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In this paper we will investigate the long time behavior of critical
branching Brownian motion and (finite variance) super-Brownian motion
(the so-called Dawson-Watanabe process) on RY. These processes are
known to be persistent if d > 3; that is, there exist nontrivial equilibrium
measures. If d < 2, they cluster; that is, the processes converge to the 0
configuration while the surviving mass piles up in so-called clusters.

We study the spatial profile of the clusters in the “critical” dimension
d = 2 via multiple space scale analysis. We will also investigate the
long-time behavior of these models restricted to finite boxes in d > 2. On
the way, we develop coupling and comparison methods for spatial branch-
ing models.

1. Introduction.

1.1. Background. For several interacting infinite particle systems and
related models, there is a dichotomy between stability (i.e., nontrivial equilib-
rium measures exist) and clustering depending on transience or recurrence of
the interaction kernel. Many infinite particle systems with site space Z9 or
RY and finite variance interaction are stable if d > 3 and cluster if d = 1, 2.
This is well known, for example, for the voter model, linearly interacting
diffusions with compact state space, branching Brownian motion,
Dawson-Watanabe process and so on.

The dimension d = 2 is “critical” in the sense that the Green function of
the interaction kernel grows only on a logarithmic scale and is thus “almost
bounded.” In the critical dimension the phenomenon of “diffusive clustering”
occurs. This means that clusters grow at a randomly chosen algebraic scale of
order t% « €[0,1/2]. For many models, the structure of the clusters in the
critical dimension is known. The voter model in Z? has been investigated by
Cox and Griffeath (1986). “Critical dimension” linearly interacting diffusions
with compact state space on the so-called hierarchical group have been
studied by Fleischmann and Greven (1994), Dawson and Greven (1993a, b),
Dawson, Greven and Vaillancourt (1995) and Klenke (1996). The techniques
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employed to describe clusters cover scaling, renormalization and the so-called
interaction chain.

Noncompact models such as super-random walk on Z¢ and linearly inter-
acting Brownian motions labelled by Z¢ have been treated by Winter (1995)
and Kopietz (1995).

Clusters of branching Brownian motion have been studied by Fleischman
(1978) and Lee (1991). Lee has rather precise statements for the dimension
dependent rate at which the height of clusters grows conditioned on (local)
nonextinction (Theorem 2.4). Lee does not, however, treat the question of
spatial extension and profile of the clusters. His results are obtained by
studying sub- and super-solutions of the partial differential equation deter-
mining the Laplace functional.

The main point of this paper is to determine the spatial profile of the
clusters of branching and super-Brownian motion in dimension d = 2. Unlike
Lee (1991), we will not condition on local nonextinction, but follow a different
route. The compensation of the local extinction will be obtained by “blowing
up” the initial configuration. This approach also enables us to give a descrip-
tion of the finite system (considered next) in terms of the so-called finite
systems scheme [introduced by Cox and Greven (1990)] that emphasizes the
similarities to other models.

In the theory of interacting particle systems, a systematic treatment of the
comparison of finite to infinite systems in high dimensions can be found in
Cox and Greven (1990, 1994). The critical dimension voter model has been
studied by Cox and Greven (1991). Comparison of finite to infinite systems of
linearly interacting diffusions labelled by the hierarchical group in high and
critical dimensions can be found in Klenke (1996). In this paper we will also
relate the behavior of our infinite branching processes to that of their finite
versions, defined on d-dimensional tori, in both the cases d > 3 and d = 2.

One aim of this paper is to exhibit how the clustering phenomenon can be
studied with probabilistic tools, namely, by techniques from the theory of
infinite particle systems. These will be applied to both branching particle
systems and super processes. In particular we rely on moment calculations
and develop coupling and comparison techniques in Section 3. Thus our
approach is completely different from Lee’s (1991) and coupling and compari-
son provide a more probabilistic understanding of these processes. These
methods should allow an easy adaption to related problems.

1.2. The models. We only give a short heuristic description of the consid-
ered models. An extensive treatment can be found in Dawson (1977, 1993)
and in Fleischman (1978). Nevertheless, we have to give the basic definitions
for random measures first.

Basic definitions for random measures. Let E be a locally compact Polish
space. By B(E) we denote the Borel o-field on E. By C,(E) and C(E) we
denote the spaces of continuous real-valued functions on E that are bounded,
respectively, have compact support.
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A measure u on B(E) is called locally finite if w(K) < « for all compact
sets K C E. Let

(1.2) M(E) = {locally finite measures on E}

and M(E) ={u € M(E): w(E) < ).

For w < M(E) and f: E — R-measurable and u-integrable, we define
(p, f) = [fdu. The space M(E) is a Polish space with the vague topology,
defined by p,, = piff{u,, ) = (u, f)forall f € C(E). The space M,( M(E))
of probability measures on M(E), equipped with the weak topology, is also
Polish [see, e.g., Kallenberg (1983)]. For weak convergence of probability
measures we use the symbol = .

Let Q e M(M(E)) and A € B(E). We define the restriction Q| €
M,( M(E)) of Q to A by

(1.2) JQI(dw)F(C ) = [Q(dr)F(Cp, F-10)),

for f € C,(E) and F € C,(R).

For a signed measure w, we denote by || ull = sup{ u(B) — w(E\ B): B €
B(E)} the total variation of .

The space of (nonnegative) integer-valued measures u on B(E) will be
denoted by

(13) N(E)={mneM(E): un(A)e{0,1,2,...,0} VA B(E)}.

The space of finite measures in N(E) is denoted by N;(E) ={u € N(E):
u(E) < o).

We use the notation L [ X] for the distribution of a random variable X. Let
(X o be a Markov process with values in E and x € E or Q € M,(E). By
L*[( X o] @and L[( X, o], we denote the distributions of (X,);. o, With
LX[X,] =6, and L[ X,] = Q.

Branching Brownian motion. Let (S,),., be the semigroup of a Feller
process on E and let (p,),_, ;. be a probability distribution on N, with
Y kp, < . We will consider a particle moving on E according to (S,) having
an exponential lifetime with mean 1/c. At the time of death, the particle
produces an offspring of k particles with probability p,. The offspring behave
as k independent copies of the one-particle system started at the parent
particle’s final position. The process started with a single particle in x € E
will be denoted by (n),. ,. Its state space is N;(E).

For initial configuration n, = X7_; §,, (8, = Dirac measure on x) in N(E)
we define

(14) = _i Uy

where ((n)),. o, i € N) are independent copies of (n*),. o. In the case p, = p,
= 1 we will refer to (n,) as the critical binary branching process associated
with (S,). One main object of consideration will be the critical binary branch-
ing Brownian motion on R4, abbreviated BBM(R?).
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Dawson—-Watanabe process. Next we consider the short lifetime high
density limit of binary branching processes. Let u € M;(E) and uN € N;(E),
N € N, such that (1/N)uN - u, as N — «. Let (p"),., be the branching
process corresponding to p, = p, = 3 with expected lifetime 1/cN and with
initial state o' = w™. It is well known that there exists a continuous Markov
process ({,);- o With values in M;(E) such that

M
(1.5) LM[( gt)tzo] = VKI'ET L [(N”’hN)t J

[see Dawson (1993), Section 4.4ff].

The process (), - o, Will be called the super process associated with (S,). Of
particular interest will be super-Brownian motion on RY, abbreviated
SBM(R?).

Let (Z,),. o be Feller's branching diffusion. That is, the diffusion on [0, o[
with generator

6,2
(9x)*

It is well known that L*{¢]=L"*[Z,,] for € M(E) and t > 0. Hence
P[{*(E)=0] - 1as t — o, since (Z,) is a martingale and 0 is an absorbing
boundary point.

For u € M(E) we can define ({,),. o with initial configuration ¢, = u as the
increasing limit of ({"),. , with initial configurations u", n € N, such that
w1t w. It is known that SBM(RY) takes values in M(E) if we impose a
regularity condition on the initial state w. For example, assume { u,(1 +
|-I*)7P) < o for some p > d/2. This condition will always be fulfilled in
this paper. The same condition also assures that », € N(E), a.s., for all t > 0.

Another more analytic, though less intuitive, description is the following.
We define the semigroup (V,),., of nonlinear operators on the space of
bounded and measurable functions ¢: E — [0, [ uniquely by the following
equation:

(1.6) X

(1.7) Vi = S, — %C/tSt_s((Vsq'))z) ds, t=0.
0

We can now define (¢,) by its log-Laplace semigroup (V,), namely, by the
relation

(1.8) (Lo, Vi) = —log E[exp(— <&, ¢))].

A pathwise construction of (£,) can be found in Le Gall (1991).

From the scaling properties of Brownian motion in RY and Feller’s diffu-
sion (i.e., L*/*[aZ,] = L*[Z,,) it is clear that SBM(R?) has the following
basic scaling property: for K> 0 and u € M(RY) let u'(-) = Ku(K=1/2),
Then

(1.9) LK % (K2 9] = Le[4()].
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In particular, for d = 2 and u = A (Lebesgue measure on R?) this becomes
(1.10) LA K %o (KY29)] = LY 4()].

For simplicity we will henceforward only consider (the expected lifetime)
cl=1.

1.3. Basic ergodic theory. In the following we will state the results for
BBM(R?) and SBM(R?) simultaneously. For convenience we will thus denote
by (), o either BBM(R®) or SBM(RY). Also let, for p > 0,

H(p), if(¢,)is BBM(RY),
8 if () is SBM(RY),

pAt

(111) M(p) =

where A is the (d-dimensional) Lebesgue measure and H(p) € M;( M(RY)) is
the law of a Poisson point process on RY with intensity measure p - A.

It is well known [see Dawson (1977) and Fleischman (1978)] that if d = 1
or d = 2, then (¢) clusters:

(1.12) LML ] =8, ast—-o Vp=0,

where 8, means the unit mass on 0 € M(RY).

