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BROWNIAN MOTION WITH SINGULAR DRIFT

BY RICHARD F. BAsS! AND ZHEN-QING CHEN?
University of Connecticut and University of Washington

We consider the stochastic differential equation
dX;=dW; +dA;,

where W; is d-dimensional Brownian motion with d > 2 and the ith
component of A; is a process of bounded variation that stands in the same
relationship to a measure 7l as fé f(Xs)ds does to the measure f(x)dx.
We prove weak existence and uniqueness for the above stochastic differential
equation when the measures 7! are members of the Kato class K;_;. As a
typical example, we obtain a Brownian motion that has upward drift when in
certain fractal-like sets and show that such a process is unique in law.

1. Introduction. To introduce the subject of our paper, first consider the
stochastic differential equation (SDE)

1.n dX; =dW; + f(X;)dt, Xo = x0,

where W, is a d-dimensional Brownian motion, X; is a d-dimensional semi-

martingale and f:R? — R?. When f is bounded, weak existence and uniqueness

of (1.1) are easily proved using the Girsanov transformation (see [20], Section 6.4).
If f; is the ith component of f and we let

. t
A;:/Ofi(Xs)ds, A= (AL ... AD),

then (1.1) can be written as
(1.2) dX;,=dW,+dA;, Xo = xp.

In the terminology of Markov processes, A! is the additive functional whose Revuz
measure is f;j(x)dx. The solutions to (1.2) with starting points xq € R4 form a
strong Markov process whose infinitesimal generator is £ = %A + f -V, where
A is the Laplacian on RY and V = (3/9x1, ..., 3/9x4).

In this paper we want to consider the SDE (1.2) with the f;(x)dx replaced
by more general signed measures 7' on R?, which may not be absolutely
continuous with respect to Lebesgue measure on R?. This extension is motivated
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by considering examples such as Brownian motion, which drifts upward when
penetrating fractal-like sets. For simplicity, let us assume throughout the paper
that dimension d > 3, although our main result holds for d = 2 as well (see
Remark 2.8). The one-dimensional case has been understood for some time;
see [16].

For « > 0, define the Kato class

(1.3) Kaz{n(dx):limsup sup |x—y|_"|7r|(dy)=0},

e—0 xeRd Y B(x,e)
where || stands for the total variation of the signed measure = and B(x,¢)
denotes the ball in R centered at x with radius e. We say a function f € K,
if f(x)dx e K.

An illuminating prototype is the following. Suppose d =3 and I' = A x R,
where A is the Sierpinski gasket in RZ. It is well known that T is a (1 +
log3/log2)-set in R3. Here a Borel-measurable set I' ¢ R? is called a A-set
(cf. [15]) for some 0 < A < d if there exist positive constants c¢; and c; such that,
forall x e I" and r € (0, 1],

cir’ < HM(T N B(x,r)) < cor’,

where #* denotes A-dimensional Hausdorff measure in R?. It can be shown (see
Proposition 2.1) that F* restricted to a A-set in R? is in the Kato class K _; if
A>d—1.

QUESTION. Can one construct a diffusion process in R that behaves like
Brownian motion outside I' but drifts upward when it filters through the set I'? If
such a process exists, is it unique in law?

The main result of this paper says that there is a unique weak solution to the
SDE (1.2) when 7/ € K;_; for 1 <i < d and therefore gives an affirmative answer
to the above question.

When |f|2 e K;_», it is well known (e.g., see [8]) that

lim sup Ex/ fF(Wo)?ds=0

=0 xeRd

and

t t
(1.4) M,=exp(f0 f(Ws)dWs—%/oﬂws)st), 10,

is a nonnegative martingale. The last fact can be proved similarly to arguments
in [6]. In this case, weak existence and uniqueness for (1.1) can be obtained from
the Girsanov transform (1.4) for standard Brownian motion W; (see, e.g., [7]
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and [12]). On the other hand, when |f |2 € Ky, the following Kato-type
inequality holds: for any ¢ > 0 there exists A, > 0 so that, with 7 (dx) = f(x)dx

/ Y () V@) - w(dx)
Rd

< (/Rd |V¢(x)|2dx>l/2<s/Rd IV (x) > dx + A, /Rdw(x)zdx>

for any ¢,y € C® (R?) (see [8]). Therefore, the bilinear form associated with
the generator (L, C’ (R9)), where £ = %A 4+ f -V, is lower semibounded,
closable, Markovian and satisfies Silverstein’s sector condition (cf. [7]). So there
is a minimal diffusion process X; associated with £. It was proved in [7] that
this diffusion process coincides with the diffusion obtained through the Girsanov
transform (see also [17]).

At first glance, one might think that it would be easy to extend the above results
with 77 (dx) = f (x) dx to singular measures 7 = (7!, ..., 74) in some Kato class,
using the above-mentioned Girsanov transform or Dirichlet form methods. But one
quickly realizes that there are enormous difficulties in trying to use either of these
two approaches. When 7 is not absolutely continuous with respect to Lebesgue
measure, it is not at all clear how to interpret the condition that the square of
dm/dx is in K;_j nor the meaning of the Girsanov transform (1.4). It is also not
clear whether inequality (1.5) holds.

The results of this paper indicate that K;_; is the right class to consider. As
mentioned above, the Girsanov transform is not suitable for this class. We do not
know whether inequality (1.5) holds for m € K;_1 (we suspect in general it does
not). In fact, it is not clear whether the model we consider in this paper can even
be covered under the “generalized Dirichlet form” framework of Stannat [19]. So
a new approach is needed.

We will give a number of examples of measures in K;_; in Section 2. Surface
measure on a (d — 1)-dimensional hypersurface barely misses being in K;_1, while
Hausdorff measure #¢; on a A-set for A € (d — 1, d] is in K;_1. We note here that
when o is the surface measure of a (d — 1)-dimensional hypersurface, n denotes
its inward normal vector field and 7 = no, then the corresponding SDE (1.2)
gives a Brownian motion that is reflected on the hypersurface along the normal
direction. There is quite an extensive literature on the study of reflecting Brownian
motions. However, the approach in this paper does not cover this case. It follows
from Holder’s inequality that LP(RY) c Ky N {f: f2 e K _»} for p > d; this
is not true when p = d. While there are examples where f is not in K;_; but
£ is in Ky_», there are many f € K;_; where f2 is not in Ky_,. So even in the
absolutely continuous case, while our approach cannot recover all the previously
known results, our results include most of them and many more that are not covered
by earlier results.

