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We consider the random fluctuations of the free energy in the p-spin
version of the Sherrington—Kirkpatrick (SK) model in the high-temperature
regime. Using the martingale approach of Comets and Neveu as used in
the standard SK model combined with truncation techniques inspired by
a recent paper by Talagrand on the p-spin version, we prove that the random
corrections to the free energy are on a scale N —(p=2)/2 only and, after proper
rescaling, converge to a standard Gaussian random variable. This is shown to
hold for all values of the inverse temperature, 8, smaller than a critical 8. We
also show that 8 — +/21In2 as p 1 +oo. Additionally, we study the formal
p 1 +oo limit of these models, the random energy model. Here we compute
the precise limit theorem for the (properly rescaled) partition function at all
temperatures. For § < +/2In2, fluctuations are found at an exponentially
small scale, with two distinct limit laws above and below a second critical
value 4/In2/2: for B up to that value the rescaled fluctuations are Gaussian,
while below that there are non-Gaussian fluctuations driven by the Poisson
process of the extreme values of the random energies. For 8 larger than the
critical +/21n 2, the fluctuations of the logarithm of the partition function are
on a scale of 1 and are expressed in terms of the Poisson process of extremes.
At the critical temperature, the partition function divided by its expectation
converges to 1/2.

1. Introduction. In recent years it has become increasingly clear that a prob-
lem of central importance for the understanding of disordered spin systems is
the control of random fluctuations of thermodynamic quantities (see [2], [7], [19]
and [27]). Unfortunately, precise control of such quantities is very hard to come
by. Concentration of measure techniques [26] have been realized to be efficient
tools to get upper bounds ([5] and [6]), but lower bounds or exact limit theorems
are scarce. One of these examples is the Sherrington—Kirkpatrick (SK) model in
the high-temperature phase, where a central limit theorem for the free energy was
proven first by Aizenman, Lebowitz and Ruelle [1], using cluster expansion tech-
niques, and later by Comets and Neveu [9], making use of martingale methods and
stochastic calculus. Their methods have been extended to a few related cases later
(see [3] and [28]). In the present paper we want to continue this effort by investi-
gating a large class of natural generalization of the SK model, the so-called p-spin
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SK models (see, e.g., [15] and [20]) and their p 1 +oco limit, the random energy
model (REM).

For our present purposes it is natural to consider the class of models we study
as Gaussian processes on the hypercube 8y = {—1, 1}¥. We will always denote
the corner of 4y by o; for historical reasons they are called spin configurations.
A Gaussian process X on 4y is characterized completely by its mean and
covariance function. The processes we consider will always be assumed to have
mean 0 and covariances

1.1 EX, X, = fn(Rn(o,0")),

where Ry(o,6)=N"1(o -6/)=N"! ZlNzl aiai/ is the so-called overlap [this
overlap is related to the Hamming distance dyam by dgam(o,o’) = N(1 —
Ry (0,06"))/2]. In this paper we will investigate the case where

[p/2]
(1.2) v = [y =Y apae(N)x",

k=0
where the coefficients satisfy a,(N) =1 and o 2 (N) = O(N —k). The reason
for this complicated choice of covariance function is due to the fact that in
the commonly used form of the p-spin interaction version of the Sherrington—
Kirkpatrick model, the corresponding process is represented as

N\ 2
(1.3) Xy = ( ) Z Jivi...sip0iy Oiy * ** Oi s

p i1<ip<-<ip

.....

the covariance of this process, one finds indeed an expression of the form (1.2).
While we are mainly interested in this particular case, we will discuss the general
case in Appendix A. Note that there is a certain ambiguity in the definition of the
model with regard to whether or not coinciding indices in the sum in (1.3) are or
are not excluded. For example, one may choose the simpler looking version

(1.4) Xo=N"72 Y

1<iy,...,ip<N

1i2,ensipTip " Oy
For this model the covariance is simply cov()~(0, fa/) = Ry (o, 0")P. While the
two models are identical on the level of the thermodynamic functions, we will see
that the scales of fluctuations are quite different.

We also study the formal limit of p-spin SK models as p 1 +oo, the random
energy model (REM). In this model the random variables X, are independent
standard normal.

Given such a Gaussian process, our main object of interest is the so-called
partition function

(1.5) Zpn =EgefVN¥o =2~V 7 BVNX

O‘EJN
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The quantities ePYNXs are called Boltzmann weights, the parameter 8 € R
is known as the inverse temperature and Hy (o) = VNX, is (minus) the
Hamiltonian in statistical mechanics. The Zg y are random variables, and we are
primarily interested in their behavior as N — oo. In statistical mechanics, it is
customary to introduce the so-called free energy

1
1.6 F =———InZsn.
(1.6) B,N BN nZgn

It is easy to prove in all the models we consider here that, for all values of 8, Fg n
is a self-averaging quantity, that is,

1.7 li Fg.n —EF, =0 as.
(1.7) NTILHOOI BN B.N| a.s
It is, however, not known in general whether the so-called quenched free energy
EFg y converges to a limit as N — oo. This has, however, been proven for
sufficiently small values of 8. More precisely, we have the following result.

THEOREM 1.1. Define fo = 1 and, for p > 2,
(1.8) Bp=inf (1+m=")p(m),
where
¢p(m)=[(1—m)In(1 —m) + (1 4+ m)In(1 +m)]/2.
Then, for all < Bp,

1. li EF, =—f8/2.
(1.9) NT1r+noo B.N,p B/

REMARK. For p =2 this result was first proven in [1]. A very simple proof
was later given by Talagrand [26]. Comets [8] showed that the value Bz =11is
optimal in the sense that (1.9) fails for g > 1. The result for p > 3 is due to
Talagrand [27]. It is clear that in all cases (1.9) will fail for 8 > +/21In2, which
by a more elaborate computation can be improved to 8 > +/2In2(1 — 27?) with
cp <5, for p large [4]. On the other hand, a simple calculation shows that B p
v/2In2(1 —277/21n2). One should note that to get (1.9) up to a value so close
to +/21In2 required a substantial modification of the original argument of [26],
namely, the use of a “truncated” second-moment method. Such a truncation will
also be the main difficulty in obtaining our results (for similar reasons, slightly
different truncations were also used by Toubol [28] (and probably first) in the
study of the CLT for the SK model with vector-valued spins).

In the case of the REM, it is well known that the critical inverse temperature
BrEm = v/21n2 and that [11]

—B/2, if 8 <+/2In2,
—2In2+ B 'n2, if B=>+/2In2.

1.10 li EF =
(1.10) NTITOO 8,N,REM
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As observed already in [10] (a rigorous proof follows easily from the results
contained in [27] (Talagrand, private communication)), one has that
(1.11) plTlJrrnooljlvHTliupEFﬂ Np= plTlJrrnoo %\III%I_:LIEEFIg Np= hm IEF/3 N.REM-
In this paper we will control the fluctuations of the free energy in (essentially) all
of the domain of parameters §, p, where the limit is known to exist, that is, the
high-temperature regions of the p-spin models and the entire temperature range in
the REM. Although the REM is rather singular and the techniques used for that
case are totally different from those we will use for the p-spin models, we felt it
would be instructive to include this singular limiting case in this paper. Moreover,
it turns out that in spite of the heavy investigation the REM has enjoyed over the
years (see [10—14], [21] and [23]), no precise fluctuation results for the free energy
are available in the literature (see the remark following Theorem 1.6). Finally,
we are convinced that the reader will be rather surprised by the rich structure the
fluctuation behavior this model exhibits.

Let us now state our results. We begin with the p-spin SK models.

THEOREM 1.2. Consider the p-spin SK models defined by (1.3), p > 3. There
exists Bp > 0 such that, for all B < B,

4.
(1.12) N2y, ZBN D (0,M).
EZﬂ,N 2

REMARK. Note that the result of [1] and [8] in the case p = 2 is not obtained
by setting p = 2 in (1.12). In particular, in that case the limit has a finite mean.
The reader might wonder why in the case p > 2 the limit has mean 0 even though
we do not explicitly center our process. But this is actually easy to understand:
Zg n/EZg y has mean 1 and variance ~ N~(P=2), Now

ln(Zlg,N/EZIg,N) = ln(l + (Zﬁ,N/EZﬁ,N — 1))
= (Zsg.N/BEZsn — 1)+ O((Zs.n/EZsn — 1)%),

and so the mean of the left-hand side of (1.12), N(f’_z)/zEln(Zﬂ,N/EZﬁ,N) =
O(N~P=2/2) tends to 0.

The value of B, can be estimated reasonably well. To state a lower bound on 8,
however, we need some notation. We define the functions
I(my,my,m3) = S((1+my +my +m3)In(1 +my + my +m3)
+ A —my —mo+m3)In(1 —my —my + m3)
(1.13) + (1 +my —my —m3)In(1 +my —my —m3)

+ (1 —my+my —m3)In(l —my +my —m3)),
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2 2
mp; —mom mo —mim
S(ml,mg,m3)=|:<l+7ll 22 3) +(1+72 12 3)

—m3 1 —m3
(1.14) 1/2
+2m3<1+m1_m2m3)<1+m2_m1m3)
l—mg l—mg ’
2 2 2
(115) R(my, ma,my) = =222 = DL 20
2(1 —m?)
and
Up(m17m2’m3)
(1.16) =I(m1,m2,m3)(1+m§)[5(mf,m§,m§) 2-{—2]’11%j
-1
+ Ronf, g, m)(1 +mf) = 2+ mb)]
on the set
L.17) A= {mi,my,m3e[—1,1P |1 —my —my +m3 >0,

l—mi+my—m3>0,1+m; —my—m3>0}.

Note that the function I (m1, mo, m3) is symmetric in my, my and m3 and that
S(my, my, m3), R(my,my, m3) and U, (my, mp, m3) are symmetric in m and my.
Let

2 1
Yy(my,my, m3) = max{](ml,mg,m3)(— + m)
(1.18) 3 my +my +my

Up(my,my,m3), Up(my,m3, mz), Up(ma, m3, ml)}-
With this notation we have:

THEOREM 1.3. Let p > 2. Then
(1.19) inf  ¥,(my,my,m3) < B, <2In2.

my,my,Mm3EA
In particular,

(1.20) lim B} =2In2.
pr+0

REMARK. Observe that the variational problem that gives the lower bound
on B, [i.e., (1.19)] is different from that one determining the lower bound on the
critical temperature in Theorem 1.1. This is due to the fact that the former requires
estimates on third moments, while second-moment methods suffice for the latter.
One would, of course, expect that the true values should be the same in both cases.
The point is, however, that both bounds converge to the correct value +/21n2 in
the limit p 1 oo.
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We would also like to point out that the scaling factor N ?~2)/2 in Theorem 1.2
is on the order of (Ea,grcov(\/ﬁX(,, VNX,)")~ Y2 (where Es o =EsEs stands
for the expectation with respect to the product measure of two independent
copies o and o’ of the spin variables), where n > 1 is the minimal value for
which the condition Ea,a/cov(«/ﬁ Xo, VNX;)" # 0 holds. For the Gaussian
process (1.3), n = 2, since

EO’,O',COV(\/NXO' s \/NXJ’)

-1
(1.21) N
=N Z EG’(,/ailai/l ---O‘,‘pO’l

i, =0,
p p

il <i2<~~~<ip
while

N\ N\~
(1.22) E(,,(,/(cov(\/ﬁxa,«/ﬁxa/))z=N2(p) > 1=N2(p) _

i1 <ip<--<ip
Note that, for the model defined by (1.4),

EO’,O” COV(‘/N)?(D W)?G/) = N_p_H Z EG,U’UiIUi/l o O-iPO_./P
(1.23) i1, p
= N—P=22(p — 1.

