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THE GENEALOGY OF A CLUSTER IN THE
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The genealogy of a cluster in the multitype voter model can be defined
in terms of a family of dual coalescing random walks. We represent the
genealogy of a cluster as a point process in a size-time plane and show
that in high dimensions the genealogy of the cluster at the origin has a
weak Poisson limit. The limiting point process is the same as for the ge-
nealogy of the size-biased Galton-Watson tree. Moreover, our results show
that the branching mechanism and the spatial effects of the voter model
can be separated on a macroscopic scale. Our proofs are based on a prob-
abilistic construction of the genealogy of the cluster at the origin derived
from Harris’ graphical representation of the voter model.

1. Introduction. Consider the basic voter model (¢;),-o on the d-dimen-
sional integer lattice Z¢. The dynamics of (&,),., are simple: At any time
t > 0 the voter at site x decides to change its opinion at rate one and adopts
the opinion of the voter at a nearest neighbor site y with probability (2d)~!.
We will assume throughout that initially all voters have distinct opinions,
Eo(x) # &o(y) for any x # y. [We may take the interval (0, 1) for the set of
possible opinions.] Let nf denote the set of sites where at time ¢ the voters (or
particles) have the opinion (or type) initially at site x,

ni={y eZ%: £(y) = &(x)}.

The size nf := |nf| of this cluster is a nonnegative integer-valued martingale,
and hence P(ny > 0) — 0 as t — oo. Clearly, those rare clusters which
survive get very large. The asymptotic decay of the survival probability and
the conditional distribution of the size of a certain cluster are described by
the following theorem. (Here and in the sequel we abbreviate n, = 7, n, =
n?, etc., where # is the origin. Note that the law of these quantities is shift

invariant.)

THEOREM 1.1 (Bramson and Griffeath [3]). For any d > 2, the size of the
type initially at the origin has a conditioned exponential limit law,

(1.1) lim P(n, > xp;!| n, > 0) = exp(—x), x >0,

t—o00

Received June 4, 1999.

ISupported in part by the NSF.

2Supported by Deutsche Forschungsgemeinschaft.

AMS 1991 subject classifications. Primary 60K35; secondary 60F05, 60J80.

Key words and phrases. Voter model, coalescing random walk, Poisson point process.

1588



THE GENEALOGY OF THE VOTER MODEL 1589

where
1
gt g9,

(1.2) p;,:=P(n,>0)~ 1 i as t — oo.
(ydt)_17 d = 3’

Here, v, is the escape probability of simple symmetric random walk on 7°.

The situation in d = 1 is different. There, p, is asymptotically (wt)‘% and the
conditioned limit law is not exponential (cf. [3]).

Now let x;{ denote the set of all sites where, at time ¢, particles have the
same type as the particle at site x,

xi={yez?: &(y)=é(x)} = nfamx»_

Note that the cluster x; is always nonempty, since x € x;. Again, we write
x; for x7, and define N, := |x,| to be the size of this cluster. As was first
observed by Kelly [10], N, has the size-biased distribution of n,,

(1.3) P(N,=k)=EkP(n,=k), Ek>0.

The asymptotic behavior of the size of this cluster is described by the following
theorem.

THEOREM 1.2 (Sawyer [13]). For any d > 2, the size of the cluster of the type
at the origin at time t has a gamma limit law with shape parameter 2,

lim P(N, < xEN,) = / dye2dy, x>0,
— 00 0

where

(1.4) EN, ~ 2p;? as t — oo.

Note that Theorems 1.1 and 1.2 show that size-biasing and limiting procedures
can be interchanged.

Our aim is to explore the genealogical structure of the cluster containing
the origin at time ¢. In general, if a particle is distinguished in some branching
population, then the population can be decomposed with respect to the parti-
cles’ degree of relationship with the distinguished particle. Here, our branch-
ing population is the cluster of the type containing the origin at time ¢, and
the particle at the origin is a natural candidate to be distinguished. To define
the degree of relationship a particle in y, has with the distinguished particle,
we construct our process using a percolation substructure, as introduced by
Harris in [9]. This construction, given in detail in Section 2, provides a means
for tracing backward in time the type of a given particle. In particular, for any
¢t > 0, it yields a dual coalescing random walk system (S*!)o_,-;, x € Z%, such
that

(1.5) E(x)=¢&,_((S*) Vvxezd 0<s<t
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For each x and ¢, (S")o-,; is a continuous time, rate one simple symmet-
ric random walk with Sg’t = x. For fixed ¢t > 0, for x # y, (S¥")ys<; and
(S{ ’t)OSsst move independently until they collide, then the two particles merge
into one and walk together. The representation (1.5) gives us the complete type
history of any given particle in the voter model.

Now we can introduce the notion of a particle’s branch-time. Due to our
assumption that initially all sites are different, two sites have different types
at time ¢ unless the respective dual random walks have coalesced. Hence, yx,
can be expressed in terms of the family of dual random walks only,

(1.6) X = {x ezd: SFt = sf’t} .

For x € x, let 7,(x) be the time of coalescence of the two random walks started
at x and the origin,

T(x):=inf {r>0: S =8/}.

For convenience, define 7,(x) = oo if x ¢ x,. We will refer to ¢ — 7,(x) as the
branch-time of the particle at site x € x,, and write x,(s) for the set of sites
with branch-time ¢ — s,

x:(s) :i={x € x,: 7(x) = s}, 0<s<t.
By N,(s) :=|x:(s)| we denote the number of sites with branch-time ¢ — s.
We may decompose the cluster y, with respect to the particles’ branch-times.
Clearly,
(1.7 xe= U xis) and N,= > Ns).
O<s=t O<s<t

Keeping track of the branch-times, we represent the relationship structure of
X: by the random set

(1.8) A :={(s, N(s)): 0 <s<t, Nu(s)>0},

which we will refer to as the genealogy of y,. Whenever convenient we slightly
misuse notation and identify the set A, and the simple point process
Y (s,2)eh, O(s,2)- That is, we do not distinguish between the random measure
and its support. A suitable rescaling of A, is obtained by speeding up time by
the factor ¢ and assigning mass (EN,)~! to each particle. Thus, our rescaled
genealogy of x, is T,A,, where

T.A, :={(t"'s,(EN,)'2): (s,2) € A,}.
Our main result describes the asymptotic form of the rescaled genealogy T',A,

of the type at the origin in high dimensions.

THEOREM 1.3. For any d > 3, the sequence of random measures (T;A;);~o
is tight. Any limiting point process is a simple point process on (0, 1] x RT with
intensity

(1.9) Mdudz) = MT” % exp(— 2—:) dz.
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For d > 1,

(1.10) TA, -5 A ast— oo,

where A is the simple Poisson point process with intensity A.

Here, 4, denotes convergence in distribution, which is just weak convergence
of the joint distributions of (7,A,(B;), 1 < i < n) for any finite family of Borel
sets B; such that |J!_; B; C (&, 1] x R* for some & > 0.

The form of the intensity A in (1.9) is meant to suggest that the probability
that some particles in y, have rescaled branch-time in du is asymptotically
(2/@)du, i =1 — u, and the rescaled number of such particles is asymptoti-
cally exponentially distributed with mean /2.

The limit law (1.10) says that the genealogy of the voter model is asymp-
totically described by the critical Galton-Watson tree. To be more precise, if
represented as a point process in the plane, the genealogy of the size-biased
critical binary Galton-Watson tree has the same weak Poisson limit A (see
Proposition 2.2 in [6]). There a tree with population size % at time ¢ is %k times
as likely as if sampling were according to Galton-Watson measure on the space
of trees and the distinguished particle is chosen purely at random among the
particles alive at time ¢. In particular, Sawyer’s theorem can be regarded as
a size-biased version of Yaglom’s exponential limit law for conditioned critical
Galton-Watson processes (see, e.g., [2], page 20). We remark that Sawyer’s
result can be easily recovered from Theorem 1.3: By (1.7), summing up the
mass coordinates of the points in T',A, totals (EN,) ' N,. The projection of the
Poisson point process A on its mass coordinate is a Poisson point process on
R* with intensity
—2z
dz.

