(t) for 1 <i <n, B(t) =
(W(),0,...,0) and

an—1(t) ap—2(t) --- ai(t) ap(t)

2.5) A(t) = 0 —1 e 0 0

0 0 | 0
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The lateral condition (2.4) is a special case of the general linear condition
(2.6) AlY]=c,

for A in the set L(C ([0, 1]; R"); R"¢) of linear continuous R"-valued functionals
on C([0, 1]; R"), and ¢ € R". By the Riesz representation theorem, (2.6) can be
written as

1
2.7 /0 dF(t)Y(t)=c,

where F is an (n x n)-matrix whose components are functions of bounded
variation.

When the right-hand side of (2.3) is a continuous vector function g, it is well
known (see, e.g., [7] or [11]) that the system

DY)+ A@®)Y () =g(1), t €0, 1],
(2.8) |
/0 dF)Y(t) =c,

admits a unique solution, which belongs to C([0, 17; R™), if and only if for some
s € [0, 1] (equivalently, for every s € [0, 1])

1
(HO) det/ dF (1) ®*(t) #0,
0

where ®°(¢) denotes the fundamental matrix solution of DY () + A(#)Y (t) =0,
that is, Vs € [0, 1],

%d)“(t) + AP (1)=0, tel0,1],
*(s) =1,

with I the identity matrix. In turn, this is equivalent to say that the homogeneous
problem (g = 0, ¢ = 0) has only the trivial solution. When hypothesis (HO) holds,
the solution to (2.8) is given by

1
Y(t):J(t)_lc-i—/ G(t,5)g(s)ds,
0
where
1
(2.9) J(t) = / dF (u) ®' (u)
0

and G (¢, s) is the (matrix-valued) Green function associated to A and F. An
explicit expression for this function is the following:

(2.10) G(t,s)=J ()" [/OS dFu)J )~ — 1{,S}I]J(s).
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Under (HO), we define the solution to (2.3) and (2.4) as the n-dimensional
stochastic process

1
.11) Y(t) = J(t)_1c+/ G(t,s)dB(s),
0

following the lines of Russek [19], and the solution to (2.1) and (2.2) as the process
{X(@) =Y,(), t €[0,1]}. The Green function (2.10) has bounded variation, so
that the Wiener integrals in (2.11) can be interpreted pathwise by means of an
integration by parts

1 1
[/ G(t, s)dB(s)](a)) = —/ G(t,ds)B(s)(w)
0 0

[we take into account here that G(¢, 1) = 0, V], and therefore Y can be defined
everywhere. We shall assume throughout the paper that the solution is interpreted
in this pathwise sense. Furthermore, it is not difficult to verify that the process
Y (¢) so defined is continuous (hence X (7) is a C"~! process) and that, for each
t € [0, 1], the mapping w — Y (w) from 2 into C([0, 1]; R") is continuous with
the usual topologies.

Notice that, with the notation introduced in (2.7), the particular lateral
condition (2.4) corresponds to

0 0 Y a8,
2.12) ar=| 0 0 =iy

where §; denotes the Dirac measure at 7, and that J;;(¢) = Z;ﬂzlai i q);k(tj).
Notice also that only the first column of G(t, s) is relevant in (2.11).

Another natural definition of solution for the system (2.3) and (2.4) arises if,
for each w fixed, we consider the object B(a)) as the derivative of a continuous
R”-valued function defined on [0, 1], and therefore we regard (2.3) as an equation
between distributions. The vector function Y = (Y1, ..., Y,) will be a solution in
the distributional sense if for any smooth vector ¢ = (¢y, ..., ¢,) vanishing in the
complement of 10, 1[, with fol ¢ =0,

1
(2.13) /(; (Y(t) + /(;t A@)Y(s)ds — B(t)) ~@(t)dt =0

and (2.4) is satisfied. But (2.13) amounts to say that there exists a constant Y (0)
such that

Y(t)—Y(O)—i—/()tA(s)Y(s)ds:B(t), t €0, 1],

and a fortiori we find that ¥ must be a continuous function. It is easily seen that
both concepts of solution coincide.
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It is also possible to give a meaning to system (2.1) and (2.2) with a right-hand
side in (2.1) of the form o (X (¢), DX (¢), ..., D”_lX(t))W(t), through the use of
anticipating stochastic integrals. The distributional definition of solution does not
have a sense in that case. We do not consider this situation here; see however the
comments following Definition 4.1.

2.2. On the law of the solution. In the present section we shall prove an
absolute continuity result for the law of the solution process {Y (¢), t € [0, 1]}.
Here we allow the boundary condition (2.4) to depend on all coordinates of Y,
since we will use this generality later on.

LetY = (Yy,...,Y,):Q— C([0, 1]; R") be the solution to the problem

DY (1) + A(H)Y () = B(1), t€l0,1],
AlY]=c,

(2.14)

where A is any linear operator on C([0, 1]; R") with finite support supp A =
{t1,...,tn}. [We are not assuming here that A involves only the coordinate
function Y;,, but we do assume that problem (2.14) is well posed.]

If {s1,..., sk} C [0, 1] is a set containing supp A, then A can be regarded as a
linear operator on the space of functions ({s1,..., st} —> R") = Rk We keep
the same symbol A for both interpretations. Denote by M the linear manifold
in R"*k:

X11 Xk1
2.15) M:={x= ] eRVk:Alx]=c

Xln Xkn

PROPOSITION 2.1. With the notation above, the random vector (Y (s1), ...,
Y(sp)): Q2 — RP<k g absolutely continuous with respect to the Hausdorff measure
inM.