Thus n = 1 and the scale of fluctuations of the free energy is bigger. The failure

of (1.21) happens because of sets of p indices {i1, ..., i,}, where each index has
a pair, as in this case o, - - - oi, = 1 for all 0. Let us separate these sets:

o —p/2

Xs=N p/ Z Jil,iz,---,ip

i1,2,...,ip all in pairs
—p/2
(1.24) +N/ > Jivsiz...oip@iy Oy O,
i1,2,...,ip not all in pairs

=N"?*/(p-DNJ+ X},

where J is a standard Gaussian random variable. Then

V4 Z
In 2 BN _ gN@=P/ J(p— DI J +1n EZ’“’ ,

Zg.N B.N

where Z/IS, N = Eaeﬂ‘/ﬁ X5 The first term is a Gaussian random variable with
mean 0 and variance B%(p — 1)!! on the scale N~7~2/4 The process Xé
satisfies (1.21). Hence for X (1, we have n > 1 and one can show that the fluctuations
of ln(leg’ ~/EZg n) are on a smaller scale than N —(p=2)/4_ This leads to the
following theorem.
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THEOREM 1.4. Consider the p-spin SK models defined by (1.4), p > 2,
p even. There exists B, > 0 such that, for all B < B,

(1.25) N@P=2/41y L4 N (0, B2(p — D).
EZ&N
Moreover,
(1.26) inf (1+m~P)p(m) < B, <2In2,
O<m<1

where p(m) =[(1 —m)In(1 —m) 4+ (1 +m) In(1 +m)]/2.

However, we see that for both models (1.3) and (1.4) the scale on which the
partition functions fluctuate decreases rapidly as p increases. One might guess that
the scale becomes exponentially small in N in the limiting random energy model.
This is indeed true, but more surprising things happen, as the following theorem
states.

THEOREM 1.5. The free energy of the REM has the following fluctuations:
(1) If B < +/In2/2, then

(1.27) exp{ﬁ(an—,Bz)} ZpN_ L2 = N(0,1).
2 B,N
(i) If B=+/In2/2, then
N e ZgN D
(1.28) ﬁexp{;(an B )}ln 7IEZ,3,N = N(0,1).
(i) Leta=B/~2In2.If /In2/2 < B < +/2In2, then
exp{—(\/Zln ﬁ)2 + — (ln(N In2) + 11147'[)} ZZﬂ’N
BN

(1.29)
_>/ HP(dz) — e 7 dz),

where P denotes the Poisson point process on R with intensity measure e * dx.

Theorem 1.5 covers the high-temperature regime. However, in the REM we can
also compute the fluctuations in the low-temperature phase.
THEOREM 1.6. Leta=/+/21In2.
1) If B=+/21n2, then

(1.30) EZgy 2 4/ N1n2
£ / HP(dz) — e dz) + f Pdz).
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(i) If B > ~/2In2, then

exp{—N(,Bv2ln2 —In2)+ %(ln(N In2) + ln4n)}Z,3,N

(1.31) o oo
_>/ P (d7)
—o0
and
D o o
(1.32) InZgy—ElnZgy = ln/ e“* P (dz) —Eln/ e“* P (dz).
—00 —00

REMARK. Note that expressions like f_ooo e“*(P(dz) — e *dz) are always

understood as limy| fyo e**(P(dz) — e *dz). We will see that all the function-
als of the Poisson point process appearing are almost surely finite random vari-
ables.

REMARK. Note that the Poisson integral [° e®*(dz) is the partition
function of Ruelle’s version of the REM [23]. Thus (1.32) affirms that, above the
critical temperature, the fluctuations of the free energy of the REM converge in
distribution to those of Ruelle’s model. It is obvious that Ruelle must have been
aware of this fact when writing his paper, but he did not give a proof. Rigorous
results in this context have been obtained by Galvez, Martinez and Picco [14]. It is
interesting to compare them to our result. In our notation, their Theorem 1 asserts

that, for § > +/21n2,

ln[Zﬁ Ne—N[ﬂv21n2—1n2]] 1
lim sup . =+—- as,
(1 33) N*too alnN 2
' In[Z ye~NIBv2In2-In2]y 1
liminf : =—— a.s.
N*too alnN 2

Moreover, they explained that, for § > +/2In2,

InlZ —N[Bv2In2—In2] 1
n[Zp ne L L in probability.
alnN 2

If we denote the logarithm of the left-hand side of (1.31) by Gy, we see that

In[Zg e NIpv2In2=In2]] 1 Gy 1 In(47 In2)
(1.34) ’ ——_ 4 _ _
aln N 2 alnN 2 InN

This explains immediately why this quantity converges to —1/2 in probability.
Also, by the positivity of Gy, it gives that the liminf is —1/2 a.s. almost
immediately. Thus we see that (1.31) is the weak limit theorem to which
Theorem 1 of [14] is the “law of the (noniterated) logarithm.” In their Theorem 2
Galvez, Martinez and Picco observed that the process of Boltzmann weights
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exp(—B+v/N X,) properly rescaled converges to the Poisson process introduced by
Ruelle. As these authors state, this is a direct consequence of their Lemma 4, which
in turn is a classical result of extreme value theory (see, e.g., [17], Theorem 5.7.2).
Galvez, Martinez and Picco did not, however, discuss whether and when this
implies the convergence of the normalized partition function, a fact which is not
obvious and indeed only holds if 8 > +~/2In2. Thus the gap remaining to fully
establish the connection between the REM and Ruelle’s model is now filled.

REMARK. Itis interesting to observe that in the REM there is a second “phase
transition” within the high-temperature phase at which the fluctuations become
non-Gaussian. In fact, in the REM the main phase transition can be interpreted as
a breakdown of the law of large numbers, while the second transition corresponds
to a breakdown of the central limit theorem.

The remainder of this paper is organized as follows. In the next section we
present the proofs of Theorems 1.2-1.4. The proof of Theorems 1.2 and 1.3 is
based on an adaptation of the martingale method of Comets and Neveu. The
essential new ingredient is the rather involved truncation procedure inspired by
Talagrand’s work. However, in the proof of the CLT, the computational aspects
become even more involved and require the consideration of truncated third
moments of the partition function. For this reason Section 2 is rather long and
quite technical. However, the proof is organized in such a way that the CLT is first
proven for “very high” temperatures where no truncations are necessary, while
the more technical aspects needed to approach the critical temperature are dealt
with separately later. The proof of Theorem 1.4 is much simpler and does not
use the martingale method, but only truncation. Section 3 is devoted to proving
Theorems 1.5 and 1.6 for the REM. It is technically completely different and
independent from Section 2. It can therefore be read independently from the rest of
the paper. In Appendix A we discuss the case of more general covariance functions
and explain the scalings and the CLT’s that should be expected.

2. The CLT in the p-spin model.

PROOF OF THEOREMS 1.2 AND 1.3. The proof of the central limit theorem
in the p-spin SK model (1.3) relies on a martingale central limit theorem, which
uses the fact that a Gaussian random variable can always be seen as the marginal
distribution of a Brownian motion. Thus we follow Comets and Neveu and
introduce the p-parameter family of independent standard Brownian motions
gy @ 1 € R)jpin ipen With Bl i, (1) =0 and EJZ, (1) = 1.
The Hamiltonian of the p-spin SK model can then be written as Hy(o,t) =
VN X, (1), where

—1/2
N
(2.1) Xg<t)=<p) > ivsizooni, ()07, 01y - 07

I<ij<ip<--<ip<N
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Note that we can also consider it as a Gaussian process on {—1, 1}¥ x R* with
mean 0 and correlation function

cov(X, (1), Xy (5))
2.2) _ (s A1) -
CNWN=1---(N—p+1). Z 9,9,

i1,02,...,1p different

/
© 07,07

In particular, we have EH]%,(O', t) = Nt and Eexp{Hy(t,0)} = exp{Nt/2} for
all o.

The following proposition provides a representation of the covariances of
the Hamiltonian as a polynomial function of the overlap o - o' = YN | 0;0/. We
will not need the explicit form of the coefficients in the rest of the paper but their

order.

PROPOSITION 2.1.  There exist functions y,_2x(N),k=0,1,...,[p/2], such
that, for all spin configurations 0,0’ € Xy,

[p/2] '
> ouoy 0,00 = ypa(N)(o o) E,
k=0

i1,i2,...,ip different
Moreover, y,(N) =1 and y,_2(N) = dep_zk(l 4+ O(/N)) as N 1 oo, where

Pp—=D---(p—=2k+1)
2Kk

dp—Zk = (_1)
(2.3)
:(—1)"(5{)@— DL 0<k<

(SRS

PROOF. Let us write

oj, 0l ---0; ol = l_[]l~ o0 -0 0!
E i10i, ipQi, = z A% pip
i1,i2,...,0p different i1,i2,...,ip {1,k}
2.4) , ,
= E 1_[ (1- ]lik=i1)0i10i1 "1 00,0 -

i1,02,....0p {1k}
Now we can expand the product

[p(p=1)/2]

(2.5) [Ta-ti=io= Y D° > %=

{1k} s=1 (k1) (s ks) r=1

where the last sum is over all distinct pairs of indices taking values in {1, ..., p}.
Now consider the set of bonds (/;, k;) as a graphon {1, ..., p}. This graph induces
a connectivity structure on the set = {1, ..., p} and we can decompose & into
its connected components, Cy, ..., C.. Each contribution in the sum in (2.5) that
gives rise to the same decomposition into connected components will yield the
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same contribution (up to a sign) to the covariance function when (2.5) is inserted
into (2.4), namely,

(2.6) Yoo Tlwiope.

1<ji,....,jr <N I=1

Thus, if we denote by nygq the number of connected components of odd size and
by 7even the number of even size, this is equal to

2.7) N"even Nodd Ry (g, 0')'odd = N Ry (0, o )"odd,

Note that noqq differs from p always by an even number, and so all graphs that give
rise to a partition with no4q = p — 2k contribute to the coefficient y, 2 (N). Due
to (2.7), the largest contribution (in powers of N) comes from those graphs that
provide a decomposition with maximal number of connected components, given
the number of odd-sized components. Obviously, in such a decomposition all even-
sized components are of size 2 and all odd-sized components are of size 1; that is,
there are precisely k even-sized components. To such a decomposition corresponds
aunique graph consisting of k mutually disjoint bonds (pairs). The number of ways
to select k mutually disjoint pairs from p objects is (4, )(k — 1)!!. This proves the
proposition. [

It follows from this proposition that
(2.8) cov(Hy (o, 1), Hy(0',5)) = N(s AD) f{}(Rn(0,0")),
where Ry (0,0') = (0 -o’)N~! and

r/2
L) =Y "dpk N *xP7* (14 0(1/N))
k=0

as N 1 oco. We will often use the expansion
(2.9) fo@x)=(14+O(1/N))x? + O(1/N)xP2 4+ O(1/N?), N 1 oo,

where O(1) is uniform for x € [0, 1]. To conclude the discussion of the covariances
of the Hamiltonian, let us note the following important properties:

Ey.o cov(Hy(0,t), Hy(o', 5))
= (s A\t)NEy o f1(Rn (0, 0"))

~1
N
= (sAt)N(p) Z Eq.o'01,0;, ---aipofp =0

i1 <ip<--<ip

(2.10)
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and
Ey./(cov(Hy(o,1), Hy (o', s)))2
= (2 APINEq o (f2(Rn (0, 0))’

-2
N
(2.11) :(Sz/\tz)Nz(p) EJ,G/( Z O_liloiill "'Gipai/p)

i1 <ip<--<ip

—1
= (s> AHN? (1;’) (1+ O(1/N)).

For later convenience we introduce the normalized partition function
(2.12) Zy(t) =E, exp{Hy(t,0) — Nt/2}.

It is related to the partition function Zg y of Section 1 by ZN(B?) = Zg N/EZg N,
with equality holding in law. The important point of this construction is that, for all
fixed N > 1, Zy(1) is a continuous martingale in the variable t with EZy (t) = 1.

