A MEASURE OF ASYMPTOTIC EFFICIENCY FOR TESTS OF A
HYPOTHESIS BASED ON THE SUM OF OBSERVATIONS!

.

By HErMAN CHERNOFF
Unaversity of Illinois and Stanford University

1. Summary. In many cases an optimum or computationally convenient test
of a simple hypothesis H, against a simple alternative H; may be given in the
following form. Reject Hy if S, = D7y X; < k, where X1, X,, -+, X, are n
independent observations of a chance variable X whose distribution depends
on the true hypothesis and where % is some appropriate number. In particular
the likelihood ratio test for fixed sample size can be reduced to this form. It is
shown that with each test of the above form there is associated an index p. If
p1 and p; are the indices corresponding to two alternative tests ¢ = log p1/log p;
measures the relative efficiency of these tests in the following sense. For large
samples, a sample of size n with the first test will give about the same proba-
bilities of error as a sample of size en with the second test.

To obtain the above result, use is made of the fact that P(S, < na) behaves
roughly like m™ where m is the minimum value assumed by the moment gen-
erating function of X — a.

It is shown that if H, and H, specify probability distributions of X which are
very close to each other, one may approximate p by assuming that X is nor-
mally distributed.

2. Introduction. The problem of the efficiency of a test is of relevance to statis-
ticians who are faced with either of the following two problems. The first problem
is that of the design of an experiment. The second problem is that of deciding
which test combines computational feasibility and efficiency per observation.
The measure of efficiency with which we shall deal is especially relevant to
problems which involve large samples whose size is determined by the experi-
menter.

The motivation for the results of this paper may be seen by considering the
following simple example. Suppose that under the hypothesis H;,

(2.1) : PX =1) = p,

P(X=0)=1—p,, ’i=0,1, p1>po.
Then the likelihood ratio test reduces to that of rejecting Hy if S, = X i X;
exceeds some number k. If n = 400, po = 4, p; = .5, and k = 180, one may re-
liably proceed to compute the probabilities of error by using the normal approx-

imation to the distribution of S,. On the other hand, if n is very large, (say,
1,000,000) the difference between the means of S, under H, and H, is so large

1 This paper was prepared with the support of the Office of Naval Research.
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494 HERMAN CHERNOFF

compared to the standard deviation of S, (ratio of 200) that the probabilities
to be computed correspond to the extreme tails of the distributions of S, and
the normal approximation is inapplicable. We note that this objection would
not be serious for n = 1,000,000 if p, were very close to p; (say, po = .499) for
then '

(npr — npo)/ \/7@ = '\/7—7:(171 - Po)/ \/ZT% = 2.

This situation immediately gives rise to the question of what is the behaviour
of the probability distribution of S, in the tails of its distribution. This question
was treated by H. Cramér [1] and is considered in Section 3 where Theorem 1
states that if ¢ < FE(X), P(S, < na) is roughly like m" where m is the minimum
value assumed by the moment generating function of X — a. In Section 4 this
result is applied to obtain a theorem which states the following result: If k is
selected to minimize 8 4+ Na where \ is some given positive number and a =
P(S, > k| Ho) and B = P(S. £ k| H,) are the probabilities of error, the mini-
mum value of 8 4+ Aa behaves roughly like p", where p does not depend on A.
Now the notion of efficiency is immediately suggested by the equation

(2.2) o1t = pgt

We may note that in the above example, one may be justified in using the
normal approximation to the distribution of S, for relatively large n if p1 — po
is small. This tends to suggest that, if the hypotheses H, and H; are very “close”
to each other, p may be approximated by assuming X to be normally distributed.
This conjecture is in fact borne out by the theorems of Section 5.

3. The distribution of S, in the tails. In this section we shall discuss the distri-
bution in the tails of the sum of » independent observations on a chance variable
X. Excellent results on this problem were obtained by H. Cramér [1] under the
conditions that the moment generating function M(¢) of X exists (finite) for
some interval —A4 < ¢ < A, and that the cumulative distribution function of
the chance variables have an absolutely continuous component. This latter con-
dition is not satisfied by discrete distributions. This condition was imposed in
order to apply a bound on the error of the normal approximation to the dis-
tribution of a sum of chance variables. C. G. Esseen [2] obtained this bound
using only the (finite) existence of third order moments. For the case in which
we are interested (i.e., P(S, = na)), the former condition may also be relaxed
so that M (¢) exists (finite) for —4 <t < 0if a < E(X).

