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ON THE SPLITTING-UP METHOD AND STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS

BY ISTVAN GYONGY! AND NICOLAT KRYLOV?
University of Edinburgh and University of Minnesota

We consider two stochastic partial differential equations
due(t) = (Lrug (1) + fr(0)dVS + (Myue(t) + g5 (1) odYf,  &=0,1,

driven by the same multidimensional martingale ¥ = (¥’ ky and by different
increasing processes V({, V{, r=1,2,...,d, where L, and M¥ are second-
and first-order partial differential operators and o stands for the Stratonovich
differential. We estimate the moments of the supremum in ¢ of the Sobolev
norms of u1(t) — ugp(t) in terms of the supremum of the differences
|V0rt — Vlr ;|- Hence, we obtain moment estimates for the error of a multistage
splitting-up method for stochastic PDEs, in particular, for the equation of the
unnormalized conditional density in nonlinear filtering.

1. Introduction. Stochastic partial differential equations (SPDEs) appear in
many real-world applications. There are several methods of finding solutions
numerically: for instance, finite difference method, Galerkin’s approximation,
finite element method and Wiener chaos decomposition (see, e.g., [4, 5, 8, 13, 17]
and the references therein). One of the most promising methods is the splitting-
up method introduced in the context of SPDEs in [1] and further developed
in [2, 3, 14]. Error estimates are given in [3] and [9] in the case of the filtering
equations. The methods of these papers are based on semigroup theory and, as
it seems to the authors, are not extendible to the general situation of filtering
equations. Here we present an approach to proving the rate of convergence for the
splitting-up method, which is based on stochastic calculus and not on semigroup
theory. This not only allows us to improve some results of [1-3, 9] in the direction
of convergence in sup norm, but also to put forth the splitting-up method for
general filtering equations.

Let us loosely describe the splitting-up method and our approach to it. In the
situation of [3] the splitting-up method is stated in the following way. Assume that
we are given independent one-dimensional Wiener processes wf ,k=1,...,do,
first-order operators My, k =1, ...,dp, and a a second-order elliptic operator L
acting on functions defined on R?. Let the coefficients of L and M} be independent
of time and suppose that we want to solve the equation

(1.1)  du(t,x) = Lu(t, x) dt + Myu(t,x) odw*,  xeR?, t>0,
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on [0, T'], with some initial data ug = ug(x), where o stands for the Stratonovich
differential.

LetT, :={t; =iT/n:i=0,1,2,...,n} be a partition of the interval [0, T'] for
a fixed integer n > 1. Set § := T /n and define the approximation u, () for t € Ty,
by 1, (0) = ug,

(1.2) un(tit1, ) =PsQpy un (i, )

recursively, where {P;:¢ > 0} and {Q,;:0 < s <t} denote the solution operators
corresponding to the equations

(1.3) dv(t,x) = Lv(t, x)dt, v(0, x) =v(x)
and
(1.4) di(t,x) = Myd(t, x) odwk, (s, x) = v(x),

respectively. In this way the approximation of (1.1) in each interval [¢;, f;+1] is
split into two steps: solving the degenerate SPDE (1.4) and taking its solution at
time #; 1 as the initial value at time #; while solving PDE (1.3) again on [#;, #;+1].
In [3] these steps are called correction and prediction steps, and it is proved that
under appropriate conditions

(1.5) max E [lu(1) — u, (1) [ < N/n?,

teT,

where |- ||o is the usual L, norm in R9.
Instead of going back and forth in time, we propose to stretch out the time scale
by using the time scales A;(n) and B;(n), defined by

A, (n) = {k& for 1 € [2k8, 2k + 1)8),
BTt =(ke+ 18, for t e[k + 18, (2k +2)8),

Bi(n) := As45(n),
and to consider the equation
(1.6) dvy(t, x) = Log (1, x) d Ay (n) + Mgy (1, x) o dwhy .

Obviously, v, (2t) = u, (t) and u(t) = u,(2t) for t € T,,, where u,, := u(B;(n), x)
satisfies

(1.7) ditn(t, x) = Lit, (1, x) d B;(n) + Myt (1, x) o dwly .

Equations (1.6) and (1.7) suggest and make possible using stochastic cal-
culus to estimate Esup,_y [[v,(2f) — IZ,Z(ZI)II(")j , which gives an estimate for

E max;er, ||u,(t) — u(t)||g . One of our results (Theorem 2.3, stated and proved
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in Section 2) says that for each 7 > 0 and p > 0, there is a constant N such that

(1.8) E max lun (@) —u(®llg < N/n?
tely

for all integers n > 1. By a straightforward modification of the proof of this
estimate, we can see that it also holds for the approximation defined by u,, (; 1) :=
Qy;1; Psun (2;) in place of (1.2).

We thus improve (1.5) by taking the maximum inside the expectation and
allowing any p > 0 in place of 2. Moreover, we also get estimate (1.8) in the
case of time-dependent random operators L and Mj. We also do not require L to
be uniformly elliptic. It can just be degenerate elliptic with smooth coefficients.
Our assumptions on the smoothness of the coefficients of L and My are the same
as in [3] when we prove (1.8). Under higher smoothness assumptions, we prove
that in (1.8) one can replace the L, norm of u,(¢) — u(¢) with the H" norm. Then,
if m is large enough, the Sobolev embedding theorems provide estimates of the
sup norm in x of u, (t) — u(¢) and its derivatives. Thus, in particular, we estimate
u, —u uniformly in ¢t € T,, and x € R4,

In the explanation of our approach to the splitting-up method, we used
the Stratonovich differential in the equations above. In fact, in our results
we consider more general equations than (1.1). In particular, in place of
the Stratonovich differential Myu(t,x) o d wf‘ in (1.1), which is just a short
notation for %Mk Miu(t, x)dt + Miui(t,x)d wf‘ with the stochastic Ito differential
Myuy(t, x) dwf‘, we consider the more general term Lou(t, x) dt + Myu(t, x) dwf‘
with a second-order differential operator Lg. Correspondingly, in place of (1.4), we
consider dv(t, x) = Lov(t, x)dt + Mo(t, x) dwf, and we assume the stochastic
parabolicity (see Assumption 2.5) for this equation, which is satisfied in the special
case Lg := %Mk M. of (1.4). In this connection we note that it is well known that,
in general, this equation is not solvable if the stochastic parabolicity is not satisfied
(see [11]). In particular, it is not well posed when Ly = 0.

We also establish a multistage splitting-up method, by which we mean the
following. Assume that L in (1.1) is the sum of a finite number of elliptic operators,
say L = L1 + L,, where L is a second-order elliptic operator and L, is a first-
order one. Define now the approximation u,, by

2 1
wn(ti1) = PP Qure (1),

such that v(z) := P;’)v denotes the solution of (1.3) with L; in place of L. By our
theorem estimate (1.8) remains valid.

The paper is organized as follows. In Section 2 we introduce our general setting
but state the results only for the case of time-independent data. In this way the
reader will not be overwhelmed right away with some quite technical details. In
this section we also prove Theorem 2.3 on the basis of Theorem 2.1, which,
in turn, is proved in Section 4, after we prepare some auxiliary facts in Section 3.
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In Section 5 we generalize Theorem 2.1 for time-dependent and random coeffi-
cients, which allows us to establish the splitting-up method for general filtering
equations in Section 6.