We now describe the approach of our paper. Given 7 = (7!, ..., 7%) in Ky_;
(by which we mean that each component 7l is a signed measure in Ky_1),

(1.5) 12
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we approximate each ml by n,i (dx) = sz (x)dx, where Gﬁl (x) is a bounded
continuous function, and we say that we have a solution to (1.2) if

t
X =x0+ W;+ lim / G,(X)ds.
n—oo 0

Here G, = (G,ll, e Gﬁ) and we want the convergence to be uniform over ¢ in
finite intervals. We prove that there exists a weak solution in this sense and that the
weak solution is unique.

Our method is essentially a perturbation one in the space of bounded continuous
functions C,(R?) (rather than in some L”-space or Sobolev space). For A > 0, let
R* be the resolvent operator for Brownian motion. We show (see Proposition 4.6)
that

(1.6) s* :R’\(Z(BR’\)f)

Jj=0

converges as a bounded operator on the space Cy,(R?) equipped with the uniform
norm || - ||so, where B = 1 - V denotes the operator that maps a C! function ¢ into
the measure

d

9 .
Bo(dx)=> a—?(x)nl (dx).

i=1 9%i

Intuitively speaking, we construct S* as the A-resolvent of %A + T - V.
Furthermore, {S*, A > 0} is the family of resolvent operators of the diffusion
process, which is the unique weak solution to the SDE (1.2). The key is that
if u € Ky_1, then, for each fixed x, VR*u(x) is continuous in p with respect
to the weak convergence topology on bounded measures (see Proposition 3.9).
When 7/ (x) = fi(x)dx with fi2 € K;-_2, the resolvent identity (1.6) is proved
in [7] for diffusion processes obtained through Dirichlet form techniques but the
convergence is in the Sobolev space W12 of order (1, 2). Thus, the weak solution
or diffusion process constructed in this paper coincides with the previous known
ones when w(dx) = f(x)dx is in Ky_ with |f|2 eKyoo.

Weak existence and weak uniqueness of (1.1) is well known to be equivalent
to the martingale problem for the operator £ being well posed, where £ =
%A + f - V. One could view our results as extending existence and uniqueness

of the martingale problem to £ = %A + - V with 7 € K;_1. The model studied
in this paper raises interesting questions in PDE about the potential theory for
the differential operator £ with w € K;_; and warrants additional study. For
example, do the Harnack principle and boundary Harnack principle hold for such
operators L£?

As mentioned previously, the one-dimensional case has been understood for
some time; see [16]. In higher dimensions, there is some previous work along
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these lines by [7] (cf. also [12]). In this connection, we would like to mention that
if fin (1.1)is Vlogy, where ¥ > 0 a.e. on R and is locally in W'2(R%), then
there is a conservative diffusion X that solves (1.1) (see [1, 5, 10, 11, 18]). This
process is called distorted Brownian motion and has relationships to Euclidean
field theory, generalized Schrodinger operators and stochastic mechanics.

It is possible to extend our results to the case where Brownian motion is replaced
by a diffusion on R¢ with sufficiently smooth coefficients (see Remark 6.1).
However, our methods rely on a gradient estimate for the A-resolvent density, and
it is not at all clear that the analogue of our results holds for Markov processes
corresponding to more general Dirichlet forms or infinitesimal generators.

In this paper we consider only weak solutions, that is, existence and uniqueness
of a suitable probability measure. It would be interesting to know if strong
solutions exist to (1.2), that is, where X; is measurable with respect to the filtration
generated by the Brownian motion; if so, this would imply a pathwise uniqueness
result for (1.2) and vice versa. In this regard, see [21] for the existence and
uniqueness of strong solutions to (1.1) when f is bounded and see also [9].

In Section 2 we define our notation and give a precise statement of our main
theorem. Section 3 is devoted to some estimates on Brownian resolvents. Section 4
proves existence of a weak solution and Section 5 weak uniqueness, both under
the assumption of bounded support. This additional assumption is removed in
Section 6.

We will use Cp(RY) and Co(R?) to denote the space of bounded continuous
functions on R? and the space of continuous functions on R¢ that vanish at oo,
respectively.

2. Preliminaries. We first give some examples of measures in the Kato
class K;_1. To do this, we introduce a class of measures M (y, k).

Let B(x,r) denote the open ball of radius r with center x. We let the letter ¢
with subscripts denote finite positive constants whose exact value is unimportant. If
w is a signed measure, let u* and u~ be the positive and negative parts,
respectively, and let || = u™ + ™. Let y, k > 0 and set

M(y, k) = {w:p is a signed measure and
l|(B(x, r)) <ierd=17 forall x e RY, r € (0, 1]).

If T is a A-set with A € (d — 1, d], then Hausdorff measure J#* restricted to the
set I" as well as g(x)1r(x)H#*(dx) when g is bounded are measures in the class
MO+ 1—d, k) for some k > 0.

PROPOSITION 2.1.  Suppose . € M(y, k) is a positive measure and x; € R?.
There exists c| not depending on x| or | such that, for each x and p <1,

1
/ ﬁ//«(d)’) <cikp’.
B(x1.p) |x — ¥~

In particular, M(y,x) C K4_1.
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PROOF. Clearly, the integral is largest when x| = x. Since B(x,2) can be
covered by a finite number of balls of radius 1, then u(B(x,2)) < cok. Suppose
2m=l < p < 2™ We have

1
d / v
/B(xl P X = y|d T = Z B(x.26)—B(x,2t~1) Ix—yld‘lﬂ( )
m

1
= 3 (B 29)

m
S Z c32—k(d—1)K(2k)d—1+J/

k=—00

<4k 2™ < cskp?. O
Let us give some examples of measures lying in M (y, «).

EXAMPLE 2.2. Suppose d = 2, let o be a Cantor-Lebesgue measure
on [0, 1] and let u(dxdy) = pno(dx) x dy. It is easy to see that u(B(x,r)) <
cyritog2/10g3) Hence u e M(y, k) with y =log2/log3. This example can be
generalized to higher order fractal sets lying in Euclidean space; for example,
one could take the Hausdorff measure on the Sierpinski carpet in R? times the
Lebesgue measure along the z-axis to get a measure in R3.

EXAMPLE 2.3. Suppose f € L? for some p > d. Then u(dx) = f(x)dx €
M(y, k) for some positive y and «. In fact, by Holder’s inequality,

B =[0Iy el £,
B(x,r)

where p~' 4+ ¢! =1.Since p > d,then 1/g > (d — 1)/d andsod/q >d —1.In
this case, y = (d/q) — (d — 1).