MO0 1] xd2) =4 [ du exp(~2zu)dz=2"
1

Having checked that summation and limiting procedures may be inter-
changed, Sawyer’s limit law follows since v, (dz) = z7le **dz is the Lévy
measure of the gamma process with scale parameter o (see, e.g., [12]). We
note, however, that our proof of Theorem 1.3 depends on Theorem 1.1, which
in turn depends on Sawyer’s limit law.

In the multitype voter model with mutation, particles mutate at a positive
rate w. The multitype voter model with mutation has a unique stationary dis-
tribution (see, e.g., [7]). A theorem also due to Sawyer [13] states that the
rescaled size of the type at the origin in equilibrium approaches an exponen-
tial distribution as the mutation rate goes to zero. Using the limit law (1.10)
this result can now be explained through a simple characterization of the
exponential distribution, as is described in [6].

The independence properties of the limiting Poisson point process A imply
that contributions to y, initiated at separate branch-times on the macroscopic
scale ¢ are approximately independent. The genealogy A, contains no explicit
information on the spatial distribution of the cluster at the origin, nor on
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the relationship among the sites in the clusters yx,(s). However, as will be
clear from the proof of Theorem 1.3, the branching mechanism and the spatial
effects of the voter model can be separated on the scale ¢. Asymptotically, the
contribution to y, initiated at time ¢ — s is seen to be a random shift of the
cluster n,. Space-time rescalings of the voter model have recently been shown
to converge to super-Brownian motion in various settings (see [4], [11]).

The nearest neighbor choice assumption is essential only in our proof of
the Poisson property of a limiting point process, where we explicitly use the
local structure of the particle system. All other arguments can be extended
to symmetric, irreducible random walks with finite variance. We believe that
(1.10) is true for dimensions d > 3. In fact, Theorems 1.1 and 1.2 suggest that
the Poisson limit law might also hold for a suitably rescaled genealogy of the
type at the origin in d = 2.

The key ingredient for the proof of Theorem 1.3 is a graphical construction
of the genealogy of the type at the origin for fixed time ¢ derived from Harris’
graphical representation of the voter model. This construction which works
for arbitrary random walks is given in Section 2. The first step in proving
Theorem 1.3 is to show convergence of the expectation measure of T',A, toward
A, which we do in Section 3 using the graphical construction of A, and the
asymptotics from Theorem 1.1. The second step is to prove that any limiting
point process is simple, which comes to showing that contributions initiated
at distinct branch-times are negatively correlated. The third and final step
is to verify the Poisson property for any limiting point process of the T,A,.
This part of the proof is based on a coupling argument which works only in
dimensions d > 7. Steps 2 and 3 are in Section 4. In Section 5 we put things
together and prove the theorem.

2. Graphical constructions and Poisson point processes. Following
Harris [9] we construct the voter model using a random space-time diagram
on 7% x [0, 00). To start, let I be a Poisson point process on Z¢ x Z¢ x [0, 00)
with intensity

1
(2.1) p({x} x {y} x ds) = od ds if |[x — y| =1; and 0, else.

Intuitively, a point (x, y, s) € Il indicates that at time s the particle at site y
adopts the type of the particle at x. For any point (x, v, s) € Il we draw an
arrow from (x, s) to (y, s) in our space-time diagram. The random walk paths
(S¥")9=s<t» x € Z¢, are obtained by moving downward along vertical lines
starting at (x, ), jumping to the tail of an arrow whenever we encounter its
head (see Figure 1 for an example). Formally, S¥* = y if and only if there is
a sequence of sites xy = x, x1,...,%, = yand times 0 =sy <s; <--- <8, <s
so that:

(i) for any 1 < i < n there is an arrow from x; to x;_; at time ¢ — s;;

(ii) there is no arrow with head toward x;_; at times (¢ —s;, ¢t —s;_1], 1 <
I < n, and none toward y at times [t — s, — s,].
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Stz:,t Sty,t = Stz,t

Fic. 1.

DEFINITION 2.1. Let the interval (0,1) be the set of types. For any &, €
(0, 1) let &, = (£,(x))rcza e defined as

(2.2) E(x):=&(S"Y, xez¢ t=0.

The continuous time Markov process (£;),-o on the space (0, 1)Zd is called the
nearest neighbor voter model on 7% with initial state &.

Fix t > 0 and write II, = I1 N Z¢ x Z?¢ x [0, t]. Let 1T, be the random spatial
shift of 11, such that Stﬁ’t is mapped onto the origin,

(2.3) I, .= I1, - (S, 8", 0),

where A+ y :={x+ y: x € A}. Observe that a site which at time ¢ has the
same type as the origin is mapped onto a site which at time ¢ has the type
initially at the origin. More precisely,

x:(TL,) = n,(IT,)) + S,

where y,(Il,) = x,(II) is the cluster of the type at the origin at time ¢ in the
space-time diagram associated with II, and 7,(II}) denotes the set of sites at
time ¢ with the type initially at the origin in the diagram associated with the
shifted point process II;. In particular, we have

(2.4) N,(I1,) = n,(11}) .

We remark that the random site Stﬁ ' defined in terms of the diagram as-
sociated with II cannot be recovered from II, unless n,(II}) = 1 (in fact, it can
be shown that all sites in 7,(Il}) are equally likely to be the shifted former
origin). However, the point process II, has a transparent structure, as can be
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seen from the following probabilistic construction of the space-time diagram
associated with II;.

e Take a copy of the random diagram representing (£)o<s<;-

e Let (X;)o<s<; be an independent simple random walk running forward
in time, started at X, = #. For each jump of the random walk add an

arrow to the diagram: Draw an arrow from (X, , s) to (X, s) whenever
X, #X,.

e Delete all arrows in the diagram with heads toward the space-time path
(Xs* > s)Ogsgt-

The point process II} obtained from the construction above is formally de-
fined as IT} := IT* N Z¢ x 7¢ x [0, t], where

(2.5) " := (ITU A(X))\ B(X).

Here, II has distribution (2.1), X = (X|),.¢ is a rate one simple symmetric
random walk started at the origin which is independent of II, and
AX) ={(X;, X, 8): X;# X, ,0<s <00},
B(X):={(x,X,,s): xeZ% 0 <s < oo}

PROPOSITION 2.2. Forany d > 1 and 0 < t < oo, the two point processes
IT} and 11, agree in law. More precisely,

/ A d *
(I, -8, = (I}, X,).

PrOOF. Fix ¢t > 0 and define

Xt = S(ffs),— Sf’t, 0<s<t.

By duality and symmetry, (X%)y-,-; is a rate one simple symmetric random
walk on Z? started at X{ = #. By construction, the space-time diagram II
representing (£,),. contains the arrows induced by the jumps of (S&%)g-s;,
that is,

(2.6) {874, 88 t—s): 0<s<t, SOt SO} c I,

s

Shifting the random sets on either side of (2.6) by S/’ yields A((X)p<s<s) C
IT,. By construction of (S¢*)y_,, from II, there cannot be an arrow in II, with
head toward the path (S, t — s)o,;, that is,

M, N{(x, S8, t—s):xeZ% 0<s<t}=0,

and shifting either side by S/ yields 1T, N B((X%)ys<;) = D.
Now fix any realization x of the random walk path up to time #, x = (x,)p<s<;
with xy = @, |x;, — x,-| < 1, and x is right-continuous with left limits. The
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independence properties of Poisson point processes and the shift invariance of
Z(I1) then imply

2.7 LT (X o<s=r = %) = £ (I | A(x) C I, B(x) N1, = D).

Now recall the following elementary property of a Poisson point process N on
some space (E, &) having non-atomic intensity measure. For A, B € & where
A is countable and AN B =,

(2.8) Z(N|ACN,BNN=J)=_2/(NUA)\B).
By means of the law of total probability we obtain from (2.7) and (2.8) that

, d

IT; = (T, U A((X)o<s=0)) \ BUX )o<s<1)
where (X%)o <, is independent of IT;. Comparison with (2.5) and the fact that
X! =—8/" establish Proposition 2.2. O

3. The expectation measure of the rescaled genealogy. The basic
idea in the proof of Theorem 1.3 is to use the equality in law of A, and the
genealogy of the cluster 77 (II}) with the particle at X, being distinguished.
The second object is much simpler to analyze since we have the explicit prob-
abilistic construction from the previous section at our disposal. The first and
major step in the proof is to show convergence of the expectation measure A,.