PROOF. Taking into account that the vector (Y (s1), ..., Y (sr)) is Gaussian, it
suffices to prove that any open ball in M has a positive probability under the law
of this vector.

Fix x € M. Let us see first that there exists w € Q such that the function
Y(w):[0,1] — R” satisfies (Y(®)(s1),..., Y (®)(sg)) = x. Indeed, by simple
interpolation, there obviously exists a C* function y:[0, 1] — R”" such that
Vi = yz{+1’ i=1,...,n—1, and (y(s1),...,y(sx)) = x (therefore A[y] = ¢).
Defining

t
2.16) w® =y —y'(©0) + /0 (n—1 )Y (5) + -+ ao(s)y" (5)) ds.

we find that y is the solution path Y (w) of (2.14). Any open ball U(x) of M
centred at a point x € M has therefore a nonempty inverse image ¥ ~!' (B(x)) C Q.
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Moreover, since the mapping w — Y (w) is continuous, Y “LU©)) is open. We
getthat P{Y e U(x)} > 0. O

REMARK 2.2. Proposition 2.1 remains valid, with a similar proof, if the
domain where the problem is considered consists of two disjoint intervals, say
[0,a] and [b, 1], instead of a single one (in that case 2n lateral conditions are
necessary for the problem to be well posed). The function w can be defined as
in (2.16) for ¢ € [0, a]; as

w(t)=y'(6) —y'(b) + /b (@n—1()y' (8) 4 -+ ao(s)y" (s)) ds

for t € [b, 1], and arbitrarily (continuous) on Ja, b[.

2.3. Anapproximation result. We shall now state an easy approximation result
(Proposition 2.4) that we will need partially in the proof of Proposition 4.8.
Consider the space C* := CK([0, 1]; R"*"), with k a fixed nonnegative integer
or oo, endowed with its natural topology. Let € be the subset of C*¥ comprising
the matrix functions A : [0, 1] — R"*" of the form (2.5), with the topology induced
by C*. Fix a linear operator A : C([0, 1]; R") — R” of rank n and with the form
given by (2.12), and consider the deterministic problems

DY)+ A@)Y () =0,
A[Y]=0,

2.17)

with A € C¥. Let D c C¥ the class of matrix functions A such that (2.17) has only
the trivial solution. Finally set V := C N D.

LEMMA 2.3. V is open and dense in C.

PROOF. For A € D, denote by CD% (t) the fundamental matrix solution of the
system DY (t) + A(t)Y (t) = 0, with Y (0) = I. Consider the composition of linear

operators R" F—AS C([0,1]; R™) A R" defined by
crs [t % (0)c] = At > ®%(1)c].
The mapping
ck 5 L@ RY),
A AoTy,

is continuous. Indeed,

IAoTa—AoTgllemnrny < |A] £crny - ITaA = Trlle®,c)
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and

ITA —Tglle@n.c) = sup (@5 ) — 2% (1))e|
cll=

= max sup |CI>%(Z‘),"J' — CD%(I),‘,”.
L] t

The continuity follows from the uniform continuous dependence of the solution
with respect to the data in a linear Cauchy problem.

Now we use the fact that the set H of invertible operators on R” is open in
L (R", R"). We obtain that ¢~ (H) is open in C*. However ¢! (H) is the set of
matrices A such that det(A o I'4) # 0, which coincides with D by definition. This
shows that D is open in C*.

Since € is a linear manifold in C¥, we have that V = € N D is open in C. Note
that the particular form of A does not play any role up to this point.

To prove the density, we start by checking that V £ &. If A € € and s € [0, 1],
the corresponding fundamental matrix @, (-) has the form

D" g1(1) - D" lga(0)
PO bpy o Dao)
G A )
with
Y (s) =1
for some C"t* real functions &1, ..., ¢,. Conversely, any such matrix is the

fundamental matrix solution ® of DY (r) + A(¢)Y () = 0O for some A € C. We
have

1 ary o | [ 1) - ()
| arm e = : : :
° 1 o ] L) e Galin)

Take s ¢ {1, ..., 1,}. Since («;;) has full rank and n < m, we can obviously find
numbers ¢;(¢;), 1 <i <n, 1 < j <m,such that this product is an invertible square
matrix. Then we take C"*¥ functions ¢y, ..., ¢, interpolating these numbers and
so that (D" =/ ¢; (s));, j = L. The corresponding A will therefore belong to V.
Givennow A € D, letus fix Ag € V. For A € R, define
o o --- 0 A0 -+ 0 I-x» 0 --- 0
-1 0 --- 0 00 --- 0 O 0 --- 0
My:=| . . . |+]|. . Ao+ . . LA

0 - —1 0 00 -~ 0 0 0 --- 0
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Let us see that the function u : A detA[CDg,IA] is analytical: indeed, M, depends
analytically on A, and so the fundamental solution <I>5)m is also analytic in A.
Finally, analyticity is preserved by the linear functional A and the determinant.
Now assume # = 0 in a neighborhood of 0. This would imply # = 0 on the whole
line. However,

u(1) =det A[®Y ]#0.

We conclude that there exists a sequence {A,}, converging to zero such that
M,, € V. Since M, — A as n — o0, the density is proved.
This proof borrows some ideas from Theorem 7.1 in [6]. [

PROPOSITION 2.4. Let AN (t) be a sequence of functions in V converging to
A(t) e V.Let YN(t) and Y (t) be the corresponding unique solutions to

DYN®) + ANOYN @) = W), ., DY)+ ANY (@) = W(r),
AlY]=c, o AlY]=c.

Then YN (t) converges to Y (t) pointwise and in L, for all p > 1, uniformly in t,
that is,
lim sup YN (1) (w) — Y () (w)| =0 Ywe Q,

N—+00 0<t<1

lim sup |YN(@) =Y (@®)lLr =0.