Since the results of Cramér are extremely more powerful that we require
here and the (finite) existence of third order moments is not necessary for the
results that we desire, we shall state and briefly outline a proof of Theorem 1.
Before doing this we shall first formally state some notation and lemmas which
we shall use throughout this paper. These lemmas state known results which are
rather obvious, depending mainly on Lebesgue’s Theorem on integration of
‘monotone sequences [3].
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NoratioN 1. S, s the sum of n tndependent observations Xy, Xo, -+, X, on
a chance variable X with moment generating function M) = E(e'*) and cumula-
tie distribution function F(x) = P(X =< x). Let

(3.1) m(a) = inf E(e'(x"")) = inf e M (¢)

(infimum with respect to real values of t).
Unless otherwise specified we shall say that an expectation exists if it ¢s 4+ or
if it is — . We shall say that E(g(X)) fails to exist ¢f both

f g@) dF(x) = — and f g() dF (z) =
g(z) <0 g(@)>0

We shall denote by f() the limit of f(x) as x approachés .
LemMa 1. M () attains its minimum value m(0). This value is attained for
finite t unless P(X > 0) = 0 or P(X < 0) = 0. In that event m(0) = P(X = 0).
Lemma 2. If P(X £ 0) > 0 and P(X = 0) > 0, then m(0) > 0.
LemMa 3. For all t in the interior of the interval of finite existence of M (t)

3.2) ‘%'-f = [ we*ar@
and

2 0
(3.3) %’f = [ 2%"dF@) = 0.

2

Furthermore, dd_i_ﬂf = 04if and only if P(X = 0) =

LemMA 4. If wi(®), ue(®), -+, ua(t), - -+ 2s @ nondecreasing sequence of func-
tions continuous in the closed interval [a, b],

(34) lim [inf %,()] = inf [lim u,()].

n—o a<t<b ast<b n—ooo

This statement applies to the extended case where u,(f) may take on the value
o and to the case where ¢ = — « providing u.(— ) = lim wu,(f).

Tporm 1. [f E(X) > — anda S B(X), then
(3.5) : P(S, < na) £ [m(a)]™.
If EX) < 4+ and a = E(X), then
(3.6) P(S, z na) < [m(a)]".
If 0 < ¢ < m(a) (E(X) need not exist),

(m(@) — " _
@) o P, 20
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and
. (m(a) — " _
(3.8) o P = )

Proor. We present here a brief sketch of a proof of Theorem 1. We note first
that it suffices to prove (3.5) for a = 0 < E(X), and (3.7) for @ = 0. Using the
extended Tchebycheff inequality [4]

(3.9) E@E®™ = [M@®)]" = P[S. £ 0] fort < 0.
Hence
(3.10) P[S, £ 0] = [ting M@

But ¢ = F(X) implies that
(3.11) inf M() = inf M(£) = m(0).
t<0

To establish equation (3.7) we note that it is sufficient to treat the case a = 0.
Then we see that the cases where P(X > 0) = 0 and where P(X < 0) = 0 are
trivial. Hereafter we shall assume that P(X > 0) > 0 and P(X < 0) > 0.

We shall now treat the discrete (but not necessarily bounded) case where

PX=2)=p;>0,2=1,2,---.Given ¢ > 0, one may select an integer r
so that
(3.12) min (1,22, -+, %) <0 < max (&, %2, *** , Z)
and
(3.13) inf {Z e”‘p,-} > inf {Z e"‘pi} - 5
i=1 =1
In fact, let

(3.14) m* = D e""ip; = inf {Z e"‘pi}.
=1

=1

For this discrete case it now suffices to show that for sufficiently large n there

are r positive integers n;, ny, - - -, n, such that
(3.15) ' 2ni=mn,

=1
(3.16) 2 nix <0,

i=1

ny, _ng

_ nlpi'p:t - pt «_ )
(3.17) Plu,ne, ooymd = = o >\ T g)
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For large n:, n2, + -+, n, (not necessarily integers) Stirling’s Formula gives us
L np; i 1

(3.18) P(ny,ma, -+, np) %{g(—;}) } C R

Now '