EXAMPLE 2.4. Letd >2,y €(0,1) and g:R¢~! — R. Suppose

FG1xa) = (kg — gt xa -l A1)

and pu(dx) = f(x)dx. It is easy to check that u € M(y, k). What is interesting
in this example is that | |2 is not even locally L!-integrable when y < 1/2, so
| £12 cannot be in the Kato class K;_». Thus, in general, drifts with this kind of
singularity cannot be handled by Girsanov’s theorem. The above also gives an
example of an f thatis in K;_; but f2 ¢ Kg_s.

Let ¥ (x) be a nonnegative C* function on R¢ with compact support such that
S (x)dx = 1. Let ¥ (x) = 8_dw(x/8) For signed Radon measures 7' on R4
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with 1 <i <d, define

@.1) Gy¥) = [ Yantx = ) @)
and set
(2.2) mi(dx) = G (x)dx.

We write G, (x) for (G,ll x),..., Gﬁ(x)). The stochastic differential equation we
consider is

(2.3) Xi=x0+ W, + A,

where A; is the limit of fé G,(X;)dt. More precisely, let 2 be the set of
continuous functions mapping [0, o) to RY, let X;(w) = w(¢) and let F; be the
usual cylindrical o -field generated by { X, s <t}.

DEFINITION 2.5. Given Radon measures {ni, 1 <i<d} on RY, a weak
solution for Brownian motion with generalized drift 7 = (7, ..., 7% is a
probability measure on (€2, F) such that

(24) X;=X()+W[+At,

where:

(a) A; =1lim,,_, fé G, (Xy)ds uniformly over ¢ in finite intervals, where the
convergence is in probability and G,, is defined by (2.1);

(b) there exists a subsequence {ny} such that sup, fé |Gp, (Xs)|ds < o0 a.s. for
eacht > 0;

(c) W; with Wy = 0 is a d-dimensional Brownian motion under P with respect
to the o -fields ¥;.

Our main theorem is as follows.

THEOREM 2.6. Suppose xg € RY d >3 and nt € Kj_i fori=1,...,d.
Then:

(a) There exists one and only one weak solution to (2.4). This unique solution
is conservative.

(b) Let (X,P¥) denote the unique solution in (a) with Xo = x. Then the
collection (X,P*,x € R?) forms a strong Markov process. Furthermore, each
component A' of A is a continuous additive functional of X of finite variation.

REMARK 2.7. As we mentioned earlier, the existing Dirichlet form literature
allows the construction of a solution to (1.1) provided | f 12 e Kyos. Although it
is not true that | f|? € Ky_» implies f € Ky_1 (e.g., £(x) = [|x|log>*(1/|x)]~!
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is such a counterexample), a simple application of Cauchy—Schwarz shows that if,
for some § > 0,

lim sup sup [f P[1og™2(1/1x = yDlx =y~ dy =0,
e—=0 xeRdYB(x,8)

then f € K;_1. Thus, the condition f € K;_ includes the vast majority (but not

all) of what can be done using Dirichlet form theory. On the other hand, f € K _;

is, in general, a much less restrictive condition than | f|? € Ky_».

REMARK 2.8. We prove the theorem only for d > 3. However, it is also true
for d = 2. In the proofs it is necessary to replace p;(x) by the transition density
for two-dimensional Brownian motion killed on exiting a large square [—M, M]?
and then to let M — oo.

We will need the following technical lemma. Let § be a sub-o-field of F.
A regular conditional probability for P(- | §) is a kernel Q(w, dw’) such that
(1) Q(w, -) is a probability measure for each w, (2) Q(:, A) is a measurable random
variable for each A € ¥, and (3) if A € Foo, then P(A | §) = Q(w, A) for almost
every w.

Let 6; be the usual shift operators on 2 so that 6;(w)(s) = w(s +1¢). Let Sbea
bounded stopping time and let Ps(A) = P(A o 0y).

PROPOSITION 2.9. Suppose P is a solution to (2.4) and S is a bounded
stopping time. If Qg is a regular conditional probability for Ps(- | Fs), then for
almost every w the probability Qgs(w, -) is a solution to (2.4) starting at Xg(w).
The same is true if Qg is replaced by Qg, a regular conditional probability for
Ps(- | Xs).

The proof of this is very similar to [3], Proposition 6.2.1, and is left to the reader.
3. Estimates. Throughout we assume d > 3. Let
o
P = Qa0 Pexp(-Ix/20, RN = [ e M pid.
0
Define
A A C
R = [ FOR =y = [~ [ f0)pitx=ydyar.

We also write R*i(x) = [ R*(x — y)u(dy) when [ R*(x — y)|u|(dy) is finite.
Let B=m -V and B, = m, - V be the operators that map a C! function ¢ into
a measure
d a¢ . d a¢ .
Bp(dx)=> SO (dx) and By (dx) = > 5 (O, (dx),

i=1 OXi i=1 OXi
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respectively, where 7! is given by (2.2). For a signed Radon measure u, define

m,(r) = sup lx — vyl @y).
xeRd Y B(x,r)

That p is in Ky_; is equivalent to lim,_.gm,(r) = 0. It follows from Proposi-
tion 2.1 that m, (r) < ckr” if © € M(y, k), where c is independent of «, y and u.

REMARK 3.1. Clearly, if u € K;_1, then
/ LIy < pmy (o)
————— |ul(dy) < pmy(p).
B(xi.p) |x — y|472 a
REMARK 3.2. Since |R*(x)| < ¢1]x|*~9, if the measure n e Ky_q is
supported in B(x1, p) for some x; € R? and p € (0, 1], then
|R* ()| < R* |l (x) < capmyu(p).

PROPOSITION 3.3. If u € Ky_1 is supported in B(xy, p) for some x| € R4
and p € (0, 1], then for all A > 0, R*uisa c! function with

IVR*u(x)| < Kmy(p),

where K does not depend on x, x| or [u.

PROOF. From the definition of R*, we have

dR*

ox;

i —d)2—|x|2)2t
(3.1 (x)=—/ e 7(27”) e dt.
0

This is bounded in absolute value by
o0
c1/ l:—'t_d/ze_lxz/zzdt < colx|' 4.
0

So

IR
‘ 2

axi

1
562/ ————|ul(dy) < comy,(p).
B(x1.p) X — yld—T " .

PROPOSITION 3.4. [f g is bounded, and ) > 0, then there exists c| depending
only on A such that

IVR*g(x)| <c1llglloo-
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PROOF. Asin (3.1),

Y X X =Y g ey
IVR"g(x)| < c2 /e — e lg(y)dydt

o0
<318 llos /0 oM/ / p=dI2g =3P g g

¢ X k-2
= callglloo | - et t
< ¢s18llco- O

We now impose a condition on our 77/ ’s that we will remove in Section 6. Recall
that K is the constant in Proposition 3.3.

