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CAPACITY AND PRINCIPAL EIGENVALUES:
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OF OBSTACLES REVISITED
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ETH-Zentrum

We describe a coarse graining method, which provides lower bounds
on the principal Dirichlet eigenvalue of the Laplacian in regions receiving
small obstacles, and sharpens the previous method of enlargement of
obstacles. Based on a quantitative Wiener criterion, one replaces the
actual obstacles by obstacles of a much larger size. Controls on the shift of
principal eigenvalues and capacity estimates on the locus where the
Wiener criterion breaks down are derived. The results are written in a
self-contained fashion.

Introduction. Capacity and principal eigenvalues have a well known
interplay which has been studied by many authors (e.g., Ancona [1], Kac [7],
Ozawa [8], Rauch and Taylor [10] and Swanson [11]). The present article
describes another instance of this connection in the context of the “method of
enlargement of obstacles.”

The method of enlargement of obstacles (see [14] for a review) aims at
deriving lower estimates on the principal Dirichlet eigenvalue of the Lapla-
cian in regions of RY d > 1, which receive many small obstacles. These
obstacles are often produced by some random mechanism. A typical instance
to keep in mind is the case of closed balls of small radius & centered at the
points of a Poisson cloud with possibly high intensity, which are “deleted”
from some given region of RY.

The rough idea of the method is to replace the original configuration of
small obstacles with size ¢ by a configuration of obstacles with a much bigger
size ¢'. This replacement is performed in such a fashion that one does not
increase too much the eigenvalue under study, at least when its level in the
original configuration is not too high. The point is that the configurations of
enlarged obstacles now have a reduced combinatorial complexity and are
easier to analyze.

It turns out that in general one cannot enlarge every obstacle, for it may
cause a substantial upward shift of the eigenvalue (see [14]). One needs to
distinguish between good obstacles, which are “well surrounded,” and “bad
obstacles,” which are “poorly surrounded.” One then enlarges only the
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obstacles corresponding to good points and discards the obstacles correspond-
ing to bad points.

When using this coarse graining method, there are essentially three
guantities which measure the efficiency of the procedure:

The uniform upper bounds one has on the possible upward
(l.1a) shift caused by the replacement of some of the true
obstacles by enlarged obstacles.

The ratio of the typical size ¢ of the true obstacles to the
size &' of the enlarged obstacles. This ratio in essence
controls the reduction of combinatorial complexity achieved
by considering enlarged obstacles instead of true obstacles.

(1.1b)

The uniform controls on the volume of enlarged bad
(1.1c) obstacles. These are crucial when deriving probabilistic
estimates on configurations of enlarged obstacles.

The point of the present article is the description of a new way of
constructing such a coarse grained picture, which leads to estimates on
quantities like (1.1a)—(l.1c) quite better than those coming from the method
described in [12-14]. For instance, in the two-dimensional case, the method
previously used provides controls of order exp{—consty/log(1/¢)}, as ¢ = 0,
on the quantities showing up in (I1.1a)—(l.1c). These estimates become worse
in higher dimension. The construction we present here, instead, produces
controls of order ", as ¢ — 0, regardless of the dimension.

At the heart of this improvement lies a new way of enlarging obstacles.
Roughly speaking, we decompose RY into L-adic boxes of size less than or
equal to 1. We use this decomposition to partition R? into a collection of
density boxes (size approximately £?), of bad boxes (size approximately &#)
and of boxes receiving no point of the cloud (size approximately &#),
with 1 > 8> y> 0. The scales ¢” and £? which show up in this coarse
grained picture are large compared to the scale ¢ of the true obstacles. This
addresses (1.1b).

The density boxes are those boxes of size approximately ¢” which fulfill a
certain quantitative Wiener criterion [see (1.15)]; the closure of their union is
precisely the set where we “enlarge obstacles.” This leads to eigenvalue
estimates developed in Section 1, which take care of (1.1a).

The bad boxes on the other hand are the boxes of size approximately &#,
contained in the complement of density boxes and receiving some point of the
cloud [see (2.32)]. We derive sharp controls on the volume of bad boxes; see
(1.1¢). This is essentially performed by means of capacity estimates developed
in Section 2. In particular, we show in Theorem 2.1 some rather general
exponential controls on the average capacity of obstacles attached to rarefac-
tion boxes (i.e., boxes of size approximately £¥ which are not density boxes).
The estimates are worked out through the successive generations of boxes.
This has some flavor of renormalization theory or of the methods developed in
the study of harmonic measures (see [3, 6]), and is also reminiscent of the
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arguments involving trees and capacity present in the series of work by
Benjamini, Pemantle and Peres (see, e.g., [2], [9] and references therein).

The motivation for the method we develop in the present article stemmed
from a problem, which we now briefly describe. Consider a Poisson cloud of
points (x;) in RY, d > 2, with constant intensity » > 0. Let W() be a nonnega-
tive, compactly supported, bounded measurable function, which is not a.e.
equal to 0. It was shown in [11] that the principal Dirichlet eigenvalue A, of
—A/2 + T,W(-— x;) in the box (—u/2,u/2)* has asymptotic behavior de-
scribed by

c(d,v)

2/d

(|2) P-a.s. u "~ W

as u — oo,

where c(d, v) € (0,«) is a constant solely depending on d and ». What can
now be said about the fluctuations of the random variable A ? In particular,
what bounds can be derived on the spread of the distribution of A, around a
median? These questions, for instance, turn out to be of importance for the
fine study of Brownian motion in a Poissonian potential. Some preliminary
applications to the control of fluctuations of A, are developed in Section 3, but
the main body of applications will be developed in [15].

As a result of this motivation, we wrote our results in the context of “soft
obstacles,” where the obstacle attached to a point x; of the *“cloud” is
£ 2W(e (- — x;)). However our results can routinely be adapted to the case
of “hard obstacles.” In this case we would instead delete the set U;x; + ¢K
from RY, with K a fixed nonpolar compact subset of R¢ (e.g., the closed ball of
radius a > O centered at 0).

Let us explain how the article is organized. Section 1 introduces the precise
notation, describes the notion of density and rarefaction boxes and derives
the eigenvalue estimates. The main results are Theorems 1.2 and 1.4. In
Theorem 1.2 a control as in (I.1a) is discussed. In Theorem 1.4 it is shown
that one can discard regions of space which are distant enough from places in
which the coarse grained configuration presents a noticeable hole (the so-
called clearing boxes) without causing a substantial shift of the eigenvalue.

In Section 2 we define the notion of bad boxes. The main objective is to
control their volume; see (l.1c). This is performed with the help of the
capacity estimates on rarefaction boxes shown in Theorem 2.1 together with
certain “solidification estimates” presented in Proposition 2.3.

Section 3 develops some first applications of our results to the study of
fluctuations of the above-mentioned principal Dirichlet eigenvalue A, [see
(1.2)]. It also tries to address the reader’s legitimate question “what is all this
good for?”

The Appendix collects some results which are used in Section 1 in the
derivation of eigenvalue estimates. These are streamlined and reinforced
versions of the arguments developed in [12] or [13].

Let us finally mention that the present article has been written in an
essentially self-contained way, which in particular does not require knowl-
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edge of [12-14]. We thank A. Ancona for mentioning [6] and I. Benjamini
for [3].