In conclusion, we introduce some notation used everywhere below. Throughout
the paper d, dy, d; are fixed integers, K, T are fixed finite positive constants, p is
a fixed number in (0, co) and

D;=9/3x',  D;jj=2d*/ax" dx.

Let (2, %, P) be a complete probability space and let ¥;, t > 0, be an
increasing filtration of sub-o-fields of ¥, such that %y is complete with respect
to (¥, P). By  we denote the o-field of predictable subsets of € x (0, c0)
generated by ;. We assume that on 2 we are given a continuous ¥;-martingale
Y, =}, ..., %),

We always assume the summation convention over repeated integer-valued
indices.

2. The case of time-independent coefficients. For ¢ = 0,1 and r =
0,1,...,d; (notice r can be 0), let V[, be continuous increasing processes de-
fined for t € [0, T']. Consider the following equation:

du(t,x) = (Lyu(t,x) + f(t,x))dV/,
+ (M (t, x) + ge(t, x)) d Y}

for 7 € (0, T, x € R with initial condition (0, x) = ug, (x), where the operators
L, and M, are written as

L, =a/(t,x)D;; +a.(t, x)D; + a,(t,x), My =Dbj(t,x)D; + by (t,x).

To formulate our assumptions, we fix an integer m > 0.

2.1

~ASSUMPTION 2.1 (Smoothness of the coefficients). All the coefficients
ay (t,x), a;'(t,x), a,(t, x), b};(t,x), br(t,x) are predictable for any x € R4,
and, for any (w, ) € Q x (0, 00), their derivatives up to order m + 3 exist, are
continuous and by magnitude are bounded by K.

ASSUMPTION 2.2. The processes V/ are predictable Vjj . =0, Vt(?g = V0is
independent of ¢, and there is a predictable increasing process V; such that

(2.2) Vo=0, Vr=<K, Zdv’ +d(Y), <dV,

in the sense of measures on [0, T'].

REMARK 2.1. Actually (2.2) is always satisfied with V; =3, . V,fg + (Y),,
provided that this process is bounded by K on [0, T']. Also notice that we single out
one of V/", with r = 0 in order to show later that we do not need Assumption 5.1
to be 1mposed on all the operators L.
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Equation (2.1) is supposed to be parabolic in the usual stochastic sense.

ASSUMPTION 2.3. Foranywe 2, ¢=0,1, x,A € R4, we have
2al (1, YA A dV], = b, x)b] (1, )M A d(YF, ¥, =0
in the sense of measures on [0, T']. (Recall that the summation convention is used

over repeated integer-valued indices and thatr =0, 1, ...,d1.)

We investigate the convergence of not only functions themselves but also of
their derivatives in L;. Therefore, we need the spaces H" of L, functions whose
generalized derivatives up to order n are also in L,. There are several ways to
introduce the norm and the inner product in H”. We choose the following:

(u,v), = Z (D%u, D%v)y,

loe|<n
where (-, - ) is the inner product in L, and o = («q, .. ., &g) are multi-indices,
la| ;=0 + -+ + oy, D*:=D{"---DJ".
ASSUMPTION 2.4. For each w € 2, the functions f.(t) = f,(t,-) are
weakly continuous as H m+3_valued functions, gk (t) = gr(t,-) are weakly con-

tinuous as H™t*-valued functions, and the initial conditions uq, satisfy ug. €
Lr(Q2, Fo, H™13). Furthermore, fr and g are predictable, and

E Sup If18 5+ E sup Iglly s+ Elluoll) s < K,
tel0,T tel0

where [| £12,,5 = 3, Il ()], 5 and ||g||m+4 A G

DEFINITION 2.1. By a solution of (2.1) with initial data u#p, we mean an
L»-valued predictable function u(t) = u(z, -) defined on 2 x [0, T'] such that

T
P(/O lu ()|} dr < oo) =1,

and for any ¢ € C{°, the equation

(u(t, ), ¢)o = (u(0,-), ¢)g
t ..
— UDi ,D;
+ [ T=(a} Dauts), D;9),
+((al — a” ) Diu(s) + aru(s) + fr(s), ¢)o]d VY,

ro
+'/0 (b;cDiu(S)-i-bku(s)+gk(s),¢)0dYSk

holds for all ¢ € [0, T'] at once with probability 1.
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We know from (Itd’s formula) [6] that for any solution u there exists a solution u
such that u(z,-) is a continuous Ly-valued function for each @ and for any
¢ € C5°, the equation (u(t, -), ¢)o = (u(t, -), ¢) holds forall ¢ € [0, T'] at once with
probability 1. This is the reason why henceforth we only consider L,-continuous
versions of solutions.

THEOREM 2.1. Under Assumptions 2.1-2.4, for ¢ =0, 1, (2.1) with initial
condition uoe has a unique solution u.(t). Furthermore, u.(t) is weakly continuous
in H™ 13 for each w and

E sup Jus()]7,5 <N,
tel0,T]

where N depends only ond, dy, d, K, p,mand T.

This theorem is a particular case of Theorem 3.1. The following is the basic tool
of proving our estimate of convergence for the splitting-up method.

THEOREM 2.2. Let aij, aﬁ, a, bf(, by, b, fr, and gy be independent of t. Then
under Assumptions 2.1-2.4, there is a constant N depending only on d, dy, d1, K ,
p,mand T, such that

(2.3) E sup |lui(t) —uo®)|h < N(E|uo1 —uoollh + AP),
+€[0.T]

where

A = sup max max|V/; —V/,|.
e ilory T T Yo

Theorem 2.2 is proved in Section 4. Now we give its application to the splitting-
up method along the lines discussed in the Introduction. In (0, T'] x R¢ we consider
the following equation:

d
du(t,x) =" (Lyu(t,x)+ f.(t,x))dt + (Lou(t,x) + fo(t,x))dV,

r=1

+ (Myu(t, x) + gi (1, x)) dY},

with the same operators L, and My as above and initial condition u (0, x) = ug(x).

2.4)

ASSUMPTION 2.5.  Assumptions 2.1 and 2.4 are satisfied. The process V? is
predictable continuous increasing and starting at 0. We have V}) + (Y)r < K. The

matrices (aij ) are nonnegative, and, for any w € @, x, X € R4, we have
2ay (t, )M A AV — bi(t, x)b] (8, )12 d(Y*, YY), > 0

in the sense of measures on [0, T'].
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By u(t) we denote the unique solution of (2.4) with initial condition u (0, x) =
uo(x), which exists owing to Theorem 2.1.

Nextset T, :={t; :=iT/n:i =0,1,2,...,n}, 6 := T/n for an integer n > 1,
and define the approximation u™, by 1™ (0) := uy,

2.5 u™@ ) =P PPPVQ,,, @), i=0,1,2,...,n—1,

lit1
where P,(y)x// =v(),y=1,2,...,d1, and Qg := v(¢) denote the solutions of
the equations

dv(t,x) = (L,v(t,x) + fy(x))dt, t>0,

dv(t, x) = (LoB(t, x) + fo(x)dV? + (Md(t, x) + ge () dY}, 1>,

respectively, with initial conditions v(0, x) = ¥ (x) and v(s, x) = ¥ (x), respec-
tively.

THEOREM 2.3. Let aij, aﬁ, a, b,i, by, b, fr and gy be independent of t. Then
under Assumption 2.5, there is a constant N depending only on d, dy, dy, K, p, m
and T, such that

Emax |lu™ (1) — u®)||b < Nn=?
teT,
foralln>1.