—>+000<r<1

PROOF. In the situation given, the fundamental solutions ® (1) converge to
the fundamental solution ®’(«) uniformly in 7 and u. From this fact one shows
easily that JV and (JV)~! defined by (2.9) converge uniformly to J and J~!,
taking into account that the entries of d F' are finite measures. Hence, the Green
functions GV (¢, s) converge to G (¢, s) uniformly in # and s as well.

We have

1
IYN@& = YOl < |IVN@O e —T@) e + H/O (GN(t,5) — G(t,5))dBs

LP
The first term tends to zero uniformly in ¢. For the second, note that

Loy 2
SltlpEl:(/O (G}, 9) = Gi j(t, s))dWs> }
1
2
= SIIJp/O (Gij(t,s) — G j(t,s)) ds

1
5'/0 sup(Gij(t,s) — Gi,j(t,s))zds
!

< supsup(Gij (t,s) — G (t, S))z,
t N
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which converges to zero. Since all random variables are Gaussian, the convergence
to zero of the second moments (uniformly in ¢) implies the convergence to zero of
all moments, also uniformly in #. We have proved the second statement of the
theorem.

We turn to the pointwise convergence: Since Gf.Y ; (t,s) — G, (t,s) is a function
of bounded variation which tends to zero uniformly in ¢ and s, the finite measures
fo’j (t,ds) — G; j(t,ds) tend weakly to zero, uniformly in 7, and we have

1
’/0 (GY;(t.8)dW, — G (1. 5)dWy)

1
0 s

3. A characterization of conditional independence and convergence of
conditional expectations. In this section we state two facts of a general nature
that will be our main probabilistic tools in Section 4. Lemma 3.4 is an abstract
result on the conditional independence of two random vectors when a function
of them (of a special structure) is given; it was proved in [2] (see also [9]).
Proposition 3.7, on the other hand, provides a sufficient condition for the
L?-convergence as N — oo of a sequence of conditional expectations of the form
E[F(UMIUM.

We will mention first three auxiliary lemmas on the conditional independence
of o -fields, whose proofs are not difficult. Recall that we write % J_Lg F> to mean
that the o -fields 7 and %> are conditionally independent given the o -field §.

LEMMA 3.1. Let 1, %5, §, F{, F, be o-fields such that ¥{ C F1 vV § and
Fi C F2V §. Then,

?’1Jé|_5f2 = }‘{JéL F.
LEMMA 3.2. Let 1, %2, 3 and G be o -fields such that ¥1 vV 5 J_Lg F3 and
551J_|_3 F>. Then,
F1V .773J§|L_.772 and ?'QV?'ng!_?l.
LEMMA 3.3. Let 1, %5 and 4 be o -fields such that ¥, J_Lg Frand G C F.
Then, for any o -field #, with ¢ C # C F1,
Fill 7.
1 5 2

Let (2, #, P) be a probability space and #; and %> two independent sub-
o-fields of F. Consider two functions g; : R? x 2 — R? and g, :R¢ x Q — R¢
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such that g; is B([RY) ® Fi-measurable, i = 1,2. Set B(¢) := {x R4, x| < €},
and denote by A the Lebesgue measure on R¢. Let us introduce the following
hypotheses:

(H1) There exists g9 > 0 such that for almost all w € €2, and for any |§| < &g,
In| < €9, the system

71 — 81(22, w) =§,
22— &, =n
has a unique solution (z1, z2) € R,
(H2) For every z; € R4 and 7, € R?, the random vectors g1(z2,-) and g2(z1, )
possess absolutely continuous distributions and the function

8(z1,22) = sup P{lzi — g1(22)| < &; |z2 — g2(z1)| < €}

1
O<e<egg )‘(B(g))z
is locally integrable in R?“, for some ¢ > 0.
(H3) For almost all w € 2, the functions z; > g1 (22, ) and z{ — g2(z1, w) are
continuously differentiable and

sup | det[1— Vg1 (22, 0)Vga (21, 0)]| 7' € L'(Q)
lz2—g2(z1,w)|<e0,|21—81(22,w) [ <€
for some gy > 0, where Vg; denotes the Jacobian matrix of g; with respect
to the first argument.

Note that hypothesis (H1) implies the existence of two random vectors Z; and Z,
determined by the system

Z1(w) = g1(Z2(w), w),
Z1(0) = g2(Z1(0), w).

LEMMA 3.4 ([2]). Suppose the functions g and g, satisfy the above
hypotheses (H1)—(H3). Then the following statements are equivalent:

(i) F1 and F, are conditionally independent given the random vectors Z1, Z,.
(ii) There exist two functions F; ‘R¥ x Q—>R,i=1,2, which are B(R*)®
F;-measurable, such that

|det[I — Vg1 (Z2)Vg(Z)]| = Fi1(Z1, Z2, ) F2(Zy, 22, ) a.s.

Goggin [10] gives a sufficient condition for the convergence in distribution of
a sequence of conditional expectations of the form E[F (U IN )| Uév ]. We reproduce
here a slightly simplified version. Combining this result with Lemma 3.6, due to
Knudsen [13], we can easily prove our Proposition 3.7.
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LEMMA 3.5 ([10]). Let UIN and UZN be two sequences of random vectors on
a probability space (2, F,P), such that UV, UZN) — (Ui, Uy) as N - o0 in
distribution. Assume that:

(i) There exist probabilities Q" on (Q, F) such that P < QN on o*{UlN,
UZN} and UIN and UZN are independent under QY . Denote (N (U, UZN) = %.
(i) There exists a probability Q on (2, F) under which Uy and U, are
independent.
(iii) The QN -distribution of (U AR UZN NN, UZN )) converges weakly to the
Q-distribution of (U1, Uz, £(Uy, Uz)), where £ is such that Eg[£(Uy, Up)] = 1.