(3.19) Quu,m, ooy m) = 1T (’%)

can be shown by the method of Lagrange multipliers to attain a maximum of
(m*)™ subject to the restrictions

(3.20) >oni =,
1=1

(3.21) Z nix; = 0,

=1
(3.22) n; > 0, 1=1,2, -,
and the maximizing values of n;, ny, - -+, n, are
(3.23) n{ = npe"™ /m*.
Assuming that z; < z; for 7 < r, we let
(3.24) nd = [n{), 2<i=<m
(3.25) ni’ =n — 2 nf’,

=2

where [n{"] represents the greatest integer less than or equal to n{”. Then for
large n, the n'" are large positive integers adding up to n for which

1
Dianiz; £ 0

and
(3.26) Qn{'ns?, -+, n) = (%)r (m*)"
and
(827 Pn®,nd, oo n) = (72;2/7;?—; 2 (m* - 5)"’
which was to be shown.
We shall now treat the general case. Let
x0=ti o laxsl i= e, =1,0,1,

(3.28)
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If 8% represents the sum of the X for n independent observations

(3.29) P(S, £0) = P(8Y < 0)
and .
(3.30) MO®) = BEE*) = " m ().

Since P(X > 0) > 0and P(X < 0) > 0, M(¢) attains its minimum for a finite
value of ¢ and hence there is an s sufficiently large so that

(3.31) inf (M@ (%)} = inf (M)} — Ze

Our theorem follows from the result for the discrete case and equation (3.29).

4. The measure of asymptotic efficiency. In this section some elementary
monotonicity and continuity properties of m(a) are obtained. These properties
are then used to obtain an index p for a test. This index has the property that
if k& is chosen to minimize

(4.1) B+ha = P[S, = k| Hi] + \P[S, > k | H,

the minimum value of 8 + Aa is roughly about . Furthermore, p is independent

of . From this it is easily seen that if p; and p; are the indices of two tests,

log p1/log ps is an appropriate measure of the relative efficiency of these tests.
NoratioN 2. Let a, be defined by

(4.2) PX<a)=0
and
(4.3) PX<a+e¢>0 for every e > 0.

Let t(a) be given by
(4.4) m(a) = ¢ “M[i(a)).

Note that Lemma 1 implies that {(a) exists and that Lemma 3 implies that
t(a) is unique unless P(X = a) = 1.

Lemma 5. If E(X) > — o and M(f) = « fort < 0, then t(a) = 0 and m(a) =
1 for a £ EX).

Proor. From the proof of (3.5), it follows that ¢(a) < 0 for ¢ < E(X). Lemma
5 follows immediately.

LemMA 6. If M(t) < « for somet < 0, then E(x) > — . Furthermore,

(4.5) m(a) = 0, a < a,
(4.6) m(a,) = P(X = a,),

and

(4.7) mlE(X)] = 1.

Also, m(a) 1s continuous and strictly monotone increasing for a, = a = E(X).
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Proor. That E(X) exists (finite) or is + o is apparent. Fora < a,and ¢ < 0,

4.8) [ e ar@) < oo

Hence m(a) = 0. Now we note tilat if @, is finite

(4.9) P(X=a) < f = 4P (),

(4.10) lim e’ dF(@x) = P(X = a.)
¢t — —00 V—oo

and hence m(a,) = P(X = a,). If g, = — 0,

(4.11) lim f ¢ qF(x) = 0, <0,
so that lim m(a) = 0. Now we note that

N ®
(4.12) lim & ™ M) = f @ — a) dF ().

t—0— — o0

Since (d*/dt)[e”*'M (t)] > 0, unless P(X = a) = 1 in which case Lemma 6 is
valid, it follows that ¢(a) < 0 for a < E(X) and ¢(a) = 0 for ¢ = E(X). Hence
m[E(X)] = 1, and m(a) < 1 for a < E(X).

We shall now show that for a, < a < E(X), {(a) is finite and a non-decreasing
function of a, while m(a) is strictly increasing for a, = a < E(X). The finiteness
of t(a) follows from

(4.13) f ¢ dF(x) = P(X < a — ee
fort < 0, ¢ > 0. Therefore,

(4.14) ma —h) < f MO GP(2) < ma), h> 0,

—0

and furthermore

(4.15) : f eV dF(z) = f @@=t gp (%)

—00

for ¢ > t(a), h > 0.

