NOTES
This section 18 devoted to brief research and expository articles and other short items.
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THE SAMPLING DISTRIBUTION OF THE RATIO OF TWO RANGES
FROM INDEPENDENT SAMPLES!

Ricaarp F. Link
University of Oregon

Let us consider a sample of n ordered observations (z; < 2 < -+ < Z,)
drawn from a population with variance ¢*. Let w = (z. — 1)/o. Let us consider
the joint sampling distribution of w, and w, for two samples, not necessarily the
same size, drawn from populations with the same variance. If the two samples
were drawn independently, then the joint sampling distributions of w;, and w;,
may be written as the product of the sampling distributions of w; and w. .

If we make the change of variable r = w,/w. , w. = w, and if w is integrated
over its range of definition, the cumulative distribution of the ratio of two ranges
remains. This may be written as

(6] F(R) = j: dr [e dw-w- ha(w) - ba(wr),

where b, is the pdf for w; and h, is the pdf for w. .

To obtain more explicit results, specific distribution functions may be consid-
ered. The following table gives the sampling distribution of the ratio of two
ranges from independent samples for the indicated density functions f(r). Notice
that for the normal distribution it was possible to obtain results only for some

special cases.
In Table 1 for F(R), w; and w, represent ranges computed from samples of

size n; and 7, respectively.

Notice that formula (1) for F(R) is equivalent to the following expressions
@ Rwga
Pr(w/w: < R) = F(R) = ./; dw: 'L‘ dwy h(w) + h(ws).

The region of integration for the last expression is simply the region in the
wy , w; plane to the right of the line w, = Rw, .
This integration was done numerically. Table 2 gives values of R for all com-
binations of #; and n, < 10 and for & = .005, .01, .025, .05, .10 such that
Pr(w/ws < R) = «

where w; and w, are ranges computed from samples of size n; and n, drawn from

1 This work was done under contract N6onr-218/1v with the Ofﬁce of Naval Research.
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RATIO OF TWO RANGES 113

normal populations with the same variance. It is believed that these values are
correct to within one place in the last reported figure.

These tabled values may be used as critical values for testing the hypothesis
that two independent samples were drawn from normal populations with the
same variance. This test is therefore comparable to the F test. Some sort of

TABLE 1
f(@) F(R) = Pr (w/w; < R)
1 0<z<1 m (n1 4+ Rln1 — 1))
—1) Rt -
0  all other z na(ny — 1) [nl s —2 1+ ng— 1
) R(n1 — 1)
n1 + ng
e 0<z<® n? ne?
0 x—<0 1—(n1—1Dng—1) Z Z (1?4.—2)(7&2.—2)
i=0 =0 i J
) (— l)l'+i
D+;+Q+9DRIAQ+7)
1 _*,3 . 2
\/2_14: —w<z<® m=2 < ng=2 ;tan‘lR

6 R
ny = 2, ng = 3 - tan“ Ry —————
V4 1 3R

™

6 —
ny =3, ng =2 —(tan‘l\/3+4Rz—%)
T 4

ny =3, ng =3

B 27r (2
'/; dr[:—z—;: ;;(u tan~lu — v tan~1v)

1 2
+ ——— (w tan™! w — u tan™! u) + 1—1'71/ tan~! 2ry}]

6r2(1 + 72)

where
u = [3(2 + DI} w = (7 4+ 3)~*
v = (42 + 3)* y = 3+ 4t

measure of the relative performance of these two tests seems desirable. An at-
tempt to measure the performance of this test relative to the F test was made by
comparing the tolerance intervals of the distribution of this ratio with those of
the F test.

The length of the interval containing the central' 1 — 2a proportion of the
distribution of F was compared with a similar length for the distribution of
wy/w, for ny = ny = n. The square of the ratio of these lengths will be called o
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TABLE 2
Pr(’ﬁ‘ < R) = .005
W2

N,
Wl 2 3 4 5 6 7 8 9 10
2 .0078 .0052 .0043 .0039 .0038 .0037 .0036 .0035 .0034
3 .096 .071 059 .054 .051 .048 .045 042 .041
4 21 .16 14 13 12 12 11 A1 .10
5 .30 .24 .22 .20 .19 .18 .18 17 .16
6 .38 .32 .28 .26 .25 .24 . .23 .22 .22
7 44 .38 .34 .32 .30 .29 .28 27 .26
8 .49 .43 .39 36 . .35 .33 .32 .31 .30
9 .54 47 .43 .40 .38 .37 .36 35 .34
10 57 .50 .46 44 42 .40 .39 .38 .37
Pr(‘i‘ < R) = 01
we
Tm= 3 4 5 6 7 8 9 10
m\\
2 .0157 .0105 .0080 .0070 .0068 .0066 .0063 .0062 .0061
3 136° 100 .084 .079 .073 .069 .065 .062 .060
4 .26 .20 .18 17 .16 .15 14 .14 .13
5 .38 .30 .26 .24 .23 .22 21 21 .20
6 .46 .37 .33 .31 .29 .28 27 26 .26
7 .53 43 .39 .36 .34 .33 .32 .31 .30
8 .59 .49 44 41 .39 .37 .36 .35 .34
9 .64 .53 .48 .45 .43 .41 .40 .39 .38
10 68— .57 .52 .49 .46 .45 .43 .42 41
Pr(’ﬁl < R) = 025
W2
\,:'{“\ 2 3 4 5 6 7 8 9 10