Then:

() P < QoncolU;, U} and j—g = Uy, Us).
(i1) For every bounded continuous function F,

Ep[F(UM|UN]— Ep[F(U)|U2)  in distribution.

LEMMA 3.6 ([13]). Let UIN and U2N be two sequences of random vectors on
a probability space (2, ¥, P). Assume that, as N — o0:

i v¥Lu,.

2
(i1) U1N£>U1, with Uy € L?, for some p > 2.
(iii) (E[U11UN ]2 = IE[U U] 2

Then
L2
E[U]Y|U,’] = E[UI|U)]

as N — 0.
Combining Lemmas 3.5 and 3.6, we get the following proposition.

PROPOSITION 3.7. Let UIN and U2N be two sequences of random vectors.
Assume that, as N — 00:

@) UN LU, and UN S,
(i) Hypotheses 1-3 of Lemma 3.5 hold true.

Then, for any bounded and continuous function F,
L2
E[F (UM UN]= E[F(Uy)|Ual.

PROOF. Applying Lemma 3.5, we have that, for every bounded and continu-
ous F,

3.1 E[F(U1N)|U2N] — E[F (Ujy)|U»] in distribution.
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From (3.1) and the fact that F (U IN ), F(Uy) € L, we obtain the convergence of
the L? norms:

3.2) |[E[FWMIUN| 2 = IELF (UDIUI 2
On the other hand, since F' is bounded and U IN —P>U 1, we also have

(3.3) FUM) Erwy.
Now, (3.2) and (3.3) imply that
|E[F WU, ]| ,» — IBIF (U Ul 2

and we get the conclusion applying Lemma 3.6. [J

4. Markovian properties of linear functional boundary value problems.
In the study of boundary value stochastic problems, one of the main interests
has been to seek conditions on the coefficients for the solution process to satisfy
some suitably defined Markov-type property. Intuition suggests that a relation
h(X(0), X(1)) = 0 will possibly prevent the Markov process property from
holding in general. One might think that nevertheless the Markov field property,
which is defined below, will be satisfied. It is easy to see that any Markov
process is a Markov field (see [12] for the continuous case and [3] for a simple
proof in the general case). The converse is not true. For instance, the processes
X(t) =W() —aW(1) are Markov fields; they are not Markov processes, except
for the caseso =0 and o = 1.

DEFINITION 4.1. A process {X(¢), t € [0, 1]} is said to be a Markov field if
forany 0 <a <b <1, the o-fields o {X (), € [a, b]} and 6 {X (?), t € ]a, b[} are
conditionally independent given o {X (a), X (b)}.

However, even this weaker property holds only in special cases. For instance,
in [2] it was shown that the solution to

X(t)=b(X(1)+o(X(®)oW(), tel0,1],
X(0) = (X (1)),

where the stochastic integral is understood in the Stratonovich sense, is a Markov
field if and only if b(x) = Ao (x) + Bo (x) fcx % dt, for some constants A, B, c.
As a corollary, in case o is a constant (additive noise), X is a Markov field if and
only if b is an affine function.

Our aim is to study the linear-additive case when the additional condition takes
into account the value of the solution in some interior points of the time interval.

The following simple example illustrates that the situation changes.

4.1
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EXAMPLE 4.2. Consider the first-order system
X=w@, telo,1],
X(3)+X(1)=0.
The solution is the process
X)) =—2(WEF)+ WD)+ W),

which is not a Markov field. Indeed, for a =0 and b = %, the random variables
X (%) and X (1) are not conditionally independent given o {X (a), X (b)}. Never-
theless, X is a Markov field when restricted to [0, %] or [%, 1].

In order to formulate precisely the conditional independence property enjoyed
by the system (2.3) and (2.4), we introduce first some more concepts and notation.

Let Ay, ..., A, be the real-valued components of a boundary operator A of the
form (2.4) and denote their support by supp A; := {t; € [0, 1]: et;; # 0}.

DEFINITION 4.3. We will say that A; preserves the pair (a, b) if either
suppA; C la, b[ or suppA; C [a, b]¢. If this is true for all i (i.e., there are no
boundary conditions involving simultaneously points inside and outside [a, b]),
then we will also say that A preserves (a, b).

We want to prove that the solution Y to the system (2.3) and (2.4) satisfies the
following conditional independence property (Theorem 4.5): If A preserves (a, b),
then

C
olY(t),te [a,b]}G{Y%Y(h)}G{Y(I),t € la, b[‘}.
More generally, this conditional independence is also true when A does not pre-
serve (a, b), provided the conditioning o -field is enlarged with the variables Y, (¢),
for ¢ in [a, b] and in the support of all nonpreserving boundary operators A; (The-
orem 4.10).

Since the boundary conditions can be written in many different equivalent
ways, and the sets supp A; (hence the property of preserving an interval) depend
on the representation chosen, we need, before proceeding further, some sort of

“canonical” definition of the linear operator A. Given supp A = {f1, ..., 4}, A can
be regarded as a linear mapping R” — R”", that means, an n X m matrix acting on
the vector (Y,,(t1), ..., Y, (%)) (see the notation in Section 2).