ASSUMPTION 3.5. There exist x; € R? and p > 0 such that for each i the
measure 7' is in K;_1, 7' has support in B(x1, p) and m_i(p) < (2dK)~!.

PROPOSITION 3.6. If u € K j—1 with u supported in B(x1, p), x| € R? and
p > 0is such that m, (p) < K(ZdK)_lfOI‘K € [0, 1], then v=BRp is in Ky_1,
supportedin B(x1, p) andm,(r) < (k/2d) Zle m_i(r) forr > 0. In fact, we have

d
|V|(dx)§2l(—d;|ni|(dx).

The same is true if v is replaced by v, = B,R* .

PROOF. We have
d A
oR
BRju(dx) =
pu(dx) ; .
By Proposition 3.3, the right-hand side is bounded by
d
> IVR @)l [(dx) < Kmup)Zm |(dx) < 2 Dn |(dx).

i=1 i=1

R oo dx).

The result now follows by our assumptions on 7’ .
Similarly,

32 [BuR*u(dx)| < Kmy(p) Z mhl(d) < 3 7 Z 7} |(dx).
i=1

Note that
mg @)= [sup [vnnce=y( [ -z inli@z) )y
xcRd B(x,r)

< sup [ Yo-n(x —y)my(r)ydy =m,(r),
xeRd

(3.3)
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so, in particular, 7" is in K;_1. Combining with (3.2) proves the proposition. []
PROPOSITION 3.7. Let x| € Rd, p € (0,1] and n be a signed measure in

K;_1 having support in B(xy, p). Given ¢ > 0, there exists Ly > 0 that depends
only on the pointwise bound of the function m, (r) such that if . > Ao, then

VR u(x)| <e.

PROOF. By the change of variables s = |x|?/f, we have
A 0o
‘ o= [
0

0x;
00 X 2
561/ e—mut—d/ze—m /2t gy
0

op,
0x;

(x) (x)dt

t
o0
2 _ 1
=02/ o MP/s |y 1=d gd /21 =52 gy
0

We will choose 8 > 0 in a moment. If |x| < 8, this is less than e3lx |V If x| > B,
this is less than 04|x|1_d(p(k, B), where

o _aBYs dj2—1 —s)2
0O f) = [t gy,
0

Note that, for each 8, p(X, ) — 0 as A — oo.
Let ;g = 14| B(x,p)- Then, by Proposition 2.1,

’ AR 1
0x;

£ (x)

< csmu(B)

and
\ i R*( )(x)
— — X
9x; M — Upg

If we first choose B small so that csm, (B) < ¢/(2d) and then choose A large so
that cem, (p)p (A, B) < &/(2d), our proof is complete. []

< cemu(p)e(%, B).

Let
L ={f:f maps R? to [—1, 1], f is Lipschitz with Lipschitz constant 1}.
Define dp(u,v) =sup{| [ fdu — [ fdv|: f € L£}. The distance d; is a metric
for the topology of weak convergence for finite measures.
PROPOSITION 3.8. Suppose u € Ky with supportin B(x1, p), where p < 1.
Then R* 1 is Lipschitz:

IR*u(x) — R*u)| <ci(fx —y| A 1),

where ¢y depends only on m,(p).
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PROOF. This is immediate from Proposition 3.3 and Remark 3.2. [

PROPOSITION 3.9. If wand v are in K;_| and have support in B(xy, p) with
p < 1, then there is a decreasing function ¢ > 0 with lim, o ¢ (r) = 0 such that

IVR (1t — v)(x)| < p(de(u, v)).

The function ¢ depends only on the bounds on m, (r) and m,(r).

PROOF. Fix i and define
o0 0 00 .
HS()C) =/ e—)ntﬂ(x) d[ — _/ e—}»l‘ﬁ(znt)—d/ze_‘xlz/zt dt
8 0x; S t
Then

(3.4) |H oom —d/2,~IxI*/2t 4 o —@d+1)/2 gt — oy 5—d=D)/2
: s =2 e r<esf o1 = cyd ‘

Similarly, we compute 9 Hs/dx; and we see that

(3.5) |V Hs (x)| < cs8™4/.

We next look at (H — H;s)(x). Similarly to the above, we see that
b x| e

(3.6) |(H — Hs)(x)| < cf,/o t (d“)/zme W52t gy

We will choose 8 > 0 in a moment. If |x| < §, we have
(3.7) (H — Hs) ()] < erlx]' =,

If |x| > B, we have
s
G8) I = H()| e [ 121y < copi15 B,
0
From (3.4) and (3.5), we have

(3.9) |Hs( — v)(x)| < c108~?d (1, v),

where we write Hsu(x) = [ Hs(x — z)u(dz) and c¢jo depends on «, y, p. From
Proposition 2.1 and (3.7), we have

(3.10) |(H — Hs)pp(x)| < crimy(B),

where g = w|px,p)- By (3.8), we have

G11)  |(H — Hy) (i — np))] < cindp =1 P19 < 1367073,

If we choose B so that ﬂd+3 =81/2, then combining (3.10) and (3.11) yields
(3.12) |(H — Hy)pu(x)| < c1a(my (8'/CEHD 4 51/2)),
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We have a similar estimate with p replaced by v. Combining with (3.9) and
choosing § so that 842 = (dp (u, )12, we obtain our result. [

Given a process A; of bounded variation, let A" and A;” denote its positive and
negative variation, respectively.

LEMMA 3.10. Assume that X is a strong Markov process. Let A} and A?
be two continuous additive functionals of X having bounded variations and let

B; = At1 — Atz. Suppose sup, E* fooo e‘“d((A{)+ + (A,])_) <N, j=1,2 and
sup, |E* [5° e ™ dBy| <. Then
t
/ e dB,
0

PROOF. Let C} = [{e™d(ADT + (A2)7) and C? = [[e ™ d((ADT +
(Asl)_). Let D, = fé e d(Ai — A?). Then, by the Markov property,

2
Ex<sup ) <cieN.

t

E[CL, — C] | #] =e‘“EXf/O e™MdC] <2N,  j=1,2,

and

|E[Doo — Dy | Fi)| =

o0
EX: / e dD,
0

<e.
By [2], Proposition 1.6.14, E* (sup, Df) < c¢peN, which is what we wanted. [

4. Existence. Throughout this section we assume Assumption 3.5 holds. Let
G, (x)dx be approximations to ' (dx) as in (2.1). Let X} be the solution to the
stochastic differential equation

dX"=dW, +G,(X"dt, X} =xo,

where W, is a d-dimensional Brownian motion. Let IP,° be the probability on £
induced by the law of X,, under I’ when X{j = xo. Define

S*f(x) =E /Oo e M f(X,)dt
0
and

d o . d_ 4 .
Byf(dx)=Y_ a—j;(x)n,ll(dx) => a—f(x)G;,(x) dx.

i=1 "M i=1 "7t

LEMMA 4.1. If g is bounded,

4.1) Skg(x) =Y R*(B,R")/ g(x).
j=0
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PROOF. If f € C? is bounded, then by Itd’s formula

t t
FOX) = F(XI) = /0 VX dWy + /0 VF(X") - Gy(X")ds

t
+%/0 Af(X")ds.