For any d > 3, (¢,) is persistent (or stable). This means that there exists a
family (v,, p > 0), v, € My( M(RY)), of nontrivial invariant (under the dynam-
ics) measures such that

(1.13) LMP[y] = v, ast— o

The v, have the following properties: v, is translation-invariant and ergodic
with intensity p,

(1.14) [<m, ¢)w,(dm) = p- (A, &),

for ¢: R — [0, «[-measurable. Since the particles evolve independently, the
v, form a convolution semigroup v,,, = v, *v,, p, o > 0. Hence any v, is
infinitely divisible and thus allows a description via its canonical measure.
For details and proofs, see Gorostiza and Wakolbinger (1991), Theorem 2.2,
for ¢, BBM(R?Y) and Dawson (1977) for SBM(R?). Analogous (and more
detailed) results for a discrete time setting have been known for a long time.
See, for example, Kallenberg (1977).

For extensions of the basic ergodic theory to more general branching
mechanisms and motion semigroups, see Gorostiza, Roelly and Wakolbinger
(1992). For extensions to initial configurations with infinite intensity or that
are not translation invariant, see Bramson, Cox and Greven (1993, 1997) for
the d = 1,2, respectively, d > 3 case for , BBM(R?) and SBM(RY).

2. Results.

2.1. Cluster formation for d = 2. Since the branching mechanism has
mean 1, local extinction implies the existence of relatively small areas where
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more and more mass piles up. We call this phenomenon clustering. Our goal
is to determine the spatial profile of the clusters. One way to do so is to
condition on a test set B being in a cluster. The precise statement for (i)
BBM(R?) is given by Fleischman (1978) as follows:

log t

log t
(2.1) —PM®ly(B) > i|B|x —e* ast- o, x>0,
T 8w

where B € B(R?) is bounded. Roughly speaking, with probability 87 /log t
we see a cluster of “height” (log t) /87n-times an exponential mean 1 random
variable. For BBM(R?), Lee (1991) has a more precise statement (Theorem
2.4) due to conditioning on n,(B) > 0. Lee studies sub- and super-solutions of
Kolmogorov's equations for the Laplace functional. His methods also apply to
SBM, but it is still open whether the same is true for branching random walk
on the lattice or for linearly interacting Feller's diffusions (super-random
walk). This reflects the fact that difference equations are usually more
difficult to treat than the related differential equations.

Our approach to describing the structure of clusters is based on two
rescaling concepts.

High density rescaling. For time t > 1 we define

2.2 Go= 0= 2T
(2.2) == gt
with
~ log t
(23) L [vo] = K0 = m( o |
o

This serves first to obtain a nontrivial limiting probability of local nonextinc-
tion. Second, the height of the clusters is scaled down to have a nontrivial
limit.

Spatial rescaling. For (¢4) BBM or SBM let | = [0, 1] respectively, | =
] — =, 1]. We fix a € | and define (%) by

(24) BE(B) =S, (h(B) =t y(t*/?B),

where S, ;@ M(R?) > MR?), u(-) — t~u(t*/2-). As above we let i = .
This is the right notion since clusters turn out to grow spatially as t*/2 for
any a € 1.

REMARK. Note that by the rescaling procedures we do not lose too much
information on the family structure. This is because the high density rescal-
ing is so smooth that by (2.1) in the limit t - « we get a Poisson mean 1
number of families in each bounded set B € B(R?). On the other hand, the
spatial extension of a typical family is of order t*/?, a < 1 random. Hence the
rescalings do not cause an overlap of the families. The high density rescaling
also proves useful in giving a description of the finite versions of our branch-
ing models that underlines the similarities to other models.
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A related rescaling approach to clustering phenomena in subcritical di-
mensions (and for a more general setting) has been made by Dawson and
Fleischmann (1988). In the special case of SBM(R?) their rescaling is X(-) =
K™%« (K -). They obtain that w-lim _,,, L[(X{),. (] is the super process on
R associated with no motion. Hence their rescaling describes the family
structure of the clusters, but it is too rough to describe their spatial exten-
sion.

Now we are able to formulate the first theorem [recall that (Z,) is Feller’s
branching diffusion defined in (1.6)].

THeoreM 1 (Infinite system, d = 2). Let (y,) be either BBM(R?) or
SBM(R?) and | = [0, 1], respectively, | =] —=, 1]. Fix a € I. Then the follow-
ing holds:

(2.5) LVMO[ge] = L2, ,-A] ast— .

Theorem 1 gives a first rough description of the profile of clusters. How-
ever, the averaging procedure induced by scaling loses information about the
spatial structure inside blocks of size t*/2.

The next aim is to give a more detailed description of the clusters via
multiple space scales. That is, we want to look for different spatial scales on
tuples of windows of observation (see Figure 1). To describe this properly on a

m§1,2,1) tA(1,2,1)/2

tA(l,Z)/2
tA(l)/2

@V\A(l,l)/2

(AL /2

tA(1,2,2)/2

- 1A(1)/2
$A(1)/2

Fic. 1. The points (dotted centers of the small circles) are grouped at distances growing at
different scales t A)/2, The small circles represent the windows of observation, which also grow at
different scales.
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(2,3)
(2,2)
(2,1)

(1,2) 22

(1,2,1)

(1,1)

Fic. 2. Diagram of the tree T = {J, (1),(2),(1,1),(1,2),(1,2,1),(1, 2,2),(2,1),(2,2),(2.3)}.

formal level, we introduce a rooted tree T (see Figure 2) and a space scale A
associated with it.

Tree. We give the following representation of a (rooted) tree T. Let T be a
finite set of finite sequences with values in N. The root will be denoted by
JeT Lete,feT,e=(e,...,e,) f=(f,..., f)(possibly m=0or n=0)

and | = max{k: (ej,...,e) = (f,..., f )} vV 0. We then define the minimum
enfofeand f by eanf=C(e,...,epif I>0and eAf=0 if | =0. We
will assume that (e;,...,e,) €T V k <m whenever (e;,...,e,) €T. In

particular, this implies e Afe TV e, fe T T.T allows an ordering by e < f if
and only if e = e A f. The set of maximal elements in T will be denoted by
TM. Note that we do not exclude the case in which T is linear, that is,
#T™ = 1. In order to avoid redundancy we will assume that (e,,..., e, _;, 9)
eTforg=1,...,¢e,, whenever (e,,...,e,) €T.

Space scale. A pair L = (T, A) consisting of a tree T and a strictly

decreasing map
AT -1
(recall that 1 =[0,1] or I =] -, 1] in the case of BBM, respectively, SBM)
will be called a multiple space scale. Given a multiple space scale L = (T, A),
we assume that X = (x§, e € T, t > 0) is a family of points x{ € R?, such
that
[x¢ — x[|| = tACr /2 as t - oo,

By a, = b, we mean (log a,)/(log b,) = 1 as t — «. We say that X is L-spaced.
Our goal is to investigate the common distribution of [recall S, ; from (2.4)]
(SA(e),t Txf‘w[’t)ee-ﬂ— ast— o,

where T,: M(RY) > M(RY) is the translation by z, (T, w)(:) = u(z + -).

Feller tree. Let (Z¢, e € T),., be the following diffusion on R". Each
(Z9),., is a Feller diffusion. Let e, fe T with e #f. Then z&=Z[ for
te[0,1— A(e A f)]. For t > 1 — A(e A f) the evolutions of Z¢ and Z{ shall
be independent (see Figure 3).
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7(22)

Z()

Z(1,2,2)

Z£2'3)

Z(17271)

! : 1 Il —
T T

1-4(0)  1-A((1)) 1-A((2) 1-A((1,2) s

Fic. 3. A sample of (Z8),.,, e € TM for T ={J, (1), (2), (1,1, (1,2), (1,2,1), (1,2,2), (2,1),
(2,2), (2,3)}.

A similar approach to describe the age and spatial extension of clusters in
a model of interacting diffusions with state space [0, 1] has been made by
Fleischmann and Greven (1996). They describe multiple scale space-time
correlations with their so-called Fisher-Wright tree. This is the analogue of
our Feller tree, but with an underlying Fisher-Wright diffusion (and with
only one “trunk” having branches). The similarity of their results and ours
displays a close relationship between the family structures of clusters in the
considered models.

THeoreM 2 (Infinite system, multiple scale). Let (4,) be either BBM(R?)
or SBM(R?). Then the following hold:

() L M(t)[( Sace). t Txfat)eeT] =L [(ZE—A(e) ’ /\)eeT] ast— e

In particular, for T linear and B € B(R?) bounded,

(0 LTO[(#(B)) o] 5, LB (Zi) o] asto
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At each scale of observation, quasi-equilibria are exhibited that are deter-
mined by their density. Observation at different scales shows a certain
self-similarity of those quasi-equilibria. This is reflected by the fact that the
transition between scales is determined by a homogeneous Markov process.

2.2. Finite systems, stable case. Computer simulations of particle systems
evidently have to be restricted to finite versions of the model. However, there
are also other good reasons to study finite systems. Finite systems model a
finite nature and the infinite system can be regarded as an idealization for
analytical convenience only. So the questions arise: How well do finite
systems approximate the infinite system (and vice versa)? How long can a
finite system be observed until it “feels” its finiteness and which effects of
finiteness do occur?

We start with the definition of the finite versions of the d-dimensional
BBM and SBM. Fix d € N and let A4, | > 0, be the torus of size |,

(2.6) A4 = Re/(129).

We will regard A4 as the cube [0, I[9 with periodic boundary conditions. The
torus A9 inherits the Brownian motion (X, )., from R That is, (X, ,) has
transition densities

(2'7) pl,t(x!y)= Z pt(x,y+|k),
kezd
where
d/2 | = ylI*
(29) pix ) = (2mt) x| -2 |

is the transition density of d-dimensional Brownian motion. Finally, denote
by M,(p), H,(p) and so on the restrictions of M(p), H(p) and so on to AY.