For t > 0 fixed, let 0 < 0; < 09 < --- be the jump times of the distin-
guished random walk path (S&%),_,., running backward in time and denote
by 0 < o1 < 05 < --- the times when in the space-time diagram arrows
point away from the path (S&, (¢ —s)™ )¢, (compare Figure 2). The inde-
pendence properties of the Poisson point process Il imply that {o; : i > 1}

Zd
0 =5
. . t
) > rt— 011
r t—o1
o Poi(1)
_ e Poi(1)
- t—o2
> t t— o5
ig ! t—o3
< ; + t—o03
0

O,t
S

FiG. 2.
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and {o';- : J = 1} are independent rate one Poisson processes. Consequently,
the superposition 3 := {o; : i > 1}U{0’;: j > 1} is a rate two Poisson process
on [0, ¢]. Note that ¢ — % is the set of potential branch-times. The idea behind
the proof of (1.9) is to relate the size of a cluster y,(s), where ¢—s is a potential
branch-time, to the size of some fixed type at time s. To be precise, we will
show

PROPOSITION 3.1. Ford > 3,ass<tand s— oo,
(38.1) P(N,(s)>0|s€eX)~yyDps-

Furthermore, conditioned on non-extinction, the cluster sizes N,(s) and ng are
weakly equivalent,

(3.2) lim /(s ' N,(s)| Ny(s) > 0) = lim /(s 'n,|n, > 0).

s<t, s—

Note that the asymptotic behavior of the quantities on the right-hand side of
(3.1) and (8.2) is described by Theorem 1.1. Convergence of the expectation
measure A, of T,A, is an easy consequence. (The proof of Proposition 3.1 is
temporarily deferred.)

COROLLARY 3.2. For any d > 3 and any Borel set B C (0, 1] x R,
(3.3) A(B):= ET,A(B) — A(B) as t — oo.
PrOOF. Let B =[u;, us] x[2,00), 0 <u; <uy <1, ze R*. Then, since 3,
is a rate two Poisson process on [0, ¢],
A (B) = ET,A«(B)
= E |{ut <s<uygt: N,(s)>zEN,}|

= /u2 2t du P(N,(ut) > 0| ut € 3) P(N,(ut) > zEN,| N,(ut) > 0).
Hence, using first (3.1) and (3.2) and then (1.1), (1.2) and (1.4), we deduce

u2 2du
M(B) ~ [ = ygut pu P(ny = 2EN, | ny, > 0)

(3.4) U 2du

Uy
2z
— — — ) = A(B).
— . exp( ” ) (B)
This establishes the claim of the corollary, since the cylinder sets [uq, us] X
[z,00), 0 <u; <uyg =<1, ze R, generate the Borel o-algebra. O

We now begin preparations for the proof of Proposition 3.1. Our first goal
is a more convenient representation of the set y, given that s € 3. For this
purpose we need a description of the forward dynamics of the cluster process
of the sites with type &,(#) initiated by a o or ¢o’-event at real time ¢ — s.
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t—s+u

» t—s
SOt §Ot,
8 3

FIG. 3. In the example above {5’ = {x, y} and s = o] for some i.

Formally, the cluster {5 at time t — s+ u, 0 < u < s, is defined as (compare
Figure 3)

5  gt={rezt:inflrzo0: spree o gSesd 2yl
Clearly, ({5")p<y<s =< unless s € 3, and also

(3.6) 25 = xi(s).

For symmetry reasons we do not have to distinguish between ¢ and ¢'- events.
Also, by homogeneity of _/(II), the law of ({5')y,~; does not depend on ¢.
Hence, with no loss of generality we let £ = s and write {; = 3.

From the construction of II" in Section 2 we derive the following probabilis-
tic construction of the process ({5 —{(: )o-u<s given that s € 2. (For convenience
we shift the process so that it starts at the origin and slightly misuse notation
by identifying the set (3. and the single element in {j..)

e Start with a copy of the cluster process (7, )y-,<s Of the type initially at
the origin. -

o Let X° = (X¢)p<y<s be an independent random walk running forward
in time, started at a nearest neighbor site e of the origin. Take the ran-
dom walk to thin out the cluster process: Whenever X hits (1, )y, the
respective site changes its type and is removed.

Formally, the cluster process (%,).,<; obtained from the construction above
is defined as

3.7 Y, ={xen,: SJU#X;, 0<r<u}, 0O<uc<s.

The random walk X°¢ corresponds to the distinguished line of descent up to
time ¢ in the cluster y,. This immortal line of descent limits the growth of
the cluster process (£$")o.,<s started at a nearest neighbor site. The thinning



1598 J. T. COX AND J. GEIGER

procedure through the random walk X* can be thought of as the enforcement
of this limitation in growth.

PROPOSITION 3.3. Forany d >1and s> 0,
L ((ﬁu)0<u§s) =7 ((é“Z - §g+)0<u§s| s € E) .

PrOOF. Recall the construction of II¥ in (2.5). The event {s € X} corre-
sponds to an arrow pointing either toward or away from the origin at time 0
in the space-time diagram associated with II*. However, the restriction of IT}
to 7% x 7% x (0, s] is independent of this arrow. The construction above is
therefore an immediate consequence of Proposition 2.2 and the effect of the
deletion or insertion of an arrow in the diagram. Note that in contrast to the
situation of Proposition 2.2 the random walk now starts at a nearest neigh-
bor site e of the origin due to the fact that (j, is shifted to the origin and

1S5°— g5l =1. O

The construction above has useful consequences. For example, the process
(94)o<u<s survives if and only if the process (7,)o<,<s survives and the an-
cestral line of some site in 7, is not hit by the random walk X¢*.

COROLLARY 3.4. Forany d>1and 0<s<t,
(38) P(N,(s)>0|seX)=PExen,#J: X; #8825, 0<r<s).
PROOF. Define m := |9|. Then, by construction of (,)<,<s in (3.7),
{my>0t={3xen,#J: X7 #8727, 0=<r<s}.
The claim of Corollary 3.4 follows since
(3.9 P(N,(s)>0|se2)=P(m,>0)

by (3.6) and Proposition 3.3. O

Before turning to the proof of Proposition 3.1, we develop several prelim-
inary results. A property of the voter model that we will use repeatedly is
a negative correlation inequality due to Arratia [1], which we state in the
following general form.

LEMMA 3.5. Let 02 :=,.gni, B C Z%. For any d > 1, finite disjoint sets
By, B, C 7%, arbitrary sets Ay, Ay C Z¢ and t > 0,

P(”I?IQA1?5@, ”)fgzmAz?é@)

G10 =P(n/'nA #0) P(n*n A, £2).
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Arratia proved (3.10) in the case where B; and B, are singletons and A; = A,.
However, his arguments which are based on Harris’ [8] theorem on posi-
tive correlations for a monotone Markov process also work in the general
case stated above. Note that, by means of the law of total probability, the
sets A, Ay, B; and By, may be random as long as they are independent of
(17)s=0» 2 € Z% and (A, B;) is independent of (A,, By).

Now let (9%)o<s<; be the reduced process associated with (7,),<;. The set
7% consists of all particles which at time s have the type that was initially at
the origin and also have a descendant at time ¢, that is,

(3.11) 7ti={xemn,: x=87" for some z} = {S7) : z e n,}.

In particular, 9y = {#} or &, 7! = n,, and |9'| < |9%| for r < s. Let G, be
the most recent time when a single particle was the common ancestor of all
particles in 7,,

G,:=sup{s > 0: |9'| =1}.

LEMMA 3.6. Forany d>2and T > 0,

(3.12) %inélgninf P(G,>ét|n,>0)=1;
(3.13) tlim En1{G,<T}=0.