Taking P* expectations, multiplying by e~* and integrating over ¢ from 0 to 0o,
we obtain

X OO—M n _l
IE/O e FXPY =~ ()

4.2) :Ex/we_)‘t/t [Vf(X")~G (X )+1Af<xﬂ)]dsdz
. o 0 s n\Ag ) s
—IEX/OO —“[v XM .G X)+1A X")]d
—X 0 e f( s)' n (X Ef(s §
or
(4.3) ASEF() = f) + SHVF - Gu+ SAF]().

Suppose g € C? is bounded and set f = R*g. Then f € C? and %Af = %Ang =
AR"*g — g. Substituting in (4.3), we have
Syg(x) = R*g(x) + S} B, R g (x).

This holds for g € C? if g is bounded. By taking limits and using Proposi-
tion 3.4, this holds for all bounded continuous g. Taking further limits, we have,
by (3.3) and Proposition 3.9,

Sy(x) = R*1u(x) + Sy By R* 11(x)

for u € K;_1 such that i has support in B(x1, p) for some p. We have finiteness
by Proposition 3.3.
We now iterate and obtain
g _ ph s s A A A
wu(x) =R "u(x)+ R"B,R"u(x) + S, B,R"B,R" ju(x).

Continuing to substitute for S on the right-hand side, we have

k
Ski(x) =" R*(By R 1(x) + Sy (B, RMH ().
j=0
By Proposition 3.6, Gn(x)(VRA(BnR)‘)k,u)(x) is a function bounded by
c12 %k (c; may depend on n), so Sé(Ban)ku(x) — 0 as k — oo. Similarly,
P R*(B,R")! u(x) — 0 as k — oo. Therefore,

Spn() =Y R*(BuR™) p(x).
j=0
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If g is bounded with support in B(x1, %) for some x, setting u(dx) = g(x)dx
establishes (4.1) for such g. A function that is bounded with compact support
can be written as the sum of finitely many bounded functions, each of which
has support in some ball of radius % Thus, by linearity, (4.1) holds for bounded
functions with compact support.

Finally, for g bounded, let g,, (x) = g(x)1{x|<m}. Clearly, R*g,, — R*g. Note
that, under Assumption 3.5, 7’ has support in some ball B(xj, p) for each i. In
view of the proof of Proposition 3.4, Vg,, — Vg uniformly and boundedly in
B(x1, p). Consequently, d ¢ (B,,R)‘gm, BnR’\g) — 0 as m — oo. Hence, by (3.3)
and Propositions 3.6 and 3.9, 392, R*(B,R") g, (x) — Y% R*(B,R*)/ g(x)
as m — oo. Now applying (4.1) to g, and letting m — oo, establishes (4.1) for
bounded functions g. [J

As a corollary we have the following.

THEOREM 4.2. The collection of functions {Ség:n > 1,]glleo < 1} s
equicontinuous.

PROOF. By the preceding proposition,

Syg= Rk(DBnR*)f)g.

j=0
Note that, for every ¢ € C!, the support of B,¢ is contained in B(xy,2p) for
n large. By Proposition 3.6, there is 0 < k < 1 such that, for any j > 1,

d
i o i
(B R") g| < zjd;m -
Therefore, Z?‘;l |(ByR) g| < (k/d) Zflzl |'|. The result now follows by (3.3)
and Proposition 3.3. [

Next we show that for each x the sequence IP; is tight. In fact, we have a
uniformity over x as well.

THEOREM 4.3. Let B,¢ > 0,T > 0. There exists 6 not depending on x or n
such that

Pﬁ( sup |X,—XS|>,B) <e.

st <T,|t—s|<§

PROOF. By the Markov property and standard arguments, it is enough to show
that there exists § such that

]P’;(suplXt — x| > /3) <e&.

<6
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By standard estimates on Brownian motion, it is well known that we can make

]P’ﬁ(suplWA > g) < %

1<§

if we take § small enough. Let H, (x) = Zle |G£, (x)]. Therefore, it suffices to
show that

(4.4) IP”‘(/O(S Hy(X")ds > g) < %

uniformly in x and n if we take § small enough.
By Chebyshev’s inequality, the probability in (4.4) is bounded by

2 8
—E* | H,(X")ds.
,B 0 S
If we set & = 1/4, this in turn is bounded by
2 8 2
4.5) RS e (XM ds < == §7Hy(x).
B Jo * B

By (3.3), MGi (x)dx (r) <mi(r) and therefore m g, (x)ax (r) < Zle mi(r). By
Proposition 3.7, if we take § sufficiently small, then

1S9 H, (x)|loo < (1 A B)/4e  foreveryn > 1.
With (4.5), this yields the desired estimate. []

COROLLARY 4.4. Let B € (0,1]. There exists § < 1 such that if T =
inf{z : | X; — Xo| > B}, then sup, Eje™ " <4.

PROOF. By Theorem 4.3, there exists ¢ such that P (t <¢) < % Then
Ele " <e *Pi(r>e)+Pi(t<¢)
=e [1-P(r<e)] +P(r <¢)
=Pi(t<e)(l—e)+e°
- 1—e¢ bt l—i—e_s‘
- 2 2
Nowsetd = (14+e7%)/2. [

THEOREM 4.5. There exists a subsequence ny such that P, —converges
weakly, say to P*, for each x. The collection (X;,P*) forms a strong Markov
process having the strong Feller property.
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PROOF. Let {g;} be a countable collection of continuous functions that are
dense in Co(R?) in the uniform topology. Let {1} be a set of positive reals that is
dense in some interval [a, b] C (0, 0c0). By Theorem 4.2 and a diagonalization
procedure, we can extract a subsequence {n,,} such that S,),";l gi converges for
each i and k as m — oo, say, to S*g; uniformly on every compact set. Since
15*]loo < 1/Ag, it follows that along this sequence S,)[,’; g converges for each
continuous g in Co(R%). Moreover, by Theorem 4.2, the modulus of continuity
depends only on a, b and || g|| - By the resolvent identity, 157 —SHleo < c1lp —q|
if p, g € [a, b], where c| depends only on a and b. Therefore, Sém g converges, say,
to S*g, for every A € [a, b].