A basis B for an n x m matrix A is any n x n minor with full rank. For notational
simplicity, assume that B consists of the firsts n columns of A. Denoting by N
the nonbasic columns, we can write A = (B, N). Defining A= (I, B~IN), the
system of equations Ax = ¢ can be written in the equivalent form Ax = B~ lc.
In this situation, we shall say that A is a basic expression of A relative to
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the basis B. In the following lemma we prove that this representation can be
considered “canonical” for our purposes, since any pair (a, b) will or will not be
preserved by any basic equivalent form of A. In the sequel, we will always assume,
without explicit mention, that the boundary condition is written in this form.

LEMMA 4.4.  Let A and N be two basic expressions of A, and fix 0 < a <
b < 1. Then, A preserves (a, b) if and only if A’ preserves (a, b).

PROOF. Without any loss of generality we can assume that A = (I, N), where
I is the n x n identity matrix and

Aln+l 0 Olm
N =

Upn+l1 " Opm

All basic expressions of the original matrix A can be obtained by repeated
Gaussian pivoting on entries of nonbasic columns; when pivoting on «;i, the
column i leaves the basis (the identity matrix) and is replaced by column k.
Therefore, it is sufficient to prove the lemma for A and a basic expression A’
obtained from A by one pivoting operation.

Let us assume that o1 ,4+1 # 0 and that the operator 1~\,~ does not preserve the
pair (a, b). We are going to find an operator 1~\/J which neither preserves (a, b).
Rows 1 and i before and after pivoting on ¢ ;41 are the following:

—[10---000---0ai g1 d1us2 - @i,

Ai=[00--010--0nt1 Xint2 - %im],
~ 1
A/lz[ 0.-.-000...01 Xnt2  %lm }
a1 n+1 ®1,n+1 a1 n+1
Aj=[~Bi0---010---00yins2 - Vim .
Yint1

where 8; = . and y; j = o j —ay jBi.

If A does not preserve (a, b), then the result is trivially true, with j = 1, since
Aq and A/ have their nonzero coefficients in the same columns. By a similar
reason, if ,B, =0 we can take j =1.

Assume finally that suppKl C la,b[ (sothati # 1), and that 8; £ 0. If ¢; €
[a, b]¢, the result is proved, since IN\; links #; and t;, and ¢; € ]a, b[; take j =i. If
t; € la, b, then there exists k € {n + 1, ..., m} such that #; € [a, b]¢ with «;; # 0;
since a1 = 0 (because suppKl C la, b]), we have y;r = ajx # 0 and we can take
again j =i. [

Now we can formulate our main result:
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THEOREM 4.5. Suppose the system
DY (1) + A()Y (1) = B(1), t €10, 1],

AlY]=c,
satisfies (HO), and let Y = {Y (¢), t € [0, 1]} be its unique solution. Then,
(4.2) o{Y(0),tela,bl}y A oY), rela, bl

a{Y(a),Y ()}
if and only if the pair (a, b) is preserved by A.

Our main tool for the proof of the “if” part in Theorem 4.5 will be Lemma 3.4.
The idea is the following: We will split the 2n-dimensional random vector
(Y (a), Y (b)) into two vectors Z' and Z? of suitable dimensions, in such a way that
Z! be a function of Z? and the increments of the Wiener process W in [a, b], and
in turn Z? be a function of Z' and the increments of W in ]a, b[¢. These mappings
will play the role of g; and g in the set of hypotheses (H1) to (H3). The first will
be defined through the solution to equation DY (t) + A(t)Y (¢) = B(t), with the
components of Z> fixed to a constant; the second will be defined similarly, fixing
the components of Z! to a constant. However, this means that we need to solve our
differential equation with several sets of constraints, which are different from the
original set, and therefore we cannot ensure a priori that these problems are well
posed. Consequently, the above functions g; and g» need not exist in general.

To solve this technical difficulty, we will resort to a two-step procedure. First,
we will assume that all functional boundary value problems that we need to
solve are indeed well posed. Then, hypotheses (H1) to (H3) can be checked,
and Lemma 3.4 applies directly, yielding the desired result. This is the goal of
Proposition 4.7. Secondly, we will use the approximation result of Section 2.3
to show that the matrix A can be approximated by perturbed matrices AV for
which all boundary problems involved are well posed and whose solutions ¥
converge to the solution Y of the original problem. Then, the convergence of
conditional expectations given in Proposition 3.7 will allow to carry the conditional
independence properties of YV to the limit. This second step is the contents of
Proposition 4.8. The “only if” part of the theorem is shown in Proposition 4.9.

Let us formulate precisely the assumption needed for the first step. Set

C=4#{i:supp A; C [0, al},
4.3) p=#{i:suppA; C b, 1]},
q =#{i :supp A; Cla, b[}.
We can assume that the equalities A;[X] = ¢; are ordered in the following way:
supp A; C [0, al, i=1,...,¢,
4.4) supp A; C la, b[, i=¢+1,...,¢+q,
supp A; C 1b, 1], i=f+qg+1,...,8+qg+p,
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and the remaining equations (those involving points both in [0, a[ and in ]b, 1]),
carry the labels i =¢+qg+p+1,...,n.

Consider now DY (t) + A(1)Y(t) = 0 with the following sets of lateral
conditions and the specified domain:

Yi(a) =0, j=1,...,.n—1¢,
4.5) on [0, a],
A;[Y]1=0, i=1,...,¢,
Y;(b) =0, j=1,...,.n—{¢—q,
4.6) Yi(a) =0, j=n—C0+1,...,n, on [a, b],
A;[Y]=0, i=0+1,...,0+gq,

Y;(b) =0, j=n—L—q+1,...,n,
A;[Y]=0, i=C+q+1,....04+q9g+p,
@47 Ai[Y]=0, i=0l+q+p+1,...,n, on [b, 1]
n

u)=0  vie |J  (uppA;N[0.al),
i=l+g+p+1
(notice that the third and fourth lines result in n — £ — g — p equations involving
only points in [b, 1]).