It suffices now to show that m(a) is continuous on the right for ¢ < E(X)
and continuous on the left for a, < a £ E(X). Given ¢ < E(X) and ¢ > 0,
there is a finite ¢’ so that

- (4.16) f“ e!"“ ™ dF(2) < m(a) + e,

—00
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(4.17) lim m(a + &) £ lim ¢! R (x)
h—0+ h—04 J—o0
< m(a) + e

Given a so that a, < a < E(X),*there is an by > 0 so that @, < @ — h; . For
tla — b)) St £ ia), f ¢!t gF(z) converges uniformly to f "™ dF (x)

as h — 0+. Hence lim m(a — h) = m(a).
h—04

NorarioN 3. Hy and H; are two hypotheses which specify the distribution of X
so that wy = E(X | Hy) £ wm = E(X | Hy). For each value of a we consider a test
which consists of rejecting Hy if S, > na. Let a = P(S, > na|H), 8 =
P(S, = na| H;) and \ be any (finite) positive number given in advance. Let

(4.18) p(a) = max [mo(a), my(a)],
where
(4.19) my(a) = inf E("*™ | H)), i=0,1.
Furthermore, let us define the index of the test determined by X by
(4.20) p= inf p(a).
Ko S esm

We note that in the event that it is desired to use a test where we reject Hy if
S. = na, one may replace X by —X and interchange H, and H; . The value of
p is not affe¢ted by this transformation.

The customary procedure of minimizing 8 for a fixed value of « does not seem
very appropriate when the sample size approaches infinity. We shall instead
deal with test which minimize 8 4+ Aa for some fixed value of \, 0 < X < o0,
Such a test is a “Bayes Solution” corresponding to some a priori probability of
H, which depends on A. The study of Bayes Solutions may here be justified on
grounds not involving any belief in a priori probabilities. In particular, if it is
desired to minimize some function F(a, 8) for large samples and neither 9F/dc
nor 9F/9B vanish at « = B8 = 0, the minimizing test will correspond to a
aF(0,0) /oF(0,0)

Bayes Solution where N is close to

as da
THEOREM 2. Given e and N, ¢ > 0 and 0 < N < o, then
@421) lim {inf 8 + Aa)/(p + e)"} =0
and if 0 < e < p
(4.22) lim {inf B+ N)/(p — e)"} = .

Proovr. There is a value ao of @ so that p(as) < p + ¢/2. Applying Theorem 1,
. equation (4.21) follows immediately. Now we note that
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(4.23) B = P(S, £ na|H) = P(S: £ nay | Hy), a = a,
(4.24) inf (8 4+ Na) = P(S, < nay | Hy)

azag
(4.25) a = P(8, > na | Hy) = P(S. = na, [Hy), a<a,
(4.26) inf (8 + Aa) = AP(S. = na, | Ho).

a<ay

Theorem 1 gives us our result as soon as we show the existence of an a, in
[0 , wi] so that both mg(az) = p and mi(as) = p. To this end we consider

(4.27) F={ama)=pm=a= wml.

The set F is not empty because mi(u1) = 1 = p. Let a2 = ¢. l. b. F. By contin-
uity on the right m;(a;) = p. Also mi(a) < p for a < a;. Hence my(a) = p if
w = a < ay. Since my(a) is continuous on the left for a > wuo, mo(az) = p if
as > uo . Furthermore, if a2 = up, mo(az) = 1 = p.

NotaTioN 4. Let p1 and p; represent the indices of two tests Ty and T, respec-
tively. We define the asymptotic relative effictency of T to T» by

(4.28) e = log pi/log ps,
where e is undefined if pr = ps = 1. For test T'; , n; vs the sample size and
(4.29) \ vi = inf (8 + Na)

s a function of n; and \.
The appropriateness of the use of e as a measure of efficiency derives from the
following theorem, which is an immediate consequence of Theorem 2.
TuaeoreM 3. If lim T < e(>e), then lim n_ o (=0).

71, No—r0 n ny,ng—e Y2

Note that e does not depend on A.

5. Some examples. In this section we shall determine the behaviour of m(a)

and p for a few simple examples.
Exampre 1. Let X be normally distributed with mean p; and variance oF

under hypothesis H;, 7 = 0, 1(uo < w1). Then

(5-1) . e M, (t) = Qi ttleie?