PROOF. Setd’:=d; + 1, fix an integer n > 1 and let § := T'/n. According to
our idea, we change time by using the following function:
t —kdé, for t € [kd'S, (kd'+1)8], k=0,1,...,
k() =1 (k+ 1)6, for r € [(kd"+ 1)8, (k+ 1)d'8], k=0,1,...,

0, for t <O.
Define
YA =Y, Fr = Fer), Vo=V _V(t)’
lO—K(t) Vlf1:=x(t—r8) forr=1,2,...,d.

Consider the equations
(2.6)  dug(t) = (Lyus(t) + fr)dV/, + (Myus(t) + g)dYf,  e=0,1,

with u(0, x) = u1(0, x) = up(x). It is easy to see that Assumptions 2.2 and 2.3
also hold with Y* and V! (¢ =0, 1) in place of Y* and V[, respectively. Thus, by
Theorem 2.1 the solutions ug and u exist, and by virtue of Theorem 2.2, there is
a constant N depending only on d, dy, d1, p, m, K and T, such that
E sup Jlui(t) —uo®)||h <N sup sup|c(t+rd)—k(@)|P =NTPn"P,
1€[0,Td’] te[0,Td’] r<d;

which implies the theorem, since clearly uo(d’t) = u(t) and u;(d't) = u™(t) for
teT, O
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REMARK 2.2. We can define the approximation z by splitting up in any
order; that is, we can define ™ by
d I+1 / 2)p(l
M(n)([H_l) — P((S D, Pg + )Qt,’l‘i+1P§) . Pg )P((S )I/l(n)(ti)

in place of (2.5). Then one can easily see from its proof that Theorem 2.3 remains
valid.

3. Auxiliary results. First, we consider the equation
(3.1)  du(t,x)=(Lu(t,x)+ f(t,x))dV; + (Myu(t, x) + gk (t, x)) dYtk
for 1 € (0, T], x € R with initial condition u(0, x) = uo(x), where T € (0, 00) is
a fixed number and the operators L and My, are written as
L=a"(t,x)Dj; +a'(t,x)D; +a(t,x),  My=bj(t,x)D; + bi(t, x).

For convenience, we enumerate some further assumptions regarding (3.1). Fix an
integer m = 1,2, ... and remember that by K we denote a fixed positive constant.

ASSUMPTION 3.1 (Smoothness of the coefficients). All the coefficients
al(t,x), a'(t,x), a(t, x), b};(t,x), by (t, x) are predictable for any x € R4, and,
for any (w, t) € Q x (0, 00), their derivatives up to order m and for a' up to order
2V m exist, are continuous and by magnitude are bounded by K.

ASSUMPTION 3.2 [Stochastic parabolicity of (3.1)]. The process V; is
increasing, continuous, predictable, Vo = 0, and V7 < K. We have d(Y); <dV;
and for any x, A € R4, in the sense of measures on [0, T],

2a" 313 dVy = bib{a '3 d(Y*, Y7y, = 0.

ASSUMPTION 3.3. In (3.1) the function f is predictable H” valued, g are
predictable H m+1 valued, ug is H™ valued and Fy measurable. Furthermore, for
[ <m and

Ki(t) = /0 (IR + 18612, ) dVs.

where f(s) = f(s,-), g(s) = g(s, ) and [|g(s) 171 := Xy 18" (5)II7, ;. we have
Elluoll?, + EKP/*(T) < oc.

Solutions of (3.1) are always understood according to Definition 2.1.

THEOREM 3.1. Under Assumptions 3.1-3.3 there exists a unique solution
of (3.1) with initial condition ug. In addition, u(t) is weakly continuous in H™
for each w and, for any integer | € [0, m],

(3.2) E sup |lu@®)|? < NEl|uol” + NEK!'*(T),
t€l0,T]

where N depends only ond, dy, K, m, pand T.
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PROOF. If p =2, the theorem is quite similar to Theorem 3.1 of [12] and can
be proved by the same method. The only difference is that V; =¢ and Y; is a
di-dimensional Wiener process in [12]. Actually one can also obtain our
Theorem 3.1 for p = 2 quite formally from Theorem 3.1 of [12]. Indeed, replacing
V; with V, 4+t [and multiplying the corresponding coefficients by d V;/(dV; 4+ dt)]
allows us to assume that V; is strictly increasing. After that a time change reduces
the whole situation to the one with V; = ¢. To deal with Y;, one uses the fact that
any continuous martingale can be written as a stochastic integral against a Wiener
process.

For p # 2, we reproduce part of the proof of Theorem 3.1 of [12]. It is worth
noting thatin [12] L, (R%) norms of solutions are estimated. Although we could do
the same in our situation, we do not know how to apply these estimates to derive
error estimates for L p(Rd ) norms for the splitting-up method. Nevertheless, we
know how to derive error estimates for expectations of the pth powers of L(R?)
norms. This is why we only state and prove those estimates in our theorem.

As in the proof of Theorem 3.1 of [12], by adding into the equation e AudV;
if necessary, we may assume that ||u(r) ||,2n+1 is integrable over 2 x [0, T'] against
dP x dV;. Then, by using It6’s formula and integrating by parts, we get that, if
u(t) is our solution, then

d Yy ID*u@g < N(lu®IF + I1f OIF + g7 ) dVe

3.3) = . . .
+2 > (Du(t), D*[Myu(t) + g (1)), dY/.

lor| <!
Here, due to Assumption 3.1 and the Leibnitz formula,
(D%, D* (b Diu)), = %/Rd biDilD*ul*dx+ " (D%u,cl¥ D u),
IBI+y |I=lal

where cg ¥ are bounded functions. Integrating by parts, we see that

(D u(t), D*[Myu(t) + gx()])o] < Nlu@I7 + Nlu@llillg@)]:.

Now we write (3.3) in the integral form, raise both parts to the p/2th power and
use the Burkholder-Davis—Gundy inequality. We also use that, if p > 2, then, by
Holder’s inequality,

T p/2 T
(3.4) (f ||u||%dv,) sa‘Isup||u||f+a—2/PNf lull? dv,
0 t<t 0

forany § € (0, 1), g € R and stopping time T < T, where the first term on the right-
hand side can even be dropped. Finally, we notice that (3.4) holds for p € (0, 2)
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as well with ¢ =2/(2 — p) since, by Young’s inequality for any 6 > O,

T 5 p/2 ) ) T p/2
(/ ||u||ldvt) < sup Ju]| =P/ (/ ||u||fdw)
0 <t 0

T
< 8%/ sup ] +8_2/”N/ lull? v,
0

t<t
Then we obtain that, for any stopping time 7 < 7,

E sup [lu(0)||]
1<t

T
szEnuonf+%E§gp||u<t>||;’+NE/0 )] dV,
<t

573

p/2 ’ 4 2 2 i
+NEK/'“(t)+ NE A (le N7 + N7 IlgONiy)dVe ) -

The last term is less than
pr2f [F > > i
NESEPIIM(I)III (/o (@) 17 +||g(t)||1+1)th>
t<t

T
< LEsup lu@)|l? + NE/O @I dV, + NEKP'(2).