The objects of interest will be critical binary branching Brownian motion
(M1, s 0 ON A9, abbreviated BBM(A9), and super-Brownian motion (£} ;. o
on A9, abbreviated SBM(AY). Again let (; )., be either BBM(AY) or
SBM(AY). The behavior of the system is dictated by the empirical population
density of the finite system

I’dw,'t(A",).
Note that we have
(2.9) LMD 1) (AY)] = L#[Z, ] as |-,
if the observation time T( | ) satisfies
(2.10) I79T(l) >0, o€[0,2] as |-

The idea of how to describe stable, that is, d > 3, finite systems is
suggested by Cox and Greven (1990, 1994). The system is dominated by the
macroscopic variable of the empirical population density. Roughly speaking,
it relaxes to the equilibrium state y, with intensity 6, given that the empiri-
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cal population density is 6. This relaxation takes place faster than the
fluctuation of the empirical population density.

Thus, by (2.9), 19 is the right time scale to look at the finite system. At
this scale the empirical population density becomes random.

With these heuristics we are prepared for the theorem [recall v, from
(1.13)].

THeorem 3 (Finite system, stable case). Letd > 3 and (¢ )., , be either
BBM(AY) or SBM(AY). Fix o € [0,] and T(Il) such that 1 T(l) - & as
| - . Then the following holds:

(2.11) LMy )] = [P?[Z,,, € db]y, as |-
0

2.3. Finite systems, critical dimension. In dimension d = 2 we have to
modify the ideas developed above in the fashion of rescaling presented in
Section 2.1.

Fix a €l and let, for t, | > 1,

(212)  §(B) = Ios—;-tt“m,t((t“/zB) NnA3), BeB(R?).
Denote by M, (t) the restriction of M(t) to A%. Then
(2.13) LI TG 1 (A3)] = LY Z,,,] as 1>,
if the observation time T( | ) satisfies
(2.14) LI)_)U as | - oe[0,x].
B()
Here
(2.15) B(l)=1%1log I.

It is due to the high density rescaling that S(1) =12 log | is the right
time scale to be used in the critical dimension. Many models in the critical
dimension show a behavior similar to (2.13), namely, linearly interacting
diffusions with compact state space (Fisher-Wright, Fleming—Viot, etc.), the
voter model and so on. Interacting diffusions have been investigated in the
critical dimension on the so-called hierarchical group by Fleischmann and
Greven (1994), Dawson and Greven (1993a, b), Dawson, Greven and Vaillan-
court (1995) and Klenke (1996). Cox (1989) and Cox and Greven (1991) treat
the voter model on Z2. The point seems to be that the Green function of the
interaction kernel is growing so slowly that taking the block averages is
asymptotically the same as renormalization. Thus the role of the limiting
diffusion [here Feller's diffusion in (2.13)] is played by the fixed point of the
renormalization [see also Baillon, Clément, Greven and den Hollander (1995)].
The appropriate time scale in these models is the volume of the finite box
times the recurrent potential kernel of the interaction kernel, maximized
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over the box. For an extensive treatment of this latter point, see Theorem 1 of
Klenke (1996).

Having in mind the proceeding of Section 2.1, the finite versions of
Theorem 1 and 2 are easy to guess.

THEOREM 4 (Finite system, d = 2). Let (i, ), , be either BBM(A%) or
SBM(A?) and | = [0, 1], respectively, ] —=, 1]. Fix o € [0,%] and T(Il) such
that T(1)/B(1) > o as | — «. Then the following holds:

L My Ja = wpl Z, ,€dp]L?[Z,_,] as |-
216 (#fr) = [ P12 Lelz,,]

:L1[227rrr+l—a]' acl

REMARK. Cox and Greven (1991) suggested studying the asymptotics of
occupation times for the related model of branching random walk on Z2. Note
that our result is more detailed than a description of the occupation time in
that a time average is not made.

Let L = (T, A) be a multiple space scale and let X = (x§, e T, | > 0) be
[-scaled.

THEOREM 5 (Finite system, multiple scale). Under the conditions of Theo-
rem 4, the following hold:

(a) '—WI)[(SA(e),T(I)Tx?‘ZI,T(U)eewr]

:>/(‘) Pl[ZZ'n'a' € dp] Lp[(Z]e_fA(e)'A)deEv] as I —> 0,
In particular, for T linear and B € B(R?) bounded,
(b) LT[ y(B)), ] = LHIBI (Zorpino)ucr] as 1o

2.4. Outline. The rest of this paper is organized as follows. In Section 3,
we will provide some tools needed later. This includes moment formulas,
coupling techniques and comparison techniques. In Section 4, we prepare for
the proof of Theorem 1 with an admittedly rather tedious moment calcula-
tion. Theorem 1 will be proved in Section 5. There we also apply the refined
coupling methods in order to prove Theorem 2. In Section 6, the finite version
theorems are proved with the comparison techniques from Section 3.

3. Basic tools. In this section we develop the following tools for the
investigation of the long-time behavior of our branching processes.

1. We give a general basic coupling lemma and then give its applications to
the special setting of an underlying Brownian motion. A further refine-
ment will be obtained by the so-called local coupling (Lemma 3.5). This is
the main result of this section. It serves to speed up the coupling. Hence it
overcomes the difficulty that the subsequently given comparison technique
works only for times L(t) of order L(t) < t2.
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2. We give a simple comparison technique.
3. We give nth moment (recursion) formulas.

For logical reasons we start with the presentation of the moment formulas.

3.1. Moment formulas. Let E be either RY or AY. We will develop
recursion formulas for the moments of BBM(E) and SBM(E).
We start with (n,),. , BBM(E).

LemmMA 3.1 (Moment formula, BBM).  Let (,),. o be a BBM(E), where E is
A9 or RY Denote by (S,),. , the semigroup of Brownian motion on E.

(@ ForneN, x € Eand ¢: E - R-measurable and bounded or nonnega-
tive, the nth moment satisfies the following recursion formula:

EX[(m, 0"] = (8, S(¢")

o 8 (1) (e o ] om0

In particular, the first and second moments are
(3'2) EX[<7’tv¢’>] = <3X,St¢>>,
(33)  EX[(m., ¢)] =(5,.S(¢?)) + <6x,f0‘sts((ss¢)2) ds>-

(b) For u € N;(E), or w € N(E) and ¢ bounded with compact support, the
first and second moments are

(3'4) EM[<7ha ¢>] = <M: St¢>;
E#[<7h- ¢>2] =, St¢>2 + </~'Lv '/:St—s((ss‘;b)z) dS>
{1 8¢(0%) ~ (5:9))-

(3.5)

Proor. For f: N, = R in the domain of the generator of BBM(RY), f(n,)
satisfies the following Kolmogorov backward equation:

J s 1 5 1 25
(36) e [Tl = ZABH[T(m)] + SB[ F(m)]

1
+SE[f(m)] — EX[ ()],
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where A denotes the Laplace operator with respect to x and 0 € N;(E) means
the zero measure. In particular, for ¢: E — [0, o[ twice continuously differ-
entiable, n € N and f(u) = {pu, ¢)", (3.6) becomes (using the independence
of the particles)

g 1 1n-1
(3.7) (E - EA)EXK% $)"] =< El(E)Ex[m, O JEX[(ne 0)"7H].

Integrating this yields (3.1). By an approximation argument, (3.7) holds for ¢:
E — R-measurable and bounded or nonnegative.
For part (b), note that by the independence of the particles we have

(3.8) E=[(m, $°] = (. S + [m(dx)Var*[<n, $)]

and use part (a). O
We continue with a moment recursion formula for SBM(E).

LEmMA 3.2 (Moment formula, SBM).  Let ({,),. o be a SBM(E), where E is
A9 or RY Recall that (S,),. , is the semigroup of Brownian motion on E. Let
¢: E - [0, be bounded, measurable and with compact support and let
u € M(E). Then, fort > 0 and n € N,

n—-1

@9 E e = T (Mt munoEca, 04,
k=0
where u™(t): RY - R is defined by
S, n=1,

(310 o0 =135 (1) s, (u(spue(s)) o5, n=2

k=1
In particular (for ¢ not necessarily nonnegative),

(3.12) E“[({t, ¢>2] = (@, Sidp) + <M, [Otst,s((ss¢)2) ds>_

Note that the first moment coincides with that of BBM while the second
moment of BBM is greater than that of SBM. This reflects the fact that the
“motion part” of SBM is deterministic while that of BBM is random.

The result and the idea of the proof can be found in Dawson (1993),
Lemma 4.7.1. Unfortunately, there are some misprints, so we give the proof
in detail.

Proor. Recall from (1.8) that (V,) is the log-Laplace semigroup of (¢,).
Also recall that we assumed ¢ = 1 in (1.7). For 6 > 0 and n € N, let
ﬂl"l
3.13 um(t, 0) = (-1)" " — V(0
(3.13) (t.0) = (=) s V(09)
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and
u@(t, 0) = —V,(09).
We can calculate u‘™(t, 6) recursively with (1.7):

S; ¢, n=1,

(n) — n
(3.14) u (t,@) %C/‘tst_s( Z (E)u(k)(sya)u(n—k)(s,e) ds, n> 2.
Y k=0

Differentiating (1.8) w.r.t. 6 yields

(3.15) { pu, uD(t, 0)EX[{&, drexp(—0{L, &) = E*[exp(— 0L, ¢))].
Differentiate (3.15) (n — 1)-times w.r.t. 6 to obtain

E*[(&, )" exp(—0{¢, ¢))]

3.16 n-1
G100 T (M o, s 0 e~ o<z, 62)].

k=0

Evaluating (3.16) at ¢ = 0 yields the assertion.

To see that the second moment formula still holds for ¢, assuming also
negative values, let ¢ = ¢"— ¢, where ¢*= ¢ v 0and ¢ = (—¢) v 0. Now
use

E4[(&, ¢)°] =2E#[(¢, 7] +2E#[<4. 07| —E*[4. ¢+ 7] O

3.2. Coupling. In this section we shall construct two different couplings
for our processes, the so-called basic coupling lemma (Lemma 3.3) and the
local coupling (Lemma 3.5). On the way we recall in Lemma 3.4 the usual
coupling for Brownian motions. We start by explaining the notion of coupling
in general.