1. Eigenvalue estimates. We begin with a description of our notations
and setting. We let ) stand for the set of locally finite simple pure point
measures @ = X;4,. on RY d > 1. To each point x; of a “cloud configuration
o = X;8, " we attach a soft obstacle. This soft obstacle is defined by means of
a fixed shape function W(:) which is suitably scaled and translated to the
point x; under consideration. We assume that W(-) is nonnegative, bounded,
measurable, compactly supported and not a.e. equal to 0. The scaling is
governed by a parameter ¢ € (0, 1), and our soft obstacles are defined by the
potential function

(1.1) V.(X, w) =¢& 2 ZW(a‘l(x—xi)), xeRY we Q.

It is convenient to denote by a = a(W) > 0 the radius of the smallest closed
ball centered at the origin outside which W(-) vanishes:

(1.2) a(W) = inf{r > 0, W(:) = 0on B(0, a)°}.

We let P,, x € RY, stand for the Wiener measure on C(R,, R?) starting from
x and let (Z,),., stand for the canonical Brownian motion. Given U, a
nonempty open subset of RY, ¢ > 0 and w € Q, a central object of interest in
what follows is A°(U), the bottom of the spectrum of the generator of the
strongly continuous self-adjoint semigroup on L2(U, dx) induced by

(1.3) RV “f(x) = E,

T, > t, exp{—ftVE(ZS, ) ds}f(Zt)},
0

with t > 0, x € RY, f e L?(U, dx) and T, = inf{s > 0, Z, & U}, the exit time
from U. It is known (see [5], Proposition 3.1) that

(14) A°(U) = inf{f(%IVflz +V,f2) dx, fe CZ(U), /dex = 1}.

[In fact A°(U) is the bottom of the spectrum of the Friedrichs extension of
—A/2 + V., on CZ(U).] When B is a closed subset of RY, we denote by H the
entrance time of Z. in B:

(1.5) Hg = inf{s > 0, Z, € B}.

We are now ready to describe how we “enlarge obstacles.” We consider an
integer L > 2 [which later will be chosen large enough; see (2.9)] and intro-
duce an L-adic decomposition of R%: For m = (ig, i;,..., i) with k>0,
i,€z%and i,,...,i, €{0,..., L — 1}9 we consider the box of generation k
with size L™* associated with m:

] i i 1 g
(1.6) Cm=|o+t+~~+F+F[o,1) .
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We denote by 1 (resp., 1,) the collection of indices m of the above form (resp.
of indices m of generation k). We shall sometimes write C,  to recall the
generation k of m. There is a natural tree-like structure on 1 and we shall
write

(1.7) ms<m’,

when m’ extends m. That is,

m= (ig,.... 1), m’ = (iy,...,i%) withk <k'and iy =ig,..., 0, = i}.
When m = (iy,...,i ) €I, j€{0,..., L — 1}9 We shall also write

(1.8) m - j instead of (ig,..., 0, J).

Finally when m = (i,,..., i) €I, and 0 < k' <k, [m],. will stand for the
truncation of m to the k’th generation:

(1.9 [Mm]e = (ig,. .\ i) € 1.

We shall now introduce two supplementary length scales which are interme-
diate between 1 and . Namely, we pick

(1.10) O<a<y<l,

and the above-mentioned scales will roughly be 1 > £ > £¥ > ¢&. The scales
&” will correspond to the size of enlarged obstacles, whereas the scale ¢¢,
which should be thought of as being close to 1, will come in the definition of
the quantitative Wiener criterion in (1.15) below. Since we are working with
the L-adic decomposition of RY, it is convenient to introduce

log(1,/¢) log(1,/¢)
FEROE [a—,og s } n,(s) - [y—log . } and
I(e) =n,(e) —n,(&).

We then have

L™l < g% < L™ ", L ™1 <g?”< L™,
1.12 y—a 1
( ) I(s)~glog— as ¢ - 0.
log L e

We are now going to define density and rarefaction boxes of the configuration
o € Q. To this end we still need some notation. For m € 1, an index of
generation k and o € Q we define

Kn=L U B(x;,ae)],
(1.13) X;€Cp,
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provided that for a compact subset K of RY, cap(K) denotes the usual
Brownian capacity when d > 3 and the 1-capacity when d = 1,2. That is,

-1
(1.14) cap(K) = (inf{ffg(x, y)v(dx)v(dy); v probability on K}) ,
where for x, y € RY,
9(x,y) = [ p(s. %, y) ds =c(d)ly —xI*"* (whend = 3)
0
= /xefsp(s, X,y)ds (whend=1,2),
0
provided p(s, X, y) stands for the Brownian motion transition density and
d
c(d) = F(E — 1)/(277"/2) when d > 3.

In other words, K, corresponds to blowing up by a factor L* the “skeleton of
obstacles” U, cc B(x,, ag) attached to the points of the cloud falling in
the box C,, of size L™, and cap,, is the capacity of this set.

The quantitative Wiener criterion is now as follows. We pick & > 0 (it will
later turn out that a useful § should not be too large; see Theorem 2.1). Given
d, &, o, W(), L, @, y and §, we shall say that a box C,, of size L™"~ is a
density box when

(1.15) ) cap;m;, = 61(e) = 8(n (&) — n,(¢)).

n(e)<k=<n, (&)

When (1.15) fails, we shall say that C,, is a rarefaction box. It is convenient to
write

b= U G
me |,
m density iyndex
(1.16)
R= U o
mel,

Y
m rarefaction index

The interest in the notion of density box stems from a lemma which we shall
now state. It plays a crucial role in the eigenvalue estimates we shall derive.
For k > 0, we denote by H, the stopping time

(1.17) H,=inf{s > 0, [1Z, — Z,ll > L™},
where
(1.18) Ixll= sup Ix;] forx e RC.
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LEMMA 1.1. There exists ¢,(d, W) > 0, such that when
(1.19) dag < L™,

(1.20) Ex[exp{—fOH”“‘”Vg(Zs,w)ds}]sexp{—cl Y cap[m]k}

n,<k<n,

forall we Q, mel, , andxeC,.
Y

Proor. Assume (1.19) and consider m € by XE Cp, k with n, <k <
n,, zwith ||z - x| <L ™ and K=L" K, =U %€ Gy, B(Xis ). 1t follows
from (1.19) that the 3ae closed | - |l-neighborhood of K is contained in the
open | -|-ball of radius L™%*! centered at x. Define H = inf{s > 0, [|Z, — x|

> L™ %*1}. Then

Ez[exp{—j;)va(Zs, w) ds”

<P,[H<Hg] +E,|H«<H, E, [exp{—fHVE(ZS, ) ds}H
K 0

(1.21)

<1-P,[H, < H](l — sup Ezr[EXp{—/oHVg(Zs, w) ds}})

z'eK
<1-P,[He <H](1-K(d,W)),

where in the last step we used the observation preceding (1.21), scaling and
the notation

K(d,W) = sup Ezy[exp{—fTB(O'sa)W(Zs) ds}] € (0,1).
z2'€B(0, a) 0

Now observe that L¥K = Kim thanks to (1.19), is included in the closed
1/4l- I-neighborhood of some box C, of size 1 (g € Z%) such that L*x € C,.
If we now use scaling, the correspondence between equilibrium charge and
last visit of killed Brownian motion (see [4], Chapter 5), together with
standard comparisons of Green functions, we find that for z with ||z — x|| <
LK,

(1.22) P,[He <H] = K'(d)cap ..