Next fix x. Let P’ and P” be any two subsequential limit points of the
sequence [P, with respect to weak convergence. Since

o0
Ui (P, ) = Ep /0 e Mg (Xy) di

will be the limit of some subsequence of Sém g if g is continuous and bounded, then
Ui (P, 1) = S*g(x) if A € [a, b]. The same thing holds if we replace P’ by P”. By
the uniqueness of the Laplace transform and the continuity of the paths of X;, we
have that Ep g(X;) = Eprg(X;) forall r and all g € Co(R%). To get the equality of
higher order joint distributions, consider

o0 o0
Uy(P', &, ) = EP/[/O /0 e_’“e_mf(Xs)g(XH,)ds dt],

where f and g are in Co(R%). This is the limit along an appropriate subsequence
of

X il —us ,—Ait
Enml:\/o A e e f(Xv)g(Xv-i-t)det]

By the Markov property, this equals
00 00
E[ f e f (XQIE,’f;[ / e—“g<xl>dz} ds]
0 0

X o —Us A
—E}, | [ e rios

Nm

g(X,) ds}

= S"llin (fS")le g) ()C)

Using the fact that S,)l‘m g converges to S*g and the equicontinuity of Stg, we
deduce that this expression converges to S*(f S’\g). Therefore, U (P, A, u) =
SH(fS*g)(x). The same is true for U>(P”, A, ). By the uniqueness of the mul-
tivariate Laplace transform, we conclude the two-dimensional joint distributions
under P’ and P” are the same. The higher order joint distributions are handled
similarly. Therefore, we deduce that P’ = P”.
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We have thus shown that P, = converges weakly, say, to P*, and the resol-
vents Sﬁm g converge uniformly on compacts to §*g(x) = E* 1o° e Mg(X,)dt

if A €la,b] and g € Co(R%). Clearly, (X,P,,x € R?) is a conservative Markov
process with P*(Xo = x) = 1. Moreover, s* g is continuous with a modulus of
continuity that depends only on a, b and ||g||cc-

By taking limits, we have S*g is continuous if g is bounded. Let P,g(x) =
E*g(X;). Forany ¢ > 0,

(4.6) Pigx) = lim ™ 37 (An#,)"ask)”gm,
n=0 :

where the limit holds in the sup norm. Thus, P;g is continuous if g is bounded.
That is, X has the strong Feller property. It is then standard (see Theorem 1.8.11
of [4]) that (X;, P¥) is a strong Markov process. [

Let S*g(x) =E* [®e ™ g(X,;)dt and Skg(x) =E} [7°e M g(X,)dt.

PROPOSITION 4.6. IfA > 0 and g is bounded, then
w .
Shg = R*(Z(BRW)g.
j=0

Furthermore, S*g € Co(RY) ifge Co(RY).

PROOF. Let g be continuous. We have S,’}g = RA(Z?;O(BnR’\)f)g and

S,’}g — Shg provided, we take n — oo along an appropriate subsequence. We
will show R*(B,R*)/g converges. In view of Proposition 3.4, Assumption 3.5
and Proposition 3.6,

IR*(ByR™) glloo < 1277 1gllo-

Using dominated convergence, we will then have the proposition for continuous g.
The case of bounded g then follows by a limit argument.

Write
. i j—1 '
k=0

By Propositions 3.4 and 3.6, vji(g) = (BR)‘)j_k_lg will be a measure in
K;_1 whose total variation is bounded by («x/d) Zle |7r?| for some k > 0. By
Proposition 3.3,

d
(ByR* — BRM)(BR") ™ 1g =3 "VR*(v1 () (x) (s, — ') (dx)
i=1
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is a measure in K;_1. By (3.3) and Proposition 3.9,
(B,R*)(B,R* — BR)(BR")/ ™" 1g

will be a measure in K;_ 1 whose total variation is bounded by c3¢ (8(n)) Zle ||
where B(n) = Zle doc(ﬂ,i, 7)es depends on | g||cc but not on n, and ¢ is a de-
creasing function with lim, o ¢ (0) = O that depends only on the upper bounds on
¢, mi(r). By Proposition 3.3,

(B,R™*(B,R* — BR*)(BR*)/*~1¢g

will be a measure in K;_; whose total variation is bounded by c4¢ (8(n)) Zflzl Ed
where ¢4 does not depend on n, and by Remark 3.3,

R*(B,RM*(B,R* — BR")(BR")I 7+ g

is a function whose sup norm is less than or equal to c5¢ (B(n)) Zflzl mi(p),
where again the constant depends on ||g||c but not on n. This implies that this

term goes to 0 as n — oo.
Now suppose g € Co(R?). Clearly, R*g € Co(R?). As 7 has compact support,
RA(BRA)jg € Co(R?). So, by Proposition 3.6 and Remark 3.1, Stg e Co(RY).
O

REMARK 4.7. The proof of Theorem 4.5 in fact shows that for every
subsequence 7y there is a sub-subsequence ny,, such that P} ., converges for every
x € R?. The proof of Proposition 4.6 tells us that every subsequential limit of P
has the same resolvent and therefore has the same law. This implies that P} is
convergent for each x.

THEOREM 4.8. The strong Markov process (X, P¥) is a Feller process having
the strong Feller property. In particular, it is a Hunt process.

PROOF. It follows from (4.6) and Proposition 4.6 that P;g € Co(R?) if g€
Co(R?%). So X is a Feller process. The strong Feller property was proved in
Theorem 4.5. [

PROPOSITION 4.9. Under P* we have X; = x + W, + A; and P* (X =
x) =1, where W; is a d-dimensional Brownian motion such that A; =
lim;,— o0 fé G,(X)ds isan R4 -valued continuous additive functional of X having
finite variation, where the convergence is in the following sense: for any ¢ > 0 and

t>0,
>8>=0.