Let (Sy);., be the semigroup of a Feller process on the locally compact
polish space E. By a coupling we mean a bivariate Feller process (X, Y,);. o
with cadlag paths such that (X,) and (Y,) are each copies of a Feller process
with semigroup (S,). Note that in general these copies are not independent.
This definition is more general than the usual definition. In particular, our
coupling does not need to be successful. In fact, we will use different notions
of the “success” of a coupling.

Define the coupling time 7 by

(3.17) T=inf{t>0: X, = Y,}.

We say that the coupling is successful for (x,y) € E X E if P*Y[r < ] =1
and

(3.18) POY[{X,#Y}n{r<t}]] =0 Vt>0.

We come to the first coupling (basic coupling). It deals with the coupling of
two deterministic initial configurations u! and u?.
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Let u!, u? € M{(E) and define u € M((E X E) by u = u' ® u?>. We need
that the coupling time is (stochastically) uniformly bounded for all starting
points in the support of w. Thus we assume that there exists a nonnegative
random variable H such that

(3.19) L™Y[7] <L [H] stochastically for u-almost all (x, y) € E X E.
Also we assume that (3.18) holds. For A € B(E) let
Ci(A) = sup{(SLA)(x), x € supp( u* + u?)}.

Let (v!)so and (y?),. o be binary branching processes or super processes
associated with (S,). In the former case we will also assume that u®, u? €
N (E).

Lemma 3.3 (Basic coupling). There exists a coupling (v, y?),., with
vo = (u!, u?) that is successful in the sense that

E[[l (v = »2)lal]

(3.20)

< C( A) gl = 12l + 2min(ll gl 1 w2ll) - PLH > t].
In particular, for || utll = || u?l|,
(3.21) E[l(v¢ = )] <20l wtl-P[H > t].

PrROOF. Without loss of generality we may assume || ut|| < || u2|l. Let u2 =
7% + ? be a decomposition of w? such that || m?|| = || x|l Then (3.19) holds
with u? replaced by either w? or &2 It is clear (by the first moment formulas
of the previous section) that (3.20) holds for any coupling ¥, = (7}, ¥2) with
¥, = (0, &®). Thus if we can show (3.21) for (3,) with y, = (u!, ©?), we are
done by setting v/ = ¥/ + ¥/, i =1, 2.

Thus we will now assume | u'll = [ u?ll. Let w € M(E X E) [resp., u €
N,(E X E)] with marginals u!() = u(- X E) and u?(:) = w(E X -). Let
(X;, Ypis o and 7 be as above. Then we have by assumption

(3.22) PUY[ X, #Y,] <P[H>t] foru-almostall (x,y).

Define (y,);., to be the critical branching (or super) process on E X E
associated with the bivariate process (X, Y., on E X E. For t> 0, we
have that vy, is in M;(E X E), respectively, N;(E X E), almost surely. Let
y&() = y(- X E) and y2(-) = v,(E X -) be its marginals. Since the branching
mechanism is spatially homogeneous, (y}),., and (y?),., are critical
branching (respectively, super) processes associated with (X,) and (Y,). Thus
(y) and (y?) are both associated with (S,). For example, we show that (y}) is
an (S,)-super process. Let q,(x, y, A, B) = P*Y[ X, € A, Y, € B] denote the
transition kernel of (X,,Y,) and let p,(x, A) = P*[ X, € Al =q,(x,y, A, E).
Let ¢ € C,(E), ¢ = 0, and let ¢'(x, y) = ¢(x), X,y € E. Then

u(x,y) = — logE* Vexp(— <y, ¢"))]

3.23
(3.23) = — log E* Y [exp(— (v, $))]
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is the unique solution [see (1.7)] of uy(x, y) = ¢(x) and

u(x, ) = [ a(x v de dy)e'(x', )
(3.24) EXE

t
_%f dsf Qt—s(X,y,dX’,dy')uS(X/,y,)2.
0 EXE

Let ({) be an (S,)-super process and let v,(x) = —log E*[exp(—<{ ¢, ¢)].
Then vy(x) = ¢(x) and

(3.25) wi(x) = [ p(x, dx)b(X') = %fotdstpt,su. dx")vy(x')*.

Note that v,(x) solves (3.24). Thus u,(x, y) = v(x), X,y € E, and (y}) is an
(Sp-super process as claimed.
Denote by D = {(x, x): x € E} the diagonal in E X E. Then

(3.26) E*[llyd — v2ll] < E*[%((E X E)\D)] < 2[ull-P[H > t]. O

We come back to the special situation E = RY or E = A9 and (S,),. , the
semigroup of Brownian motion on E. In this case there exists a successful
coupling.

LeEmmA 3.4. Let E be either A9 or R? and let R > 0. For x, y € E with
[x — yll < R there exists a coupling (W, W,?),., for the (standard) Brown-
ian motion on E such that

1
(3.27) POYIW! # W2 </ = Rt Y/2,
aw

Proor. We may assume E = RY since on A9 the coupling works even
better. By translation and orthogonal transformation, we may also assume
x=0and y=(r,0,...,00withr=|x—-yll<R.

If d > 2 we let

(3.28) W' =(Y'2z), i=12

Here (Z,),., is a Brownian motion on R ! with Z, = 0. The processes
(Yo and (Y?),., are Brownian motions on R that move independently
until they first meet and then move together. The initial points are Y, = 0
and Y2 = r. In the case d = 1, we simply let (W,)) = (Y,), i = 1,2.

Let H = inf{t > 0: Y,2 = 0}. Then (since Y,> — Y is a Brownian motion
running at double speed) L [inf{t > 0: W' = W,?}] = L"[H]. By the reflection
principle,

[2 u? [1
(3.29) P [H>t] = —fr/‘/zexp(——)dus — Rt~ %/2, =]
m™ 0 2 rd



CLUSTERS IN SPATIAL BRANCHING MODELS 1687

The aim is now to couple the evolutions of (y,),., started from two
different (random) configurations. In the context of our problem, one of those
laws is only vaguely known since it will be the result of long-time evolution of
a (i)-type process. The other law will be better known. Typically, it will be
M( p"), where the (random) value p’ is obtained by some averaging over the
first configuration. The details follow in the subsequent sections.

Since supp(y! + y2) will typically be too large to apply Lemma 3.4 di-
rectly, we have to construct a local coupling. The idea is the following.

We start with a translation invariant initial configuration. Thus the sup-
port is large. In order to apply Lemma 3.4 successfully, we divide E into
boxes of length R > 0. We do the coupling independently in each box accord-
ing to Lemma 3.4. Finally we have to shift the pattern of boxes by a random
offset z € [0, R[¢ in order to obtain a translation invariant coupling.

Let Q = Q(dy?, dy?) € My( M(E) X M(E)) be translation invariant. That
is, T,Q = Q Vx € E, where the translation T,Q € M,( M(E) X M(E)) is de-
fined by

JTQ(dy*, dy?)exp(— (¥, ) = (¥2, 9))
(3.30) = [Q(dy", dy?)exp(—<{y! T ) = (¥%, T 9))

= [Q(dy", dy?)exp(—(¥" f(x + ) =(¥2, g(x + ),

for f, g: E — [0, [ measurable.
Fix R > 0. In the case E = A9 we will assume that t/R = N € N.

LemMMA 3.5 (Local coupling). There exists a (translation invariant) cou-
pling (¢f, ¥2); - o of BBM(E) or SBM(E) with

(3.31) L (v w¢)] =Q

and such that

e[| = v) ]
(3.32) <IA-R[E[|(yd - wé)([0. R)]
+E[(w¢ + vZ)([0, R[")|Vd/mR-t7V/2].

Proor. Fix an initial configuration (u!, u?) € M(E) X M(E). Let

(3.33) C.=kR +[0,R[¢,
fork e 7z9 (or k €{0,...,N — 1}¢ if E = AY). Let
(3.34) = 'l i = 1,2 for each k.

We want to use the independence in the branching systems to obtain a
coupling (yi ¢, ¥Z Di» 0 for wy and uZ, for each k separately. Fix k. We apply
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Lemma 3.3 and Lemma 3.4 with A = E (note that two points in C, have
distance at most RyYd) to get

1 2
E(l-’-kVI-Lk)[”ayl%’t _ Yf,t”]
<[kl = Il wll| + 2min(Il will, I wgll)yd /7R -t 1/2,

Integrating (3.35) with respect to Q(du!, du?) and using translation invari-
ance we get

E[”Yl%,t - Vlft”]

(3.35)

(3.36)

< E[I(vs — w¢)(Co) ] + E[(v5 + w¢)(Co)|yd/mR -t~/

= &.
If we let v/ =X, y., i=12, then L[(y5,¥5)]=Q and (by translation
invariance)
(3.37) E[|(v - )] = VK

Note that in the last step we have used the o-additivity of [I(y} — y>lcll as a
function of C € B(E). In order to get a translation invariant coupling, we
pick z € C, at random and shift the “grid” RZ% by z. For z € C, define
(y{(2))~ 4, i = 1,2, as above with C, replaced by C,(z) =z + C,. Let

1 _
(3.38) L[tpt']=F/CL[yt'(z)] dz, i=1,2.

Then (4, ) is a coupling with the asserted properties: (3.31) holds
because it holds for each (y3(2), y2(2)), z € C,. By construction, E[|I(y} —
$Alll is translation invariant on E as a measure in B. Hence it is a
multiple of the Lebesgue measure on E. By (3.37), its density is less than or
equal to &/RY. O

COROLLARY 3.6. Let Q € My( M(A9) X M(A9)) or M,(N(AY) X N(A%)) be
translation invariant with

(3.39) pi=t¢ [yl(Ad,)Q(dyl, dy?) < =.
Given y!, under Q(dy*, dy?), the distribution of y? shall be M,(p’) with
p/ = t—d,yl(AdI ).
Let further N € N, R = t/N and & > 0 such that
(3.40) E[[y*(A%) = N%y*([0, R[?)]] < ete.