As a result, the left member of (1.21) is smaller than 1 — c,(d, W)cap,,, . If
we now use the strong Markov property at the times H, defined in (1.17), we
find

Ex[exp{— [z, 0) ds}} < I1 (- ccapm,)

n,<ks<n,

sexp{—cl Y cap[m]k},

n,<ks<n,

which proves our claim (1.20). O
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We can now define our enlarged obstacles. We shall “solidify” each density
box. More precisely, with each nonempty open subset U of RY, we associate
the open set
(1.23) U’ =U\D.

When U’ is empty A°(U’) will be +< by convention. Our first main result is
the following theorem:

THEOREM 1.2. |If

(y—a)
S 0,6 YT B
P © (d + 2)log L
then for M > 0,
(1.24) lim supe”(A°(U') AM—=2A°(U) AM) =0.

€ w,U

Proor. Pick M >0, 0<p<p' <8c(y— aXlog L(d +2)} ! and for
given U, £ > 0, o define
(1.25) A= (X(U)AM=e”), .
If A> 0, then M > &*', so that

M
and from Proposition A.1 in the Appendix, we find that

(1.26) As)ﬁ(u')(l— i)

L —1-d/2
def o , g’

(127)  A=1+sup [ Ae®RY"“1(x) ds < K(d)| —- ,

x -0 M

since A increases with A [see (A.16)].

We now want to apply Theorem A.3 in the Appendix. To this end we choose
7=H, (., [with the notations of (1.17)], U, =U"and U, = U. If £ €(0,1) is
small enough so that (1.19) holds and
(1.28) Eo[exp{2Mr}] < K'(d) < 0,
then clearly (A.11) holds and the quantities A and B from (A.10) are finite,
that is, (A.12) holds. We now consider

def T
(1.29) C= sup E,|r< TU,exp{/\T—/ V.(Z,, ) ds}}
xe(U)° 0

and wish to prove that A-C < 1 for a suitable choice of parameters. Observe
that the expectation in (1.29) vanishes when x ¢ U and we thus only need
consider x € U\ U’ c D.

From the Cauchy-Schwarz inequality and (1.28), it follows that

C? < K'(d) sup Ex[exp{—fTZVS(Zs, w) ds}]
xe D 0

< K'(d)exp{—c, 8l( &)}
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by Lemma 1.1 and (1.15). In view of (1.27), we find
d 1 ¢
(1.30) AC < K(d, M)exp p'(E-i—l)lOg——?Sl(s) .
&

Observe that by (1.12), I1(g) ~ (v — @) /log L)log(1/&), as & — 0. Our choice
of p’ now ensures that when ¢ is small enough, A-C < 1 and therefore by
(A.14), X < A*(U).

We have thus shown that when ¢ < ¢4(d, a, v, 8, p’, L, W(-), M) for arbi-
trary U, w, either A =0, so that A*(U) AM = A*(U)AM<e?, or A >0
and A < A%(U), which together with the fact that A < M implies

MUY AM=e? <A*(U) A M.
Our claim (1.24) easily follows. O

We shall now discuss a second result. We shall show that A*(T), provided
it has a “reasonable value,” does not increase too much when we replace the
open set T by its intersection with a suitable neighborhood of the boxes of
unit size, where the complement of the enlarged obstacles is not too small
(the so-called clearing boxes). For each box Cqyqe 79, of size 1, we define

(1.31) Ve = 1C4\ DI,
the volume of the complement of density boxes within C,.

We now introduce a parameter r € (0,1/3) and call a box C, of size 1 a
clearing box when

(1.32) vy > rd.
If (1.32) fails, we say that C, is a forest box. We denote by A the closed set
(1.33) A= U C,
q: C, clearing box
and by O the open neighborhood of size R € (0, ») of A:
(1.34) 0={xeR%3yecA ly-xll<R}.

As we shall now see, we have natural lower bounds on A*( A°).

ProposITION 1.3. There exists a constant c,(d) € (0,%) such that when
(1.19) holds together with

(1.35) L™"e(® < r
and

(1.36) éc,l(e) > log2,
then

(1.37) A (A®) > c,(d)/r2.

ProorF. We now apply Lemma A.2 from the Appendix, choosing U = A°
and

S, =inf{s >0, |IZ; — Z,ll > 5r}.
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First observe that when x € A®and x € Cy, q € 79, then from the definition
of A,

(1.38) |B(x,3r) ND NGyl = {(3)" - 1)r,

where B.(x,3r) is the || |l-ball of radius 3r and center x, and 0 <r <1/3
was used. Now when (1.19), (1.35) and (1.36) hold, it follows from Lemma 1.1
and (1.38) that

Ex[exp{—fslvs(zs, w) ds}}
0
< Px[TBx(x,A,r) < HB]

+P

X

Hs < Tg (x,4r)s EZHB[eXp{—/;Hn"Vg(st ) dS}H

<1- %Px[ HB < TBx(x,4r)]'
so that

(1.39) Ex[exp{—j;slvg(zs, ) ds}] <c(d) < 1.

Picking A = ¢,(d)/r?, we can make sure by picking c,(d) small enough that
for any z € RY,

E,[exp{2AS;}] =c¢'(d) < @

It now follows, in the notation of Lemma A.2, that 8 < « and

2

2
a? = (sup E,|S; < Ty, exp{)\S1 - fslvg(ZS, ) ds}])
X 0

<c'(d) sup E, exp{—fslzvg(zs, w) ds} <1
xeA°® 0

Since (A.5) is clearly fulfilled, it follows from (A.8) that
A =cy(d)/r? < A°(A°).
This proves our claim. O

We are now ready to state our second main result of this section.

THEOREM 1.4. There exists cy(d) € (0,2) and ry(d, M) <r,(d, M)
(0,1/5) such that for M > 0 and d, «, y, §, L and W(-) as above,
(140) =0 R>5r, o, T or

L " <r<ry

X(A(TNO)AM=A(T)AM) <1

R
limsup sup supexp{ca[—
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Proor. As in the proof of Theorem 1.2, we shall apply Theorem A.3 from
the Appendix. We consider M > 0 and assume ¢ € (0, 1) is small enough so
that (1.19) and (1.36) hold. We choose r,(d, M) < 1/5, such that

(1.41) c,(d)/r2 > 4M

and assume from now on that r € (L™ "<, r,(d, M)).
The nonempty open set T will play the role of U, in Theorem A.3, whereas
T N O will play that of U,. We now choose

T = HA( = TAC),
and observe that (A.11) holds. We pick some c; > 0 and define

R
(1.42) A= (AE(TmO) A M—exp{—cs[g]}) :

ol o[22

and applying Proposition A.1, we find that

In the case A > 0, we have

0<A<A(TNO)

def o
AS1 + supf AeMRT N0 21 (x) du
X 0

< K(d)( M exp{cs[;}})(d/ﬂn.