PrROOF. We first establish the limit statement (3.12). Note that the events
{G, < T, n, > 0} and {|797| > 2} agree. In view of (3.11) we thus have for any
0<T<t,

PG, <T, n,>0)
=PEx#yenp: x=87"%, y=875 for some z, 2')
3.14) =Y. PEx#yenr: x,ye{S7r: ze2%|ny=k) P(ng = k)
k=2
<Y k(k—1) max P(x,ye{S?%:2e€Z%)P(ny =k)
r—2 x#£yeZd

where for the last inequality we used independence of {Sf;tT : z € Z% and 7.
Since {S% : z € 79} £ {87457 : z € 77} by time homogeneity of II, the
duality relation (2.2) implies

P(x,ye{S}p: 2€7%)) = P(n' ; # D, m)_p # D).

Apply the negative correlation result (3.10) with B; = {«x}, By = {y} and
A, = A, = 7% and then use (1.3) to deduce

P(G,<T,n,>0)<p? ;Y E*P(ny = k)
k=1
= p? 1 ENyp, 0<Tc<t.

(3.15)
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If we take T' = 8¢, 0 < 8 < 1, then (3.15) and the asymptotics (1.2) and (1.4)
imply for any d > 2,

26
liItILS;lpP(Gt <ét|n,>0) < (1-25)2

which establishes the first part of the lemma.
We now prove assertion (3.13). Using duality again, we obtain for 0 < 7' < ¢,

Entl{Gt<T}
:ZP(xent, G, <T)
—ZZP< tT— ’S;"T:ﬁ’Gt<T)
=YY P(sFp=a 57T =
32 #£2z: 2 e{S)y: yerd}, S;
(3.16) <ZZZP(StT_ SzT_ﬁZE{S yeZd} SZT )

x z Z'#z

=LX L P(Sth=z Ze (Sl ye2?)

z z#zXP(S;T:ﬁ S;’,Tzﬁ)
_ZZ§P(Z e {8} yez?}|S> T—Z)

x P(S}% = 2) P(2, 2 € nyp).

By time homogeneity of II, duality, and the correlation inequality (3.10) with
={2}, By ={z}, A; =7% and A, = {x},

P(ZE{StT yeZd}|StT_ z)= P(”’Ifl_T7£®|x€77§_T)
< P(ni_p #9D) = pi_r.
Plugging this estimate into (3.16) and using (1.3) we obtain
En{G, <T}<p,r) ) P27 ¢ ”IT)ZP(Xt T=2—X)

z z
(3.17) = p,_r En?
=p,7ENp - 0 as t — oo

by (1.2) and (1.4). O

The next lemma states that the trunk of the reduced process asymptotically
performs a simple symmetric random walk. Again we misuse notation and
identify the set 7’ and the single element in %, 0 < r < G,.

LEMMA 3.7. Forany d>2and T > 0,

~ TV
(318) j((ni)0§r<Gt/\T| n; > 0) - /((Xr)0§r<T) ast— oo,
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where (X ,),~¢ is rate one simple symmetric random walk started at X, = €

TV . _y .
and —> denotes convergence in total variation distance.

PrOOF. Fix T > 0, and assume ¢ > T. Recall the following elementary
properties of total variation distance dpy (-, ) on the space of signed finite
measures on some Polish space (E,&). If u =), u; and v = > ; v;, then

(3.19) dry(m,v) < Z dry (i, v;)-

If 4 and v are probability measures and «, 8 € R, then

(3.20) dry(ap, Br) < (a A B)dry(w,v) + |la — Bl
The total variation distance between probability measures is at most 2. Let

Moyt = L ((ﬁ5)05r<G,AT| iy = x) andv, =/ ((Xr)O§r<T| Xp= x) Repeatedly
using (3.19) and (3.20), we have

drv (- ((1o<r<garl e > 0), £ (X )o<r<1))
<dpy( £ ((M)o<r<g,arI e > 0)s £ (M1 )o<r<g,nr | 17| = 1))
+ dpv(L()o<r<g ot 1171 = 1), 2 (X )o<r<1))
<2P(|n7l>1|n, > 0)

(3.21)
+ > dry(P(i7 = x| |97] = D pyy, P(Xp = 2) 1)
xeZ4
<2P(G;=T|n,>0)+ Y P(Xp=x)dpy(pys vs)
xezd
+ 2 |P(i7 = x| |i7] = 1) = P(Xp = x)|.
xeZd

Now P(G, < T |n,>0)— 0ast¢t— oo by Lemma 3.6. So to complete the
proof of (3.18), it suffices, by the bounded convergence theorem, to show that
for all x € 79,

(322) thm dTV(/"Lx,ta Vx) =0
and
(3.23) lim P(4 = x | [4%] = 1) = P(Xy = ).

We first derive an upper bound for dpy (i, v,), x € Z¢. Let nyp, =Nz e
74 : S7% = x}|. Since

(3.24) {x € i} = |s;’T =0, n%, > o] :

(S;;Tr)ofrﬁT is conditionally independent of the event {x € 7%} given that
SxT= @, that is,

825)  / ((S7osrerlx € i) = £ ((S70)gy gl S77 =€) =,
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Also, observe that

(3.26) (Aozr<G,r = (577 )orr o0 {07 =2}
Hence, using first (3.25) and (3.26) and then (3.19) and (3.20), we have

dTV(:U“x,t’ Vx)
(3.27) =dpy(s ((S;i)osr<T| Ny =x), £ ((S;L€)0§r<T| x €1M7))
<2 P(ify # x| x € i) = 2P(G, < T|x € ).
Now observe that, by (3.24),
P(Sy" =) P(n%, > 0)
P(x e ft|n, >0)= ’
(3.28) (xedrin >0) P(n, > 0)

D1
= P(Xp=x).
) (Xp )

Using first (3.27) and then (3.28) and Lemma 3.6, we deduce

P(G T 0
(8.29) limsupdry (s v,) < 2 limsup (G, SAt |7 > 0) _
t—00 ’ t—00 P(x €Ny | n; > O)

0,

establishing (3.22).
For (3.23), we note that

PGy =x|n, > 0) _ P(x € ify|n, > 0)
P(G,>T|n,>0) = P(G,>T]|n,>0)

(3.30) P(df = x||7%] = 1) =

and

P(i7 = x||7| = 1) = P(p = x|n, > 0)

(3.31) > P(x € 47|n, > 0) = P(G, < T|n, > 0).

If we pass to the limit ¢ — oo in (3.30) and (3.31), respectively, then (3.28),
(1.2) and Lemma 3.6 show that

lim P(f7 = x| |97 =1) = P(X1 = %),
which completes our proof. O

Let Ap, be the event that the trunk of the reduced process and the immortal
line do not collide until time 7T,

(3.32) Ap,={X°##9.,0<r<G AT}

re

Then, for d > 3,

(3.33) im lim P(Ap,|n, > 0) = v,.

1
T—o00t—>00
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Indeed, if R denotes the first hitting time of the origin of a rate two simple
symmetric random walk started at a nearest neighbor site e, then Lemma 3.7
implies
lim P(A n,>0)=P(X¢#X,,0<r<T
s HmP(ATdn > 0= R )
=PR=>T)— vq as T — oo,

where for the second equality we have used independence of (X¢)y,., and
(1%)o<r<¢- The following lemma states that the thinning of the reduced pro-
cess through the immortal line is substantial only if the trunk of the reduced
process is hit by the immortal line (“all or nothing”) and that the conditioned
limit law of n, is the same whether the trunk of the reduced process is hit or
not.

LEMMA 3.8. Ford > 3,

(3.35) im limsup E(¢ '|n, — m,||n, > 0, Ap,) = 0.