<t

Thus,

T
Esup|lu(t)|” <4E|luo|)? +NE/0 lu@®)|? dV; + NEK}*(0),
1<t

and (3.2) follows by the stochastic version of Gronwall’s inequality. The theorem

is proved. [

We are going to use Theorem 3.1 for estimating the difference of solutions of

two equations of type (3.1). Namely, let

(3.5) (@, al, ae, fe, by, bre, 8ker U0e),

where ¢ = 0, 1, be two sets of data satisfying Assumptions 3.1-3.3 for ¢ =0, 1.
Continue these data linearly with respect to € on [0, 1] so that we can now use the
same notation (3.5) for any ¢ € [0, 1]. Let L, and M}, be the operators L and M}

constructed on the basis of ay, af;, ag and bfw, bi.. We will be interested in the

difference ug — u, where u, is defined as the unique solution of
dug(t,x) = (Leug(t,x) + fo(t,x))dV;

3.6) .
+ (Mkeue(t7 x) + ke (2, x)) dy;,
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with initial data uq.. Notice that Assumption 3.2 is satisfied for L, and My, with
any ¢ € [0, 1]. This follows from the fact that

bt bIAA d(YR, YTy,

is a nonnegative quadratic, hence convex function of e. Therefore, Theorem 3.1
implies the following:

LEMMA 3.2. The function u. exists, is unique and
3.7) sup E sup [luc)IIl < sup NE(|uocll}) + K2/*(T)),
e€l0,1] te€[0,T] e€[0,1]

where N depends only ond, dy, K, m, pand T.
Now comes an estimate of 11 — uy.

THEOREM 3.3. Letm >3 and p > 1. Then, for any integer [ > 0,

(3.8) E sup |ui(t) —uo®llf < sup E sup o),
1€[0,T] e€l0,1]  1€[0,T]

where v, is the unique solution of the following equation obtained by formal
differentiation of (3.6):

dve(t,x) = (Leve(t,x) + L'uc(t,x) + f'(t,x))dV;

3.9) / / k
+ (Mpeve (2, x) + Myue(t, x) + g, (1, x)) dY/,

with initial condition ug, where the primed functions are introduced according to
w’' = wy — wg. Furthermore,

(3.10) sup E sup |[ve()]?_, < o0.
e€l0,1] t€[0,T]

PROOF. Owing to (3.7), the functions f = L'u; + f’ and g = Mju. + g,
satisfy Assumption 3.3 with m — 2 > 1 in place of m. Hence, the existence and
uniqueness of v and estimate (3.10) follow from Theorem 3.1.

While proving (3.8) for a fixed [, we may and will assume that the right-hand
side is finite. Furthermore, notice that to prove (3.8) it suffices to show that v, is
the derivative of u, in an appropriate space. To make this precise, for a function w;,
and /4 such that ¢, ¢ + h € [0, 1] define 8w, = (Wet, — We)/ h. It turns out that it
suffices to show that, for any ¢ € [0, 1],

(3.11) E sup [[8pus(r) —v: (Dl — 0,
1€(0,T)

whenever 4 — 0 in such a way that ¢ + h € [0, 1].
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Indeed, assume that (3.11) holds and let R, :=n'(n — A)~!, n > 0. Notice
that ||R,h|l; < N||hllo for h € Ly, where N is independent of /. Therefore, (3.11)
implies that, for any n > 0,

E sup |8 Ryue(t) — Ryve (1)l — 0.
t€[0,T]

Since p > 1, it easily follows that

E sup |[Ryuo(t) — Ryui(0|lf < sup E sup [[Ryve(D)]l} -
1€[0,T] e€[0,1]  1€[0,T]

By using the Fourier transform, one proves ||R,A|; < ||hl|; for h € H ! and also
that if 4 € L, and

No :=liminf | R h||; < o0,
n—o0
then 7 € H' and ||h|l; < Ny. After these observations to get (3.8), it only remains

to use Fatou’s lemma.
Now we prove (3.11). Simple manipulations show that the function

ren(t) :=8pue(t) — v (1)
satisfies
drep(t) = [Lsrsh(t) + L/(Ms+h(t) - Ms(t))] dV;
+ [Myren(t) + My (e (t) — ue(0))]dYF.
Hence, by Theorem 3.1, for a constant N independent of ¢ and 4,
T 5 p/2
E sup [ue(t) vl <NE( [ e = w.0Bav;)
1€[0,T] 0
13, 12/3

which by the interpolation inequality ||k]2 < N |||y~ ||2[|3"", Holder’s inequality
and (3.7) is less than a constant times

(B sup tucsntt —u8<r>||5)1/3.
1€[0,T]
Finally, observe that g.p, (t) := uc4+5(t) — u.(t) satisfies
dqen(t) = [Leqen(t) +hL'uey (1) +hf'(1)1dV;
+ [Myqen(t) + hMjue (1) + hgp (DAY,
and, by Theorem 3.1 and (3.7),

E sup |lugip(t) —uc(0)|§ < NP —0
t€l0,T]

as h — 0. This proves (3.11) and finishes the proof of the theorem. [
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4. Proof of Theorem 2.2. Remember that V; is introduced in Assumption 2.2
and let

Vie=eVii+U=e)Vi  pp=dV//dV, (<]),

o

LS:ptreLr’ fszptrgfra My, = My, 8ke = 8k-
Then (2.1) becomes (3.6). Next define

ij _ r ,ij i__ r i T
g = Prely s g = Pielys g = Pyelr-

Notice that
alaaldv, =al 1A dvy],.
It follows that the assumptions of our equation (3.6), stated before Theorem 3.3,
are satisfied with m + 3 in place of m. This theorem implies that in order to prove
Theorem 2.2 it suffices to show that, for any ¢ € [0, 1],
E sup [l < N(Elluor —uoolly + AP),

1€[0,T]
where v, () satisfies v.(0) = ug; — upo and is the unique solution of (3.9). The
latter in our case becomes

41)  dve(t) = Lo () dV], + (Lrue(t) + fr(1)) dA] + Myve () d Y,

where Ay = V| — V/ and, of course, u,(7) is the unique solution of (2.1) with
the above-defined V/, and initial data ug, = eug1 + (1 — &)ugo.

Next we need two lemmas. Remember that H~! is the space of distributions
which is dual to H' and there is a natural way to extend (v, u)( by continuity from
v,u€Lytove H ', u e H. This extension of the inner product in L, is denoted
by (v, u) or (u, v). Similarly, for any positive integer m the inner product (-, -),, in
H™ can be extended by continuity to a duality (-, -),, between H”™~! and H™!.
Set

qtkl :=d(Yk,Y1),/th, Ezéj = aéj —%b}'{bqutkl.
Define the quadratic forms
4.2) [l =, (1) = @Y Div, Djv)y + Cullvly,,  veH™,

where Co =0 and, if m > 1, C,, is a constant to be specified later in such a way
that the right-hand side of (4.2) is nonnegative, so that notation (4.2) makes sense.
We polarize [v],%1 to define the corresponding bilinear forms

4[U,w]m=[v+w],2n—[v—w],2n, v,we H™!,
To simplify the notation, write

va:D“‘v, Vyai =DaDiU, va,-j:D“D,-jv.
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Then
W, V=Y (Ua:Va)o-

loe|<m
Quite often we deal with finite sums > .4 a®Bug vg with uniformly bounded

coefficients a®#. Let # denote the set of such forms. For £, € # we write £ ~ 1
if there is a form

4.3) .= Z vy P%, P% = Z a“ﬁvﬂ,

loe| <m |Bl=m

such that the integrals (over R?) of & — 5 and ¢ are the same and |a®?| can
be estimated in terms of d, dy, di, m and K. Forms of type ¢ are particularly
interesting because their integrals are estimated through a constant under control
times ||v||%1.