A second application of Proposition A.1, together with (1.41), shows that the
quantity B from (A.10) is finite, so that (A.12) holds. Now consider

(1.43)

def
C= sup E;
x&TNO

H, < To, exp{/\HA — [M"V(Z,, ) ds}}.
0

The above expectation vanishes when x & T, and we thus only need consider
x € T \ 0. Consequently,

C?2< sup E,|H,<Ty, exp{ZAHA - f“’*va(zs, o) ds}]
xeT\O 0
X sup Ex[exp{—/HAVS(ZS, ) ds}},
x&TNO 0

and by (A.16) and Fubini’'s theorem,

C?< sup(l + fo 2Me?MSRA" #1( x) ds)
X

(1.44)

X sup Ex[exp{—fHAVS(ZS, ) ds}}.
xeTnO Y
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Observe that when x € T \ O, it requires at least [ R/5r] successive dis-
placements of Z. at || |l-distance 5r to reach A. In view of (A.2) and (1.39) we
obtain

(1.45) C2 < K(d)2@/2+be(d)R/er,
If we now choose c,4(d) such that

d 1 1
(1.46) (E + 1)03 = Zlogm,
we find

d
AC < K(d, M)exp{—cs(E + 1)

R

a .

Since we only consider R > 5r;, we can make sure by picking r < r,(d, M) <
r,(d, M) that AC < 1. By Theorem A.3, it follows that A < A°(T ) and in fact
A< A(T) A M since A <M. Our claim (1.40) now follows by the same
reasoning as at the end of the proof of Theorem 1.2. O

REMARK 1.5. (i) The uniformity of the controls in Theorem 1.4 enable us
to consider situations where the parameters r and R may depend on &. This
will for instance be of use in Section 3. In fact variations of the above
argument can be given to handle other examples of T, O and A. We omit
them for the sake of simplicity.

(ii) The eigenvalue estimates of Theorems 1.2 and 1.4 could in fact be
combined, essentially by picking a different = in the application of Theorem
A.3 (see also [12]). However we refrained from doing so in order to give more
transparency to the arguments.

When T is a nonempty open set of RY, we define
(1.47) T=Tno\D.

That is, we restrict T to the R neighborhood (for || -||) of the clearing boxes
and delete the enlarged obstacles. The combination of Theorems 1.2 and 1.4
now shows the following corollary.

COROLLARY 1.6. Assume

(v~ a)
0,6c,————|.
pE( ClIogL(d+2)
Then for M > 0,
R
limsup sup sup exp{c3[a } A s"’)

(148) e—0 R>5r, o, T

L " <r<rg

X(A(T) AM=2A5(T) AM) < 1.
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2. Capacity and volume estimates. We shall define in this section the
notion of bad boxes; see (2.32) below. Roughly speaking, this involves a third
length scale £# which is intermediate between & and &”: the “bad boxes” will
be the boxes of size approximately ¢? which are included in the rarefaction
set R of the cloud [see (1.16)] and receive a point of the cloud. Our main
objective is to derive estimates on the volume of bad boxes within each box of
size 1 (see Theorem 2.4). These estimates address (I.1c) of the Introduction.
They are important in the case where the cloud » is random, when one
wishes for instance to derive controls on the probability that a given box of
size 1 is a “clearing box” [seg(3.6) of the next section] or on the distribution of
the coarse grained picture T of some given bounded open set T.

The volume estimates of Theorem 2.4 will come as consequences of two
capacity estimates given in Theorem 2.1 and Proposition 2.4. The first esti-
mate, in Theorem 2.1, is quite general and gives upper bounds on the
capacity cap,, [see (1.13)] attached to “the average rarefaction box C." (of
size L~ "). The second estimate, in Proposition 2.4, provides upper bounds on
the possible increase of capacity, which might occur when replacing cap,,,
when C,, is some rarefaction box, by the capacity of the suitably scaled union
of bad boxes contained in C,,.

We are now ready to begin with the first estimate. We assume from now on
that ¢ € (0, 1) is small enough so that (1.19) holds. This has the effect that for
any index m of I, withn, <k =<n,,

(2.1) the closed 1/4 neighborhood of L*C,, relative to || || contains K.
(The box L*C,, has size 1.) Moreover, we have the consistency relation
(2.2) K, = U L™ 'K,; foranyme I, ,withn, <k<n,.

The results we shall now prove are quite general. They only rely on the fact
that the (possibly empty) compact sets K., m € U, ., I, satisfy (2.1),
(2.2) and cap,, is cap(K,,) [see (1.14)]. The specific definition (1.13) plays no
role. Theorem 2.1 applies as well if instead of (1.13) we define K via
K, =LK nNC,),when m € I,, K being some fixed compact set [(2.1) and
(2.2) are automatically fulfilled].

Let us mention that in the one-dimensional case, we shall see that when
6 < capf{0} [see (2.35) below] there are no bad boxes. This is why we only
consider the d > 2 situation in the following theorem.

THEOREM 2.1. Assume d > 2 and L > 2 is large enough so that (2.9)
holds. Then there exists §,(d, L) > 0, c,(d, L) > 0 and c,(d, L) > 0 [see (2.20)
and (2.29) below] such that for K,,, m € U, ., Iy, satisfying (2.1), (2.2)
and 6 < §,(d, L), !

1 15}
(23) — > capmsc4exp{—cs(1——)l} forq € 7°.
L m>q 60
me Iny
m rarefaction index

(herel=n —n,and g€ Z = 1,)
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ProoF. With no loss of generality we assume that g = 0 € 79, n, = 0 and
n,=1>0. We are first going to derive three recurrence relations on the
numbers cap,,, which “govern the interaction of one generation with the
next”; this has some flavor of renormalization methods. The first relation is
immediate. In view of (2.1), there is a c4(d) > 0 such that

(2.4) cap,, < cs(d) for m of generation k,0 <k < I.

Then note that when d > 3, the Green function g(:, -) in (1.14) has an exact
scaling property, whereas when d = 2, for [|x — y|| < 4,

X
(2.5) g(t, %) <c'(d=2)(logL+g(x,y)) <c(d=2)log Lg(x,Yy).
Now for me 1,0 <k <l and j€{0,...,L —1}¢, (2.2) implies L™K, €
K. It thus follows from the above-mentioned Green function estimates that
forme I,,0<k<land j{0,...,L— 1},

1
(2.6) capy,; < c,(d, L)cap(EKm,j) < C; capy,,

where

L2, when d > 3,
(27) ¢ (d, L) = {c(d = 2)log L, when d = 2 (¢, > 1 by construction).

This is our second recurrence relation. We are now ready to derive the third
and main recurrence relation. We let G(-) stand for the continuous decreasing
function from R, to (0,«], such that g(x, y) = G(ly — x|). We then define
8,(d, L) and §,(d, L) via

- 1 -
(2.8) 81LdG(Z) =1, 8 =8¢,
as well as
(3¢ +1) "L2, when d > 3,
ce(d, L) = {(3% + 1)c,} 'LY= 1 L2

when d = 2.

10c(d =2) log L’
We assume from now on that L is such that
(2.9) cg(d, L) > 1.

LEmma 2.2, Forme I,,0 <k <,

1
(2.10) T h (capp; A 8y).

Proor. Consider m as above. If for each j, cap,,; = 0, there is nothing to
prove. Otherwise, we choose for each j € {0,..., L — 1}9 a compact subset K;
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of (1/L)Kmj such that

1
L

~

1
K= Eij |fcap(

mj) =< gli
(2.11)

~ 1 ~
cap( KJ-) =96, If cap(IKm,j) > 6.