7o, T st
Furthermore, for any T > 0,
(3.36) tlilg dpy(£(ng|n, >0,Arp,), £(n, p|n;p>0))=0,
so that, in particular,
(3.37) lim _/( tn,|n,>0,Ap,) = lim /( tin,|n, > 0).
PrOOF. We first prove (3.36) following similar lines as in the proof of

Lemma 3.7. Fix T > 0, and assume ¢ > T. Let ., := /(n,| 95 = x, Ap,),
then, using (3.19) and (3.20), we have

dTV(/(nt |n, >0, AT,t)a L(ny_p|nep > O))
= dTV(/(nt ln, >0,Arp,), Z(n;|n,>0,G, > T, AT,t))
(3.38) +dpy(L(ne | 107 =1, Ap,), £(ny_r|n,_r > 0))
<2P(G,<T]|n, > 07AT,t)

+ > P(ﬁtT =x||npl=1,Ar,) dTV(/:Lx,t’ L(ny_p|nep > 0))

xezd

By (3.12) and (3.34), as ¢t — oo,
PG, <T|n;>0,Ap,;)— 0
and

P(ji7| =1, Ap;|n;>0) > P(R=T).
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Use the second statement and apply Lemma 3.7 to conclude that the sequence
(| |10l =1, Ap,), t > T, is tight. So to establish (3.36), it suffices, by the
bounded convergence theorem, to show that for all x € 79,

(3.39) lim dry (s L (ny_p|np>0))=0

Fix x € Z¢ and recall the definition of ny , before (3.24). Note that

(3.40) ng . Ln, g

and that nth is independent of the event {S;’T = 0} N A}, where A} =
{X¢ # ST . 0 <r < T} Inview of (3.24) we thus have

(3.41) f(ng;‘t |x € ”IT, Ar) =L (ny_r|n,p > 0).

Also, observe that

(3.42) n,=njy, on {0} =x}
and
(3.43) {nfp =x}n Ap, = {0 = x} N A%.

Putting together (3.41), (3.42) and (3.43) yields

dy (B L (ny_p | ny_p > 0))
(3.44) =dpy (£ (ng,| 07 = x, A),
A(np,lx €y, A7) <2P(G, < T|x € A7, A7)
By Lemma 3.6, the right-hand side of (3.44) tends to 0 provided that

(3.45) ligninf P(x € %%, A% |n, > 0) > 0.
To verify (3.45), note that (3.24) implies

P(x € 7, Ak|n, > 0) = p;TP(SxT_é’ A%,

t

where the factor depending on ¢ is greater than 1. This establishes (3.39)
and completes our proof of (3.36). The weak equivalence assertion (3.37) is an
immediate consequence of (3.36).

We now turn to the proof of (3.35). By construction of 4, in (3.7), n, — m, is
a nonnegative quantity and

n\%, ={xemn,: Xe—Stx,’t, for some 0 <r < t}.
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Also, note that given Ay ;, we have X¢ # S forall0<r <G, AT, x €mn,.
Consequently,

E(ln,—m||n;>0, Ap,)
=E({xen;: X¢=8."" for some G, T <r<t}||n,>0, Ap,)
<P(Ar,|n,> 0)~!
xE({xemn,: X¢=8 for some G,AT <r <t}||n, > 0)
=P(Ap,|n,>0)"1 Y P(xemn,, Xe=S8"!
’ for some G,AT <r <t|n,>0)
=P(n,>0, Ap,)"' > P(xen, X¢=8;", for some G,AT <r<t)
(3.46) <P(n,>0, AT,t)_l i(P(x en,, G, <T)
) +P(xemn, X¢=8;"" for some T <r <t))
=P(n,>0, Ap,)! (E n,1{G, < T}
+3 P(Xe=8"" for some T <r<t| S =&) P(S} = ﬁ))
=P(n,>0, Ap,)! (E n,1{G, < T}
+Y P(X¢=X, for some T§r§t|Xt=x)P(Xt=x)>
=P(n,>0, AT’t)x*1 (En,1{G,<T}+P(X¢=X, for some T <r <t)).
Therefore, by (3.17),
t'E(n, —m,||n, >0, Ap,)

- p,_7ENyp + P(X¢ = X, for some r > T)
B tptP(AT,t | ny > 0) '

By (1.2) and (3.34), as t — oo, the right-hand side above tends to
P(X? =X, for some r > T) = P(X} = & for some r > 2T).

Since simple symmetric random walk is transient in d > 3, letting 7' — oo
completes the proof of (3.35). O

PROOF OF PROPOSITION 3.1. Recall from Proposition 3.3 and (3.6) that
Z(my) = A(N(s)|s € 2) for any 0 < s < ¢. In particular, /(N,(s)|s € X)
does not depend on ¢ and we may let s = ¢. By construction of 9, and (7%)ys<,
in (3.7) and (3.11), we have

(3.47) m, = m,1{Ap,} <n{Ap,}, 0<T<t
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In particular,

P(m, >0)
W_P(mt>O,AT’t|nt>0)

=P(Ar;|n;,>0)—P(m;=0,Ar,|n,>0).
Hence, for any T > 0,

P 0
lim sup Bmi > 0) va| < limsup |[P(Ar,|n; > 0) — v4]
(3.48) t—>o00 P(nt > 0) t—>00 ?

+limsup P(m, =0|n, >0, Ar,).

t—o00

By (3.34), the first term on the right-hand side of (3.48) is bounded above
by P(T < R < o0), which tends to 0 as T' — oo. For the second term, note
that for any ¢ > 0,

limsup P(m, =0|n, >0, Ar,)

t—00

(3.49) <limsup P(n, < et|n, >0, Ar,)

t—00

+limsup P(|n, — m;| > et|n, >0, Ap,).

t—o00

By (3.35), we have

(3.50)  limsup P(|n; —m;| > et|n, >0, Ap,;) — 0 as T — oo.
t—00

For the other term in (3.49), note that the asymptotic equivalence (3.37)
and the limit law (1.1) imply

(3.51) tlim P(n, <set|n;>0,Ap,;)=1~- exp(ey;') — 0 as ¢ > 0.

Since the left-hand side of (3.49) does not depend on &, the estimates (3.50)
and (3.51) imply

(3.52) im limsup P(m, = 0|n, > 0, Ap,) = 0.

1
T—o0o tso00

Since the quantity on the left-hand side of (3.48) does not depend on 7', the
limit statement (3.52) shows

. P(m,>0)

lim ————= =

% P(n, > 0) @
which establishes assertion (3.1).

We now turn to the asymptotic equivalence (3.2). As previously noted,
Z(5TIN(3)INy(5) > 0) = /(s 'my|m, > 0),

and we may set s = . The fact that {m, > 0} C {n, > 0} N Ay, for any
0 < T <t (see (3.47)) implies that /(¢ 'm,|m, > 0) is stochastically larger
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than /(t'm,|n, > 0, Ay ,). Consequently, using first (3.50) and then (3.37),
we obtain for any x > 0,

ligninf P(m; > xt|m; > 0) > limsupliminf P(m, > xt|n, > 0, Arp,)

T—o0 Ui
(3.53) = lim supli%ninf P(n, > xt|n, >0, Ap,)
T—o00 —o0

= 1tlim P(n; > xt|n; > 0).

For the upper bound in (3.2), use P(A|B) < P(A|C)P(B|C)™!, B c C, to
deduce that

P(m, > xt|n, >0, Ap,)
>0) < -,
P(m;>0|n,>0, Ap,)

It follows from (3.37) and (3.50) that

(3.54) P(m, > xt|m,

lim lim sup P(m, > xt|n, >0, Ap,) = lim P(n, > xt|n, > 0),
T—oo tso0 ’ t—00

and from (3.52) that

71im liininf P(m;>0|n,>0,Ar,) =1

Plugging these estimates into (3.54), we get that

limsup P(m, > xt|m, > 0) < tlim P(n, > xt|n, > 0),
t—o00 —00

which combined with the estimate (3.53) establishes the second claim of Propo-

sition 3.1. O

4. Properties of a limiting point process. The key to deduce properties
as uniform integrability of (7';,Ar) and simplicity of a limiting point process
is the correlation inequality (3.10). For 0 < r < ¢ and x € Z¢ write (15" )o-y <
for the cluster initiated at the space-time point (x, r) in the random diagram
associated with II (here, u stands for real time),

(4.1 i (00, r<u<t,

x,r {®7 O<u<r,
Ny =
where 6, denotes the time shift of I by r restricted to Z¢ x Z% x (0, 00),
0011 :={(x,y,s—r):(x,y,s)ell, s>r}.