LEMMA 4.1. There is a constant C,, with Co = 0 depending only on K, d,
do, d1 and m such that the right-hand side of (4.2) is nonnegative. Furthermore,
for m > 1, any multi-indices o, B, y satisfying a =B+ vy, |B| > 1 and |a| < m,
and any v € H™ we have (ag D;iv)qvyj ~ ag VyiVqj and

(4.4) %Y = G0y vaj ~ Gy vyij Ve ~ O,

PROOF. Notice that the assertion of the lemma holds true for m = 0 due to
Assumption 2.3 saying that a, is a nonnegative matrix (V;-a.e.). For m > 1 and
m > |a| > 1, use the Leibnitz formula to get

@Y Div)gvej = vaive; + Y. PVIUPY,
Bty=a.|pI=1
where ¢®#? are certain constants. Since the first term on the right-hand side is

nonnegative, it only remains to prove (4.4). 4
Integrating by parts allows us to carry the derivative with respect to x/ from

Uy tO 51;% vy;. Observe that 512{3 ; is bounded by a constant, under control, since

|B] +1 <m + 1.1t follows that %F7 ~ —51;% Vy;jVq, and it only remains to prove
J9BY ~ (.
If |B] > 2 in %P7 then vy;; is the derivative of v of order at most m. In this

case, I%PY ~ (0 and we may concentrate on |8| = 1. In that case, due to al =al',

we have
17 = &stwD’gvm = %&gsDﬁ(vyiUVj)’

and integrating by parts shows that 7*#Y ~ 0 again. The lemma is proved. [

In particular, we now have |[v, w],| < [v]n[w], (dVi-a.e.) for all v, w €
H"™ m > 0.
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LEMMA 4.2. There exists a constant N depending onlyond, dy, di, m and K,
such that, forany ve H"*' u e H"3 he H"? ¢ €0, 1]:

(1) for anyr, k, we have
[(v, L) | + [(Lrv, h)m| + (v, Ly M) | + |(Mgv, Lyte)
< Nlvllm (Ihllms2 + llwllm+3);

(i1) almost everywhere with respect to d Vy,

4.5)

4.6)  p(v,v):=2(v, Lyv)mpf, + (Mo, Myv)maf” + 20015, < Nvlly;
(iii) for any i almost everywhere with respect to d Vy,

4.7 lgi (v, )| < Nlullm3 (0] + [[V]m),

where

qi (v, u) = ((Lyv, Liw)y + (v, Li L)) phe + (Mgv, L Myit) gt

PROOF. One can easily get estimate (4.5) by Cauchy’s inequality combined
with integration by parts. The proof of (ii) is very similar to that of Lemma 2.1
in [12]. We may (and will) assume that v € H m+2 Then the left-hand side of
inequality (4.6) minus 2[11]%1 is the integral over R9 of

0:= Y {20 0(Liv)e +af (Miv)e(Mov)a} = Y O

la|<m loe|<m
By integrating by parts, we obtain
2va£vi ~ aé(vz)i ~ —aéivz ~0,
and similarly, for |a| <m,

Vy (aévi)a ~ vaaévtxi ~0, Vo (agv)q ~ 0,

(bjvi)a(brv)e ~ 0, (bev)a(brv)y ~ 0.
Hence, upon defining L% = a'/ D;;v and M{v = b’ D;v, we get

(4.8) 0% ~ {20}, va (L0)y + ¢ (Mv)o (M0v),}.

If m = 0, then the only possible value for « is 0 and the integral on the right-
hand side of (4.8) equals —2[v](2), which implies (4.6). Therefore, in the remaining
part of the proof we assume that m > 1.

For m > |a| > 1 define I" («) as the set of couples of multi-indices (8, y) such
that || = 1 and @ = 8 + y and define the constants c®#? from the equality

D*(¢py) =Dy + Y PV (DP)DY Y + -,

I'(@)
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where the missing terms are those that contain the derivatives of i of order at most
|a| — 2. Then, for m > || > 1, owing to qf’ = q,’k, we obtain

¥ (M) (M) = gF" (Blvi)a (B v)agt”

~ g} bivaiblve; + 2g1" Y c“ﬁybiﬂvyib{vaj.
I (e)

Upon remembering that bfc are twice differentiable and || +1=2and |y|+ 1 =
lo| <m, we get

kroi i kroi i 1 krogji
qr " bigvyibivaj ~ —q; bigvyijblve = —2q;" (b]b})vyijva-
Furthermore,

2,0{8va(L9v)a ~ 2vaaéjvaij +2 Z co"syvaaggv,,ij.

')

After these computations (4.8) and Lemma 4.1 yield

Qu ~ —2vaic~léjvaj +2 Z c“ﬁ’”&i{ng‘j Vg ™~ —2(51éjDiv)avaj.
I'(@)

Thus,

4.9) p(v,v) = /Rd Qdx +2[vly, = Y (va, P*v)o,
la|<m

where P are some operators as in (4.3). This proves (4.6).
To prove (4.7), we polarize (4.9) and get

(Lyv, )Pl + (v, Lrw)mple + (Mgv, Myw) gt + 2[v, wly,
=1 > [(Va, P*W)o + (wa, PYv)o].

lee|<m
We plug in w = L;u to obtain
qi(v,u) + (v, (LyLi = LiLy)u)m oy,
+ (Myv, (M, L; — LiM)u), g + 2[v, Liul,,
=1 > (D%, P*Liu)o + (D*Liu, P*v)ol.

loe] <m

Hence, we obtain (4.7) by Cauchy’s inequality and by integration by parts, after
noticing that (L,L; — L;L,) and (M,L; — L;M,) are third- and second-order
operators, respectively. The lemma is proved. [
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LEMMA 4.3. Define

Ji= e = /0 (ve (), Liue () + fi(s)),, dAL.

Then there exists a constant N depending only on d, dy, dy, K, p, m and T such
that, for any stopping time 1 < T,

t p/2
E sup <J[g - / [Ug]i(s)st)
0

1<t +

(4.10)
T
féEfgg IIvs(t)Ilfi,JrN(prLE/O ||vg(t)||5,th>-

PROOF. We want to estimate J;. through A without using the variations of A’.
Therefore, we integrate by parts with respect to s or alternatively use 1t6’s formula
(see [6]). We also remember that the coefficients of L, and f; are independent of 7.
Then we obtain

(4.11) Jo = (ve(0), Liug(t) + i (1)), AL — Jip — - — Jag,

where J;; are defined by the following formulas in which we drop the argument s
whenever it does not lead to any confusion:

D= [ AL v Lite + fibn -+ G, Lyt + ) VY

= " AL (Myve, Li(Myu + g)),, d{Y*, Y7,

T3 = /0 A (Myve, Liug + f)m + (ve, Li(Mrug +g,)),,} dYE,
204 = 2/(: AL jue + fj, Littg + fi)m d Al

t . .
:/O (Ljug+fj,LiM8+ﬁ)md(A§A§)'

By Lemma 4.2 and Young’s inequality,

t
Ji+Jy < NA fo it lmsslvel + 106 e (1 F sz + 18 llmss + lizellms3)} Vs
d 2 ! 2
5/0 [vg]mdvs+/0 lvel2 dV,

+NA2/0, {luelps + 1 F 52 + 1gl5 3} Vs
Next notice that, by Lemma 4.2,
|(Myve, Litte + f)m + (Ve, Li (Mrue + 1)), |
< N[vellm e llm+3 + 1f lmt1 + 18 llm+2)-
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Therefore, by the Burkholder—Davis—Gundy inequality,

T p/4
E sup|J3 [P/ < NAWE( /0 1oe I i3+ 111201 + ||g||3,,+2)dv,)

1<t

2 2 2
< NAPI’E sup (e ONZ/2 + 1L O+ 1gN172)
tel0,T]

T ) p/4
x (/0 ||vg||mdv,) .

