BILINEAR FORMS IN NORMALLY CORRELATED VARIABLES

By Avien T. Crale
University of Iowa

1. Summary. If a variable x is normally distributed with mean zero, we have
previously given a necessary and sufficient condition (see references at end of
this paper) for the independence of two real symmetric quadratic forms in n
independent values of that variable. This condition is that the product of the
matrices of the forms should vanish. In the present paper, we have proved
that the same algebraic condition is both necessary and sufficient for the inde-
pendence of two real symmetric bilinear, or a real symmetric bilinear and
quadratic form, in normally correlated variables.

2. Introduction. In this paper, we determine the moment generating function
of the joint distribution of two real symmetric bilinear forms in. certain normally
correlated variables and derive a necessary and sufficient condition for the
independence, in the probability sense, of these forms. We further investigate
the condition for independence, in the probability sense, of real symmetric
bilinear and quadratic forms.

3. The moment generating function of the distribution of real symmetric
bilinear forms. Let the two variables z and y have a joint normal distribution
with means zero, unit variances and correlation coefficient p. From this bi-
variate distribution, repeated random samples of n pairs, say (21, y1), (2, ¥2),

*y (%n , Yn), are drawn. Let C = || c;x || be a real symmetric matrix and write
0 = ZZcazyyr. The moment genérating function of the distribution of
is then given by

(P(t) = E[e“ (2 \/1 2) [ [ -0 dyn dxn dyl dxl )
where

Q= 5(1——_1_,)2) ZJ) (“f + ?l: - 2Px:’.l/j)

and 0 is defined above. If we subject the z’s and y’s to the same linear homo-
geneous transformation with appropnately chosen orthogonal matrix L, then
Q remains invariant and 6 becomes =\ iz;y; where the \’s are the n real roots of
the characteristic equation of C, that is, of |C — M| = 0. The integrations
are then easily effected and we find that

olt) = {IjI 1 =t + DN = t(o — DA},
={|I —tlo+1C|-|I—tlo—1C|}

=|I—-20C — (1 —p)EC*| -+
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where I is the unit matrix of order # and the vertical bars, as usual, indicate the
determinant of the enclosed matrix.

Next,let A = || az || and B = || bz || be two real symmetric matrices each of
ordern. Write 6, = ZZa sz, and 6, = ZZbpxy: where the 2’s and y’s are the
items of the sample randomly drawn from the bivariate distribution previously
described. The moment generating function of the joint distribution of 6; and 6,
is then given by

o(t, t) = E[e" "]
= 2rV1 =)™ [ e [ et gy da oo dyy day,

where 6, 6,, and @ have the meanings previously assigned to them. If we
pursue a line of reasoning similar to that above, we find that

o, t) =|I — 2004 + &B) — (1 — p) (b4 + £:B)2| .

4. The independence of bilinear forms. It is clear that there exist positive
numbers, say h; and he , such that o(t; , ;) exists for0 < t; < hyand 0 < & < hs,.
It is well known that a necessary and sufficient condition for the independence
of 6, and 6, is that ¢(f; , &) shall factor into the product ¢(f1 , 0)0(0, &). If then,
we assume 6; and 6. to be independent, we have essentially

|.T — 2p(hA + B) — (1 — p) (44 + B)*|
=|I— 214 — (1 — pHBA*| - |I — 206B — (1 — p4B’|.

If h denotes the smaller of A; and hy, then the factored form holds for
0 < t,t < h, and hence for all real values of t; and ;. In particular it holds
for &, = ¢ so that

| T —20t(A + B) — (1 — p)i(A + B)*|
=|I— 204 — (1 — p)§342| - |T — 20.B — (1 — P)$B’|.
Let r1, 72, and r < 7, + 72 denote the ranks of the matrices A, B, and A + B.
Further let the real non-zero roots of the characteristic equations of these ma-

trices be denoted respectively by a1, 02, *+* ,an , 81, Be, *** ,Bry,and v1,72,
«+, 7+. Then the members of the preceding equation may be written

)

iI:];.H — ti(p + Dyl — ti(p — 1)vd]
and
I 1~ 66 + Dedll = 66 ~Dadl I 1~ 66+ DBl —4( — I

respectively. It is seen that the left member is a polynomial in ¢ of degree 2r
and that the right member is a polynomial in # of degree 2(ry + 7). Accord-
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ingly, r = r + 7, and the roots 1 , - -+, ¥1 consist of the roots ay, *+-, s,
Bi, ", Br,. Thatis, if 6, and 6, are independent, then the rank of A 4+ B
is the sum of the ranks of A and B and the non-zero roots of the characteristic
equation of A + B consist of those of the characteristic equation of A together
with those of B. Further, if in (1) we put & = vt , where v is real, we have
| I = 20ti(4 + vB) — (1 — p)#i(A + vB)*|
=|I— 24 — (1 = POEA*| - | I — 2ptwB — (1 — p)'B|.
Denote the rank of A + vB by ' and the non-zero roots of its characteristic
equation by 8, -+, 8. The immediately preceding equation can then be
written

110 - 66+ Dadlt = 66— sl

= ‘f_lIl 1=t + Dailll = t:(p — Dail f{ 1 — t:lo + 1)v8d[1 — t:(p — DvBd.