The correlation inequality (3.10) yields the following upper bound for the prob-
ability that the two processes (15" )g<,<; and (12°*)o<,, survive disjointly. For
later reference we state it as

LEMMA 4.1. Foranyd=>1, x,yecZ%and 0 <r,s <t,

(4.2) P(n"#D, 0" #D, 0" #0"°) < pr_rPi_s-
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PROOF. Suppose 0 < r <s <t and let 7%, < n¥_,, independent of II. By
time homogeneity of I1,

P(ni" #£@, 0 @, 0P #0)*) =P (nl's £ 2, nl £ 2).

We apply (3.10) in the case B; = 7* .\ {y}, By = {y} and A, = A, = 7¢
to deduce (see the remark following Lemma 3.5 regarding the fact that B; is
random)

P(n®" #D, 0" #3, 0" #0°) < prs P(ﬂ:z_;‘:\{y} ” @>.

Finally, note that
P00 £ @) < P(nly # D) = P(nf, # D) = by 0

We use Lemma 4.1 to obtain an upper bound for the probability that con-
tributions to the cluster at the origin occur at distinct potential branch-times
t—randt-—s.

LEMMA 4.2. Foranyd>1land 0<r <s<t,

(4.3) P(N,(r)>0,N,(s)>0|r,seX) < p,p;.

PrOOF. Recall the graphical construction II} of the shifted point process II,
in (2.5). Let X* be the set of times u < ¢ such that either the random walk X
has a jump at time ¢ — u or an arrow points away from X,_, in the space-time
diagram associated with I,

S ={0<ux<t: X, ,# X,y or (X, ,,zt—u)ell for some z}.

For u € 3* let Y, be the site where the potential contribution to n¢ (I1}) with
branch-time ¢ — u is initiated,

(4.4) Y,=z ¢ X, ,# Xy =zor (X, ,,zt—u)ell,

and let D, , ; , be the event that potential contributions initiate at space-time
points (x,¢ —r) and (y, t —s),

(4.5) D, oy ={r,se3 Y, =x,Y,=y}

Let us write n}*" := ;" (II}) for the cluster at time u initiated at the space-
time point (x, r) in the random diagram associated with the point process II;.

Proposition 2.2 implies

(4.6) {(u, x;(w)): ue} < {(u, an"’t_u -X)):ue 2*} .
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Consequently,

P(N,(r)>0,N,(s)>0]|r,se)

(4.7) _P (n;‘Y”H;A G, L D s € 2*)
< max P (n?x’t_r# @, 0" D Dr,x,s,y) :
x,yeZd
Note that on the event D, ., , the cluster n;*‘" is obtained from ;""" =

x,t—r

7,77 (IT) by a pruning procedure through X, as is ;" from »;”**, that is,

(4.8) e T e on Dy
Also, we claim that the clusters n,”*"" and n}”*'"* are disjoint if r, s € 3* and
Y, = x, Y, = y. This is because a particle starting in 7, *~" has time of coa-
lescence (in reversed time and with respect to II}) with the distinguished path

(X,_u)us0 at most r, while for a particle starting in n;”**"* this coalescence
time equals s > r. Consequently, by (4.8),

(4.9) 0 # 0 on Dy {n T £ O
Combining (4.7) with (4.8) and (4.9) we obtain
P(N,(r)>0,N,(s)>0]|r,se)

= = ,t— =
< max P (ntx r;é g, ”f)ty 375 9, ”fltx r?‘é TIty ° | Dr,x,s,y) .

x,yeZd

(4.10)

The claim of Lemma 4.2 will follow by applying Lemma 4.1, if we show
that the events D, ., , and {n,*""# &, 0" °# &, n;*""# """} are inde-
pendent. Note that it is sufficient to show independence of the latter event of
disjoint survival and {(x', x, t—r) € I}, |x'—x| = 1. This is by independence of
the random walk X and II and since we have assumed r < s [recall from (4.1)
that (75" )o<y< and (9" Yo~y are defined in terms of I[1 N Z%¢ x Z¢ x (t—s, t]
only]l. Now observe that the event {n,”""# &, 0" £ &, nS" "% )"} is
the same as

U {nf’H #@,n" " # 0,805 = y] :
ziz#x
This representation shows that the event of disjoint survival does not depend

on the existence of arrows at time ¢ — r pointing toward x from any site. Now
recall from (2.8) that

(4.11) L (x, %, 6 —r)ell)= 2ZATU{(x', x, ¢ —1r)}),

to conclude the desired independence and complete the proof of Lemma 4.2. O

A simple consequence of Lemma 4.2 is the following asymptotic upper bound
for the variance of the total mass of restrictions of T',A,.
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COROLLARY 4.3. For d >3 and any B=[uj,us] xR, 0 <uy <uy <1,

(4.12) limsup E T,A,(B)? < M(B) + v;2A(B)*.

t—00

PROOF. Recall that %, is a rate two Poisson process. Hence,

ET,A,(B)? =E |{ujt <s <uyt: N,(s)> 0}
= M(B) + E|{r # s € [uyt, ust] : Ny(r) > 0, N,(s) > 0}

ugt pugl
— A(B) + / [ P(N,(r)>0,N,(s)>0|r,se3)ddrds.
uit Juqt
Using first (4.3) and then (3.1) we deduce

2 ugt ,lgl
(4.13) ETAB? s MB)+ [ / | Prpsdrds

~ N(B) + 7;2/\t(B)2'

The claim of Corollary 4.3 follows from (4.13) and (3.3) as ¢t — co. O

Immediate from Corollary 4.3 is the fact that the points of any limiting point
process already differ by their time coordinate. In particular, any limiting point
process of (T',A,) is simple.

COROLLARY 4.4.  Suppose that A is the weak limit of (T, A, ) along some
sequence t; — oo. Then for d > 3,

(4.14) P(A{u} x R") > 2 for some 0 <u <1)=0.

PrOOF. Fix ¢ > 0 and partition (&, 1] into disjoint intervals I ;, 1 < j < k..
Use P(X > 2) < EX(X —1) for a nonnegative integer-valued random variable
X to deduce

P(A({u} x R*) > 2 for some ¢ < u < 1)
< P(A(I; xRT) > 2 for some 1 < j < k,)
R,

<Y P(A(I; x R") > 2)
j=1
ks
(4.15) = > lim P(T, A, (I; xR") > 2)
i—1 1—>00
Jkg
< Y limsup(ET, A, (I; x R*)> — ), (I; x RY))

j=1 i—00

ks ke 2du\2
= v M xR =9 (fz_) ’

=1 j=1 u
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where for the last inequality we applied Corollaries 3.2 and 4.3. Since
f: u~ldu < oo, the sum on the right-hand side of (4.15) vanishes as the max-
imum length of the I; tends to 0. Hence,

P(A({u} x R") > 2 for some ¢ < u < 1) =0.

The claim of Corollary 4.4 follows as ¢ — 0. O

Before presenting our final proposition that shows (in high dimensions) that
any limiting point process of T',A, satisfies a strong independence property,
we introduce a construction of Griffeath ([7], proof of Theorem II.2.6). This
construction makes precise the notion that (n%"),., and (ni"),-¢ evolve in-
dependently up until the time the distance between the two clusters reaches
one. For B,C C 7% let d(B,C) := min, ., .c|z; — 23| Let II be an inde-
pendent copy of II, and let (7i%),~¢, ¥ € Z% and s > 0, denote the cluster
initiated at the space-time point (y, s) in the diagram associated with II. Fix
0<r<s<tandx,yeZ% and define 7 :=inf{u : d(n*", 7:’°) < 1} and

_y,s < T
(4.16) vy.s :={nu ) . u=<r,
M Uze”fﬂ’s N > uU=>T.
Note that (927, 92°°),-0 has the same law as (957, 7i%),=0-
Let G(z) == [, P(X, = z)du be the expected occupation time at z of the
simple random walk X started at X, = #.