(52) mi(@) = eI,

(5-3) p=0p <M> — e—%((m—uo)/(q-wo))z.
o1+ a0

Of course this index applies to a test which is not the likelihood ratio test unless
o1 = 9. The computational problem in obtaining the index of the likelihood
ratio test is considerable. However, the results in Section 6 may be easily ap-
plied to the likelihood ratio test if uy — wo and o1 — oo are small.
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ExampLE 2. Let X/o? have a chi-square distribution with r degrees of freedom
under hypothesis H;, 2 = 0, 1(s5 < o). Then

(5.4) M () = (1 — 207 7

. . 2
(5.5) log m; (@) = —% [;% + r log % - r:l,
(5.6) logp = —%r[6 — 1 — log dl,
where
5.7) 8 = (log 7)/(r — 1),
(5.8) T = obfo].

Note that as 7 approaches 1, log p = —r(r — 1)*/16.
ExampLi 3. Let X have the binomial distribution so that
(5.9) P(X =j| H) = Gplg'7,
g = l_pi7 i=0’1’ .7 =0,1, e ,7'(270<P1)-

Then

(5.10) M) = ¢ (pie’ + ),

(5.11) log mi(a) = (r — a) log [rge/(r — a)] + a log [rpo/al,
(5.12) log p = 7{(1 — ¢) log [g0/(1 = ¢)] + ¢ log [po/cl},
where

(5.13) 7 log (qo/lqoﬁ Ef{g‘g) DM

Note that as p; approaches po , log p = —r(p1 — p0)*/Speo -

6. Normality approximation. In this section we shall develop some results con-
cerning the conjecture made in the introduction, that if the hypotheses H, and
H, are very close to one another one may approximate p by assuming that X
is normally distributed. To this end we shall first investigate more closely the
behaviour of m(a) and i(a).

Noratiox 5. Let N(f) = E(Xe'™) and P(t) = E(X’¢'™). Let

‘ to = glb{t:M(t) < o}

and if ty < O let
(6.1) a = inf N@O/M(®).

t,< t<0

Note that if E(X) > — =, a. < E(X) except in the case where P(X = a.) = 1.
 Furthermore, if @, > — «, then {; = — o,
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LeMMA 7. If M(t) < o for somet < 0, and a, < E(X), then for ay < a < E(X)

(6.2) a = N((a))/M(t(a)),
dllog m(a)] _
(6.3) T da - t(a),
dt(a) _ M(2)?
(64) da ~ MOPE) = N(t)?lt-t@ > 0.

If in addition u = E(X) and * = E[(X — u)’] are finite, then (6.2), (6.3), and
(6.4) hold for ay < a = E(X), giving

(6.5) Zi% [log m(a)] s 0
and

dt(a) _ 2
(6.6) o — = 1/c".

Proor. Suppose that &, < ¢ < 0. Using Lemma 3, there is a unique a so that
t = t(a) and this value of a is obtained by

6.7) Z—t[e_‘" M@®] = f_ : (x — a)e'“™@ dF(x) = 0

and is given by
(6.8) a = N@G)/M{).
Considering a as a function of ¢ we may differentiate

da _ M@)P@) — N(@®)*
at M(E)? :

Applying Schwarz’ Inequality, the numerator is at least zero. It can vanish
only if Xe** and ¢** are proportional with probability one. This can occur
only if P[X = a, = 1. This case is excluded by the hypothesis a, < E(X).
Hence (da/dt) > 0. Furthermore, as ¢ — 0, a — E(X). Hence as ¢ varies over
(t, 0) a ranges continuously (and monotonically) over (ao, E(X)). Equations
(6.2) and (6.4) are immediately valid. Equation (6.3) is obtained by differen-
tiating with respect to a, m(a) = E("“*™®). Equations (6.5) and (6.6) follow
from the Lébesque Convergence Theorem [3] and the fact that if f(x) is con-
tinuous at x = a, and f’(x) — b as ¢ — a, then f'(a) = b.

If »,and » are any two probability measures defined on the same Borel Field,
we may introduce the measure v = (¥ + »1)/2. A consequence of the Radon-
Nikodym Theorem [3] is the existence of two densities fo and f; (unique except
possibly on a set of » measure zero) so that

(6.10) v (B) = f £1@) dv @) i=0, 1.