We use Cauchy’s inequality, (3.7), the argument about (3.4) and our assumptions
and infer that

T
Esup|J3|P/* < NAP + & Esupllv.()||2 + NE A vell? dV.

<t 1<t

It follows that the left-hand side of (4.10) is less than

T
LE sup lue (|17, + N AP + NE/0 lvellZ dVs + NE sup | Ja, P/,
1<t

1<t

and to prove the lemma it only remains to estimate Jy;.
We integrate by parts again and find that

(4.12)  2J4 = (Ljuc(t) + fj, Liue(t) + fi), Al A} — Ry, — Ry — R3,

where

.,
Ry = 2'/0 Angg <Lj(Lr”s + fr), Liug + fi>mdvsr,€’
t . .
Ry =/0 ALAL(Lj (Mg + g1), Li(Myug + g1)),, d{Y*, Y")s,
o,
Ry = 2/0 ALAJ(Lj (Mg + 1), Liug + £;),, dYE.

Since (Lj(Lyus + f;), Liug + fi)m is readily estimated through ||M8||f,,+3 +
I £ 112,11, we see that

Esup|Ry, + Ry|P/* < NAP.

1<t

Furthermore, the Burkholder-Davis—Gundy inequality obviously implies that the
same estimate holds for Rj3,. Hence, E sup,, |J4,|p/ 2 < NAP. The lemma is
proved. [J

PROOF OF THEOREM 2.2. Applying the differential operator D% to both
sides of (4.1), using Itd’s formula (see [6]) for || D vg(t)||% and summing over
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all |a| <m, we get
d||v8(t)||,%1 = 2(ve (1), Lrve(8))m dv[’;g + 2(v8(t), Lyug(r) + fr(t))m dA;

+ (Myve (), Myvg(1)),,, d(Y*, Y71 +2(ve (1), Mgve(1)),, d Y/
By using Lemma 4.2(ii), we obtain
dlve®)p < —2[veln dVi + Nllvell2, d Vi +2d J; + 2(ve, Mgve)m dYf,

where J; is defined in Lemma 4.3. Here, as before, integrating by parts implies
that |(ve, Myve)m| < N v ||,2n. Hence, by Lemma 4.3 and the Burkholder—Davis—
Gundy inequality,

t p/2
E sup v (0117 < NE o — uoollZ, + 4E sup (Jm - [, dvs)

t<t t<t +

T 4 p/4
+ NE(/O ||vg<z>||mdvt)

2,1
< NE|luo1 — uooll,, + 5 E sup [[ve @) |},
1<t

T T p/4
L NAP 4 NE/O loe D12 dV, + NE(/O ||vg<t>||f,,dv,)

for any stopping time v < 7". The last term here is estimated through [see (3.4)]

) T ) p/4
NE sup s (1)]12/ ( /0 o 12, dvt)

<t

T
< JEsup v 0lI}, + NE/ I (OI2 dVi,
1<t 0
which implies
T
Esupllve (01l < NElluoy — uoollf, + NA? + NE/O lve ) 1I2, d Vi

1<t

Now we get
Esup lve ()15 < NE|uor — ugoll?, + N AP

1<t
by a stochastic version of Gronwall’s lemma. If p > 1, this finishes the proof
of (2.3) owing to Theorem 3.3.
To deal with p € (0, 1), we notice that a careful analysis of the above proof
of (2.3) shows that

E sup ||uy(t) — uo(t)llf,,

1<t

2
< NE|uo1 — uooll;,

2
+ NA2E{||u01||,%1+3 + llugoliZ 43 + Sup (ILf ()43 + 18 (1) lm+4) }
1<t
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for any stopping time t < T, and, furthermore (a.s.),
E{ sup i () = wo(0) 13 0
1<t
< Nlluor — uoolly, +NA*(luotll7 3 + lluool +3)

+NAE] sup (1 Ollnsa + 18O )| 7o)

<t

A standard transformation of such inequalities (see, for instance, the derivation of
Theorem 3.6.8 from Lemma 3.6.3 of [10]) shows that, for any é € (0, 1) (a.s.),

E{ sup lir 0 — o) 2|5 |

1<t

2 2 2 2
< Nlluor —uoolly; +NA*(lluoillzsz + luoollz3)

+ NA”E{ sup (Il £ () 43 + ||g<z>||m+4)2‘3]%}.

1<t
Upon taking here § = p/2 and taking the expectations of both parts of the last
inequality, we arrive at (2.3). The theorem is proved. [J

5. The case of time-dependent coefficients. Here we consider (2.1), keeping
Assumptions 2.1-2.4 and assuming that the following condition also holds, in
which

h(t,x)=(alf (t,x),a,(t,x),a,(t.x), f,(t.x):y =1,2,....d, i, j=1,....d).
In this section we stipulate that Greek integer-valued indices run through

1,2,...,d;.

ASSUMPTION 5.1. There exists a continuous F;-martingale
d
Zi=(Z)..... 2,
and for any x € R? there exist bounded predictable functions
hi (8, %) = (alf, (1, %), @), (1, %), ayr(t,x), fyr(t,x))
defined on Q x (0, T] forr =0, 1, ..., dp, such that:

(1) d{Z); <dVi,
@) h(t,x)=h©,x)+ fé ho(s,x)dVs + fé hy(s,x)dZg,
for all w and ¢, where, as usual, the summation in r is carried over all possible

values, which in this case are 1,2,...,d>. Furthermore, h, are continuously
differentiable with respect to x up to order m + 1 and |[DPh,| < K for || <m +1.
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THEOREM 5.1. Under Assumptions 2.1-2.4 and 5.1 there is a constant N
depending only on d, dy, d1, d3, K, p, m and T, such that

E sup |lui(t) —uo(®)|h < N(E||luor — uoollh, + AP).
1€[0.7T]

PROOF. Obviously, we need only show that Lemma 4.3 remains valid. Define
Ly, = a;er,'j + a;rD,‘ +ayr

and observe that, since AY = 0 and now the coefficients of L, and f, depend on
time, there will be three additional terms —Js5; — Jg; — J7; on the right-hand side
of (4.11) with

t
Jst :/0 A;/(US» L]/OME + fyO)m dVs,
t
Jor = fo AY (Mive, Lyytte + fyr)m d(Y*, Z')s.

t
Ji = /0 A;/ (ve, Lyrus + fyr)m dzsr-
By following already familiar lines, we conclude that