LEMMA 4.5. For any d > 3, there is a finite constant c such that for all
x,yeZ%and r,s >0,
(4.17) P(d(n);",n)®) <1 for some u >0) <cG(y — x).

NoOTE. The estimate is useful only if |y — x| is large compared to |r — s]

since P(nj,_g > 0) ~ (yqlr — s|)7! is a trivial upper bound for the left-hand
side of (4.17). O

PROOF. We may suppose that r < s. The left-hand side of (4.17) is not
changed if we replace 7;’° with 73°, and then replace the latter with 7;°.
Let us consider now P(n}" N iy # @ forsome 0 < u < ¢+ 1). Given that
d(n®", 7°) < 1, the probability that the clusters will intersect within one
time unit is bounded below by a positive constant ¢; not depending on u. This
is because the conditional probability of intersection is minimal if 7}" and

7" are distinct singletons. Thus, by the Markov property,

P(n;m"na)® £ O for some 0 <u <t+1)
> c 1 P(d(m;", %) < 1 for some 0 < u <t).

u

By similar reasoning, given that n*" N 7;’° # &, the probability that the
clusters will have a nonempty intersection over a time interval of length one
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is bounded below by a positive constant cy. Thus,

P([ " 1m0 iy £ OYduz1)
>co P(m" N q2% #£ D for some 0 <u <t+1).
On account of these estimates, there is a finite ¢ such that
P(d(n®", 72°) < 1 for some 0 < u < ¢t)

t+2
(4.18) < cE/ H{n™" N 72° # Sydu.
0

By independence of (n"),-¢ and (9i"),=0, and symmetry of the random
walk, we have, for r < s < u,

Eln;y"na"|=E ) Kzeny’, zen "}

zeZd

= ) P(zen;") P(z € @)

zeZ4

(4.19) =Y P(Sz" =x)P(SZ“ = y)

zeZ4

= Z P(Xu—rzz_x)P(Xu—szy_Z)

zeZ4

= P(X2u7rfs =)y - x)
The estimates (4.18) and (4.19) imply

P(d(n,;",7)°) <1 for some 0 <u <t)

t+2
<cE[ ni'na}" £ 3} du
0
t+2 or .
scE| [ny" N0t du
0

t+2
=c[ P(Xy_,.=y-x)du =cG(y-x),
which completes our proof. O

PROPOSITION 4.6. Suppose d > 7, then for any finite family of disjoint
Borel sets By, ..., B, C (0, 1], arbitrary intervals I,...,I, C Rt and k4, ...,
k, €N,

(4.20) | P(TA(B; x I;) =k, 1 <i<n)— [ P(TA(B; x I;) = k;)| = 0
i=1

as t — o0.
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REMARK. The asymptotic independence stated in (4.20) carries over to any
finite family of disjoint Borel sets Cy, ..., C, C (0, 1] x R* as will be explained
in the proof of Theorem 1.3 in Section 5.

PROOF OF PROPOSITION 4.6. We first prove (4.20) for sets B; = [uy, ug] and
By =[us,uy4], 0 < uy < uy < ug < uy <1. The idea is to show that, as ¢t — oo,
the clusters initiated at potential branch-times in [(1 — uy)t, (1 — u3)¢] and
those initiated at times in [(1 — uy)¢, (1 — u)¢] evolve on disjoint parts of the
Poisson point process IT used in the graphical construction of II} in (2.5).

Let E,, = E, ;(t) be the set of points (x, r) such that at < r < bt and a
potential contribution to ¢ (II}) with branch-time ¢ — r is initiated at site x,

(4.21) E,, :={(Y,,u): ueZnNlat,bt]}, 0<a<b<l,
with Y, and 3* as defined in (4.4). Recall from (4.6) that

A (w7 ru e 3 g T > 0
{10 () € B [T > 0]

The distributional identity (4.22) shows that assertion (4.20) for sets B, =
[u1, uy] and By = [ug, uy] is equivalent to the asymptotic independence of the
random sets

(4.22)

T (s i ™) 2 (2,7) € By i ™71 > 0} and

T (s, 177D 2 (9,9) € oy 1071 > 0]

~%y,t—8§

(4.23)

To prove this independence, we introduce (7 )us0, the cluster initiated

at the space-time point (y, ¢ — s) in the diagram associated with 1 £ 1T after
the pruning procedure through an independent random walk X, where II and
X are independent of IT and X, and the set Ea »» Which is the analog of E, ,
defined in terms of Il and X. To prove the asymptotic independence of the sets
in (4.23), and hence (4.20) for the sets B; = [u;, uy] and By = [ug, uy], we will

prove that the joint distribution of the sets in (4.23) and the joint distribution
of

T 1™ 1) 5 (5, 7) € By 1077 > 0} and

(424) *y,t—8 ~% Y, t—8
TG 15777 2 (909) € By 157771 = 0}

asymptotically agree in the sense of (4.20). This is enough, since the two sets
in (4.24) are independent by construction.

The key step in establishing this asymptotic equality in law is to show that
the total variation distance «,, say, between

j({(nit_r)Ofuft : (‘x7 I‘) € Eul,uz U Eus,u4}7 (Xu)Ofuft)
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and
j({(ni’t_r)OgAgt : (.X', 7‘) € Eul,uz}

U{(ﬁg’t_s)OSust : (y’ S) € Eus,u4}’ (Xu)Osuft)

tends to 0 as ¢ — oo. Here, (ﬁ%’tis)uzo is the cluster initiated at the space-time

(4.25)

point (y, t —s) in the diagram associated with I, where I1 2 Mis independent
of Il and X. E, , is the analog of E, , defined in terms of the same (!) random
walk X, but II replaced with II. We first show how lim, .., o, = 0 implies the
asymptotic equality in law of the sets in (4.23) and (4.24), and then prove the
indicated limit.

Suppose lim,_, ., @, = 0. To make use of this, we introduce yet another mod-
ification of our basic process, for which we suspend the pruning procedure
of the clusters with potential branch-times in [(1 — uy)¢, (1 — ug)t] through
the random walk X from time (1 — uy)t to ¢, but keep on pruning the clus-

ters initiated at other potential branch-times. For (y, s) € E,_,,, respectively

Eua,uw let n;” s respectively 7,” =% denote the cluster at time ¢ initiated

at (y,t — s) with the pruning mechanism through X suspended during the
time interval [(1 — uy)¢, t]. Note that

(4.26) n;‘y’t—s c 7I;y,t—s c ni/,t—s.

Recall that for random variables Y and Y’, and a measurable function f, the
total variation distance between Z(f(Y)) and Z(f(Y’)) is at most the dis-
tance between Z(Y) and #(Y"’). Hence, by (4.25), the total variation distance
between

2 ({7 (7)€ By LGS 10 D) (9, 9) € By, })
(4.27) and

2 (L) (@ r) € By, b 17 )2 (0, 9) € By}
is at most «,.

Now observe that {(r, n;*"") : (x,7) € E,_,,} and {(s, 7;""") : (¥,5) €
E'u3,u4} are conditionally independent given X (;_,,); and that the distribution
of {(r,|n;™""]) : (x,r) € E,_,,} does not depend on X (1_y,):- Hence, the
latter distribution in (4.27) is not changed if for the pruning of the clusters

(ﬁi’t_s)ogug and in the definition of E‘ug’u4 we take a random walk independent

of X. In other words, the total variation distance between

2 ({0 11D () € By PG, D)2 (320 € Buy )
(428) and

2 (LD (@ r) € By, YOG 17 )2 (9, 9) € By, })

is at most a,, where (772" %)y, is the cluster associated with Il with the

pruning mechanism through X suspended from time (1 — uq)t to t.
To get from this fact to the asymptotic equality in law of the sets in (4.23)
and (4.24), we have to show that the suspension of the pruning mechanism
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from time (1 — uy)t to t is asymptotically negligible for clusters with branch-
time in [(1 — uy)t, (1 — u3)t]. More precisely, we must show that, as t — oo,
the signed measure [compare the remark following (1.8)]

Jt—= . *y,t—
Tt{(s5 |7’:y S|) . (y7 8) € Eu3,u47 |ﬁ'7t‘y S| > O}
oy,t— oy,t—
- Tt{(s7 |77ty Sl) : (yr S) € Eu3,u47 |77ty S| > 0}

converges to the zero measure on (0, 1] x R* in the sense of (4.20). That is,
if we let u! denote the first random measure in (4.29), and u? the second, we
must show that, for any Borel set B C R, any interval I and 2 € N,

(4.30) P(u}(BxI)=k)—P(u*(BxI)=k)— 0

(4.29)

as t — oo. Note that the law of the signed random measure in (4.29) is
not changed if we replace n;”"'°, n;”"° and E,, ., by 700 7377 and

Evuw‘l. Consequently, given that lim, , «, = 0, verification of (4.30) implies
the asymptotic equality in law of (4.23) and (4.24), and thus (4.20).