Furthermore, there exists a subsequence {ny} such that sup; fé |Gp, (Xs)|ds < 00
a.s. foreacht > Q.

lim P* ( sup

n—00 s<t

/ CGu(X,)dr — A,
0
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PROOF. Fix i and let us look at the ith component. Let ¢ > 0. From
Proposition 3.6,

S*|ml|(x) = R ( Z(BRW) |71 (x)

Jj=0

is bounded, independently of . Define uf;* = yrp—n %" T and uf; ™ = yrp-n w7’
Then 7t} = pl; ™ — plh~. Let

SHrh ) (x) = RA<Z(BRA)j)JTi’+(x)-

j=0

Define S*(7"™) similarly. Set St (x) = S*(EHT)(x) — S*(rh 7). Tt follows
from (3.3) and Propositions 3.9 and 3.6 that Sk(,udiﬁ)(x) — S*(rh 1) (x) and
S)L(/,Li,l’_)(.x) — SMAEh ) (%) uniformly in x. Hence, S*(*) and S*(wh ) are
bounded continuous A-potentials of the Feller process X. So there are two positive
continuous additive functionals A"t and A"~ of X such that SHrtH)(x) =
E*[fs°e ™™ dA*] and S* (" 7)(x) = E*[fs° e ™ d Ay ] (see Theorem 1V.3.13
of [4]). Let Al = Abt — A%~ and A = (A', ..., A?). Note that A is an R¢-valued
continuous additive functional of X having finite variation whose signed Revuz
measure is 7. AS Sup, .ga IS’\(n,", — ) (x)| = 0, it follows by Lemma 3.10 that
E*[sup, |B;|*] — 0 as n — oo, where

t . t .
B,:/ e—“dA;—f e G (X,) ds.
0 0
If H = Al — [j Gi(Xs)ds, then
t t
H, = / e dBy = e B, — / re™ By ds
0 0

by integration by parts. Therefore,

2
} =E"sup |H,|* <e¢

s<t

E* [ sup

s<t

. s .
Al —/ Gl (X,)dr
0

if n is large enough. Therefore, [y Gi, (X,)dr converges to A} uniformly over 7
in finite intervals in probability. Consequently, there exists a subsequence {ny}
such that f; Gilk (X,)dr converges to Al a.s. for each i, uniformly over 7 in finite
intervals. Note also that we can choose the subsequence not depending on x so that
we have this convergence P*-a.s. for each x.

If we let ,uvﬁl = //Lﬁ[+ + /Lf;_, then Mi, converges weakly to |7T,i|. By the same
argument as in the preceding paragraph, there exists a subsequence {ny} such
that f(; Mﬁlk (X;) dr converges uniformly over ¢ in finite intervals a.s. As |sz x)] <

M;(x) for each i, n and x, it follows that sup,, fé |G£lk(Xr)| dr < oo a.s.
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As in the first paragraph of the proof, we have
. S . .
Splmnl(x) = R* ( Z(BmRHf) |72,
j=0

bounded, independently of m and n, and S,ﬁ (7r,’; — ') (x) — 0 at a rate that does
not depend on x or m. Hence,

2
}—)0

t . 4 .
/ e MG (Xs)ds — / e MG (X,)ds
0 0

E;, [ sup
as n, p — 0o, independently of m, and then

o o 2
E;[/ G;,(Xs)ds—/ G;(Xs)ds] <e¢
0 0

if n and p are large enough.
Let ri <--- <rp <s, let f1,..., fr be continuous functions on R with

compact support and let ¥ = ]_[’;:1 fj(Xr;). By Cauchy—Schwarz, there exists ng
such that if n, p > ng, then

1/2

. B o
E¥[Y Al] - E* Y/O G;(Xs)ds}

=c¢€
and

<c1e?

t T ro.
Efn[Y/O G, (Xy)ds —Efn[Y/O Gi,(Xs)dS}
for all m. By weak convergence, for each fixed n,

t r
E;[on G;(Xs)ds] —>E"[Yf0 G;(Xs)ds]

as m — oo along an appropriate subsequence, since G' is continuous. Set n = n
and take p = m. If m is large enough,

< 20181/2 + €.

E;[Y /l an(XS)ds] _EY[Y Al
0

Since ¢ > 0 is arbitrary,
t . .
E* [Y/O Gl (X,) ds] L BN YA

as m — oo along an appropriate subsequence.
Now X,’;1 (1) — fé an(Xm (r)) dr is a martingale. Then

EY [(X;' - /Ot G;'n(x,)dr> Y} = E;KX;' - /OS G;,(X,)dr) Y]
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Passing to the limit,
EX[(X! — AHY]=E*[(X! — A)Y].
This proves that X! — Al is a martingale.
We show similarly that (X’ A’)(XJ ) — SUt is a martingale, where §;;
is 1if i = j and 0 otherwise. Hence, if W/ = X! i —x' — Al then W, is a continuous

martingale with (W!, W/), = §; jt and Wo = 0 This 1rnphes that W; is a standard
d-dimensional Brownian motion. [

REMARK 4.10. It follows from the above proof that, given a subsequence {ny},
there exists a further subsequence {ny,, } such that

t
sup/ |Gy, (Xs)|ds < 00 a.s.
m JO
and

t
|| G, s

converges uniformly to A; over ¢ in finite intervals.

REMARK 4.11. Whenever vjl (dx) = H' (x)dx € K _; with mi r)<mi(r)
and vﬁl(dx) converges weakly to 7i(dx), then S*H! — S*x! uniformly, and

so, by Lemma 3.10, fé e ™ H'(X)ds converges to fé e alAfv uniformly over
t €0, 00).

5. Uniqueness. In this section we prove uniqueness of the solution to (2.4).
We operate under Assumption 3.5 throughout this section.

The first step is to show that, in proving uniqueness, it suffices to consider
solutions P for which there exists a subsequence {n;} with

d 00 i d 00 .
(5.1) EPZ/O e Md|A}| <oco and EpSl;pZ/O e MGl (X)) dt < oo.
i=1 i=1

To see this, let {P*, x € R} be the solution constructed in Section 4 and let QQ be
any solution to (2.4). There is a subsequence {n;} associated to the solution Q
and a subsequence {n,,} associated to the solutions P* (from the construction
in the proof of Proposition 4.9, {n,,} can be chosen independently of x). By
using Remark 4.10, taking a subsequence of {n;} and relabeling if necessary, we
may without loss of generality assume there is a single subsequence {n;} that
can be used in the definition of weak solution for Q and for each P* such that
f(; Gy, (Xs)ds converges uniformly over 7 in finite intervals a.s. under both Q
and each P*. Let

d t .
TN=inf{t:Z/(; dlAil—i—Zsup/ |G, (X;)\dtzN}.
i=1
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Since A; is locally of bounded variation and fé : (X )ds converges to Ai
uniformly over 7 in finite intervals, then Ty < 0o a.s. We construct a new solutlon
P, that behaves according to QQ up to time Ty and like PX7n after that. We specify P
by setting

B(B N (Coby,)) =Eg[P*v (C): B].

whenever B € F7,, and C € F. Itis easy to see that Pis again a solution to (2.4).
Moreover,

00 . Tn . T o] .
IEH;/O e_“d|Aj|:IE]p/0 e—“d|A;|+EQ[e—A NEPXTN/O e—“d|A;|].