This can for instance be done with the help of the L-adic partitioning,
approximating K; from above and below by an increasing and decreasing

sequence of compact sets. We denote by »; the equnlbrlum measure of K

[i.e., »; = 0if cap K; = 0, and otherwise (cap K. ) v; is the unique m|n|mum

of the varlatlonal problem (1.14) associated to K ; see [4], Chapter 5, Section
2]. In view of (2.6), not all v; = 0. We define

1
Z,—cap( PZJ-) XJZVP

where the sum runs over all j with cap(lzj) > 0. Observe that v is a
probability supported on K., and

(2.12) v =

capy' < [ [9(x y)r(dx)r(dy)
.t
(2.13) (Z cap( ))

anp 2/ y(dx) X [a(x.y)y (dy))

J'#]

v;(dx)
1+me2fg(x Y)V(dY))

J*J

chap(IZj)
Observe now that for fixed j,
(2.14) Y [9(x y)v(dy) <3¢ -1+ Z g(x, y) v (dy),
i'#i

where Y; stands for the sum over indices j' # j such that C.; is not a
nelghbor Cynj- This and (2.1) imply that when x € Supp »; and y e Supp vy
then |x — y| > 1/2L. Therefore the left member of (2.14) |s smaller than

1\~ 1
3d—1+Z’G(§)6153d—1+LdG( )8 = 3¢,
Y

2L

Inserting this inequality in (2.13) we see that

(2.15) cap,t < (anp( Kj))_l(l +39).
J
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On the other hand we know from (2.6) that
~ 1 ~ 1
cap( KJ-) = cap(EKm,j) A S > C—(capmj A 8y).
Combining with (2.15) we find

Y (capy; A 8,),

1
cap, = ~o4
(3 i

+ 1)c,
from which our claim (2.10) immediately follows. O

We are now going to exploit (2.4), (2.6) and (2.10). To this end we consider
the auxiliary space 3 = ({0,..., L — 1}9}' endowed with the uniform probabil-
ity Q. We denote by X,,..., X, the canonical {0, ..., L — 1}9-valued coordi-
nates on this space and denote by (G,), k > 0, the filtration on 3, defined via

Go={¢,2}, Ge=0(X, ..., Xy forkx>1.

We now view (0, X,,..., X,) for 1 <k < | as a random index in 1, and
consider the stochastic process
(2.16) Ye=capg, x,,... x, forl<k<l

Observe that Y, is G,-adapted, and our basic relations (2.4), (2.6) and (2.10)
now imply that

(2.17) Yy < Cg, l<kx<l,

(2.18) Yii1 < 6;Yy, l<kcx<l,

(2.19) Yo > GE[Yii1 A SIG],  1<k<lI
We now introduce §,(d, L) via

(2.20) 8y = 38,¢7 (< 8,61 < §y).

We shall now construct a certain supermartingale based on Y,, 1 <k <,
which will produce our exponential estimates (2.3). We need to consider the
excursions of Y. below §, and above §,c;*. Accordingly we introduce two
sequences of G, -stopping times 7; and oy, i > 1, as follows:

7, =inf{k >1,Y, <8} Al

o, =inflk>7,,Y,>8,¢c;'} Al, andfori > 2,
(221) 1 . { 1 k 17}
m=inf{k>o;_1, Y, <8} Al

o =inf{k > 7, Y, > 8¢c;'} AL

1
Of course we have

l<m<oy < <1<0;< - <1

and these inequalities, except maybe for the first one, are strict when the left
member is less than |. The key (elementary) observation is that in fact (2.24)



1196 A.-S. SZNITMAN

holds. The proof follows a classical supermartingale argument, suggested by
(2.19):

Ur‘fi) = CQA(UiiTi)Y(Ti+n)/\ g’ n= 0’

(2.22) _ _
isa (G, ), . -supermartingale.

Indeed, U{" is clearly G, . ,-adapted and

+DA(oj—Ti
E[C(Sn Ao T)Y(Ti+n+l)/\ T IGTi+n]

(2.23) )
= E[Cg”+l)YTi+n+l, T+ n<ol G7i+n] + {7+ n = o }UD.
As a consequence of (2.18) and (2.21), on {r; + n < o;},

)

1
Yoini1 < YpinCr < C_C7 = 6;.
7

Therefore using (2.19) and the fact that on {r; = k}, with k + n < I,
E[Yri+n+1 NSy, T+ n <ol G7i+n] = 1{k +n< Ui}E[Yk+n+1 A 8y | Gk+n]-

we have

1
E[Cng YTi+n+l' Tj +n< gj | G7i+n]

T

= CE?E[CB(YiJrnJrl A8y),mi+n<al G7i+n]

IA

Y, inl{ri + n <o}
Inserting this inequality in (2.23), we now see that
E[Un(i+)1 | Gri+n] < U, nx>0,

which shows (2.22).
If we now choose n = I, it follows from (2.22) that

(2.24) E[cg™ ™Y, |G, | <Y, foranyix>1.

Using the convention Y, /Y_ = 0 on {Y, = 0}, it follows by repeated use of
(2.24) that
G,l <1

(the “infinite product” can of course be reduced to i < 1). Now on the set
Ni-Y, >0} = {Y, > 0}, we consider

def Y, 1, Y,
H= 1_[_'=__1...$Y0 ,
B1Y, Y. Y, oY,

™

i>1 Y,

Ti

Yo,
(2.25) E[]_[cgi"i -

provided M = inf{i > 1, 7, > I}. If M =1, then clearly H =1 =Y, /Y, . Oth-
erwise, M > 2 and either o_, <1 < 7y, in which case

Y, =8¢, Y, =Y, <¢c, Y, =Y, forl<i<M-1,
1 M i i+1

om-
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[see (2.21)] and therefore
YI 81
> )
Y. Cg-Cy

1

or my_, <1 < ay_,, in which case

It thus follows from (2.25) that
8,
Cs - Cy

AN

YI
(2.26) c4E cgnwi—*i)Y—,Y, >01G,

T1

<1 withcg=(

As a result (recall that Y, = 0 on {Y, = 0}),
(2.27) E[cd ™Y, ] <cs'E[Y,,] <ceCs™.
We now assume that § < §,(d, L) [see (1.15)]. Observe that for
ke[l,7—1]U Ui [0, 7 — 1],
Y, > §, and
=1+ Y (ri—0o_)+1+ )Y (o,—1) =1
i>2 i>1
On the other hand, if we define the event A = {(0, X,,..., X,) is a rarefaction
index}, then by definition, on A,
|
Sl=YY, > 50(71 -1+ Y (- O'iil)),
1 i>2

so that

0
(2.28) 1+ Eai—riz(l——)l on A.
i>1 60

This and (2.27) now imply that
E[Y,, A] < cgcqtcg @0/
which is exactly (2.3), provided we define
(2.29) C, = CsCsCqt and cg = logcg. O

REMARK 2.3. (i) Observe that the fact that m is a rarefaction index is not
very sensitive to the individual value of cap,, [see (1.15)]. However (2.3)
provides a global constraint on the cap,,, for rarefaction subboxes of a given
box of size 1.

(i) Itis possible at this point to directly derive estimates on the volume of
rarefaction boxes which receive some point of the cloud. Indeed (2.3) is easily
seen to imply controls on

1
o, )y Kl
m>q, me I”v
m rarefaction index
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On the other hand, it is easy to argue that when ¢ is small and C_, is a
rarefaction box receiving a point of w,

[IL-"K,|/IC,| = const(d, a, L)~

The combination of the two estimates now shows that the volume of rarefac-
tion boxes within a given box of size 1 which receive some point of Q is
smaller than const ¢#, with u > 0, at least when v is chosen close enough to
1. However we can sharpen these estimates with the notion of bad boxes
which we now define.