E sup|Js;|P/? < NAP/2E sup ||ve |12/ sup(|lue [l m+2 + K)P/?
T t<t

t<t <

< éE sup [lvg |15 + NAP.
t<t

The same estimate holds for Jg; since
(Mg, Lypus + fyp)m = (Vg, M;:Lypue + M/jfyp)m,

where M is the formal adjoint of M} and we can use that the coefficients of L.,
and f,, are m + 1 times differentiable.
As far as Jy; is concerned, it suffices to add that

T ) p/4
E(/O |A;/(U87 Lyrus + fyr)m| dVv)
< NAPP2E sup||ve |5/ sup(lluc mi2 + K)P/2.
t<t t<t

The only remaining changes to make in the proof of Lemma 4.3 now are related
to the fact that in (4.12) there will be the terms —R4; — Rs; — Rg; — R7; with

t
Ry = 2/0 A;/Aéi(LMOMS + f,LLO, Lyus + fy)m dVy,

t .
Rs; :/(; A?;A{;L(L;Lrus + fura Lyius + fyi)m d(Zra Zl)s,



SPLITTING-UP METHOD 585
t
Rer =2 /0 AV AB(Lypite + furs Ly Mite)m d(Z7, YR,

t
Ry, :2/0 AY ALyt + fur. Lytts + f)md 2.

Almost obviously all these terms can be estimated in the same way as in the
proof of Lemma 4.3. By this comment we finish the proof of Theorem 5.1. [

By using the above theorem, we can extend our result on splitting-up
approximations, Theorem 2.3, to SPDEs with time-dependent coefficients. Let
us consider the solution u(¢) of (2.4) in (0, 7] x R4, with initial condition
u(0,x) = ug(x), and remember that 7,, :={t; =iT/n:i =0,1,2,...,n}.

Since now L, f,, My, gr may depend on ¢, it is convenient to exhibit their
dependence on ¢ following the example L, (¢). Fory =1,2,...,dyands € [0, T],
let P (s)¢ denote the solution of the equation

(5.1) dv(t) = (L, (s)v(t) + fy (s))dt, t>0, v(0) =og.

Notice that the coefficients of L,, and f, are “frozen” at time s. Then u™ (1) for
t € T, is defined recursively as follows: u™(0) = uy,

(5.2) u 1) =PI Gg1) - PR )Pt 1) Qyyrp, (0 (1)

fori =0,1,2,...,n — 1, where § = T/n and Qy;¢ denotes the solution of the
equation

div(t) = (Lo()0(2) + fo()) dV2 + (My(0)d(r) + gx (1)) dYF, t>s, 9(s) = g.

THEOREM 5.2. Under Assumptions 2.5 and 5.1, there is a constant N
depending only on d, dy, dy, dy, K, p, m and T, such that

Emax ||u™ (t) —u(t)|?, < Nn~P
teT,
for all integers n > 1.

PROOF. The proof is almost exactly the same as that of the corresponding
statement, Theorem 2.3, in the time-independent case. We define d’ := d; + 1,
Kk (1), th . and YX(#) in the same way. Consider the counterparts of (2.6)

due(t) = (L (k () (1) + fr (1)) dV/ , + (My (e (e (1) + gi (1)) d Y/

for ¢ =0, 1, with initial data u.(0) = ug.

Then it is almost obvious that the assumptions of Theorem 5.1 are satisfied with
the same constant K and with d'T in place of T. We apply this theorem and after
that, as in the proof of Theorem 2.3, it only remains to observe that uy(d’t) = u(t)
and u1(d't) = u™ (¢) for t € T,,. The theorem is proved. [J
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REMARK 5.1.  We can define the approximation u™ by

u ™ (rg1) =Py tg1) - PE ) Quy P5 () - - PR P (1) u™ (1)

in place of (5.2), where 1 </ <d| is a fixed integer. By obvious modifications of
the above proof, one can show that Theorem 5.2 also holds for this approximation.

REMARK 5.2. One can also define a splitting-up approximation for the
solution of (2.4) by

d
M(n)(ti—H) = Ptilti+1 o Pt2izi+1Pl1ili+1 Qiitiy (u(n)(t,'))

in place of (5.2), where v(r) := P, ¢ denotes the solution of the equation
(5.3) dv(t) = (Lyv(r) + f, (1)) dt, t>s, v(s) =o.

By a straightforward modification of the proof of Theorem 5.2, one can see that it
also remains true for this approximation. We prefer the splitting-up approximation
defined by (5.2), because, in practice, it is usually more convenient to solve the
time-independent PDE (5.1) than to solve the time-dependent PDE (5.3).

Let C! = C!(R?) denote the Banach space of functions f = f(x), x € R,
having continuous derivatives up to order [, such that | f|~ =
SUD,cRd 2| <I |DP £ (x)| < 0o. We get the following corollary from the previous
theorem by Sobolev’s theorem on embedding of H™ into C’.

COROLLARY 5.3. [If Assumptions 2.5 and 5.1 hold with m > | + d /2 and
nonnegative integer L, then, for some N = N(d, dy,d,d>», K, p, m),

E max |[u"™ (1) — u(t)llf( <Nn~P
teTy
foralln > 1, where X := C! and || ||x denotes the normin X.

The next corollary can be obtained easily by a standard application of the Borel—-
Cantelli lemma.

COROLLARY 5.4. IfAssumptions 2.5 and 5.1 hold with p > k for some k > 1,

then there is a random variable &, such that almost surely

max [lu™ () — u(r)||x < gn~T/x
teT,

foralln > 1, where X is H™ or where X :=Cl ifm >1+d/2.
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6. An application to nonlinear filtering. Partially observable stochastic dy-
namical systems are often modeled by a pair Z; := (X;, ¥;) of multidimensional
stochastic processes satisfying some stochastic differential equations with given
coefficients. Here X; is a d-dimensional process, called the unobservable compo-
nent, or signal process, and Y; is a dp-dimensional process, called the observation
process. In a fairly general situation, the evolution of these processes is governed
by the equations

dX;=h(t, X, Y)dt +o, Xs, Y)dws + p(t, Xy, Yr)dWy, Xo =6,

6.1)
dY, =H(t, X, Y,)dt +dW;, Yo=n,

where h(t,x,y) € R, o(t,x,y) e RI*4, p(t,x,y) €e R, H(t,x,y) € R%
and (wy, Wy) is a (d + dp)-dimensional Wiener process, independent of the
Fp-measurable random vectors &, n. The coefficients &, o, p, H are assumed to
be bounded and globally Lipschitz in (x, y) € R¢T%  uniformly in ¢ € [0, T'].

The classic problem of nonlinear filtering is to compute at time ¢ the best mean
square estimate for ¢(X;) from the observations {¥;:0 < s < ¢t} for any given
bounded smooth functions ¢. In other words, one wants to compute the conditional
expectation

E(p(X)|Y;,0<s<t) =/(p(x)P(t,dx)

from the data P(0,dx), h, o, p, H and the observation {Y,s <t} for a given
function ¢, where P(¢,dx) denotes the conditional distribution of X;, given
{Ys,s <t}. B

From [12] one obtains the following result. To formulate it, set a(l)J = %(pp*)if,
o/lj = %(oa*)’j and a/ := Oté] —i—o/l] @i, j=1,2,...,d), where p*, o™ denote the
transpose of the matrices p, o.