The first term is bounded by N and the second is less than EQ[SA(|ni DXy
Since S*(|7r']) is bounded, we conclude Eg I e d|Al| < oo. Similarly,

oo .
Es sgp/O e |Gl (Xp)|dt < oo,
using Proposition 4.9. If we show P =P, it follows that Q] Fry = PYo| Fry for
each N. Since we are supposing that A; is locally of bounded variation, then
Ty — oo as N — oo and we conclude that Q = P*0. It therefore suffices to
consider only solutions Q for which (5.1) holds.
PROPOSITION 5.1. If Q is a solution to (2.4) and (5.1) holds, then Q = P*0,

PROOF. Let Q be such a solution and let f € C2. By Itd’s formula,

t t
FX) — f(Xo) = /0 Vf(X,)-dWs + /0 V/(X,) - dA,

t
+ %/0 Af(Xy)ds.

Let us take the expectation with respect to Q, multiply by e~* and integrate over ¢
from O to oo. We then have

* —At 1
Bo [ e M (X dr =3 f(x)
o0 t 1 o0 t
:EQ/ e—“/ V£ (Xs) .dAsdz+§EQ/ e—“/ Af(Xy)dsdt
0 0 0 0

1 00 1 00
= XEQ/ e MV F(Xy) - dAg + XEQ/ e M Af(Xy)ds.
0 0

Next multiply both sides by A. If g € C? and we set f = R*g, then f € C? and
IAf = AR%g — g. Substituting, we obtain

o o
(5.2) EQ/O e—*fg(x,)dt=R*g(x0)+EQ/() e MVR g(X,) - dA,.
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Define the linear functional V* by
o0
Vih=Eg f e HMh(Xy) dt.
0
We can then express (5.2) by
o0

(5.3) V*g = R*g(x0) + EQ/ e MVRg(X,) - dA;.

0

We first have this for g € C2, but by taking limits, we have (5.3) for g continuous
and bounded.

Since fé Gy, (Xs)ds converges to A; uniformly over ¢ in finite intervals, then,
using (5.1), we have that [§° e H, - G, (Xs) ds converges to [5° e ™ Hy - d Ay
when s — H; is piecewise linear and H takes only finitely many values. By
approximating continuous functions by piecewise linear ones, we again have
convergence if s — H; is continuous. Therefore, the second term on the right-
hand side of (5.3) is equal to

o
lim Eq / e MVR g(X,) - Gy (X,)dt = lim V*((VR*g)G,).
n—00 0 k— 00

But, using (5.3) again,

V*((VR*§)Gy,)
(54) _ phi x ® g ph A .
=R ((VR g)Gnk)(X0)+EQ A e VR ((VR g)Gnk)(X,) dA;.

The limit as n — oo of the first term on the right-hand side is R*(BR*g)(xo). For
the second term on the right-hand side of (5.4), the integral is dominated by

o0
/0 M|V R*(By, R*g) (X0 d| Ay,

and |VR*(B,, R*g)| is uniformly bounded by Proposition 3.3. Therefore, the limit
of the second term is

Eg /Ooo e M(BR*g)(X,) - dA,.
We thus have
V*g = R*g(x0) + R*BR"g(x0) + Eg /Ooo e MVR*(BR")(X,) -dA;.
We continue by writing the last expectation as the limit of
Eg /(;ooe_“VR)‘(BRA)(Xt) - Gp(X;)dt = V*(VR*(BRMG,).
After k steps we arrive at

k . o]

Vig= R*( > :(BRA)f)g(xo) + EQ/ e MVRM(BRMrg(X,) - dA,.

; 0
j=0
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The absolute value of the last term is bounded by c; ||g||002_kIEQ f(fo e Md|A,,
which tends to 0 as k — oo. Since

Rk< > (BRA)J)g(Xo)

j=k+1

0
<alglo Y 27750
j=k+1

as k — oo, we can pass to the limit and obtain

V*g(xo) = R ( Z(BR*)f')guo) = §*g(x0).

j=0

By the uniqueness of the Laplace transform, we have Eg[g(X/)] = Epxo[g(X;)]
for all ¢, or the one-dimensional distributions of X; under Q and P*° are the same.
To obtain equality of all the finite-dimensional distributions and hence equality
of Q and IP*0 is standard; see [3], Section 6.3. [

6. Global results. In this section we sketch the rather routine argument that
shows that Assumption 3.5 is not necessary, leaving the details to the reader.

PROOF OF THEOREM 2.6. We can find p > 0 such that Zf’zlmni(p) <
(2dK)~!, where K is the constant in Proposition 3.3. Let 7o =0 and 741 =
inf{t > T; :1X; — X1;| > p}. Let @* be the solution to (2.4) with Xo = x and !
replaced by 7/ | g(x. p)- Let Q1 = @* and define inductively

Qi+1(AN(Bobr)) =Eq,[@¥(B); A]l,  AcFr, Be Funo

It is obvious that Q,, Ika = leka if m > k. Define P*(A) = Qr(A) if A € F7,.
Note

6.1) Eq,, [e_TH—l] =Eq, [e_(TH—l _Ti)e_Ti] =Eq I:e_TiE(QXTi [e_Tl ]]

Since, by Corollary 4.4, sup, Eq- [e=] <& < 1, by induction the left-hand side
of (6.1) is less than 81!, So Ep:[e~T] < 8! — 0, which implies that 7; — oo.

To show fé G;k (X,)ds — Ai under P*, it is enough to show that
f,lAATTerI G! (Xs)ds converges to Al ATjay — Al ar; for each j. By conditioning
on fFTj, it is enough to show féATl Gﬁ,k(Xs)ds converges to A] AT uniformly
over ¢, and we have that by Proposition 4.9.

It is routine to check that P* is a solution to (2.4) with X¢ = x. By standard
arguments (cf. [3], Section 6.3), we also have uniqueness.

Part (b) follows from the uniqueness in (a) and Proposition 4.9. [J

REMARK 6.1. One question that arises is whether we can replace Brownian
motion in (1.2) by other processes. If we have a diffusion in R?, in either
divergence or nondivergence form, whose coefficients are sufficiently smooth
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(see, e.g., [14]), the above proofs can be suitably modified. For example, using
Schauder’s estimate (cf. [13]) and the gradient estimates for the Green functions
in [14], the main result, Theorem 2.6, of this paper holds if Brownian motion
is replaced by a symmetric diffusion whose infinitesimal generator is a uniform
elliptic operator in divergence form having C! coefficients. In general, however,
the conditions of bounded and measurable coefficients together with uniform
ellipticity are not enough to guarantee the necessary estimates.

Acknowledgment. The authors thank the referee for a careful reading of the
paper and very helpful comments.
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