We begin the proof with some preliminary steps along the lines of [9]. Let us
find the bracket (Zx (¢)) of the martingale Zn (1), that is, the unique increasing
process vanishing at 0, such that Z%,(t) — (Z N (2)) is a continuous martingale
(see [22]). By It6’s formula, Zn (1) satisfies the following stochastic differential
equation:

(2.13) dZy(t) =E, exp{Hy(t,0) — Nt/2} dHy(t,0).
Then, due to the well-known properties of martingale brackets,

- t t i
(Zn@)) —_Ea,a/</0 eHN(S"’)_NS/ZdHN(s,U),/O eHN(S"’)_NS/deN(s,G’)>
(2.14)

t i
Ea,o//o oHN(5,0)+Hy (5,0/)=Ns NFL(Ry (0. 0")ds
Since

E / 732(s) d{Zn(s))
(2.15)

E/tE ,eHN(so)—l-HN(so/) NstN(RN(O_ o’))

<
/eHN(S o)+Hy(s,0')—Ns ds < Nt <00,

we may introduce the continuous local martingale My (t) = fé Z;,l(s)d Zn(s).
Thus Zx(t) solves the stochastic differential equation

dZy(t) = Zn () dMy (1),
and the following fundamental representation of Zn (7) holds:

(2.16) Zn (1) =exp{My(t) — 5 (My (1))},
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which can be rewritten conveniently as
2.17) NP 22 Zy@)=NP22My@) — NP2 My (1)),

Here (My (1)) is the bracket of My (r) and (My (1)) = [& Zy*(s)d(Zn(s)). Let us
note that

d o, d -
018y ar MV =2y O H{ZN D)
= Zy (O)(Eg g™ NN 1Ry (0,07).

Note also that My (¢) is locally square integrable. In fact, by (2.15),
r_ _
(2.19) IEMIZ\,(t) =EMpy@)) = E/ Z;,z(s)d(ZN(s)) < Nt < o0o0.
0

To prove Theorems 1.2 and 1.3, we will show that, for all ¢ satisfying

(2.20) < inf Yp(ml,mz,m3),
ml,mz,rrl36e>‘\a

the bracket of the local martingale N (P=D/2p1n (1), which is NP~2(My (1)),
converges to t%>p!/2 in probability as N 4 4oo. Then, by the martingale
convergence theorem (see Theorem 3.1.8 in [16]), the first term in (2.17),
the local martingale NP=2/2My (1), converges in law to a centered Gaussian
process with independent increments My (f) as N — oo and E(Mx () —
My (s)? = (12 — sz)p!/2. Moreover, if p > 2, the second term in (2.17),
N=P=DI2(NP=D/2p10(1)), converges to 0. These two facts together with the
equality in law Zy g/EZy g = Zyn(B?) imply immediately the statement of
Theorem 1.2. Note that, in the case p = 2, that is, the SK model considered in [9],
the second term in (2.17) does not vanish, but converges to one half of the variance
of the process Mo (t). Therefore, in the case p = 2, the fluctuations of the free
energy are not centered in contrast to the case p > 2.

SKETCH OF THE PROOF OF THEOREMS 1.2 AND 1.3.  We will now outline
further steps of the proof. First, we show the convergence N P=2(MN 1)) —
12 p!/2 on a more restricted interval of . Lemma 2.2 reduces this problem to the
convergence of

(2.21) NP2E|Vy(t)]— 0  as N 1 +oo,
where

Vy(t) := N"P72E, (NP~! fh(Ry (0, 0")) — tpl)efV )T HN0)=NT
The proof of this lemma is based on the fact that

Np_z VN(I)

d
2.22 NP2 (M —tpl = _
(2.22) dt( N(t)) —tp Z0
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and is performed via integration. It almost mimics the proof proposed in [9].
In particular, we use the fact that 212\, (t) is not small on events of large probability.
The convergence (2.21) is proved in Proposition 2.3. Let us give some intuition
for it. One can write

(223)  EVy@) = 3 (NfD(m) — N2 Pepl)e! NN mp,
m=0,+1/N,...,.£1

where by Stirling’s formula

2

—Ngm)
S rmd—mnN. ’

(224) Pu=P,q(0c-0' =mN)~

¢(m) =[(1 +m)In(1 + m) + (1 — m)In(1 — m)]/2 (here and in the rest of
the paper we use the symbol ~ to denote asymptotic equivalence, i.e., ay ~
by & limyg oo Z—x = 1). Note that ¢ (m) = m2/2(1 + o(1)) as m — 0. Now
split the right-hand side of (2.23) into two terms: the summation in the first term
will be over m with |m| small enough (namely, |m| < N~% with an arbitrary
1/3 <« < 1/2), and in the second, over all other m. It is not difficult to treat the
first term. We replace e/ v (m) by its Taylor expansion and respresent this term as
the sum of three:

Y Nf{em)(1 — NP2 p)P,,

|m| small
(2.25) + Y (NY(fEm) — NP )P,
|m| small
+ Y (Nfhm) = N*Pip) O((tN £ (m))*) Py
|m| small

The first of these three goes to O exponentially fast. This follows from the
property of the covariances (2.10) and from an exponentially small order of
the probability (2.24) on the sets of m distant from O for at least N~ with
a < 1/2. The second term of (2.25) converges to 0 on the scale N?~P_ This is
a consequence of the second property of the covariances E, /( f ﬁ(R N(o, o))~
N~™Pp! (2.11) and of the same argument about the concentration of P, in O.
To analyze the third term of (2.25), one has, by Proposition 2.1, tN fj{; (m) =
O(N'=P%) = o(1) for m = O(N™®) with « > 1/3, p > 3. Let us substitute the
expansion ¢ (m) ~ m?/2 and put s = m+/N in this term. Again, by Proposition 2.1,

[p/2]
NP2 fEm) =" dpok(mv/ NP~ (14 O(1/N)).
k=0
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Then the third term of (2.25) can be estimated up to some constant factor and terms
of smaller order by

>IN )|+ NP pr (£ m)) [P
|m| small

(2.26) N3-3p/2

- V2t N Z (

ma/N=s

2
£2|D, ()P + NP2 pl Dy (s)1?)e 572,

where D, (s) = Z}E];/()Z] dp_stf’_Zk. The sum (2.26) is the integral sum of | D), )
over the Gaussian density, which tends to the corresponding finite integral.
Therefore the scale of fluctuations of the third part of (2.25) is N 3-3r/2 gmaller
than N2~7 for p > 3. [Another straightforward but not very elegant way of
considering this term would be to estimate the left-hand side of (2.26) directly as
O(N373r%)y 4 O(N*~P~2P%) and to fix 4/9 < a < 1/2 to make its scale smaller
than N2~7 for all p > 3.]

To ensure the convergence to 0 of the second term of EVy(¢) (the one with
correlations |m| not close to 0), the power of the exponent in it, which is
N(tf](,’(m) — ¢(@m)) = N@tm? — ¢(m)) + O(1), should be negative. Thus, for
all t < infocyp<1 @(m)m™?, we get NP~ 2EVy(t) — 0. Note that Proposition 2.3
states a stronger result, namely, (2.21). To get rid of the absolute value of Vy (¥)
in (2.21), we follow an idea suggested in [9] to apply the Cauchy—Schwarz inequal-
ity. Thus, instead of E|Vy ()|, we get Wi (¢) (see the proof of Proposition 2.3),
which refers to the third moment of Zy (¢). This will make technical computations
slightly tougher and will lead to the bound on ¢ given in Lemma 2.2.

Note also that these arguments are valid only for p > 3: in the case p = 2,
the third part of (2.25) does not vanish at the right scale. The case p =2 of [9]
and [28] is different, since, there, the correlation function ¢ f]\z,(m) ~ tm? and

the entropy ¢ (m) ~ m?/2 are in “competition” in the exponent ¢/ N (m)=¢(m)),
while in our case p > 2 the entropy dominates. The case p = 2 is treated
in [9] by the multidimensional central limit theorem for N independent vectors
(oi0],0{c], oi0]).

Next, we will extend the bound (2.32) to the full regime announced in (2.20).
We have seen that (2.32) was imposed by configurations of spins with rather
big correlations m in the sum (2.23). We will reduce their contribution, using

Talagrand’s idea to truncate the Hamiltonian. Consider, instead of Vi (¢),
Vn(t, &) = IEG’(,/(Nfﬁ (Rn(o,0")) — Nz_ptp!)eHN(”UHHN(“’/)_N’

X ]l{HN(t,a)<(1+s)zN, Hy(t,0")<(14+€)tN}
for some ¢ > 0. Then
By = > (Nfjm — N> pE,
(2.27) m=0,%1/N,...,£1

NtéEy+~/Ntér—N
x EeVNIEHVNE NI o), e N30
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where &1, & are standard Gaussians with cov(&y, &) = f]{; (m). Let us again split
EVN(t, €) into two terms with “small” and “large” m in the sum (2.27). The
analysis of the first term is completely analogous to that in the case of Vy(¢).
We can neglect the truncation here, since £ and &; are almost independent. In
the second term, & and &, are more correlated. But, due to the truncation, the
expectation of the exponent involved in this term is much smaller than e/ N,
In fact, by the elementary estimate (B.2) for Gaussian random variables,

EeXp{ VNIg + VNtE — Nt]1{51<m<1+s>, £ </ Ni(14e))

(2.28) < Eexp{y N1@+2£{m)E = Nt} L o ymiiser e pfimy12)
<exp|{[—4N1(1 + &) 1[4 + 45 (m)] ™" + 2Nt (1 4+ ¢) — Nt}
= exp{Nt[f{(m)(1 4 2¢) — 21[1 + fH )17}

Then, by (2.9) for any

(2.29) t< o inf 1(1 +m~P)p(m)

and for an appropriate choice of ¢, all terms of the sum (2.27) with m not close to 0
are exponentially small. This implies N ”_ZIEGN (t, &) — 0. The bound (2.29) is
Talagrand’s bound for the critical temperature in the p-spin SK model; see (1.8).
It tends to 2In2 as p 1 4-o0.

To incorporate this idea into our proof, we reduce the problem of convergence
NP2(My (1)) — tzp!/2 to the following statements:

(2.30) NP72E|Vy(t, &) — 0
and
(2.31) NPZ2E|(Viy (1) — Vn(z,€)) Z32 (1) = 0

for all £ > 0. This is derived in Lemma 2.4 again from (2.21). In Proposition 2.5 we
show (2.30). Note that if the absolute value were in (2.17) we would have obtained
our CLT just up to Talagrand’s bound for the critical temperature (2.16). But again,
because of the absolute value, we must apply the Cauchy—Schwarz inequality
and pass to the third moment of Zn(t). This makes technical computations
much harder and leads to a different condition on 8, whose large p asymptotics
will, however, be seen to be the same (up to constants) as that of Talagrand’s
bound. Namely, we get three standard Gaussian random variables &1, &>, &3
with covariances fli,j (my), fﬁ (my), fﬁ (m3). To benefit from the truncation for
obtaining a good bound on ¢, we have to take into account four different cases:
one when all m, my, m3 are large and others when two of these correlations
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are large and the third is small. Then the analogue of (2.29) is the minimum of
four estimates of this kind. Therefore the bound (2.20) is the minimum of four
functions. The convergence (2.31) is the subject of Proposition 2.6. Its proof uses
ideas of Talagrand and a concentration of measure inequality.

LEMMA 2.2. Let

I(my, may, m3)

232 T <inf— 2>

232 Rl m] ]

Then

(2.33) sup |[NP~2(My(t)) —2p!/2| — 0
0<t<T

in probability.

PROOF. Let us denote by
_i 7 _ 2—[7 _2 |
VN(t)—dt(ZN(t» N="tZy @) pl.

Then

%N!’—%MN(:» —tp! = NP2VN (1) Z (1)

= NP72Vy (1) exp{—2Mp (1) + (My (1))}

Let us introduce the events Ag{h ={—Mpn(@) <a+ (b/2){(Mp(t)) for all t > 0}.
Note that, by an appropriate choice of a > 0 and b > 0, their probabilities can
be made arbitrarily close to 1. In fact, the process By () = My (S;), where §; =
min{s | (My(s)) = t}, is a standard Brownian motion and My (t) = By ((My())).
By the well-known fact for Brownian motion,

(2.34) P{AY,} =P{-By(t) <a+ (b/2)t forall t > 0} > 1 — exp{—ab}.