To prove assertion (4.29) note that, by (4.22) and Corollary 3.2, any limit-
ing point process of the first measure in (4.29) has intensity A restricted to
[u3, uy] x RT. Now use (4.26) and the fact that both clusters n;”""* and ;"""
are empty if the trunk of the reduced process associated with (ni’tfs)uzo is hit
before real time (1 — u4)¢, to deduce

limsup E(¢~{[n;”" ™| = " (11 (3, 8) € Eyy > 7] > 0)
(4.31) f=oo | 1
<limsup sup E(¢ ‘|ny—m4||ngs>0,Ar)
t—>00 ugt<s=<uyt

for any T > 0. By (3.35), the right-hand side of (4.31) tends to 0 as T' — oo,
which shows that the left-hand side of (4.31) is 0. Combining this observa-
tion with the fact that the intensity measure A is absolutely continuous im-
plies (4.29). Hence, in the case B; = [uq, uy], By = [u3, u4], the asymptotic
independence (4.20) follows once we show that @, — 0 as ¢ — oc.

From the construction of Griffeath [compare (4.16)] we see that «, is
bounded above by 2P(I";,) where

Ir,=1d ( U 227, U nZ’t_s) <1 forsome 0 <u<t
ug,uy

(x,r)€E | uy (y,5)eE

Now recall the definition of the event D
O0<r<sc<t,

in (4.5). We claim that for any

r,x,s,y

P(d(np*",md" ") <1forsome 0 <u <t|D,,,,)

(4.32) ;
< P(d(n®"",mi" %) <1 for some 0 < u < ¢).

u
Using the same arguments as following (4.10) one easily sees that it is suf-

ficient to prove (4.32) with D, .., replaced by the event {(x',x,t —r) €
IT}, |x'—x| =1. Now suppose that (x', x, t—r) € II. Deleting the arrow from x’
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to x at time ¢ — r in the space-time diagram representing II does not affect the
process (14" ), at all. It affects (73" ~"),.q only if &’ € nty’i_s and x ¢ n(i’tr_)s,

orifx' ¢ 0}  and x € n(ytfr)s,. In the first case (0,5 ", 0 ) < |x—x'| = 1,

no matter if the arrow is deleted or not. In the second case deleting the arrow
would only enlarge the cluster 7, ’t_s, u >t —r. Recall from (4.11) that delet-
ing the arrow corresponds to removing the conditioning. Hence, our arguments
show that

P(d(nF" ", mY'*) <1 for some 0 <u < ¢|(x,x,¢—r)ell)
< P(d(n>"7,n)*"*) <1 for some 0 < u < t).

We now derive an upper bound for the infinitesimal probability that E ;
contains the distinct points (x, r) and (y, s). Note that | X,_,- —x[, | X (;_5 —
y| = 1, if (x,r),(y,s) € Ey;. Using the fact that 3* is a rate two Poisson
process we have

P((x,u),(y,v) € Ey, for some u € [r,r +dr), v e[s,s+ds))
(4.33) <4P(|X, ,—y|<1)P(| X, —(x—y)| <2)drds
<4(2d)° & P(X, 41 = ¥) P(X, py1 = x — y)drds,

where

= sup sup P(X, =2z)
Cc = Su u —~ <
u>0 |z;—2zy|<2 P(Xu+1 - 22)

For the factor (2d)° note that there are at most (2d)* distinct points z with
|z| = k. To see that ¢ is finite, we note that P(X, ; = 2z,) > P(X, =
21)P(X{ = zy — z;) for any u > 0 and z;, 2, € Z¢.

Using first (4.33), then (4.32) and Lemma 4.5, and letting ¢ denote a finite
positive constant whose value may change from line to line, we have

PT)<E Y 1{d(n;"" mY"*)<1 for some 0 <u <t}

(xr)€Buq,ug»

(:9)€Eug,uy
uyst gt
=c Z Z / / P(Xt_s+1=y)P(Xs_r+1:x—y)
xezd yezd “Ust T¥al
x P(d(n=t", nd"'*) <1 for some 0 <u <¢| D, ,)drds
(4.34) uyt
ce Y 6@ [ [ PX, 0 =2)drds
zeZd ugt ult
<ct ), G(Z)/ N P(X = 2)ds
zeZ¢ (ug—us)t

(ug—uq)t
—et [ BEG(X,,,)ds.

(ug—uz)t
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By symmetry and the Markov property of the simple random walk X, we have

EG(X,)= Y P(X,=2)E (/OOO X, = z}du)

zeZd

s P(stz)E<[:ol{Xu:ﬁ}du’stz)

zeZd
:/ P(X,=6)du.

Using a local limit theorem for the random walk X we obtain

o0

(4.35) sup EG(X,,,) < c[ u b du < c(uy, ug)ti .

(uz—ug)t=<s<(ug—uy)t (ug—uy)t
By (4.35) and (4.34), ford > 7and 0 < u; <ug <ug <uy <1,
(4.36) tlim P, =0,

and, consequently, lim,_, ., @, = 0 which proves (4.20) in the case B; = [u, us]
and By = [us, uy].

Clearly, the argument works for finite n and, taking limits, for open and
half-open disjoint intervals which shows that (4.20) holds for any finite family
of disjoint Borel sets By,..., B, C (0,1]. O

5. Proof of Theorem 1.3. Using Chebyshev’s inequality we obtain from
(1.9) and (3.3) that
lim sup P(T,A,(B) > k)=0
k—o0 t>0
for any compact B, which is equivalent to tightness of the sequence of ran-
dom measures (T;A;),-o (see [5] for a general reference on point processes).
Suppose A is the weak limit of (7', A, ) along some sequence ¢; — oo, then

T, A, (B) > A(B)

for any bounded stochastic continuity set B for A. Clearly, (1.9) and (3.3)
imply that the intensity of A is absolutely continuous with respect to Lebesgue
measure. Hence,

EA(sB) =0

for any bounded convex set B with B C (e, 1] x RT for some & > 0, that is, any
such set is a continuity set for A. Since Corollary 4.3 shows that the random
variables 7', A, (B) are uniformly integrable, relation (3.3) implies

EA(B) = lim ET, A, (B) = \(B)
for any such B and hence, for any Borel set B c (0, 1] x R*. The existence of

multiple points in the limiting point process A is ruled out by Corollary 4.4.
This completes the proof of the first part of Theorem 1.3.
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For the convergence result (1.10) note that Proposition 4.6 implies that in
dimension d > 7 any limiting point process A satisfies

(5.1) P(A(B; x RY)=k;, 1 <i<n)= 1‘[ P(A(B; x R*) = k;)
i=1

for any k4,..., %, € N and finite family B, ..., B, of disjoint Borel sets C
(0, 1]. Corollary 4.4 and (5.1) show that the projection of A on (0, 1] is a simple
Poisson point process with intensity A(du) = A(du x R*). Hence, A can be
generated as follows: First, choose the time coordinates of the points in A
according to a simple Poisson point process A, say, on (0, 1] with intensity
A. Given u € A choose the mass coordinate Z, of the point in A from the
distribution

_ Mdu x[z,00)) 2 -
P(ZuZZ)—W—eXp<—EZ>, Z_O.

By Proposition 4.6 this can be done independently for any u € A which charac-
terizes A as the simple Poisson point process on (0,1] x R* with
intensity A. O
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