DEFINITION 4.6. We will say that the pair (a, b) is regular if DY (t) +
A(t)Y (t) = 0 together with any of the sets of conditions (4.5), (4.6) or (4.7) has
only the trivial solution. Otherwise (a, b) will be called singular.

PROPOSITION 4.7. Suppose the system

DY(t)+A(M)Y()=B@1), tel0,1],
AlY]=c

satisfies (HO), and let Y = {Y (t), t € [0, 1]} be its unique solution. Let (a, b) be a
regular pair preserved by A. Then (4.2) holds true.

(4.8)

PROOF. Let us define the o-fields:
Fly=0{W;—Wa, t €la, b},

a

Fop=0{W, tel0,al}va{W,— W, telb 11}

a

for 0 <a < b < 1. Notice that F a’ » and Jfae , are independent.
We shall divide the proof into several steps. In Step 1 we reduce the proof to
that of the conditional independence of two independent o -fields. In Step 2 it is
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shown that there exist the two functions g; and g, needed to apply Lemma 3.4.
The hypotheses of this lemma are checked in Steps 3, 4 and 5. In Step 6 we finally
conclude the result.

STEP 1. Denote G, p=0{Y(a), Y (b)}. If
(4.9) 1L Fe,,
’ ga,b ’

then (4.2) holds.

PROOF OF STEP 1. It is immediate to prove that o{Y(7), 7 € [a,b]} C
Gap VvV }“a”b, ando{Y(t), t € la,b[°} C Gap V }’ae’b. We apply then Lemma 3.1.

STEP 2. Let ¢, p and ¢ be as in (4.3). We will denote by Y the solution to
(4.8), to distinguish the actual solution from Y regarded as an unknown of the
system. Define

ZV = (Yi(a), ..., Yoot(@), Yo—t—gi1(B), ..., V(b)) e R"HY,
Z% = (Y1(b), ..., Yoi—g(b), Vy_gs1(a), ..., Vy(a)) e R"7C.
Then, there exist two functions
g1 (R" 9 x Q— R,
g (R"™ x Q- R,

measurable with respect to B(R"77) ® }“ai’ » and BR") @ F a‘i »» respectively,
and such that

(4.10) Z'=g1(Z% w) and Z?’=g(Z' w).

PROOF OF STEP 2. Consider the lateral conditions
Y;(b) =73, j=1,....n—t—q,
N 72
4.11) YJ(a)_Zj_q,
AilY]=c¢, i=¢+1,...,0+q,

j=n—C0+1,...,n,

on [a, b]. The process Y trivially satisfies DY (¢) + A(#)Y () = B(t) and these
conditions on [a, b]; however the solution to this problem is also unique.
Therefore, taking into account that A,~[I7 ] = ¢; are constants, the vector Z! is
determined by Z 2 and the increments of the Wiener process in [a, b]. Moreover,
the function g1 (z2, ) so defined has a sense for every z; € R"~9, because we have
that the solution to (2.3)—(4.11) is unique, and this fact does not depend on the
particular right-hand sides.
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We want to prove analogously the existence of the function g;. Consider first
DY () + A(t)Y (t) = B(¢) on [0, a] with conditions

Yi@=2Zj, j=1,....n—¢
Ai[Y]=Ci, i=1,...,£.

(4.12)

The restriction to [0, a] of the solution Y to (4.8) solves also the differential
system with ponditions (4.12), and is its unique solution. Consider now DY (¢) +
A@®)Y () = B(¢t) on [b, 1], with

Yi(b) = j=n—LC—qg+1,....n

(4.13) Zisg:
AilY] =ci, i=L+qg+1,....0+qg+p,
and the n — £ — g — p equations on [b, 1] that result from
Ai[Y]=c, i=f+qg+p+1,....n
(4.14) ~ "
=Y, vie (J (uppa;N[0,al).
i=l+q+p+1

Again, Y restricted to [b, 1] is its unique solution with conditions (4.13) and (4. 14)
The values Y, (t) appearing here are found in (4.13) as a function of zZ! itq>
j=n—{€—q+1,...,n, and the Wiener process on [0, a]. Therefore, the whole
vector Z2 is determined by Z I'and the increments of W in Ja, b[. As before, the

function g (z1, ) so defined has a sense for all z; € R" 19,
STEP 3. The functions g; and g»> found in Step 2 satisfy (H1).

PROOF OF STEP 3. The solution to a linear differential equation depends
linearly on the lateral data c [see (2.11)]. Therefore, for each w fixed, system (4.10)
is linear and it is enough to check that it has a unique solution for £ =n = 0.

Now, gathering together the lateral conditions (4.12)—(4.14), we obtain the
original lateral conditions, so that system (4.10) is equivalent to (4.8) and therefore
the solution exists and is unique.

STEP 4. g1 and g satisfy (H2).

PROOF OF STEP 4. The boundary value problem that defines g; consists
of equation DY (t) + A(¢)Y (t) = B(t), together with the conditions (4.11). The
resulting vector

(Yl(a)’ ey Yn—E(a)» Yn—(—q—i—l(b)» Yn(b))

is absolutely continuous on R"*¢, by Proposition 2.1. The proof for g, is
analogous, using Remark 2.2.
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Finally, the random vectors z; — g1(z2, w) and z2 — g2(z1, ) are independent
and have the form z; — M'z, + U! (w)and 20 — M 2+ U 2(a)), respectively, for
some constant matrices M! and M? and some Gaussian absolutely continuous
vectors U! and U%. We deduce that the R*'-valued random vector (z; —
g1(z2, w), 220 — g2(21, w)) has a density which is uniformly bounded in z; and z,.
It follows at once that the function § in (H2) is bounded.