We have
’(Np_zi(MN(t)) - tp!)]l N
dt (A}
(2.35) = NP_2|VN(Z‘)| exp{—ZMN(t) + <MN(t)>}]l{Ath}

< NP"2exp{2a}| Vi ()| exp{ (1 + b) (My (1) }.
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Let us also introduce the function yp(x) :=[1 — exp{(1 4+ b)x}][1 + b]~!. Then,
by (2.35) forallt < T,

INP=2 (M (0) — 2 N?7P pl/2) L v ||
trd .
/(; <a(MN(s)) —sN pp!)]l{Aé\{b}

x exp{—(1 +b)((My(s)) — s>N*7Pp!/2)} ds

= NP2

(2.36) o ('] d s
<N /(; ‘g(MN(s))—sN p! ]l{Afxb}
x exp{—(1 +b)((My(s)) — s>N*"P p!/2)} ds
t
< NP=22expl2a + TN@P/2(1 + b)}/ |V (s)| ds.
0
This yields
NP—ZosupT\Xb«MN(t)) — NPT pl/2) [
(2.37) ==

T
< NP2 exp{2a + TN@ P21 4 b)}/ [V (s)|ds.
0

We will show in Proposition 2.3 that limy p 400 N7 —E|Vy(©)| =0 uniformly in ¢ €
[0, T]. Consequently, supy. ;<7 N ~2E|Vy(t)| < 0o. Then, by the dominated
convergence theorem,

. p—2 _ 2n72-p | =
Jim E[N72 sup (@) = AN, ] =0

It follows that, for all a, b > 0,

NP=2 sup |xp((My(1)) — t2N2—Pp!/2)yﬂ{ANb} —~0 asN?t+4oo
0<t<T a

in probability. Then also N”~?supy_,7 |xs((Mn(t)) — t*N*"Ppl/2)| — 0 as

N — 00, since by (2.34) the probability of the events A flv , can be made arbitrarily

close to 1. This last fact implies (2.33) and the lemma is broved. (]
It remains to prove the following proposition.

PROPOSITION 2.3. Assume that T satisfies (2.32). Then

(2.38) lim NP72E|Vy ()| =0
N1 +oo

uniformly in [0, T].
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PROOF. It follows from (2.14) and the definition of Vj (¢) that
Np—ZVN(t) — Eo‘,o/ (1\[[7—1f'1<’j (RN(U, O_/)) . tp!)eHN(Z,O‘)-‘rHN(l‘,g/)_NZ‘
By the Cauchy—Schwarz inequality,

NPZ2E|Vy (1)
= E’EaeHN(l,O)—NZ/ZEO_/(Np_lfAl;(RN(o_’ O_/)) _ [p!)eHN(LU/)—NZ/Z‘
< [EE, e -0)=N1/2]1/2
X [EEGeHN(t,a)—Nl/Z[EU/(Np—lfﬁ(RN(a, o) — ip!)

< eHN(t,o/)—Nt/Z]Z]l/Z

= I:EO-’O-/’O-//(NP_If]G(RN(O', o)) — tp!)(Np_lfﬁ(RN(o*, o)) —tp!)

o« NI R (0.0 N+ (R (0.0 D+ £ (RN(U/,U//)))]I/ g

Then it suffices to prove that

Wy () =By o on (NP fD (RN (0,07) — tp)) (NPT D (RN (0, 67)) — tp!)

% NN RN (0.6 +fx (Ry (0.6")+ [ (Rn (@' ,07)))

tends to O uniformly in [0, 7] as N 1 +00. We represent it as
Wy = > (NP = p) (NPT ma) — p))

my,my,m3€EAN

x eNt(fIC(m1)+f1</7(m2)+f1</7(m3))1p>m1 S

where, by a standard combinatorial calculation,

Py mymy =P{o -0’ =mN,o-6"=myN,o"- 0" =m3N}

(2.39) _ 92N N N +mp))2
' N +m)/2)\N1 +my +my +m3)/4

. N —m1)/2
NA+my—my —m3)/4
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for my,my,m3z € Ay = AN{0,x1/N,£2/N,. ..,:|:1}3. By Stirling’s formula
we obtain
P _ 16exp{=N1(mi,ms, m3)}
s (27)3N3

x [(L+mi +my+m3)(1 —my —my + m3)

x [(14+my —my —mp)(1 —my + my —m3)

x<1+0<%>) as N 1 +oo

for any given m1, my, m3 € Apy. Let us note that

-1/2
]

(2.40) e

(2.41) I(my,my,m3) — (m? +m3+m3)/2= O((m1| + |m2| + |m3])*)

as mi, mo, m3 — 0. Then, for all sufficiently small ¢ > 0, there exists a constant
h > 0 such that

(2.42) sup [t(m} +m +mb) — I (m1, my,m3)] < —h(m} +m3 +m3)/2
1€[0,T]
for all my, my, m3 € AN {|m1| + [m2| + |m3| < e}. Let us fix such a small ¢ > 0

and an arbitrary constant 0 < § < 1/6 and then split Wy (¢) into three terms,
Wy (t) = 1},(t) + I3 (1) + I3, (1), where

v = > v ) — i)V ) — i)
my,my,m3€AN
[my|+|ma|+|m3| <N—1/3-8

x e NUN MDY )+ [y mp,
I = ) (NP=LfR ) = ip) (NP1 £ (ma) = 1p1)
ml,mz,m3€=A>N
N=13=8 <|my |+ |ma|+|m3| <e

% elN(fIC(ml)+f1</7(m2)+f1</7(m3))Pm1 ,my,ms3»

Iyt = Yoo (NPT ) — tp) (NPT £ (o) — tp))
m],mz,m:;EeAaN
[my|+|ma|+|m3|>e

« etN(f]lv’(ml)-}-fﬁ(mz)‘i‘f}(/)(mS))Pml’mz’m3 .

We will show that / 1{, (1), 11%, (t) and 113\, (t) converge to 0 uniformly in [0, T'] as
N — o0.

To prove this for the first term, let us replace the exponent exp(t N ( f 1{,’ (my) +
fu(m2)+ fr(m3))) by its Taylor expansion. We then multiply all expansion terms
up to the second order by (N”_lfﬁ(ml) — tp!)(N”_lf]G(mg) — tp!) and open
the brackets getting 40 terms. Let us show that all but four of them are at most
O(1/N). First, all terms that can be written as Z‘ml I+ |+ m3 | <N~ 1/3-3 (fli,j(mi)) X
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(flg(mj))"]Pml,mz,my with i, j =1,2,3,i # j, n =0,1, 2,3, are exponentially
small. In fact, by (2.10) and the independence of the random variables o -0/, o -o”
and o’ - ¢ in pairs on X3, under the uniform product measure,

Z (f]\l;(mi))(fls(mj))npml,m27m3

mi,my,m3eAN
=Eo.0'.0" [ (RN (0.0")Eoor o (fi (RN (0. 6™)))" =0.
Moreover, by (2.40) and (2.41),

P(IRy(0.0")| + |Ry(0.0")| + Ry (0", 0")| > N~1/3-9)

(243) < exp{_h/N1/3—25}

for some 4’ > 0. To consider other obtained terms, we note that Esoj, ---0;
equals 1 if all indices of the set iy, ..., i, have pairs and 0 otherwise. Then

p

an o//(fN(RN(G o )))3

:< ) oa o ( 0i,0, ll Gipai/p>
i1<iy<--<ip
N
=C = O(N P/,
o) () ) =om

an o//fN(RN(G 6))f1{/7 Ry (o, O’U))fN(RN(O’ O’U))

-3
) ()
p p

oo o f1 (RN (0.0 f1(Rn (0. 0 (L (Rn (0", 0)))

—4
() ()=
p p)\pr/2

with some C(p) > 0, C'(p) > 0 for p even and C(p) = C'(p) = 0 for p odd.
Thus, again by the argument (2.43),

3

> NP 1) Py gy
lmy|+|ma|+|m3|<N—1/3-8
= O(N'"P%),
(2.44)
> NP ER(m) £ mo) £ 3 Py sy s

Imy|+|ma|+|m3| <N—1/3-3

— O(N(l—P)/2)’
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3 NP £8 ) 15 m2) (5 m3) Py iy

[my|+|ma|+|m3|<N—1/3-8
= o),
2 2
Z N (f]\l;(ml)) IFDml,mz,m3
[my|+|ma|+|m3|<N—1/3-8

= O(N27P).

(2.45)

These observations let survive only four terms and lead to the following
representation:

14 () = > (NP (£ 0m) £ m))® = 2 NP( £ m1))* p!
lmi|+lma|+|m3| <N—1/3-3

— NP (£§0m2))” P+ 12 (P )Py gy
+ > (NP~ £ my) = ep) (NP £ Gma) — 1p1)

lmi|+lma|4|m3| <N—1/3-3

3 _
x O(EN (£ (m1) + £/ m2) + [, n3)) )Py mymy + O(NTH).
By the property of the covariances (2.11) and the independence of o -6’ and o - ",

-2 -1 -1
the first term in (2.46) equals (tzsz’(jI\;) — tzp!Nf’(];:) - tzp!N”(]I\;) +
2(p"?), up to exponentially small terms, as again the argument (2.43) applies.

Therefore this term in (2.46) vanishes.

To investigate the second term in (2.46), one has tN f]{,’ (m) = o(1) for
m=O(N~137%) p>3andalso NP2 f1(m) = Y7 d, 2 (md/N)P~2%(1 4

O(1/N)) by Proposition 2.1. Let us put m;+/N =s;, i = 1,2, 3. Since, by (2.40)
and (2.41),

sup P, g mge™ T2 (07 NYI2 16 — 1 = O(N39),

[my|+|ma|+|m3|<N—1/3-8

(2.46)

this term can be estimated up to some constant and terms of smaller order by

N1-P/2

V(@2 N)3 Z

$1,52,83=0,%1/+/N,+2/+/N,...
Is1|4|s2|4|s3| <N 1/6-8

(1P Dps1)Dy(s2) + NP2t pLD (s1)]

+ 112 pIDp(s2)) + N2 P 1(phyr) )
< (1D (D] + 1Dy ()| + |Dp(s3)]) e CTH2HD2(1 1 o(N =),

where the polynomial D, (s;) = Z/[(p:/OZJ dp_zksf_Zk, i =1, 2, 3. The last sum is the
integral sum over the density of three independent Gaussian random variables and
it converges to the corresponding finite integral. Thus the second term in (2.46) is
O(N'—Pr/2) uniformly in ¢ € [0, T']. The analysis of IlN (1) is finished.
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Next, let us study If,(t). Due to (2.40), the expansion (2.9) and the choice
of ¢ > 0 according to (2.42), there exist constants Co, hy > 0 such that, for all
sufficiently large N,

sgp exp{Nt(f(m) + fum2) + f1m3)) Py my.ms
tel0,7T]
mq |+ |mo|+|m3|>N~1/38
[my|4+|my|+|m3|<e
=C i exp{—Nh(m{ +m3 +m3)/2}
Imy|-+ma|+|m3|>N~1/3-3
[my|+mo|+Im3|<e

<(C» exp{—h2N1/3_2‘3}.

The remaining sum in this term has polynomial growth as N 1 400, and the
uniform convergence 11%, (t) - 01in [0, T'] is proved.

Finally, let us consider Ig,(t). By Stirling’s formula, Py, my < CJ/N
x e NImima.m3) for some C > 0 and all (m, ma, m3) € Ay N {|my| + |m2| +
|m3| > e}. Then, by (2.9) and the assumption (2.32), for given T there exist
constants C3 > 0, 3 > 0 such that

D D D
sup eNl(fN(ml)+fN(m2)+fN(m3))Pml,mz,m3
tel0,T], |my|+|ma|+|m3|>e
<3N sup NI On{ +m5 +m5) =1 (my.ma,m3)]
tel0,T], my|+|ma|+|m3|>e
< C3v/ Ne 3N,

The remaining sum in this term has again polynomial growth, whence / ]%, (t)y—0
uniformly in [0, T']. The proposition is proved. []

REMARK. Let us note that the restriction (2.32) on 7 was essential only
for the analysis of the third term [ 1%, (). This means that the convergence
NP=2E|Vy(1)| — 0 breaks down for larger T only because of the configurations
of spins with rather big overlaps o - ¢/, o - 6”, 6’ - ¢”. To extend our result to the
whole interval (2.20) of admissible 7', we need to reduce the contribution of these
configurations into Wy (¢). For that purpose we will follow Talagrand’s [27] idea
of truncating the Hamiltonian.