THEOREM 6.1. Let m > 1 be an integer. Assume that (i) a'/ have uniformly
bounded derivatives in x up to order m + 2, (ii) h and p have uniformly bounded
derivatives in x up to order m + 1 and H have uniformly bounded derivatives in x
up to order m and (iii) the conditional distribution of & given n has a density pg
(with respect to Lebesgue measure), which belongs to H™. Then the conditional
density w;(x) := P(t,dx)/dx exists and

nl(x) = p(t7x)/(p(t)’ 1)0’
where p = p(t, x) is the unique solution of the equation
dp(t,x) = {Dij(aij(t,x, Y)p(t,x)) + Di(hi(t,x, Y p(t,x))}de
+ {H*(t, x, Y p(t, x) + Di(p™ (t, x, Y p(t, x))} aY},

with initial condition pg. Moreover, {p(t):t € [0,T]} is a continuous
H™-valued stochastic process and a weakly continuous H™-valued stochastic
process.

(6.2)
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This theorem describes the analytical properties of the conditional density 7;
and presents a way of computing the estimate for ¢(X;), via (6.2), called the
Zakai equation (or the Duncan—Mortensen—Zakai equation) for the unnormalized
conditional density p;.

To implement this result in practice, one has to develop numerical methods
to approximate the solution of (6.2) and needs to control the error of the
approximations. Therefore, various methods of approximation have intensively
been studied in the literature.

Notice that for (6.2) the condition of stochastic parabolicity (Assumption 3.2)
requires that the matrix 2a”/ — (pp*)"/ = (60*)"/ be nonnegative definite. Clearly,
this is always satisfied. The degenerate case, o = 0, is of special interest. In this
case, the representation of the solution of (6.2) by the method of characteristics
gives a relatively simple formula, which does not involve conditional expectation
(see [12]). Using this represer}t.ation, one can obtain an approximation for the
solution of (6.2) with a¥/ = a(l)j , and the error can also be estimated (see [3]).
This motivates the idea of splitting up (6.2) into the equations

(6.3) du(t, x) = Lo(t, Y)u(t, x) dt + My(t, Y)u(t, x)dYF
and

(6.4) dv(t,x)=Li(, Y)v(t, x)dt,

where

Lo(t, )¢ (x) := Dij(ag) (t, x, y)p(x)),
Li(t, )¢ (x) := Dij (e (t, x, ) (x)) + D; (h' (¢, x, y)p (x)),
My (1, Y (x) := H (2, x, y)p (x) + Di (0™ (¢, x, ) (x)).

Let P;(#;)¢ denote the solution, starting from ¢, of (6.4) with coefficients frozen
att=t;, Y, =Y, where t; := Ti/n. Define the approximations p,(#;), p,(t;) for
tel,={Ti/n:i:=0,1,2,...,n} by p,(0) = p,(0) := po,

Pn(tiv1) == Ps(tiv1)Qpp Pr (i), Pn(tiv1) = Qyp Ps(t:) pu(t;)

fori =0,1,2,...,n — 1, where § = T'/n and Q¢ denotes the solution of (6.3)
for t+ > s, with initial condition v(s) = ¢. To apply Theorem 5.2 to these
approximations, we need the following assumptions for a fixed integer m > 0 and
real number p > 0.

ASSUMPTION 6.1. The coefficients ag = (ozé)] )and a; = (allj ) have continu-
ous derivatives in x up to order m + 5, h = (h') and p = (,0”‘) have continuous
derivatives in x up to order m + 4 and H = (H iky has continuous derivatives in x
up to order m + 3. All these derivatives are bounded by the constant K .
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ASSUMPTION 6.2. The derivatives in x of «; and A up to order m + 2 and
m + 1, respectively, have continuous first-order derivatives in ¢ and continuous
second-order derivatives in y, which are bounded by the constant K.

p
m

ASSUMPTION 6.3.  Almost surely po € H™3 and E||pol|},, 5 < K.

THEOREM 6.2. Und_er Assumptions 6.1-6.3, there exists a constant N
depending onlyond, dy, d, K, p, m and T, such that
(6.5) Eltnf%x I pn(t) — p(ONI5 < Nn™P, Emf%x I pn(t) — p(OI < Nn~P

n te n

for all integers n > 1, where || - || x denotes the normin X := H™.

PROOF. We rewrite (6.2) in the form of (2.4) as follows:
66) dp(t,x)= Lo, Y)p@t,x)dt + L(t,Y)p(t,x)dt
+ My (t, Y p(t, x) dWF,
where
Lo (1, YD (x) :=al (1, x) Dij (x) + a}(t, x) Dip (x) + ar (t, ) (x),
My (1, Y1) (x) := by (t, ) Dip (x) + b (¢, ) (x),
with random coefficients
aéj(t, X) = a(i)j (t,x, 1),
af)(t, x) = 2Dj(x6j(t, x,Y) + Hkpik(t, x, Y,
ao(t, x) := Dijaf (1, x, Y) + HDip™* (¢, x, Y;) + HYH (1, x, V),
al(t,x) ==al(t,x,Y,)),  al(t,x):=2D;a’ (t,x,Y)) +h'(t, x, Y)),
ar(t, x) == Dija (¢, x, Y;) + Dihi (¢, x, Yy),
bi(t,x):=p*@t,x,Y)),  b(t.x):=Dip*(t,x,Y,) + H* (1, x, Y).

Clearly, (6.6) satisfies Assumption 2.5 with V? :=¢ and Y* := W, and
Assumption 5.1 holds by virtue of the well-known Ito—Wentzell formula. Hence,
we can finish the proof by applying Theorem 5.2 and Remark 5.1 to (6.6). [

By Sobolev’s embedding and by the Borel-Cantelli lemma, we obtain the
following corollary.

COROLLARY 6.3. If Assumptions 6.1-6.3 hold withm > d /2 +1, where l > 0
is an integer, then estimates (6.5) also hold with X := C'(R?) in place of H™. If
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Assumptions 6.1 and 6.2 hold and E||p()||,‘f1+3 < o0 for some p >k and k > 1,
then there is a finite random variable &, such that almost surely

—1+1/k —1+1/k

max || pn () — p(H)llx <&n max || pn () — p(0)||x <&n
teTy, teTy,

foralln>1,with X .= H™, and if m > [ + d /2, then also with X = cl.

REMARK 6.1. In [3] a version of Theorem 6.2 is given in the time-
homogeneous situation, when the coefficients of (6.1) are independent of Y;,
p =2, m =0, and with max’s in (6.5) being outside of expectations. However, the
number of derivatives required in [3] is smaller. We believe that the latter is actually
due to some kind of confusion, since in [3] the authors use a theorem from [12]
stated for the equations in the usual form, and (6.2) is written in conjugate form.

REMARK 6.2. One could easily consider the most general form of the signal-
observation equations (6.1). In particular, we can put a uniformly nondegenerate
smooth matrix-valued function G(t,Y;) in front of dW,;. Then, under natural
assumptions on the smoothness of G, one can get a result similar to Theorem 6.2.
We have chosen not to deal with these generalizations just for simplicity of
notation. Finally, we note that by using weighted Sobolev spaces in place of H™
one can extend our results to the case of SPDEs with unbounded coefficients.
These kinds of SPDEs are important from the point of view of applications, in
particular, in nonlinear filtering (see, e.g., [7, 15, 16] and the references therein).
However, for the sake of simplicity of presentation, we did not want to cover the
case of unbounded coefficients in this paper.
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