STEP 5. g1 and g satisfy (H3). Specifically, det[I — Vg1 (z2, ®)Vg2(z1, ®)]
is a constant different from zero.

PROOF OF STEP 5. g1 and g, are affine functions of the first argument, with
a nonrandom linear coefficient [see (2.11)]. Therefore, Vg (z2, w) and Vg (z1, w)
are constant matrices of dimensions (n +¢q) x (n —q) and (n — q) X (n + q)
respectively, which we denote simply Vg; and Vg;. We know that the linear
system

71 = g1(22, w),
22 = £2(21, w),

admits a unique solution. This is equivalent to say

_ _ I —Vgi
det[ 1 Vg1Vg2]—det(_Vg2 ' );Ao.

STEP 6. Relation (4.2) holds true.

PROOF OF STEP 6. We can apply Lemma 3.4 and the factorization in (ii)
trivially holds. We deduce the relation (4.9) and, by Step 1, that the process Y
satisfies the desired property, for (a, b) regular. [

Let us now extend Proposition 4.7 to singular pairs (a, b), using an approxima-
tion argument. We denote by Eq(A, A) our functional boundary value problem rel-
ative to the matrix function A and the boundary operator A. The boundary data ¢
will be fixed throughout. Let us call A1, A, A3 the operators associated to the
lateral conditions given by (4.5)—(4.7), respectively.

PROPOSITION 4.8. Proposition 4.7 holds also for singular pairs (a, b).

PROOF. Our initial hypothesis (HO) states that the original problem has one
and only one solution, that is, A(¢) € V, where V, stands for the set V defined in
Section 2.3, relative to the boundary operator A.

Fix 0 <a < b. If the pair (a, b) is singular, then at least one of the problems
Eq(A, A1), Eq(A, Aj), or Eq(A, A3) is not well posed. We know from Lemma 2.3
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that Vs is open and dense in the space C of matrices of the form (2.5), for any A.
Therefore the set V := V5 NV, N VA, N Vy, is also open and dense in C.

Let {AN (1), N € N} be a sequence of elements of V converging to A(t) € C.
From Proposition 2.4, the corresponding solutions YN (1) converge to Y () in L?.

Fix s € [a,b]¢ and ry, ..., rk € (a, b). Consider the space M defined in (2.15),
based on the coordinates {s, ry, ..., ¢} Usupp A. Let M’ be the projection of M
onto the coordinates r1, . . ., r¢. Assume that YV (s) are nondegenerate [if they are,
Y (s) will also be a constant, and there is nothing to prove]. Using Proposition 2.1,
the vector UN := (YN (s), YN(@r1), ..., YN(rp)) is a Gaussian vector with some
density fV with respect to the Hausdorff measure on R x M’. Then there clearly
exists an equivalent Gaussian probability with density fo on R x M’ whose first
coordinate is not correlated with the remaining ones. Define the probability O

N 70N with oN — Y 7N -
on Q by dP =¢%dQ", with £ = W(U ). Then hypothesis 1 of Lemma 3.5
is clearly satisfied with UIN =YN(s), UZN =NED, ..., YN@). Analogously,
one can define a probability Q by dP = £dQ, where { = %(U ) and f is the

density of U := (Y (s), Y (r1), ..., Y (rr)), satisfying hypothesis 2 of Lemma 3.5
with Uy =Y (s) and Uy = (Y (r1), ..., Y (ry)).

We prove now that Hypothesis 3 also holds true: we want to see that if £ is a
bounded and continuous function, then

(4.15) Jim Eon[a(UN, eV (UM)] =Eg[h(U, £(U))].
Notice that
Eov[a(UV . ¥ UM))] = /Mh(u,er))fo(u)Jf(du),

where # denotes the Hausdorff measure, and analogously

Eo[h(U. £(U))] = /Mh(u, () folu) H(du).

Convergence (4.15) is then easily derived through the dominated convergence
theorem. We can therefore apply Proposition 3.7 to obtain that

L* - li]{,nE[F(YN(s))]YN(a), YNGD, L YN, YV ()]

=E[F(Y ()Y (a),Y(r1),....Y(rn), Y(D)].
Analogously, one obtains the limit

L? - li]{,nE[F(YN(s))]YN(a), YNB) =E[F(Y ()Y (a), Y (b)].

We conclude that the conditional independence property can be carried to the limit
and this completes the proof of the present proposition and consequently of the
necessity in Theorem 4.5. [

The “only if” part of Theorem 4.5 is far easier to prove:
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PROPOSITION 4.9. If A does not preserve (a, b), then relation (4.2) is false.

PROOF. Let us assume, to keep notation simple, that there is only one
boundary operator A, which corresponds to a first-order equation (the general
case can be stated similarly). Assume that A; does not preserve (a,b) and
that (4.2) holds true. The corresponding boundary condition can thus be written
as

(4.16) YooaiYp)+ Y oY) =c,
tj€la,bl tj€la,bl

where none of the summations is void.
Notice first that

4.17) ( > oer(tj),Y(a),Y(b)>

tj€la,bl

is an absolutely continuous random vector in R3. This follows easily from
Proposition 2.1.

Now, for any bounded and measurable function ¥ : R — R, we have, by the
conditional independence hypothesis and relation (4.16), that

E|:\Il< > an(tj)> ]Y(a), Y(b)}

lje]a,b[

:E|:\IJ( Z Ole(l‘j))‘{Y(l‘), Z‘E]a,b[c}i|=\p( Z Oth(l‘j)).

tj€la,bl tj€la,bl

Taking W = 1j_y m for some M > 0, we get that, on {| thela’h[oij(tj)l <M},
which is a set of positive probability, th cla.p[ ;Y (¢;) is a measurable function of
(Y (a), Y (b)). In particular, this contradicts the absolute continuity of (4.17).