Then there exists a coupling (i , ¥7 ). o of BBM(AY) or SBM(A9) with
L [(4i . ¥ 0)] = Q and such that for B € B(A9) and t > 0,

(3.41) E[|(st— v )lel] =IBl[e+2/pR™T + 2/d/mpR - t712].
If () is SBM(AY), the term 2y/pR™¢ on the r.h.s. of (3.41) can be dropped.
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ProoF. In the case of SBM, clearly E[[(y,, % )0, RID] < R Con-
sider now the case of BBM. Note that for a Poisson random variable X with
mean 6 > 0, E[|X — 0[] < V6 + (1/V6)Var] X] = 2/6. By this and Jensen’s
inequality, we obtain

E“(lpll,o - ‘ﬁlz,o)([ol R[d)”
eRY + E[|y2([0, R[?) = N~%*(A9)]]
sRY + ZE[\/N‘dyl(Ad,)]

eRY + 2¢/pRY.
Now apply Lemma 3.5. O

IA

(3.42)

IA

IA

COROLLARY 3.7. Let S >R >0 and E = R Consider (¢}),., BBM(R?)
or SBM(RY). Assume that L [}] is translation invariant and that &, § > 0
and 0 < p < o are chosen such that

E[v¢([0,1[%)] = p,
(3.43) E[[Rd ([0, RI%) - s~u3([0, s[9)] <.

(3.44) E[

v([0,S[?) - zpol(s(z + [0,1["))” <88 vVze[-1,1]%
Then there exists a coupling (¢, ¥?),. o such that

(3.45) L [9&1wd] = M(s™%¢([0, s[9))

and for t > 0,

Ell (s = v)ls

< IBI[s + 38+ dexp(—D2/2t) + 2y/pR ™9 + 2\/d/—7TpRt_l/2],

where B € B(RY), B c[0,S[? and D = dist(B,R?\ [0, S[9). If () is
SBM(RY), the term 2y/pR~¢ on the r.h.s. of (3.46) can be dropped.

(3.46)

RemARK. The coupling takes place at scale R while the averaging takes
place at scale S. The conditions (3.43) and (3.44) make sure that ) does not
vary too much on these scales.

Proor. If the common distribution of ¢; and ¢ was translation invari-
ant we could argue as in Corollary 3.6. However, in general it is not. So we
have to work a little more. The aim is to construct a third process (¢2),. o
such that L [y, 8] is translation invariant while 7 and 2 are close.
Here are the details.

Recall that * denotes the convolution in M,( M(R?)) and that Q|4 is the
restriction of Q € M{( M(R%)) to A € B(RY) [see (1.2)]. For y € M(R?) and
z € RY, define

(347) I'(z,y) = ke*zd(M(S_dY(S(k +z + [0, 1[d)))|s(z+k+[0,1[d))'
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Define ¢ and ¢ on one probability space such that
L [yd|yd] = I'(z,yd)dz.
[wé | ws] f[o’l[d (z.49)

We show that L [(¢7, ¢3)] is translation invariant. Since T,I'(z, u) = I'(z +
X, T w), x € RY, we have [y T,I'(z, w) dz = [ 3« T'(z, T, n) dz. Hence, for
f, g: RY - [0, [ measurable, we have

Efexp(— (v, T ) = (U, Te0))]
= Efexp(—(wd, T F))E[exp(—<ud, T,0)) | #¢]]

: E[exp(—wé,nw)f

[0,1[¢

dsz(Rd)l"( z, 5 )(dm)exp(—<(m, T, g>)}

- E[exp(—(Tx, vt f>)f[0 10 92 e T (20 d)(Am)
3.48
(349) ><exp(—<m,g>)}

0,1[¢ M(RY)

E[exp(—(szp&, f>)f[ dz I'(z, T,¢g)(dm)exp( —<(m, g>)}

= E[exp(—w&. f>)f[o,1[d dz M(Rd)F(L 5 )(dm)exp( —{(m, g>)]
= E[exp(—(dxg, ) — s, )]

Then clearly [by a suitable coupling of the Poisson processes in (3.47) and
(3.45) in the case of BBM] we can assume

(3.49) E[I(v¢ - wd)lall] <81A,  Ac][o,s[Y

which implies that we can couple (¢?) and (i) such that

E[[(v¢ - v’)(B)[] < 5IBI+ 2prd\[0’S[ddeB dy pe( X, ¥)

(3.50) o

< |B| 5+2pdexp(——)

2t

(This coupling is done by defining three independent processes with initial
configurations & A ¢, (W& — 3", (Y& — ¥)~) As in (3.42), we get

E[[(v8 - va)(l0. R[%)[] = E[[ws(l0. R[?) - E[ws(l0. R[V)]|]
(3.51) + E||wi(lo. RT®) - E[ws([0, RI*) | wd] ]

< 2/pRY + (& + 8)R".
Now apply Lemma 3.5 to (3, 43). O
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3.3. Comparison. In this section we compare the finite versions of our
branching processes to their infinite versions. We show that the finite system
is not too far off from its infinite counterpart if the time L(t) of observation is
not too large. Unfortunately, “not too large” here means L(t) < t2. Hence the
obtained comparison result is not at all surprising. However, with the strong
tool of local coupling, this will be sufficient for our purposes.

LEMMA 3.8 (Comparison). Let | >0 and A € B(AY), |Al > 0, such that
D = (1 — diam(A)) > 0. There exist two BBM or SBM, (¢}),., on R? and
(¢f D¢ 0 ON A, on one probability space such that for t > 0,

(3.52) Yo =M(p) and i, =M(p)
and
1 2 D2 ‘/f
(353) E[lwi(A) = uf (A)]] <2dexp| - | pl Al
In particular, for a sequence L(1) <12 and A, =1%?A, a €0, 2[, we get
uniformly in p > 0,
Ifda/Z

(3.54) E[[vi o (19%A) = g2 oy (192A)]] >0 as |-

pl Al
Proor. Without loss of generalization we may assume that A is centered

in A4 such that

inf{llx — yll, x € A, y € RI\ A9} > 3( | — diam( A)).

For m € Z% let (y,™),. o be independent BBM(R®) or SBM(R?) with (indepen-
dent) initial configurations

(3.55) L['Y(Sn] = M( P)ll(m+[o,1[d)-

Let

(3'56) ‘ptl(') = Z 'th(') and ‘plz,t(') = Z 'Yto(ml"_ )
mezd mezd

Then (y) and (¢ ,) are as asserted and we have to show (3.53). By
construction,

E[|vi(A) — w2 (A)] Y E[%"(A)] +E[»(ml+A)]

m e ZN\{0}
2 Y, E[y2(ml+A)]
(3.57) meZN\(0)

= prRd\Adl dfo dyp:(x,y)

< 2pl AP°[IIW,]| = D],

where (W,),. , is a standard Brownian motion on R® The proof of (3.53) is
now a standard estimate while (3.54) is an immediate consequence of (3.53).
O

IA
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4. Moment calculations in the critical dimension. In this section we
give the asymptotics of the moments of BBM(R?) and SBM(R?). We will
obtain bounds for the moments as well. These allow us to express the Laplace
transform in terms of the moments in the next section.

Fix B € B(R?) and « €[0,1]. For t > 0, let
(4.1) B,=B, ,=t*?B.

For neN, x € R?, s> 0and t> 1, we define
n
(4.2) ma(X, s, t) = m(x,s,t,a) = EX[(%(B,..))"].

(43) My (x,s,t) =M, (x,s,t a)= t " EX[(4(B,. )"

(logs)" "
and
1 [ ,
(4.4) p(X) = SRR T x € R?.

The proof of the following lemma relies on a recursion that requires some
uniformity in the statements. This forces us to a somewhat cumbersome
formulation.

Fix x € R? and three nonnegative sequences (a,) |0, (b,) |0 and (c,) 1.

LEMMA 4.1. Let B € B(R?) be bounded and « € [0, 1].

(@) Uniformly in 8 such that 1 > 8 > « and uniformly in the sequences
(X)s 0 @and (s, o such that [[x,/ /s, — x|l < a, and [log s,)/(log t) — | <
b;, and such that s, > t“c,, the following hold:

(4.5) limm,(x, s, t, @) =go(x)(1—3)n_1&n_!1
t— e B (8m)"
and
(4.6) nmifmJMgmayw=@—3yliﬂrg.
t—>= S; Jr2 B (87)"

(b) There exists I' < e« such that

(4.7) sup  sup —M (X, S, 6, ) <o
tit=s,>3 nen NI
and
(48) L ) d
) Sup Sup - m y!s lt]a y<OO.
t:t>s;>3 neN n!r" St /R? " !

REMARK. We use the convention (1 — a/B8)" ! = 1if a = 8 = 0. This case
is actually covered in Fleischman (1978).
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ProorF oF LEMMA 4.1. Throughout the proof we will suppress the a where
no ambiguities may occur.

Our main tool is the moment recursion formula for BBM(RY) [recall p;
from (2.8)], which holds for all A € B(R?):

n-1
X nl _ X 1 n s
wo © [(n(A)"] = EX[n( )] +2k§1(k)/odufwdypsu(x,y)

XEy[(nu( A))k]Ey[(nu(A))nfk]
[this is (3.1) with ¢ = 1,]. In particular, for A = B, , (4.9) becomes

m,(X,s,t) =my(x,s,t)

(410) +g:§(g)/jdu/@2dypsu<x, Y)Y, U, )M, (v, U, 1),

Compare this with the moment formula for SBM(RY) given in Lemma 3.2.
The main contribution turns out to come from the k = 0 term in (3.9). Since
the leading terms coincide, it suffices to prove the assertion for the case
() = () is BBM(R?). Note that for the case (#,) SBM(R?), also the exis-
tence of I" with the asserted properties follows easily from the existence in
the case considered here.