We consider a new parameter g such that
(2.30) 1>B>y>a>0.
As in (1.12) we introduce for ¢ € (0, 1),

log(1/¢)

sothat L") < gf < L7"6(®),
log L

(231) ngy(e) = [B

We now define, for given d, ¢, o, W(:), L, «, v, 6 and B, the bad boxes as the
boxes C,, of size L™"# (i.e., m € 'ne) such that

(2.32) C,, € Rand C,, receives a point of w.

We also write
(2.33) B = U Chn-

me Inﬁ
C,, bad box

Observe that our definitions are such that
DNB= and Rd DuUB))=0
(2.39) ¢ (RN ( )

(w has no point in the complement of D U B).

Our main objective in this section is to derive uniform estimates showing that
the restriction of B to boxes of size 1 has small volume. Observe that in the
special case of dimension 1, it follows from (1.16) that

(2.35) B = ¢ as soon as 8 < cap{0}.
We are now ready to state our second main capacity estimate. We restrict
ourselves to the case d > 2, thanks to (2.35).

ProposiTION 2.4. Assume d > 2. Then

cap(L"™(B nNnC
(2.36) limsupe@ 23-8  sup p( ( m)) <o
e—0 w, Me |ny Capm

(If cap,, = 0 and therefore B N C,, = ¢, the above fraction is understood as
equal to 0.)
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Proor. We assume that ¢ is small enough so that
(2.37) 4aes < L"),

We consider m,, an index of L. such that B N C, # ¢. Consider P, , some
maximal collection of indices m'e I,, m>m,, of bad subboxes of C,, , such
that any two distinct subboxes Wlth mdnces in P, are not nelghbors We
consider

(2.38) B, =BNnC, and B, = U C,.

me Pmo

The maximality of P, implies that B, is included in the union of 3d
translates of By, so that

(2.39) cap(L™ By, ) < 3%cap(L" B},,).
We let u denote the equilibrium measure of L" By, and define for m € P, ,
(2.40) Mm = Line - M,

sothat u =X, c Py Mm- Clearly, we have
fg(x, Y)m(dy) <1 on L™C,,whenme P, ,
so that for m e P, ,
(1) = pm(L™Cy,) < cap(L™C,,) = cap(L™ ™[0, 1]d)
L=(@-2Mcap([0,1])  (when d > 3)
C(L)
< S —

nB—

(2.41)

(when d = 2 and ¢ small enough).
y

For each m € P, , we let x,, be a point of the cloud o falling in C,,. We
define

(2'42) v= Z /’Lm(l)ém!

me Pm0

where &, stands for the normalized equilibrium measure of L"B(x,,, as)
[i.e., the normalized surface measure on L"dB(X,, as), when d > 3]. The
measure v is concentrated on L™(U ,c p_ B(X,, @&)) € K,

On the other hand, when x € L™B(x,,, ag), with m P, We have

Ju(x, y)v(dy)

(2.43) (1)

N cap(L™B(0, a¢)) * mgm Hm (1)fg(x y)en(dy).

"ePy,

Observe that when x € L™B(x,,,a¢), y € L™B(X,,, as), where m # m’ are
in P, , then x, € C, X, € C, two nonneighboring boxes of size L™"s. If
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y' is some point of L™C,,., we have, thanks to (2.37),
|X—y’|Slx—y|+|y—y’|s|x—y|+2(\/a+%)|x—y|=(§+2\/a)|x—y|.
It follows that we have c(d) > 0, such that for x, y, y’ as above,

(2.44) 9(x,y) <c(d)g(x,y’).

Inserting in (2.43) we find that for x € L™B(x,,, ag), m € P,

Mm(l)
cap(L"B(0, as))

Ja(x, y)v(dy) <

(245) +o(d) X [a(x ) mm(dy)
Pm(1) +o(d),

~ cap(L"B(0, as))

since w =X, ¢ Py Hm is the equilibrium measure of L™ By, . We can now

combine (2.45) with the upper bound on (1) given in (2.41) and thus obtain
an upper bound on [g(x, y)»(dy) for x € Supp v € K, . It implies that

cap(L™ ™[0, 1]d)
cap(L™B(0, as))

capy, +o(d) |2 (1) = u(1)

(2.46) cap(L™ By, )
>3 “cap(L™B,,)
[in view of (2.39)].

Now for small &, the multiplicative factor to the left of (2.46) is smaller than
c(d, a, L)e @72 =8) when d > 3,and 2((1 — y)/(B — y)) + c(d), when d =
2. Our claim (2.36) follows. O

We shall now state our main estimate on the volume of bad boxes. We
restrict ourselves to the case of dimension d > 2, thanks to (2.35), and define

1= 2o wfe- IR - @-aa-p),
(2.47) Ko = when d > 3,
8 log[10c(d = 2)log L]
Rl T
when d = 2

[see (2.5) for the notation].
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THEOREM 2.5. Assume that d > 2 and that L is large enough so that (2.9)
holds and & < §,(d, L). Then
(2.48) limsup sup & */BnN qu < oo,
e->0 qgez9 w
Proor. Observe that
15

K compact, K c | — ——
4 4

IK]|

(249)  K(d)Z sup (K

d

(see [16], page 58, where the argument is given for the d = 2 case, but can
easily be extended to the d > 3 situation). As a result when q € Z% and
w <€ Q, we find

1
IBqulsm Z |L”v(BﬁCm)|
m>qg, me Iny
(2 50) m rarefaction index
' cap(L(BNC,.)) 1
<K(d) sup P(L™( ) > cap,,.

w,me |, capp LI m>q
i m rarefaction index
Our claim now follows from (2.3), (2.36) and the explicit value of the constants
involved in (2.3). O

We shall conclude this section with the following remarks.

ReEmARk 2.6. (i) If B is chosen close enough to 1 and (2.9) holds, then
ko > 0. As a consequence | B N C,|is small uniformly in g and o for small &,
and Theorem 2.5 takes care of the estimates mentioned in (l1.1c) of the
Introduction.

(i) We have introduced the scale £” in order to define bad boxes. The
main reason why we did not simply define bad boxes as rarefaction boxes
receiving a point of o is that the constant «, of (2.47) is worse if one uses
this latter definition. If one follows the method explained in Remark 2.3, one
obtains a term —d(1 — v) instead of —(d — 2)(1 — B) in (2.47).

(iii) By our very construction, when g € Z9, the set DN C, can have at
most 2" < 2¢°" possible shapes. A similar estimate holds of course for
B N C,, with y being replaced by 8. In fact when «, > 0 [in (2.47)], one can
do better.

The classical Cramér estimates on the binomial distribution show that
there are at most 2N"(P) subsets of a given set of size N with less than pN
elements, when p <1/2, where H(p)= —plog, p — (1 — p)log,(1 — p)
(logarithm to the base 2). It follows from Theorem 2.5 that when 0 < k < «’
< ko for small £, B N C, for any q € Z¢ can take no more than 2LMHES) o
2" distinct shapes. In other words the “combinatorial complexity” of the
coarse grained picture made of D N C,, B N C, is no bigger than e THeTIATE
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for small £. The natural comp[gxity of the original cloud of obstacles in a box
of size 1 can be viewed as 2° . We thus have a reduction of combinatorial
complexity due to the coarse graining [see (1.1b)].