From this we infer that, apart from zero roots, the roots of the characteristic

equationof A + vBarea, +++ 0,081, * , VB, .
If a symmetric matrix, say M(v), has elements which are real polynomials
in the real variable », and if the determinant

[M@) = M| = (=1)"\ — p@)IN = p2(0)] -+« A — pa()],

where p1(p), p2(v), - - - , Pa(v) are likewise real polynomials in v, then there exists,
for all real values of v, a real orthogonal matrix, say L(v), such that

pl(v) 0 --- 0

0 p(v)-
L'(wM@)L@®) = ) .
0 Pa(v)
Furthermore', dgiv) exists for all real values of v. Since

|[A+9B—=N|=(=1)""""F2 N —a) oo (N —ar) A —08) + -+ (A —18,),

1 A number of years ago, in connection with another problem, the writer sought the as-
sistance of Professor N. H. McCoy for a proof that L(v) is differentiable at » = 0. Pro-
fessor McCoy’s elegant demonstration of the existence of L(v) showed that each element
of this orthogonal matrix is itself a real polynomial in v, divided by the positive square
root of another real polynomial, which polynomial is never negative and which vanishes
for no real value of ». Thus the derivative of L(») exists not only for v = 0 but for all
real values of ». The writer thanks Professor McCoy for his kind and generous assistance.
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then A + vB belongs to the class M(v) so we have

o 0 ... 1)
ar,
v6;

@) L'(v)(A + vB)L(v) =

O cee vﬂr’ PP 0

0 0
In particular,

a 0
) L'(0)AL(0) = ""10

0 0

If we differentiate (2) with respect to » and subsequently set » = 0, we have

0 0

B
@ ZO 410 + vOBLO + r©a%0 '

Brs
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Since L(v) is orthogonal then L’(v)L(v) = I. Upon differentiating both mem-
dL/(0)

bers with respect to v, and subsequently setting v = 0, it is seen that —— - L) =
—L/(0) dL(O) so that L’(0) dL(O) is a skew-symmetrlc matrix, say S. Further
®) WO _ 1) L9 10) = —s100),
dv dv
and, by taking conjugates,
©) O - 10 Z0 1o = 10s.

If we multiply (5) on the right by AL(O) and (6) on the left by I/(0)A, we see
that (4) may be written

0 0
.0
B
W) L'(O)BL(O) = . |l + SL/(0)AL(0) — L’(0)AL(0)S.
Brs
0
0 0

Since S is skew-symmetric and since L/(0)AL(0) is- given by (3), then each
element on the principal diagonal of SL’(0)AL(0) and L'(0)AL(0)S is zero.
Further, since L’(0) BL(0) is symmetric, then L’(0)BL(0) takes the form

0 k 12 e k In
ko O

Bj

Br,

kin 0
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Because the non-zero roots of the characteristic equation of L’(0)BL(0) are §:,
++, Br, then the sum of all two-rowed principal minors of the determinant of
1/(0)BL(0) must equal the sum of the products of 81, - - - , 8., taken two at a
time. That is

2 BiBi = 2 Bifi — =k,

i<J 1<J
so that each k;;, being real, is zero. Accordingly, SL'(0)AL(0) — L'(0)AL(0)S
is a zero matrix and L’(0)BL(0) is given by the first term in the right member
of (7). We then have

L’'(0)AL(0)L/(0)BL(0) = L'(0)ABL(0) = 0,

from which it follows that AB = 0. Thus, if the real symmetric bilinear forms
6; and 6, are independent in the probability sense, the product of their matrices
is zero.

If, conversely, AB = 0, then

o(ti, t) = | I — 2p(bd + 6B) — (1 — P(HA® + £B?) | 7,
= |[I — 24 — (1 — DEAT — 2068 — (1 — DB |,
= o(t1, 0)0(0, &),

and 6 and 6, are independent. This establishes the following theorem.

TaeorEM 1. Let x and y be normally correlated with means zero, unit variances,
and correlation coefficient p. Let 01 and 02 be two real symmetric bilinear forms in n
random pairs of values of x and y, say (x1 , y1), (X2, Y2), - -+ (Tn, Yn). A necessary
and suffictent condition that 6, and 6, be independent in the probability sense is that
the product of the matrices of the forms be zero.

5. Simultaneous reduction of quadratic or bilinear forms. Theargument
of Section 4 may be used to establish in a very simple manner the following
theorem.

TreorEM II. Let A and B be two real symmetric matrices with constant ele-
ments, each matriz of order n. A necessary and sufficient condition that there exist
a real orthogonal matriz of order n such that simultaneously each of L'AL and L'BL
18 1n canonical form, wherein no non-zero elements occupy corresponding positions
on the principal diagonals, is that AB = 0.