We start with the proof of part (a). The proof follows an idea of Durrett
(1979) (Proof of Theorem 8.1). We proceed by induction over n using (4.10). To
do so, we cut the left and right side of the domain [0, s,] of integration. In the
remaining term we may use the asymptotics (4.5) and (4.6). On the other
hand, the error terms resulting from the truncation of the domain of integra-
tion will be estimated by the following bounds. These will be proved succes-
sively in the course of the induction.

We show the existence of constants C,, D, and E, (depending on B) with

1
(4.11) sup —f (s—u)ps_,(y,z)Mm,(z,u,t)dz<C,,
t2s>u>3 U-’R?
yeR?
(4.12) sup M, (y,u,t) <D,
t>u>3
yeR
and
1
(4.13) sup — [ in(y,s,t) dy <E,.
t>s>3 S 'R?
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For n = 1, the assertions clearly hold because
(4.14) My( X, S, 1) = t*“stf Ps(X¢, Y) dy = @(X)IB| ast — e,
Bt
1 s —a —a
(418) o[ Mu(yos Ody =t [ dyf dzpy(z.y) =t [ dy=IB|

1
E[Rz(s —u)ps_y(y, z)M(z,u,t)dz

(4.16)
S_ut“’ dz<S_uu|B|<|B|
= y y4 = - = ]
—u /Btps(y ) s
(4.17) fMy(y, u,t) =ut™ [ p(y,z)dz<|B]
Bt
and
1 bavd —«a

(4.18) ngzml( y,s,t)dy =t fRZdnytdz ps(y. z) =Bl

We will also need the following bound for the moments of the total mass:
(4.19) EX(m(R?)"] <F - (t+ )",

where F, = n!. For n = 1, this is clear since the L.h.s. of (4.19) equals 1. For
n > 2 this is easily shown by induction using (4.9),

EX[(m(R?))"] < Fy(t+1) + %:g(’lz)Fankfot(s +1)""2 ds

(4.20)

IA

1 1 nt n n-1
F(t+1)+ P Y (k)Fan_k(t+ 1)
k=1

ni(t+1)" "

IA

The uniformity of the claim in terms of the sequences (a,), (b,) and (c,) will
be needed to do the induction properly. Following the lines of the proof, it can
easily be established. We omit the details to avoid an unnecessary blowup of
the proof.

Now let n > 2. In the sequel we will assume that the validity of (4.5), (4.6)
and (4.11)-(4.13) is already shown for all n’ < n.

We start with providing an inequality needed in some places. Assume that

Xy, ooy Xy, @re the positions of the particles of x, at time u. That is,
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n, = Xl 8y . Further, let Y, = 15(X,). Each Y, is independent of [/l and
has expectatlon EX[Yi] =[5, pu( xt, y) dy. Thus [by (4.19)]

[ [/t "
m,(X,, u,t) =E E[ Y Yy ||77||}
k=1
I Iyl
< E|lInJ"'EX] X Yylingl
(4.21) i k=1
= EX[Iml"] [ pu(xe, y) dy
Bt
<F(u+ D" pu(xy) dy.
Bt
Note that
t"(log t)" !
(4.22) my( X, S, 1) < L

St

That is, the l.h.s. in (4.22) is negligible compared with the expected main term
of m. (X, s, t). We thus calculate now

hy k(Xeh S, v, W)

(4.23) = [T auf ayp y(xe ) my(y,u My (v, U ).

Let (8,),., be a sequence with §, 7% so slowly that 6,/(logt) - 0 as t — .
By (4.19) and (4.21),

hn, k( Xt’ St'o’ Stta)

IA

5,te _
FeFooi [ du(u+ )™ 2 [ dyp,o(x0, ) [ dzpu(y,2)

4.24 FF L te
(424 B k(5 te+1)" ' —|B|
n— s,

nNa

< —(log st)n_l
St

is small. The other side of the integration interval will be estimated as
follows. Let (&);., be a sequence such that & |0 and such that
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(log &)/(logt) - 0 as t — . Then
hn,k(xt’ Sty &t Sty St)
the s (logu)" 2

t &St u

4.25 1 t"e lo n-1
(4.28) _ 2(Cy + D) Dy —— ——(log st)"_l[l - (1 _ % 8t) w

1 s, log s,
Na
< —(log s)" .

St
Hence the main term results from the integration over [§,t%, &.s,]. To
evaluate this integral, we split the spatial integral into the integral over the
disc D, ={y € R% |lyll < K,Vu} and its complement D¢ = R?\ D,, where
K, 1% as u — o will be fixed later. By the induction hypotheses (4.5), (4.11)
and (4.12) we get

) Stt—na
limsup

as, 1
— u_

=)
to»  (logs,)" "~ Zste U

X [ Ay u(Xe Y)Um (Y, U )M (y, U t)

IA

D, _y limsup

t-» (logs)"”

1 ees log u)"~?
RN T
5t u

(4.26)
1 ~
><f dys, psl,u(xt, y)—m,(y,u,t)
DS u

IA

1 ase  (logu)"™?
du———
)n—lLtta

1
—D,_ limsup
T u

to>= (log s,

1
fodeamk(y, u,t).

The last inequality holds since s, p, _,(x,, y) <1/7 for & < 1. Fix >0
and let (u,) be a sequence such that (log u,)/(log t) - B’ as t — . Then by
Fatou’s lemma,

1
liminf [ —@(y,u,,t)dy = liminf i yy/ur ., Uy, t) dy
to>x Du‘ut t— o IIVHSKU‘

(4.27) [e(y) ay
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Let (u,) be a sequence with u, > t* and let > 0. Then by (4.6) for t
sufficiently large,

1
(4.28) ch — (Y, U, 1) dy < 5.
t

Ut

Thus the expression in (4.26) is less than or equal to

16D, (log ‘9tst)n_l_ (log 8tta)n_l
— limsup —
mn- to o (log s,)

1 8D, _, L (a)“l
Cmn-1 B '
Since § > 0 was arbitrary, the three expressions in (4.26) are equal and equal
to zero.
Our task is now to determine the main term. By (4.5), (4.12) and the

theorem of dominated convergence, we may let K, 1« so slowly that (uni-
formly in 8’ < 1)

1

T r'ﬁk(\/u—ty’ Uy, t)mn—k(\/u—ty* Uy, t) dy

ut Du[

(4.29)

= My (Y, Up, )My (Y, U, 1) dy

llyll<Ky,
(4.30) (1 o )n—2|B|nk!(n —k)! zd .
o) S ety as
_ 2(1 ~ i)“z IBI"k!(n jlk)! |
B’ (87T)n

Assuming further thst\/s—ta 0 as t —» » we get uniformly in u < ¢s; and
y € D, that

(4.31) S¢Ps,—u( X¢y Y) = @(X) ast— o,
We are now in the position to calculate
Stt—na

£tSt
lim ————+ duf dyp,_ (X, y)m(y,u,t)ym, . (y,u,t
B g 5™ e QUJ5, B/ Pas e Iy 1 M ()

) S, ase . (logu)"?
(432) = lim 1[ du———

t>= (log s,)" ~ Jate u

1
X [ dy Py _y(Xes ¥) WY, U, 0 iy (Y, U )
D, u
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@(x) ase . (logu)"?
—nflf du———
2 (og s awe O U

1
Xf dy—my(y,u,t)ym,_,(y,u,t)
D, u

IB]"k!(n — k)! 1
m
(8m)" " o= (logs,)"

= ¢o(x)2

eese (log u)" ™2 logt\" 2
(4.33) st(g) (1— g) du

o
5te u log u
2 |B|"k!(n — k)!

e(x) 1 (87T)n71

n
(log(&.s;) — alogt)" * — (log(5,t*) — alogt)"

X lim

too (logs)"*
a\" 1 [B["k!(n — k)!
=<D(X)n_1( _E) e

Summation over k in (4.10) now yields (4.5).
To show (4.6), we integrate (4.10):

f m,( X, s, t) dx
RZ
(4.34) = fRzml(x, s, t) dx
n—-1 n s
1
+3 E'l(k)fo dufdeymk(y, u,t)mn_k(y, U,t).
As above, the first term is small and we have to evaluate

W

(4.35) On k(V, W) = f duf dym(y,u,t)ym,_,(y,u,t).
v R2

For (8,) as above, we get from (4.13) and (4.19) that

gmk(S’&ta)
n-k-1
. see  (log u) - ~
(4.36) <t k)“Fk]S du——"—— (u+1)" 1/deymn,k(y,u,t)

B (f)“ FiEn «

n-1a - o n-k @
2 Sty (t5)" *(log(8,t*))" " <t
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(note that (u + 1)/u < 4/3 on the domain of integration). Let A = diam(B).
By assumption, A < oo, which serves to show that

3
9, «(0,3) sfo dufdeymn(y,u,t)

=f3du dy Y. m,(y + IAt*/?, u,t)
0 [0,Ate/2[2 lez¢
(4.37)

= '/03 duf[o,mﬂ/z [2 dy Ey[(n“(Rz))n]

n-1

< A%t F,.
Since the expected main term is of order t"*(log t)"~!, we have got that
9, «(0, 8,t%) is negligible. Let also (&) be as above to obtain by (4.12) and

(4.13) that g, (&, s, Sp) is small,
On, k( &St St)

=t”“f ,(og u )n ’

&St

(4.38) / dy M (y, u, t) 5 Mnk(y 0. t)

D.E,_ e he o
Sﬁt”“[('ogso " (log(5,5))" Y] = t™(log s)""

We split up g, ,(8,t% &) as above. The integral over D, has already been
determined in (4.33) and the integral over D¢ is small since

festdu/ dym,(y,u,t)ym,_,(y,u,t)

g t®

(4.39) (log U)

s 1
< Dn_kt”‘)‘f(St f dy m(y,u,t)

< t"(log s,)" "

So far we have shown part (a) of the lemma. To prove part (b) we still have
to show that (4.11)—(4.13) hold and that the size of the constants can be
controlled. We will do this by means of recursion formulas for C,, D, and E,.