Now we prove the statement of the previous lemma for all T satisfying (2.20).
LEMMA 2.4. Let

T < inf Y,(my, my, m3).
mi,my,m3€EA
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Then

(2.47) P UNP=D2My @) —12p!)2] — 0
<t<T

in probability.

PROOF. Let us fix € > 0 such that, for some constants %, hy > 0,

sup [t(mf+m§+m§)—I(ml,mg,m3)]
(2.48) te[0,T1], mf+mg+m§<38

< —hl(m% + m% + m%)
and
sup t{min{ Q(m?, m5, m% &), Lam7, m5 m%, e),

tel0,T], my,my,m3eA
P 14 14
(2.49) my +mj,+mz >3e

L(mYy, my, m%, &), L(my, m{,m}, e)}]

—1(my,my,m3) < —hy,
where
Q(my,my, m3, &) = [—9e2 4+ 6(1 + 2&)(m1 + my +m3)]
x [2G3 + 2m) +2ma +2m3)] ",
L(my,my,m3, &) = [~1 —m3 — (1 +&)* + (1 +&)S(my, ma, m3)y/2 + 2m3
+ R(m1, my, m3)(1+m3)][1+m3]~".

Condition (2.48) is the same as (2.42) and, due to (2.41), for any given T > 0 it is
possible to find an appropriate ¢ > 0 such that (2.48) is satisfied. However, ¢ > 0
ensuring (2.49) exists, if and only if T satisfies the assumption (2.20). The meaning
of (2.49) will become clear in the proof of Proposition 2.5. Let us introduce

Vn(t, &) = EG’(,/(Nf[{; (Rn(o,0")) — Nz_ptp!)eHN(I’U)JFHN(”",)_N’
X L(Hy(1,0)<(14€)tN, Hy(t,0")<(1+€)tN}s
‘_/N(t, 8) — EO-’O—/(Nf]G(RN(O—, O_/)) _ Nz—ptp!)eHN(t,O')+HN(l,o'/)_Nl

X Ly Hy (1,0)>(148)tN or Hy(t,6")>(14€)tN}
= Vn(t) — Vn(t, e).

Let us also fix some Ty > 0 satisfying assumption (2.32) of the previous lemma.
Proceeding along the lines of the proof of Lemma 2.2, we get, for all t € [Ty, T'],
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p—2 _2A72-p )
NP2 xp((MN (@) = 2 N>P /D)Ly |
< NP7 2exp{2a + TyN*"P(1 + b)}

To r
x/ |VN(s)|ds+Np_zexp{2a+tN2_p(1+b)}/ [V (s,e)|ds
0 To

o _ _
+ NP2 /T 1V (s, )| Z2(s)
0

x exp{—(1 +B)((Mn () — 2N pl/2) 1 4x  ds.
Then

NP72 sup (M () —1>N?77 pl/2)[ 1 4m

To<t<T
< NP7%exp{2a + ToN*7F(1 + b)}

Ty T _
x/ |VN(s)|ds+Np_26xp{2a+TN2_p(1+b)}/ IVn (s, €)|ds
0

To

T
+Np_zexp{TN2_p(1+b)}/ |\7N(s,8)|2;,2(s)ds.

To

It was proved in Lemma 2.2 that N P2E|VN ()] — O uniformly in [0, Tp] as
N 1 +o0. Proposition 2.5 shows that, for ¢ > 0 satisfying (2.48) and (2.49),
Np_2E|\7(t,8)| — 0 uniformly in ¢t € [Ty, T]. Proposition 2.6 proves that
NP72E|V (2, &) Zy* ()| — O uniformly in [Tp, T for all & > 0. Then

lim E| sup |[NP2yx,((My(@t)) —t2NZ=P/2p1/2)|1 ]:o.
Nirbo [T0512T| Xb(( N(D) p!/ )| {Afl\{b}

Then supy_, 7 INP=2x,((My (1)) — t2N?~P p!/2)| converges to 0 in probability,
since the probability of the events Aé\f , can be made arbitrarily close to 1 by (2.34).
This implies (2.47) and the proof of the lemma is complete. [

PROPOSITION 2.5. Assume that T > 0 satisfies (2.20). Let us fix0 <& < 1/2
such that (2.48) and (2.49) hold. Then, for any To >0, Ty < T,

(2.50) lim NP72E|Vy(t, &) =0
NA+oo
uniformly in t € [Ty, T].

PROOF. Let us estimate N?~2E| \7N (¢, €)| by the Cauchy—Schwarz inequality
as in the proof of Proposition 2.3 for N?~2E|Vy (r)|. After that we split it into four
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terms:
NP2EVy(,0)| < [Th( o) — T2 o) + T, o) + Tht.©)] /2,
where
Iy(t.e)= Yoo (NPTURmy) — ) (NPT f (ma) — tpt)
ml,mz,m36eAN

Py Dy P
my +m%+mf <2 /4

X ]P)ml o m3E€HN(l’J)+HN(l’0/)+HN(l,O'//)—?:lN/Z’
I[%(t,é’): Z (Np_lfzg(ml)—fp!)(Np_lfﬁ(mz)—tp!)
ml,mz,mgerA)N
my+mb +mf <2 /4

/ "_
x Pml,mz,m3E[eHN(l’a)+HN(l’a )+Hy(t,0")=3Nt/2

X ﬂ{HN(t,a)th(l—l-s) or Hy(t,0")>Nt(1+¢) or HN(t,o//)th(1+g)}],

I.e) = > (NP7LfG my) = p) (NN £ (ma) — 1p)
my,my,m3€EAN
82/4§mf+mg+m§§3s

!/ 4
x Pml,mz,m3E[€HN(I’U)+HN(Z’U )+HN(t,06")=3Nt/2

X ]]-{HN(l,a)<Nt(1+8), Hy(t,0')<Nt(1+e), HN(l,cr”)<Nt(1+s)}]7

I, e) = Yoo (NPTUERGny) — tpt) (NPT R (ma) — tpY)
mi,my,m3EAy

mf+m§+m§>38

/ 4
% ]P)ml,mz,m3E[€HN(I’U)+HN(Z’U )+HN(t,6")=3tN /2

X L{Hy(t,0)<Nt(1+e), Hy(t.0")<Ni(1+e), Hy(t.o")=Ni(1+e)})-

We will prove the uniform convergence to 0 in [7p, 7] as N 1 +oo of all these
four terms. ~

The first term / Al, (#) is not truncated and it refers to the configurations of spins
with small correlations mf , mg and mg . The proof of its uniform convergence
to 0 in [Ty, T] relies on Proposition 2.1, (2.9)—(2.11) and the choice of & according
to (2.48). It is completely analogous to the proof of the uniform convergence to 0
of the sum / 1{, (t) + 11%, (t) in the proof of Proposition 2.3. Therefore we omit the
details. N

The second term / ]%(t) also contains only configurations of spins with very
small correlations. If these correlations were 0, that is, if Hy (¢, 0), Hy(#,0’) and
Hy(t,0") were independent, then, indeed, the expectation involved in this term
would satisfy

E[EHN(Z,JH—HN (t,a/)+HN(z,cx”)—3Nz/2]l{.}]

< 3E[em§_m/2]l{s>m(l+8)}] < exp{—Nt82/2}



FLUCTUATIONS OF THE FREE ENERGY 631

(¢ is a standard Gaussian) by a well-known estimate for Gaussian random
variables (B.1). We show that very small correlations m1, my, m3 do not de-
stroy the exponential convergence to 0 of the corresponding expectation. Con-
sidering the third term 7, ]?,(t), we neglect the truncation and use the asymp-
totic expansion (2.40) and condition (2.48). So we prove that the expectation
EeHn(t.0)+Hy .00 +Hy(t.0")=3N1/2 myliplied by the probability of any given cor-
relations goes to 0 exponentially fast. Finally, I~f\', (#) refers to the configurations of
spins with rather large correlations. Here, applying the estimate (B.1), we benefit
from the truncation. The choice of ¢ > 0 according to (2.49) plays a crucial role
in the analysis of this term. [Remember that this choice was possible only for T
satisfying (2.20).]

Now we proceed with the detailed proof. To treat the second term I. 1%, (t,¢e), we
write

E[e /N 0:0)+Hy (t.0)+Hy (1.0")=3N1/2

X L{Hy (1.0)> Nt (14¢) or Hy (t.0")>Nt(14+¢) or Hy(t,0”)>Nt(1+e)} )

_ VNt (&1 +82+E3)—3N1/2
—E[e SrHats /1{51>m(1+s) or £3>/Ni(1+¢) 0r§3>m(1+8)}:|’

where &, & and &3 are Gaussian random variables with mean 0, variance 1 and
covariances

cov(&l, &) = fi(Rn(o,0')) =m] + O(1/N),

cov(§1, &) = fY(Rn(o,0")) =m5 + O(1/N),

cov(é, &) = f(Rn (o', 0")) =mh + O(1/N),  m{ +mb +mb <e?/4.
One gets

NI+ +E)—3N1 )2
E[e S 1{sl>m<1+s>}]

3Nl AT .
=e t/ E[e 1811{S1>m(1+8)}[@(652 & |€1)]

_ _Nty—3Nt/2 VNt (1+p)
= NN PEL L IR

where y = 1+ f(m3) — (fy(m1) + f{(m2))?/2, w = fy(m) + fy(m2) =
mf + mg + O(1/N). Since mf + mg < &?/4 < &, we may use the estimate for
standard Gaussian random variables (B.1), which implies

VN1 (E1+E+E)—-3N1/2
E[e S ﬂ{sl>m(1+e>}]

< CleNt(fﬁ(Wll)+f£(M2)+f£(M3)—(8—f§(M1)+f1(/7(rrl2))2/2)

< € N1 Hmytmy—(e=mi+m3)*/2) < 7 o= NToe*/8
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for some constants Cq, Ci >0,allt € [Ty, T]and all N > 0, if mf + mg + mg <
€2/4,0 <& < 1/2. Thus
sup E[eHN (t,0)+Hy(t,0)+Hy (t,06")—3Nt/2
0§mf+m§+m§§82/4
X ]]-{HN(Z,U)>NZ‘(1+8) or Hy(t,0')>Nt(14¢€) or HN(t,o“)>Nt(1+8)}]
< 3Ci€_NT082/8
for all ¢t € [Ty, T']. Since the other terms in I 1\2, (t, €) have polynomial growth, the

uniform convergence T, 1%, (t,e) — 01in [Ty, T] follows.
Let us turn to / 1\3/ (t, €). By the expansions (2.40), (2.9) and condition (2.48),

sup E[exp{Hn(t,0) + Hn(t,0') + Hy(t,0") —3N1/2}

52/4§mf+mg+m§§3s

X ]]-{HN(l,a)<Nt(1+8), Hy(t,0')<Nt(1+¢), HN(t,G”)<Nt(1+8)}]
X Pml,mz,m3
<G sup exp{ N[t (f{ (m1) + £ (m2) + f5(m3)) — I (m)]}

82/4§mf+mg+m§§38

<G, sup exp|—hi N (m} +m3 +m3))

e2/4<m¥+m%+mf <3e
<Cj exp{—h1YP N /4}

for all t € [Ty, T], where C», Cé > 0 are constants. All other terms in 71\31 (t, &) have
polynomial growth; hence 113\, (t, &) = O uniformly in [7p, T'].
Finally, consider I]‘\‘, (t, ). We have

E[eHN (t,0)+Hy(t,0)+Hy(t,0")—3Nt/2

X I]-{HN(Z‘,U)<NZ(1+8), Hy(t,0')<Nt(1+¢), HN(Z,U”)<(1+8)Nt}]

< E[e\/Nt(3+2f1(,’ (m)+2f§ (m2)+2) (m3)) §=3N1/2

x ]l{\/3+2f}(,’(m1)+2f,{,’(mz)+2f,{,’(m3)$§3Nl(1+e)}]'

Since fr(my) + f{(m2) + f(m3) =my +mb +ml + O0(1/N) > 3¢, we may
apply the estimate (B.2), which yields