For if such an orthogonal matrix L exists, it is evident that L'ALL'BL =
L’ABL = 0 from which it follows that AB = 0. Conversely, if AB = 0, then v
being a real scalar, the matrix (A — N)@B — M) is equal to the matrix
—M(A 4 ¢B) — M]. These matrices being equal, their determinants are
equal so that A + vB belongs to the class M(v) of section 4. Thus L may be
taken as L(0) and simultaneously L’AL and L’BL are of the form stated in the
theorem.

6. Independence of bilinaer and quadratic forms. Let § = ZZa;x;y, be a
real symmetric bilinear form of rank »; in the previously -defined variables
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(x1,91), -+, (@a, ys) and let ¢ = ZZbux;xr be a real symmetric quadratic form
of rank rpin @y, 2y, - -+ , @, . Asusual, denote the non-zero roots of the charac-
. teristic equations of A and Bby oy ,2, +** yar,,and 81,82, - -+ , By, respectively.
The moment generating function of the joint distribution of 6 and ¢ is

1 © ) L) _
oot) = G [ [ o,

where, as previously,

_ 1 2 p)
Q= T =) 25 + yi — 20m;y).
We first orthogonally transform the variables so that the exponent in the inte-
grand becomes, upon writing || fi || = L’BL,

1
tlza,-x;-y; + tgzszkx;w;ﬁ - é-(_l_————'p"’) 2(33;'2 + ?/;‘2 - 2p$;y;)

We then integrate on 41, ¥, - -+ , ¥» and obtain for the exponent in the inte-
grand

1 — 2
LIZfaaian — ¥2x + phZayxy + 5 P Ezaa; .

If we effect on the variables 1 , 3, « - - , Z» the inverse of the orthogonal trans-
formation initially used on the z’s and y’s, the exponent in the integrand becomes,
using || gz || = 4%

1 . 2
t:gEEb,-k XTilp — %Exf + pt122a7-k Xjr + 2 L thEg,-kx,-xk

or
— 32200 — 2pham — (1 — Ptga — 2bbalwiwy
where 3 equals 1 or 0 according as j does or does not equal k. Hence,
(8) o, b) = | I — 2004 — (1 — pBA* — 2B | 7,
If 6 and q are independent, we have
(9) |I— 204 — (1 — p)tA® — 26B |
= |I — 204 — (1 — pPHA*| - |I — 26B |,

for0 <t < hpand 0 < f; < hy. As before, the members of (9) are polynomials
which, being equal for 0 < ¢, &2 < h, are equal for all real values of # and ¢ .
If we put &, = 1 and & = vf; = v, where v is real, then (9) becomes

[I =24 — (1 —p)A" —20B|=|I1—24—(1—p)A"|-|I—2B|

=110 - 6 - el - o+ Dedlln - 208,
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That is,
[204 + (1 — pHA® + 20B — NI |
= (=" 200y — (1~ Pall I — Zpa, — (1 = P
‘N = 208N — 2085,
so that 2p4 + (1 — p")A? + 2vB is a matrix of the class M (v). Hence we write

| 2p20 + (1 — ol iy 0
2pa,, + (1 — pPa},
206,
L'0)[204 + (1 — )A® + 20BIL(v) =
. 208,
. 0
0 0

The argument of section 4 shows that L’(0)[2p4 + (1 — p)A*|L(0)L’(0)2BL(0)
is a zéro matrix, from which it follows that 2pAB + (1 — p°) A’B = 0. But
this imposes on p, n’ conditions of the form

2Pljk + (1 - pz)m,'k = 0, (j, k= ]., 2, ,n).

Since these hold for every —1 < p < 1, they hold identically. Hence each Iz
and mj is zero. In particular, ||l; || = AB = 0if 6 and ¢ are independent.
Conversely, if AB = 0, we see by Theorem II that (8) becomes

elt, ) = o(ty, 0)p(0, 1),

o that 6 and ¢ are independent. This yields Theorem III.

TreorEM III. Let x and y be normally correlated with means zero, unit vari-
ances, and correlation coefficient p. Let 0 be a real symmetric bilinear form in the
n random pairs of values of x and y, say (x1, y1), -+ , (Tw , Yn), and let q be a real
symmetric quadratic form in %1, T2, -+ , T (Or Y1, -+, yu). A necessary and
sufficient condition that 6 and q be independent in the probability sense is that the
product of the matrices of the forms be zero.

For example, let 6 be n times the sample covariance and let ¢ be » times the
square of the mean of the 2’s. Then

0= 2(x; — &)(y; — 7)
= ZZanTYr s



BILINEAR FORMS 573

where
n—1 . .
= P if j=rk,
= — = otherwise,
n )
and

qg=ni = ZZbupxiwe,  bip = 1/n forj,k=1,2,---,n.
Since AB = 0, then 6 and q are independent, a fact otherwise known but perhaps
not so easily established.
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