By (4.2.1) we have

3
/;) dufdey(S —u)ps_ (Y, 2)m(z,u, t)ym,_(z,u,t)

3 n-2
< Fy Fn,kfo du(u + 1) fRZdZ'[BtdW(S —u)ps_u(Y,2)py(z, W)
(4.40)

IA

Fan_kf:du(u + 1)”_2/B dw(s — u) ps(z,w)

DNtk gn-1 e,
—1
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Putting this into the recursion formula (4.10) we get
s—u

fRzps-u(y, z)M,(z,u,t)dz
1 1n=lo
i} W[Cﬁ 22 ()

PPk
(4.41) ><(nfnl4n_l||3|

u

u  (logv)"? ,
+/R2dzf3 dVT./[%zdz (S_ u)ps—u(yi Z)

KBy (20 2) S M2V, O, (217, t)”-

Doing the integration, the summands equal

fudef dz'(s —u)ps_(Y,2")
3 R?

v
1~ ~
(4.42) xvmk(z’,v,t)mn,k(z’,v,t)
U(Iog V)n72 CkD —k n—
< Can,kf3 7dvs Tnl(log u)"

We have shown that (4.11) holds with

1n-1 C,.D F.F
n k “n-k k' n-k _
4.43 C, <C,+— + 4n-11B|.
(a9 Cy=iv g T (1)(St - e

We now turn to the D,. By the recursion formula (4.10), we get for t > s > 3
and y € R?,

M, (Y. s, 1)
444 s 11l
<t (10g S)nl(ml(y,s,t) + 5 k2‘,1(k)hn,k(y,s,o,t)),
Now

1
hy (Y, s,3,t) < Dn_kfozduafdez p._(Y,2)m(z,s,t)(log su)" !

log u)"~?
(4.45) <2(C, +D,)D,_, fs% du
3

- 2(Cy + Dy) D, (log 5)n_1
- n-1 S '
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From this and (4.24) we get that D, can be chosen to be
1 n-1
n -
(446) D, <D, + 21D k;(k)[Fan,A” Bl + 2(Cy + D) Dy ] -

Finally, the E, will be determined as follows:

447) [ @ t)dy < E 1n§(”) ! 0
: — | m.(y,s, <E + = . ,S).
(447 [ My sy Bt g B () o gri9ns©9)
Now
sl K1
Un k(3,9) SDkLUUOg u) /[-dezmn—k(z'u't)
log u)k—2

4.48 =(logu)” *
( ) sDkEn,k/3 ¥ du

Dk En—k n—-1
< — (log s .
—— (logs)
Together with (4.37) this yields that we can choose E, to be
1 n—-1 n
4.49 E,<E + —— D.E,_. + A%4"F,]|.
( ) n—= -1 2(n—l) k?]_(k)[ k =n-k n]
Putting together (4.19), (4.43), (4.46) and (4.49), we see that we can choose
(4.50) C,=D,=E,=nlT"
for some I' < « (depending on A). O
Next we give a lemma that provides some uniformity in different spatial

scalings that are approximately equal to t*/? [recall that a, = b, means
(log a,)/(log b,) —» as t — «1].

LEmMA 4.2,  Let (¢,) be BBM(R?) or SBM(R?) and | = [0, 1], respectively,
] =0, 1]. Fix a € I and v(t) < u(t) with u(t), v(t) = t* Then uniformly in all
sequences w(t) such that u(t) < w(t) < v(t) V t > 0 the following holds:

~ 1 - ) 1 , 2
(4.51) h(t) = EM© (mwt([0,\/u(t)[ ) - W%([Q\/W(t)[ )) \
-0 ast — oo,
Proor. Let

1 1
b = _u(t) ]]-[O,U(t)l/z[z - w(t) ]]-[O,W(t) 1/2[2 .

Recall that (S,) is the semigroup of Brownian motion on R2. By the second
moment formulas (3.5) and (3.12),

(4.52) h(t) <a, + b, + ¢,
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(with equality in the case of BBM) where

87 \2 5 ~
a, = W /(<Mvst¢t>) M(t)(dw),
87 \? o\~
(4.53) b= | fogt J{mSu(82) = (Sed)*)M()(dp),
8 \? ~
© = | Togt f<,u,foTSt_S((Ss¢t)2)ds>M(t)(d,u).

Clearly, a, > 0ast—>»and b >0as t —» « Toshow c, » 0as t — » we
have to be more careful. By translation invariance we get (recall that A is the
Lebesgue measure)

_ 8w t 2
(4.54) c, = m</\,fo(ss¢>t) ds>.

Note that by Hdlder's inequality

(A, (Sed)?) <lISsdyll- = sup [S,(X)]

xeR?

(4.55) (11 1 (1 2
= m'”(zws’ u(ty w(t)) = m'”(z_ws’ W)
Thus
87  v(tlogt 2
@fo()lg <A’(Ss¢t)>d5
4.56 8 2 t
( ) < m[@ + |log(v(t)log t) — Iog(%)”

-0 ast — oo,

On the other hand,

IS5 ¢rll--
< sup sup sup | ps(X,Y) = pP(X, Z)|

xeR? ye[0, u(t) ¥/2[2 zelo,v(v) ¥/2[?
1 r2 r—¢)>
(457) o exp JR— _exp _g
2s 2s

—— sup sup
27S (R Lel—@v(t)Y/2, v(t)/?]

e !t [2v(t)
27s s

IA
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Thus

8w t 2 \/g 1
(458) —— (A(S;d)?)ds< —1/—— -0 ast— .
IOg t v(t)log t € IOQ t

We conclude ¢, — 0 as t — « and the proof is complete. O
5. Proof of the clustering results for the infinite systems.

5.1. Proof of Theorem 1. The proof of Theorem 1 will be based on an
asymptotic result related to the Laplace transforms of .. This is formulated
in Propositions 5.1 and 5.2.

Let x € R? and (x,),., be a sequence in R? such that x,/Vt - x as
t—

PropPosITION 5.1. Then for B € B(R?) bounded and 6 > 0,

. tlogt -
i 24 e+ - 0]
(5.1) 618l
— e Bl —a) 1T
lim Ioit(l - EM‘l)[exp{—HJt“( B)}])
(5.2) to= 8w
91B|
T IreB(l o« ST
Proor. Let
tlogt . ~
(53) ¢(0) = — (1 - Ex[exp{-037(B)}]). 6€C,Re(0)>0.
Then
tlogt ~
(5.4) [4(0)] < lo1- EX[ 32 (B)] <lel.

8w
Thus ¢,(#) is uniformly bounded for 6 in compact sets. Let T" < « be as in
Lemma 4.1(b). By (4.7) for 6] < (1/T) we can express ¢,(0) in terms of the
moments

tlogt (_O)nExt[(‘Zta(B))n]

¢ (0) = 87 ngl ni
(5.5) ] -
5 (=0) (8w) "My(x,tt, a)
Hence by (4.5),
0|B|

1
(5.6) ¢(6) = @(X) By = t—o, 161 < 5

By Vitali's theorem [see, e.g.,, Remmert (1991)], equation (5.6) holds for all 6
on the right half plane.
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The proof of (5.2) is analogous. Here we take
log t ~
(5.7) b(0) = W[l — EM®[exp{- 637 (B)}]|
and use (4.6) and (4.8). O

For @ <1 and |B| > 0, Proposition 5.1 can be reformulated in terms of
distributions.

PropPosITION 5.2. Assume « < 1. Let (x,) as in Proposition 5.1 and let
u > 0. Then for B € B(R?) bounded, |B| > 0,

tlogt ..
(58  lim %PX‘[W(B) >ul = f(_xlexp{_ |B|(1u— ) }

(5.9) lim IoitP'V'(l)[N“(B) > u] = iex {—;}
' tow 87 i l-a P IBI(1 —«a) )’

Proor. We show only (5.8) since the proof of the other statement is
similar. Let F(u) = ((log t)/87)P X ¢,*(B) > u] and

¢(x) 1 u S
S = T ek exp(m) -

Note that (5.1) states that

(510) [ (1—e ") dF(u) > [ (1—e ™) dG(u) ast— .
0 0
Since (u— 1 —e % u > 0) is a separating class on ]0, «[, we are done. O

ProoF oF THEOREM 1. From Proposition 5.1 the proof is easy. Let L(s, 6)
= E'[exp{— 0Z,}] be the Laplace transform of Feller’s diffusion (Z,). By (1.6),
L(0, #) = exp{— 6} and

J a
(5.11) —SL(s.0) = E'[62Z,exp{—0Z.}] = —02£L(s, 0).

The solution of (5.11) is

6
1+ 0s
Let « €[0,1] and B € B(R?) bounded. Use (5.2) to obtain

£ exp( - 05(B))] = (1 — (1 — EM®[exp(— o7 (B))])) "
(5.13) .
1+ 60|BI(1— @)

(5.12) L(s,0) =exp{— } 60>0,s=>0.

—>exp{— } as t —» «,

Comparing this with (5.12) yields the claim.
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The case a < 0 and #, = {, SBM(R?) can be done with the scaling prop-
erty (1.10) as follows,

U ~ 8w
LM(t)[ gta( B)] — LM(I)[mtaQ(ta/zB)}

_ o] o7 {p-+(B)
(5.14) log t™*

_ Ll\?l'((tl’“)/(lfa))[(l - a)alfa( B)]
= LY O[(1-a)Z,] asto e
= Ll[Zlfa]'

In the last step we have used the scaling property of Feller's diffusion,
L*/"[yZs] = LPLZ4), B, y, p> 0. O

5.2. Proof of Theorem 2. In order to understand why Theorem 2 should
be true, we draw a time-space picture (see Figure 4). Consider a point
(x,t) € R? X [0,=[. We want to investigate the events C(x, t) that form the
history of (x, t). Since Brownian motion at time s has range approximately Vs,
we may roughly set

C(x,t) = {(u,s), llu—xll<(t-s)"? ueR?sel0,1t]}.
Now let for « € [0, 1],
C.(x,t) =C(x,t) N (R*x {t—t°})
be the events at time t — t* that may influence (x, t). Fix « € [0, 1] and let
(x,), (y,) € R? be such that [|x, — y,|l ~ t*/2. Then for y < a we have that
C,(x,, t) and C (y,, t) are (asymptotically) completely disjoint. For 8 > a we
have that C,(x,, t) and C,(y,, t) (asymptotically) overlap completely. By the

Markov property, the common history is contained in C,(x,,t) = C_,(y,, t).
After time t — t“ the evolutions leading to (x,, t) and (y,, t) are independent.