E[eHN(t,o)+HN(t,o/)+HN(t,o”)—3Nz/2

X ]l{HN(t,a)<Nz(1+e), Hy(t,o')<Nt(1+¢), HN(z,a”)<(1+s)Nt}]
< C3exp{NtQ(f5(my), f5(ma), fi(m3), )}



FLUCTUATIONS OF THE FREE ENERGY 633

for some constant C3 > 0, all ¢t € [Ty, T], N > 0 and mf —i—mé7 + mg > 3¢. On the
other hand, we also have

E[eHN (t,0)+Hy(t,0")+Hy(t,6")=3Nt/2

X ]]-{HN(I,U)<NZ(1+8), Hy(t,0")<Nt(1+¢), HN(t,o“)<(1+8)Nt}]

< E[EHN(Z,U)+HN(Z,O‘,)+HN(I,O‘”)—3NZ‘/2

X L{Hy(t,6") <Nt (1+¢), HN(t,a”)<Nz(1+e)}]

_ VNit&y4++/N1£3—3Nt /21 /Nt
_E[e t& t&3 t/ E(e 231 |%‘2’€3)1{§2<m(1+8)’ §3<m(1+8)}:|

_ _—Nt+Nt VNt(14+u) &+ Nt (14u3)
=e 0lIE[e n2)62 U3 53]1{§2<m(1+8)’ £3<W(1+s)}]

< e_m+zva[e/Nz((1+u2>2+(1+u3>2+2f5<m3><1+m>(1+u3)>s

<1 /2+2f,‘v’(m3)s<2m(1+s)}] ’

where &1, &>, &3 are the same as in the analysis of the second term, £ is a standard
Gaussian and

@ = (2fLm) fhma) fm3) — (fhom)’ = (fm)*)/ (2 = 2(ff(m3)?),
wo = (fHamy) — flhmo) fhm3) /(1 = (fam3)?),
w3 = (fy(ma) — fm) £y (m3))/ (1 = (fy (m3)?).
One checks that
JO+ 122+ (U 13)2 + 2£8m3) (1 + ) (1 + p3)
_ 200+ R0 + (PR + fRm)/D) 21 +36/2)

1
B J2+ 210 0m3) T O<N)’

when mf + mg + mg > 3e. So, we are again in the position to apply (B.2). This
yields

EI:EHN(Z,JH—HN (t,0")+Hy(t,0")—3Nt/2

X I]-{HN(Z‘,U)<NZ(1+8), Hy(t,0')<Nt(1+¢), HN(Z,O‘//)<(1+8)NZ‘}:|

< Cye! NLUN ). fy(m2). fiy(m3).e)

where C4 > 0 is a constant. Permuting m, my and ms3, we can derive in the
same way that the same expectation does not exceed exp{t N L ,(f 1{,7 (my), fﬁ (m3),
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fl{,y(mg), e)} and exp{tNLp(fI{,y(mz), fl{;(mg), fﬁ(ml), &)} multiplied by some
constant. Thus, taking into account (2.9), we obtain

sup E[exp{Hn(t,0) + Hy(t,0') + Hy(t,06") —3N1/2}

mf+mg+m§>38
X ﬂ{HN(z,a)<Nt(1+s), Hy(t,0’")<Nt(l1+¢), HN(t,a”)<Nt(1+s)}]
X Py my,my

2.51) < sup Csx/ﬁexp{tNmin[Q(mf,mg,mg,8),

mf+m§+m§>3s
L,(my,mp, m3,¢),
Lp(mf, mga mg7 8)’ Lp(mga m§7 mf’ 8)]
— NI(ni,my,mo)}
for all ¢ € [0, Tp], where Cs > O is a constant. Now the relevance of assump-
tion (2.49) becomes clear. Due to (2.49), the right-hand side of (2.51) tends to 0
exponentially fast, as it can be estimated by Cs+/N exp{—h,N}. The other terms

in I~f\', (t, €) have polynomial growth. Thus I~f\', (t, &) | 0 uniformly in [Ty, T]. This
concludes the proof of the proposition. [

PROPOSITION 2.6. Forall T > 0 satisfying (2.20) and all ¢ > 0,

. P2 |/ 7—2 —
(2.52) Jim N E|Vn (1, 8)Z52 (1) =0

uniformly in any interval [Ty, T], where 0 < Ty < T.

PROOF. It follows from the definition of Vi (¢) that

Eoe™N OO gy o= Ni(14e))

EoeHN(”")

(2.53)  NP72E|Vy(t,e)Z5*(t)| < CNE

for all # > 0, where C > 0 is a constant. We will show that the expectation of this
last fraction tends to 0 exponentially fast. First of all, we observe that, by (B.1),

EEGeHN(”")]l{HN (t,0)>Nt(1+e)}
(2.54) EEyeHn (o)
— ER, /N (t.0)=N1/2q

—Nitg?
{Hy(t,0)>Nt(1+e)} = € Nie?/2.

Let us represent the fraction on the right-hand side of (2.53) as

Eoe™NEO Uy oy Ni(14e))
EO_eHN(l‘,O)

(2.55) _
B EqeINGO=NI20 o oy Ni(14e))

=FE .
exp{InE,efIn.0) —REInE,efnt.0) + ElnE,efnt.0) — Nt/2}
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To expand this formula, we will use the concentration of measure as in (B.3). The
random variable E; eV (%) has the same distribution as ¢ (J, ..., J(N)), where
14

the function

-1/2
N
¢(X1,...,X(N))ZlnEanpivtN<p) E Xilin,eos ,'pO‘,'IO','Z"'O','p}
p

i1 <--<ip
N
is defined on R(l’), Ji, o0, J(N) are standard Gaussian random variables. The
b —1/2 . 1/2
Lipschitz constant of ¢(X1,...,X(N)) is at most «/tN(]]\)’) / (]]\7’) 2 _ JtN.
P

Substituting this function and u = Nt&2/4 into (B.3), we derive
(2.56)  P{|InE,e™"?) —REInE, e | > N1e?/4) < o Niet/32.

Let us introduce the events O,{Vg = {|InEgefIN©0) _RInE, N | > Nte?/4).
Consequently, by (2.55) and (2.56),

Eee VD Uy oy Ne(14e))

E, eHn0)
_E ]l{ot]Yg}EGeHN(Z’U)_Nt/zﬂ{HN(t,a)>Nz(1+g)}
(2.57) exp{lnEoeHN(t,U) _ E]nEoeHN(t,a) +EIHE06HN(’5‘7) —Nt/2)
+P{o},}

Hy(t,0)—Nt/2
<est2/4EEae w(.0) =Nt/ L{Hy (1,0)>Nt(1+¢)) + —N1e*/32
- exp{EInE,efn(.0) — Nt/2} '

Observe that, for any 7 satisfying (2.20) and any 0 < Ty < T, there exists
a constant K > 0 such that

(2.58) —KVN <EInE, 9 _ Ni/2 <0

for all ¢t € [Ty, T]. The upper bound in (2.58) is immediate by the Jensen
inequality. Whenever the second moment of Zn(#) truncated is finite, the
left-hand side of (2.58) was established by Talagrand [27] in the analysis of
the critical temperature. We will outline his proof in our situation. For given T
satisfying (2.20), let us fix € > 0 such that (2.48) and (2.49) hold. Let us define

Zn(1,8) =Eqe™ O N2y o) <ni149))-
By (B.2) there exists a constant K| < 0 such that
(2.59) EZn(t,8) > K|
for all r € [Ty, T]. Moreover, there exists a constant K, > 0 such that

(2.60) EZ3(1,%) < K>
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for all t € [Ty, T]. The proof of (2.60) is analogous to the proof of the uniform
convergence to 0 of WN(t &) in Proposition 2. 5 We decompose Zn(2,%) into
four terms in the same way as we decomposed Wy (t, €). The last three of them
go to 0 uniformly in ¢ € [Ty, T'] and exponentially fast by the same arguments
as I 1%, (t), and I, 13, (¢) and Ith, (t) do. We work out the first term similarly to the sum
IlN (1) + 12N (t) in Proposition 2.6. The only difference is the absence of terms in
brackets in front of the exponent. The change s; = m;+/N makes the analogue of
1 IN (1) tend to the integral over R of the density of three independent standard
Gaussians, which equals 1. Thus, in fact, Zn(t,%) converges to 1 uniformly in
[Ty, T] and (2.60) is obvious. Hence, for all ¢ € [Ty, T],

EZ} (%) _ EBZy.®)° K"

(2.61) (EZnt,E)2 ~ (EZy(t,7)2 — K12 :

= Kj3.

Then starting from the Paley—Zygmund inequality and finally applying the
concentration of measure inequality (B.3) with u = N¢/2 — ElnE,efn®o) 4
In(K1/2), we deduce

Lo EZy(t,7))?
4K3 ~ AEZ%(1,%)
<P{Zn(t,%) > EZy(t,7)/2}
< P{E, N9 5 K 1eN1/2 2}
=P{InE,e"¥"7) —EInE, ¥
> Nt/2 —EInEye™ ) L in(K,/2))

< exp{[Nt/2 — ElnEq "™ 4 In(K, /2)]" /2N1),

from which (2.58) follows. Finally, (2.54), (2.57) and (2.58) together imply

Eoe ™ gy o= Ni(14e))

EOBHN(Z‘,O)
(2.62) < NI/ AHKYN R Hy(0)=N1/2g

_N1eh
{(Hy(1,0)>Nt(1+¢)) T € Nte*/32

_ 2 _ 4
<o Nie /4+K¢N+e Nte /32’

and the proposition is proved. [

PROOF OF (1.20). To complete the proof of Theorem 1.3, it remains to show
that

(2.63) lim inf Y,(my,my, m3) =2In2.

pt+oomy,my,m3eh



FLUCTUATIONS OF THE FREE ENERGY 637

Making use of the functions S(m1, m», m3) and R(m1, ma, m3), we get
Up<m1’m27m3)
=I(mi, my, m3)(1 +m%

mP P2 p P2 P12
+ - 1
(2.64) X |:<4(1 -|-m§7 1 2) (ml (Tz) ( +I713)>

2 —m%)

-1

_mpmmy)”

2(1 —m%)

It follows from (2.64) that, for any p = 2k > 2 and any sequence (mj ,, m2 ,,
m3,) € A such that my, — 1, my, — 1, m3, — 1, as n — 00, lim,4400
xYp(my p,map, m3,) =2In2. [In fact, by the definition of A, we have ||m1| —
|m2|| <1—|ms]| forall (m, my, m3) € A, whence (m1 —my n)z =o(l —mj n) ]
Thus hmsupmJroo 0Ly oy myea Yp(my, mpy, m3) < 21n?2. This fact and the next
proposition together imply (2.63). O

mfmg—(2+m§)i|

PROPOSITION 2.7. Let {p,} be a sequence of positive even numbers, p, 1
+o00. Assume that the sequence (mi,,ma,,m3,) € A satisfies one of the
following conditions:

(@) Imial = 1, Imoul = 1, Im3.u] — 1;
(ii) there exist § > 0 and a pair i and j, i,j = 1,2,3, i # j, such that
Imin| — 1and |m;,| <1— 34 for all sufficiently large n;
(iii) there exists § > 0 such that |my ,| <1 =26, |m2,| <1 -6, |m3,| <1-3§
for all sufficiently large n.