.039 .026 .019 .018 .017 .016 .016 .015 .015
217 160 ,137 124 .115 .107 .102 .098 .095
.37 .28 .25 .23 .21 .20 .19 18 .18
.50 .39 .34 .32 .30 .28 27 26 .25
.60 .47 42 .38 .36 .34 .33 32 .31
.68 .54 .48 44 .42 .40 .38 37 .36
.74 .59 .53 49 46 .44 .43 42 41
.79 .64 .57 .53 .50 .48 47 46 44
.83 .68 .61 .57 .54 .52 .50 49 .48

SO PTO U W
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TABLE 2—Continued
Pr(‘i’l < R) = 05
We

5//
/i

4 5 6 7 8 9 10

(V]
w

2 .079 .052 .039 .036 .034 .032 .031 .030 .028
3 31 .23 .20 .18 .16 .15 14 .14 .13
4 .50 .37 .32 .29 .27 .26 .25 .24 .23
5 .62 .49 .42 .40 .36 .35 .33 32 .31
6 74 .57 .50 .46 .43 .41 .40 .38 .37
7 .80 .64 .57 .52 .49 47 .45 .44 .43
8 .86 .70 .62 .57 .54 .51 .50 .48 47
9 91 .75 .67 .61 .58 .55 .53 .52 .51
10 .95 .80 .70 .65 .61 .59 .57 . .55 .54
Pr(ﬂl < R) = .10
We
Tam= g 3 4 5 6 7 8 9 10
n \\
2 .158 .105 077 074 .069 .066 .062 .059 .056
3 .46 .33 .28 .25 .23 .22 .21 .20 .19
4 .67 .49 .42 .38 .36 .34 .32 31 .30
5 .84 .62 .53 .48 .45 .43 .41 .39 .38
6 .97 72 .62 .56 .52 .50 .48 .46 .45
7 1.07 .80 .69 .63 .59 .56 .54 .52 .50
8 1.15 .87 .75 .68 .64 .61 .58 .56 .54
9 1.21 .92 .80 .73 .68 .65 .62 .60 .58
10 [1.26 .98 8 .77 72 .68 .66 .64 .62
TABLE 3
n Relative precision of the range as an »
estimate of o

2 1.00 1.00

3 .99 .99

4 .98 .97

5 .96 .95

6 .93 .92

7 91 .90

8 .89 .89

9 .87 .88

10 .85 .86
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For statistics having normal sampling distributions such a ratio would be in-
dependent of a and would be equivalent to the ratio of the variances of these
sampling distributions. It was found that 6% is independent of & except for a
maximum change of 1 in the second decimal for the values of « = .005, .01,
025, .05, .10. These values of 6° are presented in Table 3 along with the relative
precision of the range as an estimate of ¢ as given by Mosteller [1].

It is interesting to note that §” corresponds very closely to the relative precision
of the range as an estimate of o.
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A NOTE ON THE ESTIMATION OF A DISTRIBUTION FUNCTION BY
CONFIDENCE LIMITS

By Frank J. MassEy, Jr.
University of Oregon

Let F(z) be the continuous cumulative distribution function of a random
variable X, and let z; < z; < 3 < --- <z, be the results of n independent
observations on X arranged in order of size. We wish to estimate F(z) by means
of the band S,(r) == A/\/n where S,(z) is defined by

0 ifz<um,
Sux) = k/nifx, < 2 < Tpga1,
1 ifz>z,.

Thus we wish to know the probability, say P,(\), that the band is such that
A A
Sa(z) — 7; < F(z) < Su(z) + v for all z. This problem has been pre-

viously studied [1] [2] [3] [4] [5] and a limiting distribution has been obtained
[1] [4] [5] and tabled [3] [4]. However apparently no error terms for the limit-
ing distribution, or practical methods of obtaining P,(\) have been given. Such

a method is given here.
It has been shown [2] that P,(\) is independent of F(x) provided only that
F(z) is continuous, and thus it is sufficient to consider only the case

0ifz <0, ‘
Fg)=2if0<2<1,
lifz > 1.

We will find the probability that S.(z) falls wholly in the band F(x) = k/n
(here X = k/+/n) where k is an integer or a rational number, and intermediate
values may be obtained by interpolation. To illustrate the method we shall
assume that k& is an integer.