3. One example. We shall now discuss some first applications of the
results of the previous two sections to the control of fluctuations of the
principal Dirichlet eigenvalue of —A/2 + Y,W(-— x;) in a large box (—t, t),
d > 2, when the points x; form a Poisson cloud of constant intensity v > 0.
Intuitively, this principal eigenvalue is very much influenced by the presence
in the box (—t, t)¢ of certain “big holes” within the cloud. The coarse graining
method we have developed in Sections 1 and 2 enable us to study these big
holes. Our main goal will be Proposition 3.2.

It is convenient to pick (log t)*/ ¢ as unit scale. After rescaling, we are led
to study, with the notation of (1.4),

def
31) A(w) =A%(T ), d
with T = (—t(log t) /*, t(log t) /)" and & = (log t) "¢,

and o is now a Poisson point measure on RY, d > 2, with intensity ve 9 =
v(log t). We shall denote by P, its law on Q. We now choose the parameters
0 < a<y<B<1, Lsuchthat(2.9) holds, § < §,(d, L) and x, > 0 in (2.47).
As truncation value M (in Theorems 1.2 and 1.4), it is convenient to choose

-2/d
(3.2) M=2c(d,u)d§f2Ad(—) ,
Va)d

where c(d, ») refers to (1.2), A4 is the principal Dirichlet eigenvalue of —A /2
in B(0,1) and w, is the volume of B(0, 1).

We shall also define clearing boxes, (see discussion before Proposition 1.3)
by picking a fixed value r € (0, ry(d, M)). From the construction of ry(d, M)
[see (1.41) and the end of the proof of Theorem 1.4] this implies

(3.3) c,(d)/r2 > 4aM.

In view of Proposition 1.3, this ensures that when t is large, uniformly in o,
ACA°€) > 4M. The neighborhood O of the set A [see (1.33) and (1.34)] is now
determined by picking R = R(t, d, v) > 1 as the smallest integer for which

R
(3.4) c3(d)[§} > 3loglog t.
We shall first derive some controls on the size of connected components of O
which meet T. To this end we consider the event:

{w € Q, all connected components of O intersecting
(3.5) C =T are contained in some g + (0,[vy, loglog tD¢,
qez9,

where vy,(d, v) is defined in (3.14) below.
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ProprosiTiON 3.1.  For large t,
(3.6) P.[Cq c A] sexp{—%(log t)rd} forany q € 79,
(3.7) P[C]=1-tq.

Proor. We begin with (3.6). We know that DN B = ¢ and o(R4\ (D U
B)) = 0. Moreover for each box C, of size 1, the random set C,\ (D U B) has
no more than 22¢° p035|ble shapes (a very rough upper bound) see our
discussion of Remark 2.6(iii). Using Theorem 2.5, we find for large t and
Kk < Kg,

P,[CqcA] = P,[IC,\DI>r?] <P,

el ¥q =

28) Cy/(DUB)|>r?—¢¥]
' <exp{2e P log2 — ve 4(r? — &~)} '

Our claim (3.6) follows. We now shall prove (3.7). To this end we define

4d vrd 1
(3.9 M, = 2([ 7 ) -

+1], =
vr ® 4d

as well as

K., the collection of blocks of the form g + [0,[t*]]9,

(3.10) q € Z¢% which intersect T

and the event

(3.11) C = {we Q,all blocks of K, contain at most M, clearing boxes}.
Then for large t,

P[C°] < tdtdMop [C, c A]M
14
exp{e d—-M,[=r?—d ))}
(3.12) p{g ( 0(2 K

vrd
exp{ad(d - MOT)} <t 9

Our claim (3.7) will now follow from the observation

IA

IA

(3.13) C cC when tis large.

Indeed consider some connected component V of O intersecting T. Compo-
nent V contains a clearing box C, which is at most within || |-distance R
from T. Denote by B, a block of K; with center in C, and by W, the union of
open R-neighborhoods in || [-distance of clearing boxes included in B,. When

t is large, then
te e @
8 e,

+
q 4 4
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On the other hand on the event C the projection of W, on each coordinate
axis has measure less than (2R + 1)M,. Observe that

d
VN (a+ (=(t*/4)(t4/4)7)
contains g. Thus its connected component containing g has diameter smaller
than
th

(2R+1)M, < T (tislarge).

It follows that V has diameter smaller than (2R + 1)M,, and our claim
(3.13) follows once we choose vy,(d, v) to be the smallest integer so that

(3.14) [y, loglog t] > (2R(t,d,») + 1)M, for large t. O

Define

B,, the collection of blocks of the form g + (0,[y, loglog t]?¢,
q € Z¢, which intersect T.

The next proposition shows that A, can roughly be viewed as a minimum
value of the not too dependent random variables A*(B N T), B € B, [see
(3.15) for the notation]. This will conclude our first applications of the results
of Sections 1 and 2 to the study of fluctuations of A°(T ). Let us mention that
we could adjust the size of R [i.e., replace 3 by a larger number in (3.4)] to
produce an arbitrary correction (log t)~¥, instead of (log t)~?, in (3.16) below.
However, (3.16) will be sufficient for our later use in [15].

(3.15)

ProposiTION 3.2. When t is large,

3.16) P,| inf A*(BNT)>A> inf A*(BNT) —(logt) *|>1—2t¢,

(316) P inf X'(BAT) 2 A= Jnf N(BAT) - (log ) *| =

(3.17) Pg[c(d,v)+yz(d,v,W)(Iogt)_l/dz im:Bt)ﬁ(BmT )}zl—td.
Be

ProoF. The inequality A, < infg . A°(B N T) is of course automatic. On
the other hand, Theorem 1.4 implies that for large t and any o,

R
AAM=A(TNO) AM— 2exp{ —c [—}}
. t (TN 0) { e
> A*(TNO)AM—2(log t) >,
where we used (3.4) in the last step, and any number greater than 1 could be
used in the place of 2. However, on the event C of (3.5),

(3.19) AM(TNO)AM= inf A*(BNT) AM.
Be B,

Finally observe that as soon as T contains a ball of radius (d/vwy)"/® —
def
as = R, (t large), receiving no point of the cloud, then

Biml;t/\s(B NT) <c(d,v) + vy,(d,v,a(W))e < 2¢c(d, v) = M.
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Slicing T in boxes of sizes 2R, and using standard estimates, we see that the
probability of occurrence of such a spherical hole of the cloud within T is
greater than
d -1
1 (1 _ exp{— Vafda)d Rf})const(d,v)t (log t)

(3200 =>=1- exp{—const’(d, v)t9(log t) " exp{— ve g Rf}} (t large)

%

1- exp{—const’(d, v)(log t)’1 exp(%g—(d—l))}.
Combining this, (3.7) and (3.19), we see our claims (3.16) and (3.17) follow. O

With the help of Theorem 1.2, which we did not use so far, and the
Faber—Krahn inequality we shall derive lower bounds for infg A°(B U T) in
terms of supg |[B U T\ DI, in [15], Section 2. Thanks to Theorem 2.5, this
latter quantity can be controlled with supg|B\ (D U B)|, which is now
amenable to probabilistic estimates. This is the rough outline of the strategy
we use in Section 2 of [15] to obtain confidence intervals on A,.