Then,

(2.65) lim %nf Yy, (my ,,mop,,m3,)>2In2.
n

PROOF. Incases (i) and (iii) it suffices to substitute the sequence (m ,, M2 5,
m3 ) into the function I (m1, ma, m3)(2/3 + (m‘{7 + mg + mg)_l) In case (ii)
assume that, for example, |m3,| — 1 and |m;,| <1 — §. Then m = o(1).
By definition of the set A we obtam ||m1 nl— |m2,n|| <1l—|m3,|—0 as n 1 +o0;
thus mp" =o0(1) and (mp" —my n) /(1 — m ") = o(1). Moreover, if m3 , — 1,
then ml,n my, — 0 and if m3, = —1, then m1., + ma, — 0 and therefore in
both of these cases liminf,, 4 y oo I (m1 5, M2 5, m3 ) > In2. This yields

lim lnf Y (ml n»m2n»m3n)

nt+
>lim inf U (mlnamZnam3n)
nt+oo
pn
3n

>1lim inf In2 >2In2,

nt+00 mg’"n +o(1)

and the proposition is proved. [
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PROOF OF THEOREM 1.4. From the discussion in the Introduction it remains
to show N(P—2/4 ln(Zé’N/Ezlg,N) — 0 in probability as N 1 oo, where Zé’N =
Eaeﬂ‘/ﬁ X5 and

(2.66) Xg =N 3 Jivigiy0iy 01y 0

ilvi27---7ip
not all in pairs

I’y

Since EZg v/ IEZ}& Ny=1+OWN @=p)/ 2), one can concentrate on the convergence

of the free energy NP?~2/*1n(Z é N/ EZé’ ~)- To prove the result up to Talagrand’s
bound, let us again truncate the Hamiltonian. Then

NP-D/4 Zpn _ N(-2/4 1n<1 n Zpn —BZjn )
Zg N EZg v
Z, y—EZ}
Zgn— 2y — EZ}&N)’

AN NXx! 51 _ Nx!
where Zﬁ,N = E(,eﬁ*/_ ”ﬂ{X},<5\/ﬁ(1+5)} and Zﬁ,N = E(,eﬁ*/_ o X
Lix1o g /N (14e)) TO treat the first term in (2.67), it suffices to show the conver-

gence to 0 of

51 w7l
NP=2/2yar (—Zﬂ’N 1EZ/3’N>
EZﬁ,N

(2.67)

+ NP=2/4 ln(l +

—-F Z (eﬁﬁxg +BVNX!,—B2NE(X})?

X ]l{X(',<ﬁ\/ﬁ(1+€), X!, <pV/N(1+e)} — 1>P’"’

where P, = P(o - 6/’ = mN) with the asymptotics (2.24). It is not difficult to
reduce this to the convergence of
NPD2E 3 (eﬂ«/ﬁXéJrﬁ«/NX;,—ﬂzNE(X})z — )P,

o-0'=mN,
lm|<N—1/3-8

— NP2 Y (eﬂszﬁ(m)_l)Pm’

o-0’=mN,
|m|<N—1/3-8

(2.68)

with an arbitrary O < § < 1/6 along the lines of Proposition 2.5. [Here f 1{,’ (NY(o-
") =Eq 4 cov(Xy, Xor) = (N1 (0 - 0')? — N=P/2(p — 1)!1.] For this purpose,
first for given B smaller than Talagrand’s bound (1.26) we choose ¢ > 0 such
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that the power of the exponent in (2.28) is negative for all m with |m| > €. Thus
the truncation makes the sum over |m| > ¢ exponentially small. The next step
is similar to that one for I 1%1(’) and T, 1\3,(t) in Proposition 2.5 by the use of the
asymptotics fli,j (m) = o(m?) and ¢(m) ~ m? /2 as m |, 0. It reduces the problem
to the analysis of the sum of untruncated Boltzmann weights with [m| < £2/4, as
it shows that the rest tends to O exponentially fast. The part of this last sum with
N71378 < |m| < €2 /4 goes to 0 exponentially fast as well by the same arguments

used for 11%, (#) in Proposition 2.3. Finally, to study (2.68), we replace P Nfum _
by its Taylor expansion. Then the sum over the first term is exponentially small.
This is a consequence of the property of X (17:

Y Py =Eg e cov(Xe, X))
m=0,1/N,...,N
= N_p/2 Z EG,U’GiIGiII "'O'ipO'i/p =0

[T ip
not all in pairs

and of the fact that P, is exponentially small for |m| > N~1/37% with § > 1/6.
The sum over the second term of the Taylor expansion is of order at most
O(N?72r/372r%) and multiplied by NP~2/2 converges to 0 for all p > 3 if
8 > 1/12 is fixed.

To consider the second term in (2.67), one proves that E(Zé N/ Zé’ y) and

E(EZ/% N /Zé’ n) are exponentially small for any ¢ > 0. This is completely
analogous to (2.53) in Proposition 2.6; therefore we omit the details. [

3. The fluctuations of the partition function in the REM. Amazingly
enough, the simplest of all our models, the REM, will be seen to offer in some
sense the most interesting behavior with regard to the fluctuations of the free
energy. The main surprise here will be the existence of an intermediate region
of temperatures where a CLT does not hold, but there a nonstandard limit theorem
will be proven.

We begin with the proof of (i) of Theorem 1.5.

PROPOSITION 3.1.  Whenever 0 < 8 < \/In2/2,

N a2 ZgN D
(3.1 exp{3(1n2 B )}lnEZ N—>N(0, 1).

PROOF. This result will follow from the standard CLT for triangular arrays.
Let us first write

Zﬁ’N

3.2 1
(3.2) "EZsn

Z —EZ
o1+ 28 EZ)

EZﬁ,N



640 A. BOVIER, I. KURKOVA AND M. LOWE

We will show that the second term in the logarithm properly normalized will
converge to a normal random variable. To see this, write

Zg N —EZg N _ 2 2
(3.3) B EzﬂNﬁ _ Z e~ N(n2+p /2)(6,3«/NXJ _ NB /2)E Z Yy ().

oedn o€SN
Note that EYy (o) = 0 and EY2 () = e~V @I2=F[] — ¢=NF*] and thus
2
(3.4) E(Zﬂ,N - Ezﬂ,N> _ o~ Nn2=pApy _ ,~NE),
Ezﬁ’N
Therefore we can write

Zg.n —EZpg N N 2 v | ~
(3.5) wap{—;(lﬂ—ﬂ >}¢1—e N wE 2 ),

O'GJN

where Yy (0) = exp{¥2In2 — M1 — e V' 17129y (6) has mean O and
variance 1. By the CLT for triangular arrays (see [25]), it follows readily that

1 ~
(3.6) A 2 In) B N0, 1)

G€5N

if the Lindeberg condition holds, that is, in this case, if, for any ¢ > 0,

. ~2 - _
But
EY% (01§, 0)=e2v72)
1
V27 (1 — e NP
(3.8) % ¢~ 2NB? /oo VNP2 4 o(1)
VN(n2/2B)+B)+ne/(v/'NB)+o(1//N)
1 /OO _22/2
= e dz + 0(1).
V27 (1 — e=NB) JyNn2/28)-B)+ine/ (VN B)+0(1/v/N)

It is easy to check that the latter integral converges to 0 if and only if % < In2/2.
Using now the fact that ¢* = 1 4+ x 4+ o(x) as x — 0, it is now a trivial matter to
deduce the assertion of the proposition. [J

Since the Lindeberg condition clearly fails for 282 > In2, it is clear that we
cannot expect a simple CLT beyond this regime. Such a failure of the CLT is always
a problem related to “heavy tails” and results from the fact that extremal events
begin to influence the fluctuations of the sum. It appears therefore reasonable to
separate from the sum the terms where X, is anomalously large. For Gaussian
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r.v.’s it is well known that the right scale of separation is given by u(x) defined
by

©  dz 2

(3.9) 2N/ e =,
uy(x) /21
which (for x > —In N/In2) is equal to (see, e.g., [17])
X In(NIn2) + In4n 1
(3.10) uny(x)=~2NIn2+ — +0(—>,
N V2Nn2 2/2N1n2 JN
where x € R is a parameter. Let us now define
(3.11) Zyp= Eo eV ¥ 1 x, <un (o)
We may write
ZpN —BZp N _ N Zgy —BZg y
' Zﬂ,N_Z,)BC,N_E(Zﬂ,N_ZE,N)
+ .
EZg n

Let us first consider the last summand. We introduce the random variable

77X
(3.13) Wy (x) = ZpN — ZpN = ~Nn2+B2/2) § pYNX

EZjn TLX, >y (x)}-

UEJN
It will be convenient to rewrite this as [we ignore the subleading corrections
to u v (x) and only keep the explicit representation (3.10)]

Wy (x) = exp{—N(In2 + /2)} Y exp{ﬁ«/ﬁuz\,(u;l(XU))}ﬂ{MEI(XJM}

0€5N

(3.14)  =exp(=N(n2+%/2)} exp{,BN\/m — ﬁln(N In2) +In4x }

24/21n2
B
B 7 o) [t
N
Let us now introduce the point process on R given by
(3.15) PN= Y 8k, )
UEJN

A classical result from the theory of extreme order statistics (see, e.g., [17]) asserts
that the point process #y converges weakly to a Poisson point process on R with
intensity measure e—* dx. We can, of course, write

- D [
(3.16) Zexp{\/%MNI(XU)}%NI(XJM}—>/x e Py (dz),

0€5N
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where we set @ = 8/+/21n2. Clearly, the weak convergence of Py to & implies
convergence in law of the right-hand side of (3.16), provided that ¢** is integrable
on [x,00) w.rt. the Poisson process with intensity e™*. This is, in fact, never
a problem: the Poisson point process has almost surely support on a finite set, and
therefore ¢** always a.s. integrable. Note, however, that for § > +/21n2 the mean
of the integral is infinite, indicating the passage to the low-temperature regime.
Note also that the variance of the integral is finite exactly if o < 1/2, that is,
B% < 1n2/2, that is, when the CLT holds. On the other hand, the mean of the
integral diverges if x | —oo; note that at —oo the points of the Poisson point
process accumulate, and there is no finite support argument as before that would
assure the existence if x is taken to —oo. The following lemma provides the first
step in the proof of part (ii) of Theorem 1.5 and of Theorem 1.6.

LEMMA 3.2. Let Wn(x),a be defined as above and let P be the Poisson
point process with intensity measure e *dz. Then

(3.17) exp{%(VZan — B+ %[ln(Nan) +ln4n]}"WN(x) 2 /ooe‘“ﬂ)(dz).

REMARK. Note that the mean of the right-hand side is finite if and only if
B < +/21In2. Thus only in that case does this lemma also allow one to deal with
the centered variable appearing in (3.12).

We now need to turn to the remaining term,

Zyn —BZpn  Vn(x)

3.18 = ,
( ) EZﬂ’N EZﬁ,N
where
(3.19) Vy(x)= ZE,N — EZE,N'

One might first hope that this term upon proper scaling would converge to
a Gaussian; however, one can easily check that this is not the case (the Lindeberg
condition will not be verified). However, it will not be hard to compute all moments
of this term:

LEMMA 3.3. Let Vy(x) be defined by (3.19). Then, for a > 1/2 and any
integer k > 2,

i E[Vy )]*
Nt+oo 27N exp{NB+/2In2 — §[In(N In2) + In4x [} ¥
(3.20) 1 k! eka—i)x

il ZA Gl (o — 1) (G — 1)
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For a =1/2, we have, for k even,

E[Vy (x)]* kK (k=D

21 i = -
(3.21) Nibo [2-NeNBVIIZ|k — (k/2)12 2k/2
and, for k odd,
E[Vy (x)]¢
322 [Vn(x)]

NTISI-loo [2—NeN/3v21n2]k -

(which are the moments of the normal distribution with variance 1/2).