(:ttvt) to‘/2 (yivt)

Cp(1,1) = Cplys, 1)

Fic. 4. Historical cones for ||x, — y,Il ~ t*/2,
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We have to justify that the information contained in C_(x,t) = C_(y,, t) is
sufficiently well described by the common value of Z,_ . This will be done by
showing that the distribution of mass is not “too inhomogeneous.”

We make the preceding idea precise. It is sufficient to check that

(5.15)
L M(t)[( SA(e),t Txts;;t( Be))eer] - L [(' Be|zf—A(e))eew] ast— o,

for B¢ € B(R?) bounded for all e € T.

We do the proof by induction over the length of the tree T. For T = {J} this
is the assertion of Theorem 1. Now assume that the claim has been shown for
all trees shorter than T.

The idea of the proof is the following. We introduce a time scale L(t) = tA@
and couple (i) for s > t — L(t) with another process (42). This process shall
have initial configuration M( p), where p is the empirical population density
of ¥t ) in a box of length approximately equal to tA@/2 L(t) will be
chosen small enough that the evolutions of the subtrees (resulting from
eliminating the root & from T) are asymptotically independent. On the other
hand, L(t) has to be chosen large enough so that the local coupling with local
size R(t) = t~“/? is successful. Here are the details.

Let b = max{diam(B*®), e € T}. Let d, |0, t — %, such that

tAEAD=d0/2 || xe — x| — h(tA®/2 4 tAD/2)

5.16
( ) < [IXE = X[ || + b(tA®/2 4 tAN/2) < Tg(AEA H+dy/2

for all e, feT. We may and will assume that t% — o as t—> = Let
a = A(J). Let

S = S(t) =tletdv/2,

R = R(t) = tle3d0/2,

L =1L(t)=t2%
Let Bf = x¢ + tA®/2B® and B, = U, B By shifting X = (x{, e € T), if
necessary, we can assume that B, c [0, S[? for all t > 0 and
(5.17) L-%/2-dist(B,,R?\ [0, S[’[) > » ast— .

Apply Corollary 3.7 with ¢ = ¢,_,,, L(t) instead of t, p = log t/8=, and
with ¢ = § = ((log t)/87)e,, where g, —» 0 as t — «. This last choice is possi-
ble due to Lemma 4.2. Thus we obtain a coupling (2, ¢:2),. o with L [4¢]4g]
= M(S~%3([0, S[?)) such that there exists a sequence §, | 0 with

(5.18) E"O[|(Fty, - #0)(C)|] <alCl ¥ C e B(R?) bounded.

So we all have to show is

8

(5.19) LM(I)[m(tA(e)ﬁ(t)( Bte))eeT} = LY(IB*1Z ae),eq] ast— e
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By Theorem 1 (and Lemma 4.2) we know that

_ [ 8n
(5.20) L M<t>[

ogt> Ve([0.SI )}ﬁ'—[zl_a] as t - .

Hence (using the Chapman—Kolmogorov equation) showing (5.19) amounts to
showing, for p > 0,

LM(pIOgt/Sﬂ') 8m
log t

(t_ (E)lr[/L(t)( B ))ee-ﬂ—} =L [(ZS_A(e))EET] ast -

= L"/“[(aszA(eva)eeT]‘

The last equality is the basic scaling property of Feller’s diffusion.

Let T, ={(j,1,,..., 1) €T, neN}, j=1,..., 3 be the partition of T into
subtrees T; (T = {} U T, U -+ U T,). To prove (5.21) it suffices (by the induc-
tion hypothesis) to show that

(5.21)

8 )
(5.22) @t A(e)‘ﬁL(t)( Br) n j=1,...,3

ee j
are J asymptotically independent random variables.

For each j=1,...,J, fix one eJ €T, and let C; = Ci(t) = x{ +

[—R(t), R(t)? and C =R*\(C, U - UC, ) Then for t Iarge enough we
have C; N C; —@forlaéj Let
A=A (L) = eig;dist(sf,w\cj).
J
Since A: T — | is strictly decreasing, we have A;(t)//L(t) - was t - .
Let (Xds20, 1=0,1,. .J be mdependent BBM([RZ) or SBM([R{Z) with

= M((log t/87r)p)|c, j ,J. We can assume i, = x0 + -+ +xJ.
Nowforj—l JandeeT

t A Z XL(t)( B )

I#J

< p|Be[tA® dx/| d X,
p /. - the YPL( X, Y)

log t

(5.23)

< plBlexp{—A%/L(t)} >0 ast—
Thus (5.22) holds and the proof is complete. O
6. Proofs for finite systems.

6.1. Proof of Theorem 3. The idea of the proof is again to introduce a new
time scale L(1) <12 and to let T'(1)=T(l) - L(l). As in the previous
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section, we want to couple (locally) given I_dl[ITr(|)(Ad|) = p with a process
started in M(p). This latter process will then be compared to the infinite
process started in M( p). So as to impose the local coupling, we will have to
cut AY into a growing (with |) number of boxes N(1)9 N(I) has to be
chosen such that the empirical densities of ., within the boxes and
within A9 are asymptotically close.

Step 1. We start with showing this latter point. Let A, B € B(AY), | A,
IB|>0,and ¢, =|1A"*1,, —11B|"*1,5, | > 0. Then by the second moment
formulas (3.5) and (3.12) [recall that (S,) is the semigroup and p, ,(,-) the
transition density of Brownian motion on A9 ],

E"/"(p)[(| LA 7y (TA) = T1BI Wy 71 ( IB))z]
(6.1) < f((,u, ST(|)¢>|>)2 + <,U«1 Sran(¢f) — (ST(I>¢I)2>

+ <M, /;)TST(I)—s(Ss¢I)2 dS>M|( p)(du),

with equality in the case of BBM. Fix a sequence y( |) such that 12 < y(1|)
< T(Il). Then

(6.2) sup sup |19, (0,2) —1| =5, >0 as |- =
t=y(1) ze Ag

Thus for t > y( 1),
(6.3) sup [{8,,S,¢;>| <2& 17°

xe A9
and, of course, for all t > 0,
(6.4) sup [(8,, S| < (1A +1B[7Y) 17¢.
xe A9
Note that ¢ < |1 2%(|Al"" + |B|™")2 Hence (6.1) is dominated by
4g? |72d(p2 | 2¢ 4 pl d) + p(|A|_l + |B|_l)2 |-d

(6.5) )
Fp[efT() 170+ (1A + 1B ) (1) 179 >0 as 1=

If we replace T(Il) by T’(Cl), this convergence is uniform in all sequences
T'(1) such that 3T(1) <T'(1)<T(l). Thus we can find a sequence
N(I1)1e, (log N(1))/log | - 0as | - =, and define L(1) =12/NCD), T'()
= T(l) — L(I) such that

|72dEM'(")H¢|,Tf(|>(Ad|) = N( |)d¢|,T'(|)([O: N(D™ |[d)H

=8 -0 as |- .

(6.6)

Step 2 (Coupling). We continue arguing as in the proof of Theorem 2. We
let (xi ¢ x{ Vi o be the local coupling of BBM(A9) or SBM(A9) according to



CLUSTERS IN SPATIAL BRANCHING MODELS 1709

Corollary 3.6 with R =R(l)=1/N(Il). The initial configuration shall be
Xto= 1t 1q,and L[ x¢|xsl = M;(17%3(A9)). By Corollary 3.6, we get for
B € B(RY) bounded:

EM'(p)[”(Xll,L(I) _XIZ,L(I))|B|”
(6.7) S o
SIBI[6|+2\/pR(|) +2yd/7, pN( 1) ]eo as | > o,

Step 3 (Comparison). We apply the comparison lemma (Lemma 3.8) to
(Xeso With L[ x& | xd]1 =M(17%A9) and (x2,) and with A, =B to ob-
tain

(6.8) E[| x? L1 (B) = xZ1(B)|| =0 as |-
Thus
(6.9) E[| xi.uy(B) = X1 (B)|] =0 as | - e

Step 4 (Conclusion). Fix f € C.(R%) and F € C,(R). Then
EMO[F (W, )] = E[F(Cxd iy )]

[F(Cxt s 0)] +o(1)

(6.10) _ E[F(< NI f>)] +o(1)

=E

~ P?[Z,,, € dp'|F((yys 13) + 0(1),

The last equality holds because of (1.13) and (2.9). O

6.2. Proof of Theorems 4 and 5. The proofs are similar to that of Theo-
rem 3. Hence we give only an outline. Recall that (1) =12 log |. By (2.9)
we know that

(6.11) L"Z'(B('”[ IZ”‘/fI,T'(I)”} =LY z,.,] as |- .

log B( 1)
Choose L( 1) < |2 such that
~ log L(1) ~ log L( )
||Ln3c log B(1) I log 12

Now we can proceed as in the proof of Theorem 3. We couple locally with the
configuration

- log B( 1)
1 - -
(612) j(; P [ZZ’)TU'E dp]M|(p 8 )
and compare this with the infinite system started in
- log B( 1)
6.13 Pz edp|M| p—————.
(6.13) J, P Z2r, € do] ( - )

Now we apply Theorem 1, respectively, 2, to obtain the conclusions. O
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