APPENDIX

The object of this Appendix is to collect in a rather self-contained way the
results which were used in Section 1 to derive eigenvalue estimates. We
present here streamlined and improved versions of arguments developed in
[12, 13].

Throughout the sequel, V(-) is a nonnegative locally bounded measurable
function on R¢; this generality will be sufficient for us, and U will be a
nonempty open subset of R, d > 1. We denote by R}V the semigroup
defined as in (1.3), with V, replaced by V. When no confusion arises, we shall
simply write R,. We begin with the following proposition.

ProposITION A.1. There exists a constant ¢(d) € (1, «) such that for any U,
V as above,

sup Ex[exp{—/otV(Zs, w) ds}, Ty >t

(= ||R$'V|||_"—> L*)
(A1) x

< c(d)(1 + (A (U)1)"?Jexp{— A, (U)1}.

There exist a constant K(d) € (1, ) such that for any p € (0,1) and U,V as
above,

sup(l + f:(l — p)Av(U)exp((1 — p) Ay (U)s)RYV1(x) ds
K(d)

= a7z

(A2)
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Proor. It can be seen that (A.2) follows from (A.1) by integration. As for
the proof of (A.1), using scaling [see (1.4)], we have

(A3) Ay (aU) = a 2 (U), a >0, provided V()= a_ZV(;).

a
Observe that, picking c(d) > 1, (A.1) holds automatically when A, (U) = 0. If
we then can show (A.1) when A, (U) = 1, (A.1) will hold for a general U,V
with A,(U) > 0, as well. Indeed one applies (A.1) to aU, V, (), a?t, with
a = A, (U)Y? and recovers (A1) for U, V, t.
We are thus reduced to the case A, (U) = 1. Now for t > 1, L > 0, x € R¢,

R(x) = Rt(lB(x, L)(X) + Rt(lB(x, L)C)( X)

= (r(l, X, ), Reza(Lgx, L)))._z + Re(Lgx, 1) (),
provided r(s, x, y) stands for the kernel of R [which can be expressed with
the help of the Brownian bridge and satisfies r(s, x, y) < (27s)™9/2]. We
now have

supR.1(x) <|r(1, x, ')||L2||1B(x, |_)mu||L2 exp(— Ay (U)(t - 1))

+Po[Z, & B(0, L)], with A, (U) = 1.
Choosing L = 2t, we find for t > 1,
SUpR1(x) < ¢, (d)t?/%e " + c,(d)e 2"
X

=cy(d)(1 + t4/2)e ",
Possibly after increasing c, this inequality holds for all t > 0, and this
proves our claim. O

We shall now prove a lemma which is preparatory for the main result of
this Appendix. We consider a stopping time S; for the canonical right
continuous filtration on C(R,,RY). Letting ¥,, t > 0, stand for the canonical
shift on C(R,,RY), we introduce the sequence of iterates of S;:

(A4) S,=0, S; and S, ; =S+ S;ed, <» fork>1.
We of course have
0=5,<S5;, < <5< -+ <,
LeEmmA A.2. Let U,V be as above. Assume A > 0 and S, is such that
(A5) for x € R¢, limtS,>T,, P,as,
k

def
(A6) a= supE, <1,
X

S, < Ty, exp{/\Sl - f51V(ZS) ds}
0

def ° AU
(A7) B=sup jo du re*E, < o,
X

S; ATy > u, exp{—/uv(zs) ds}
0
Then

(A.8) A< Ay (U) and sup/x)\eA”R‘j'Vl(x) du < 1 b
x -0 -
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PrROOF. Using routine arguments A, (U) = inf, _, —lim (1/t)log RY"Y 1(x).
It suffices to prove the last statement of (A.8). Define S, = S, A T, k> 0.
We have

§k+1=§k+§loﬁ§k’ kZl a.nd §O=O

(S, is the sequence of iterates of S,). Using (A5), for x € RY,

EX[fOT”/\exp{)tu - /OUV(ZS) ds} du}

/o AeMRYV1(x) du

L E,

k>0
and using the strong Markov property, this sum is no greater than

S S "
Sy < Ty, < )\exp{/\u —fo V(Z,) ds} du},
k

Y E|S, <T,, exp{/\SNk - /ng(Zs) ds}]
k=0 0
X supE, fgl)\exp{)\u - /UV(ZS) ds} du}
z 0 0
< X B,
k>0

provided we define, for k > 0,

§k < Ty, exp{A§k - fSkV(ZS) ds}}.
0

It follows from the strong Markov property that

S < Ty, exp{Agk - [ng(zs) ds}}
0

a, = E,

a“k+1 =< Ex

X supE, §1 < Ty, exp{/\§1 - f31V(ZS) ds}]
z 0
= aka,

where we used the fact that S, and S, coincide on {S, < T} = {S, < T,}. By
induction, we thus find

Summing over k, we have

f AeMRYV1(x) du < 1 b
0

This proves our claim. O

We shall now apply the above lemma to the case where we consider two
open subsets U,,U, of R d=>1, U, # ¢, a stopping time 7> 0 and a
number A > 0. The relevant stopping time S, is defined via

(A.9) S, =71o0, + Ty,
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As above S, k > 0 stand for the sequence of iterates of S;. We also define

A= sup(l + /0 AeMRYV1(x) du),
X

(A.10) B = sup [ AeME,
x&U, "0

TA T, > u,exp{—/ouV(Zs) ds}],

C=sup E;|7< T, exp{)w— /TV(ZS) ds”
X& Uy 0

(when U; = RY then B = C = 0; when U; = ¢, then A = 1).

THEOREM A.3. Assume that

(A.11) for x € R¢, IiEq TS =Ty, P.a.s.
(A.12) A<o, B<o

and

(A.13) AC < 1.

Then

(A.14) A< A (U,).

Proor. If U, has the role of U in Lemma A.2, it suffices to show that
(A.15) a<l and B <o,
First observe the following identity for t > O:

1+ fot/\exp()\u)exp{—fouv(zs) ds} du
(A.16) - ftV(zu)exp{Au - fUV(zS) ds} du
0 0
+ exp{At - ftV(ZS) ds}.

Now using the strong Markov property and the notation T =Ty A
Ty (= Ty, nu,), We have

slipEX[fOSNUZAexp{[O“(A —V)(Z) ds} du}

B

IA

sngx[fOT/\exp{fou()\ -V)(Z) ds} du}

+ sup E,
X

T< oc,exp{/oT(A —V)(Z,) ds}

2 fOTATUZAexp{fU(A —V)(Z,) ds} du”.

Observe that the inner expectation in the last term vanisheswhen T = T, <
». We thus only need consider the case T =T, <, for which Z; $ Ul.

xXE
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Observe (A.16) implies that sup, E [T < =, exp{/, (A — VXZ,) ds}] < A and
thus

B<A+ AB <
[using (A.12)].
Using once more the strong Markov property, we also have

a=SupE,|S, < TUz,exp{—fsl(/\ - V)(Z) ds}]
X 0
Tu
< SUpE,| Ty, < Tuz,exp{—/ (A= V)(Z) ds}]
X 0
X sup E |7 < Tuz,exp{—fT()\ -V)(Zy) ds” <AC <1,
XU, 0

in view of (A.13). This proves (A.15), and our claim follows. O
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