PROOF. This is a pure computation. Set Ty (o) = eﬂ‘/ﬁxﬂﬂ{xofw(x)}. Note

that, for 8 < +/21In2,

uy(x) dz 22
ETy(0) = exp{—— +ﬁ«/ﬁz}
(3.23) —o V2w 2

NB? 0 dz 72 BN
e e [ R e e et
2 un(x)—p/N /21 2 2

while, for § > +/21In2 and all k > 1 and for 8 > /In2/2 and for k > 2,

un(x) 2
< exp{—% —{—k,B\/NZ}

—o0 27
{Nk2ﬂ2 /MNOC)—WW dz { zz}
=€eX exp! ——
72 1) or P2
NK2B2| e~ n)—kBY/N)2/2
2 I V27 (kBN — uy(x))
2 Ne=>
e
ko —1
Formula (3.24) is also valid for 8 = +/21In2 with k > 1 and for 8 = \/In2/2 with

k > 2. It is easy to see from the computations above that, for 8 = +/2In2 with
k =1 and also for 8 = \/In2/2 with k =2, we have

E[Ty ()] =

(3.24)

~ exp{

~

Xp k[ﬂvzlnzN Fax— %[m(zv In2) + ln4n]“.

ek2,321v/2 B =N p—x
22

We set TN(O’) =2"NTy(0); by (3.24) we get, for 8 > /In2/2 with k > 2 and
also for B > +/2In2 with k > 1,

(3.25) E[Ty(0)]" ~ AIBVIIIN +ax]

—N ,—x

ka —1

E[Ty ()] ~ exp{k[ﬂx/Zln 2N — NIn2 +ax

(3.26)
_ %[ln(N n2) + ln4n]} }
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This formula is also true for 8 = /In2/2, k > 2 and B8 = +/2In2, k > 1. For
B =+2In2and k =1 and also for 8 = \/In2/2 and k =2 by (3.25),

-N

3.27) E[TN(G)]" ~ gek[ﬂ«/ﬂnZN—Nan-i-ax]‘
2

Now

k

E[Vy ()] = IE( 3 [Tw(o) —ETy ((7)])

oESN
k ~ ~
= > E[[Tvo)—Ely©n]
(3.28) 01,00k €8N i=1
_i 5 k! <2N)
i=121,...,€i>2Z1!“'£’.! i
> =k

x E[Ty(0) — ETy(@)]" -+ E[Ty (o) — ETw (0)]".
Note finally that, for / > 2 and 8 > /In2/2,
E[Ty(0) — ETy ()]

' 4
(3.29) _ Z(_l)j (?)ETN(U)Z_]. [ETN((;)]J ~ETy(0)".
= /

In fact, if vIn2/2 <fB <~2In2,1>2, j>1, j#1— 1,1, then, by (3.23)
and (3.26) and (3.27),

I—i ;
(3.30) IE[TN ’ (G)l][ETN(J)]J — eNj(,Bz/Z—ﬂ\/Zan) O(Naj/Z)‘
E[Ty (0)]

Forli>2,j=1—-1,1,

E[T) (o) I[ETy (o))

_ Nl(ﬁz/Z—ﬂ«/ZInZ)-i-NanO Nel/2
=e
(3.31) E[T} (0)] ( )

< e—Nan/ZO(Nal/Z)‘
For B > +/2In2,/ > 2 and j > 1 by (3.26) and (3.27),

E[TY (0)I[ETy (o))

=002 M.
E[T} (0)] @)

(3.32)
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Thus, for/ > 2 and 8 > /In2/2 and also for [ > 3 and 8 = 4/In2/2,

E[Ty (o) — ETy(0)]
N 2—Ne—x

(3.33) po— [Z_N exp{NB~v21In2} exp{ax}

0
X exp{—%[ln(NlnD +ln4n]” .

Inserting this result into (3.28) gives the assertion of the lemma, namely, (3.20).
For g = /In2/2 and [ = 2 by (3.27), we have

(3.34) E[Ty (o) — ETy ()] ~ ZTB_[TN eNBV2In2 ox]?,

Inserting this formula into (3.28), we see that the term with [y, ..., [; =2,i =k/2
brings the main contribution to the sum, and all others are of smaller order, because
of the polynomial terms exp{—la/2In(NIn2)} in (3.33). This implies (3.21)
and (3.22) and the lemma is proved. [

REMARK. One sees that if we let x | —oo, and rescale properly, the
corresponding moments converge to that of a centered Gaussian r.v. This could
alternatively be seen by checking that the Lindeberg condition holds for the
truncated variables provided x < —2InIn2".

A standard consequence of Lemma 3.3 is the weak convergence of the
normalized version of Vy (x):

COROLLARY 3.4. For \/In2/2 < B,
VNG g

(3.35) exp{—(VZln ,B) +—[ln(N1n2)+ln4 ]} = V(x,a),

where V(x, «) is the random variable with mean 0 and k-th moments given by the
right-hand side of (3.20). For 8 = /In2/2,

(3.36) ﬁexp{%(\/Zan—,B) } V0D Do, 1),
5,N

The next proposition will imply (ii) of Theorem 1.5.
PROPOSITION 3.5. Let /In2/2 < B < ~/2In2. Then, for x € R chosen
arbitrarily,

exp{ —(W2In2 ,3)2 —[ln(N In2) + 1n47r]} In Zp.N
EZg n

(3.37)

o

o
2 V(x,a) +/ e“* P (d7) —/ e“e tdz,

X

where V(x, o) and P are independent random variables.
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PROOF. Equation (3.37) would be immediate from Lemma 3.2 and Corol-
lary 3.4 if Wy (x) and Vy (x) were independent. However, while this is not true,
they are not far from independent. To see this, note that if we condition on the
number of variables X, ny(x), that exceed uy(x), the decomposition in (3.12)
is independent. On the other hand, one readily verifies that Corollary 3.4 also
holds under the conditional law P[-|nxy(x) = n], for any finite n, with the same
right-hand side V(x, ). But this implies that the limit can be written as the sum
of two independent random variables, as desired. [J

Since, for A2 >1n2/2, a > 1/2, EV(x, «)? = ¢*?*~D /(20 — 1) tends to 0 as
x | —oo, therefore we see that
X X
(3.38) V(x,a) =p lim e“*P(dz) —/ e“*e % dz,
yt+ooJ—y -y
which means that we can make sense out of the Poisson integral [ (_X’OO e**(P(dz) —
e *dz). We see that Propositions 3.1 and 3.5 imply Theorem 1.5. [

REMARK. The appearance of the intermediate region with non-Gaussian
fluctuations may appear surprising in view of the fact that in the p-spin models
we could prove the CLT up to a much higher value of §, in fact up to almost the
critical value. The reason, however, lies in the fact that in the p-spin model the
Gaussian part of the fluctuation is always on a polynomial scale in N, while
the truncation error ((Zg, y — Zgy ~)/EZg n) is exponentially small even when we

truncate at 8(1 + &)v/N, way below where we truncate in the REM. This means
that the CLT contribution will always dominate the extremal fluctuations. In the
REM everything is exponentially small, and while a sufficiently truncated partition
function gives a Gaussian contribution, this is dominated by the larger extremal
fluctuations in the intermediate regime. In other words, the extra correlations in
the p-spin models strengthen the Gaussian fluctuations more than the extremal
ones, which sounds intuitive.

PROOF OF THEOREM 1.6. We will see that the computations above almost
suffice to conclude the low-temperature case as well. With the notation from above,
we write

(3.39) Zg N = ZE’N +(ZgN — ZE’N).
Clearly, for 8 > +/21n2,
Zg.N — ZE,N = exp{N[,BVZan —In2] — %[ln(Nan) +1n47r]}

X Z ﬂ{u&1(0)>x} exp{au&l(XU)}

0€5N

(3.40)
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so that, for any x € R,

(Zg,N — ZE,N) exp{—N[,BVZan —In2]+ %[ln(Nan) +ln47r]}

(3.41) ~
i))/ e“*P(dz).
X
Now write
Z%y v —EZ%
3.42 75 =Ez% (14 28N AN
( ) B,N ﬂ,N( + EZE,N

Let us first treat the case 8 > +/21In2. By (3.24) we have

—N ,—x
(3.43) EZjy~

exp{ﬂx/ZanN tax— %[ln(N n2) + ln4n]}.

Thus
exp{—N[ﬁ\/Zan ~In2]+ S {In(VIn2) + ln4n]}Z§’N

B ex(a—l) Z/)é,N —EZ
a-—1 EZ} v

(3.44)

”)(1 +o(1)).

Using Lemma 3.3, we see that now
ZE,N — IEZE’N eX@=1
EZg v a—1

converges in distribution to a random variable with moments given by the
right-hand side of (3.20). Moreover, as x | —oo, this variable converges to 0 in
probability. Since the same is true for the prefactor, the assertion of the theorem is
now immediate.

Let us consider now the case 8 = +/21n2. Proceeding as in (3.24),

N run(0)—v/2N1n2

EZ0 =~ e_zz/zdz
(3.45) SV
_2N<1 In(N In2) + In4n N 0((lnN)2>>
N 2 4/NmIn2 N '

We use the decomposition
(3.46) Zgn=2pn—Zg N +EZ] N+ (Z) y —EZ] ).
By (3.45), EZy /EZg n ~ 1/2. By (3.14), we easily see that

Zgn—2Y
ZEN BN =Wyx)—0 as.

3.47
(3.47) 7
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even though E'Wy (0) = 1/2! Thus the more precise statement consists of saying
that

(3.48) AN 2yp0) 2 [T e o)
0

Note that, of course, the limiting variable has infinite mean, but is a.s. finite.
Finally, by Corollary 3.4,

0 _ 0
(349) e[ln(Nln2)+ln4n]/2 Z,BsN EZ/BJ\I i)) V(O, 1)
EZﬂ’N

The same arguments as those given after Proposition 3.5 allow us to iden-
tify ‘V(0, 1) with the centered Poisson integral fi)oo eX(P(dz) — e *dz). This im-
plies (1.31). Equation (1.32) is an immediate corollary. This concludes the proof
of Theorem 1.6. [

APPENDIX A

More general covariance functions. Let X be a Gaussian vector on the hy-

percube Sy = {—1, 1}V with mean 0 and covariances cov(Xy, X,/) =

2 - -

FR Ry (0,070 = g ap ok (N)Ry (0, 0P, where @ 2 (N) ~ ok N

as N 1 oco. Assume that n is the minimal positive integer number such that
Eo.o'(cOV(Xy, Xg))" # 0. Then By o/ (cov(X,, X)) ~ CNP/2,

CONJECTURE. Let p > 2 and define Zn g = Ege’s‘/ﬁxf’. There exists B, > 0
such that, for all B < B,

z
(A.1) NP=D/4 1y ZBN B g2 0 ).
EZﬁ,N

Moreover, the constant C can be computed as follows. Here n is also the
minimal positive integer such that E(Z,[f:/g] ap_gkép_y‘)” # 0, where & is
a standard Gaussian random variable and C = E(ZECPZ/OZ T p—2u&P —2kyn

Trying to prove this conjecture by the martingale method of [9] in the same
way as in Theorem 1.2, one successfully arrives at the analogue of (2.21)
where the scaling factor is N*(?P=2/2 and Vy (1) = Ea,gr(Nfﬁ(RN(a,a/)) -
t”_lN”(z_”)/zC/(n — D)elInto)+Hy (t.0") By the same arguments as for (2.23),
one shows that N"P=2/2ZEVy (1) — 0 (just substitute the Taylor expansion of
et NFym) up to the nth order).

However, to get rid of the absolute value in (2.21), we apply the Cauchy-
Schwarz inequality and pass to the third moment of the partition function. Then,
because of the nonindependence of three random variables o -6/, 0 -0” and 6’ - 0",
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the terms (2.44) and (2.45) will not be small in a general situation. Consider the
example of a process such as (1.4) where the summation is over the sets of p
indices {iy, ..., i,} with at most two indices equal. Then n = 2 but the term (2.44)
is a constant. Similarly, in the model (1.4) of Theorem 1.4 (the summation over all
possible sets of indices) with p odd, we have n = 2, the term (2.45) equals O,
all other terms obtained from the second-order expansion are small and only
the term (2.44) is large. To overcome this difficulty, one could use the Cauchy—
Schwarz inequality in a different way passing to the fourth moment of the partition
function. But then very tough computations will be required.

APPENDIX B

Two useful theorems. We state two useful results for the convenience of the
reader. The first concerns standard estimates for truncated exponential moments of
Gaussian random variables.

FACT B.1. Leté& be a Gaussian random variable with E&€ = 0, E&2 = 1. Then,
foralla,b >0,

1 .

(B.l) E[exp{a&'}]l{g>h}] < m exp{—b2/2 + ab} if b > a,
1 .

(B.Z) E[exp{a%‘}]l{§<b}] < m eXp{—b2/2 + ab} ifb<a.

The second is the Gaussian concentration of measure inequality, to be found,
for example, in [18].

FACT B.2. Assume that f(xi,...,xs) is a function on R? with a Lipschitz
constant L. Let Ji, ..., J; be independent standard Gaussian random variables.
Then, for any u > 0,

B.3)  P{fUr,....Ja) —Ef (1, ..., Jo)| > u} <exp{—u?/Q2L%)}.
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