The next theorem generalizes Theorem 4.5 by allowing the existence of non-
preserving boundary operators, at the price of enlarging the conditioning o -field.
The result can hardly be called a Markovian type property; nevertheless, it seems
interesting in itself, and gives rise to the conjecture contained in Remark 4.12
below.

THEOREM 4.10. Suppose the system
DY(t)+AMY () =B(), tel0,1],
AlY]=c

satisfies (HO), and let Y = {Y(t),t € [0, 1]} be its unique solution. Fix 0 <
a <b<1suchthata,b ¢ supp A, and let G be the o -field generated by Y (a), Y (b)
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and all variables Y, (t), with t in supp A; N]a, b| for some A; not preserving (a, b).
Then,

(4.18) O’{Y(t),tE[a,b]}JgLO'{Y(I),ZE]a,b[C}.
The same holds true replacing la, b| by [a, b]® in the definition of §.

PROOF. The result can be proved as Theorem 4.5 with some modifications.
We will only give a sketch of the necessary changes in the simple case where
there is only one nonpreserving boundary condition, which links one only point ¢*
inside [a, b] with one or more points in [0, a]. Specifically, fix a, b and assume
that £, p and ¢ are as in (4.3) and (4.4), the boundary conditions with support in
[0,a] U [b, 1] carry the labels i =€ +¢g + p+1,...,n — 1, and that A, is the
nonpreserving condition.

In Step 2, define

ZVi= (V1(@), ..., Yoop—1(@), Yyey—g (B), ..., Yo (D), ¥, () € R*TITL
Z%:=(Y1(b), ..., Yoip—g1(b), Yyy(a), ..., YVy(a)) e R"9.

Consider the lateral conditions

Y;(b) =73, j=1,....n—t—q—1,
Yj(a):ZJZ._q’ j=n—¢,...,n,
AilY]=c, i=0+1,... 0+q,

on [a, b]. This system, as before, deﬁn@s the function g;. To define function g»,
we consider first DY (t) + A(¢)Y () = B(¢) on [0, a] with conditions

Yi@=2Zj, j=1l...,n—t—1,
Ai[Y]=c, i=1,...,¢,
AnlY]=cp,
Yo (1) = Y, (%),

and secondly, the system on [b, 1], with

Yj(b)=Z}+q, j=n—L—gq,...,n,
AilY]=ci, i=l+qg+1,....0+q+p,
and the n — 1 — £ — g — p equations on [b, 1] that result from
Ai[Y]=¢, i=Cl+qg+p+1,...,n—1,
n—1

Yo()=Ya(t)  ¥Yte |J  (suppA;N[0,al).
i=t+q+p+1
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The claims of Step 4 are also easy to verify using Proposition 2.1, taking into
account that we assume A is in basic form, which implies that Y, (+*) cannot be a
constant. [

Another application of the ideas in the proof of Theorem 4.5 provides the
following “Markov process” property.

THEOREM 4.11. Fix 0 <a <1 such that a ¢ supp A; the process Y (t)
satisfies

oY@, rel0.aly L oY), 1ela 1)
if and only if for all i, either supp A; C [0, a[, or supp A; C ]a, 1].

PROOF. One can use the same machinery as in the proof of Theorem 4.5. The
“only if” part can be proved within the same lines as Proposition 4.9, whereas
for the other implication, if suppA; C [0,al, i =1,..., ¢, and supp A; Cla, 1],
i={¢+1,...,n,then one can take

zV:=(Yi(a), ..., Yoi(a)) e R,
7%= Yo_ey1(a), ..., Yo(a)) € RE,

and define g as a function of Z? and the increments of the Wiener process in
[0,a], and g, as a function of Z I and the increments of the Wiener process
in[a,1]. O

REMARK 4.12. Property (4.18) implies, using Lemma 3.3, that
o{Y (@)t €la, b} AL o{Y (@), €la, bI},

where # = o{Y(a),Y(b);Y(t),t € suppA N [a, b]}. We conjecture that this
property holds true for a linear functional boundary operator A supported on
any subset of [0, 1], and that it is false in general if J¢ is replaced by a smaller
o -field. We will show a simple example illustrating the conjecture. Unfortunately,
the technique we have employed here does not allow us to prove it.

Consider the process X (¢) := — fol W (u) du + W (t), solution of the first-order
problem

X()=W@), r€[0,1],

1
f X(u)du =0,
0

in which the support of the boundary operator is the whole interval [0, 1]. Fix
a €]0, 1], and set

G =0{Xw),ucl0,a]l; X(1)} and H:=0c{Xu),ué€la,l]}.



SDE WITH FUNCTIONAL CONDITIONS 2107

We have trivially § _ll % #¢, but the conditioning ¢ cannot be replaced by the
smaller o-field #' := o {X (u), u € [a, 1] — [s, t]}. Indeed, it is easy to see that

T::E[/OaX(u)du‘Jf] =—/1X(u)du,

and one can check that T is not #’-measurable: choose w!, w* € Cy([0, 1]; R)
such that w! = w? on s, t[¢ and w! < w? on Js, ¢[. An easy computation gives

T(a)z) — T(a)l) = a/t(a)2 — a)l)(u) du > 0.

Now, due to the continuity of 7" as a functional on Cy([0, 1]; R), it is possible
to find two open balls, centered at w' and w?, such that their images through T
take values in two disjoint intervals of R. We conclude that § and # are not
conditionally independent given #’.
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