(6.9)
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Hence, except on a set of » measure zero, at least one of fy(z) and fi(x) are non-
zero, and the log of the likelihood may be defined by log fi(x) — log fo(x).
NortaTiON 6. The outcome of an experiment ts denoted by Y and has a proba-
bility distribution given by equation (6.10) under hypothesis H;. When an inte-
gration sign is unaccompanied by a region of integration it is to be understood that
the region is the set of all possible values of Y. We shall deal with a chance variable
X which is a function of Y. In particular the log of the likelihood ratio is defined

by log f1(Y) — log fo(Y).

(6.11) M.@t) = E(* | H)),
(6.12) Nit) = E(Xe™ | H)),
(6.13) Pit) = E(X%'* | H,).

We use mi(a) and t;(a) to represent the functions m(a) and t(a) under hypothesis
H;.
Lemma 8. If X s the log of the likelihood ratio, X # 0, and X <s finite with
probability one, then

(6.14) Mi(t) = Mo(t + 1), Ni(®) = No(t + 1).
As a varies from g to w1 , t(a) varies continuously from 0 to 1 and
(6.15) l(a) = t(a) + 1,
(6.16) p = inf M,().

[ P42

Proor. We note that
(617) o= [ [f* (’”]'f* (@) ¢ (@) do(z) = Mot + 1)

fo@) ] fo(x)
and
- f (z) fi (23) t]:l_(f) , -
019 30 = [1og[ 2O LETLE 1) b = o+ 1,
It is evident that
(6.19) Mo(O) = Mo(l) = Ml(O) = Ml(—l) = 1.
It follows that No(¢) is finite for 0 < ¢ < 1, that w1 > 0, po < 0, and
(6.20) tllI(I)l_ Ni(®) = N:(0) = m,
(621) lim Ny (t) = Ni(— 1) = .
to—14

Applying Lemma 7, we find that as a varies from u to p1, ti(a) varies con-
tinuously and (strictly) monotonically from —1 to 0. Similarly, #(a) varies from
0 to 1. Applying equations (6.2), (6.17), and (6.18)

Nolti(a) + 1] _ Nolto (a)]
Molt:(a) + 1] Mot (a)]

Equation (6.15) follows.

=aforu <a <.

(6.22)
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Since ¢ *"*“ My(ts(a)) and ¢ **“M,(t1(a)) are both equal and continuous at
a = 0, the monotonicity properties of Lemma 5 show that

(6.23) p = M (% (0) = m(0) = m (0) = 0<'11t1£1Mo @,
(624) o= inf [1AG@IHEI b ().
[P

We are interested in likelihood ratio tests for which us + o is very small.
The following theorem applies to certain classes of tests. In this theorem we are
interested in classes of tests where the log of the likelihood ratio has finite means.
Hence the restriction of Lemma 8 that X is finite with probability one is auto-
matically satisfied. However the case where X may assume the values + « or
— o with positive probability is of some interest. For this case the above sort
of reasoning applies except that all integrals must be taken over the set,

G = {z:— o <logfi(zr) — log fo(x) < «}.

After the necessary modifications are made, it is seen that (6.24) is valid in

general.
THEOREM 4. If, for a class C of likelihood ratio tests,
(6.25) Mo®) = 1+ pot + (uo + 00)/2 + olus + o), 0<t<1,
Mi) = 1+ mt + (i + oDY/2 + o(us +03), —1<t<0,
then
(6.26) m = 03/2 + o(a3),
wo = —ao/2 + o(a1),
o1 = 0o + o(od),
and
(6.27) p = e & o(d),

p = " + o(u),

2

—3[(11—p0)/ (71+v0)]1? M1 — Mo

=e +o|——
? [61 + 0’0] ’

Proor. Part 1.
(6.28) Mt — 1) = My(@), 0<t<l1,

(6.29) [m - A ‘2" "‘] + o — p) + (ui + oD

2
+ 5 b+ b — ui — ol = olui + o).
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Hence
pi + of = po + o0 + o(us + o3),
(6.30) m= vz/ 2+ 0(#;2) + GE),
mo = a1/2 + o(uo + 00),

ot = a0 + o(ui + o).
Equations 6.26 follow immediately.
Part 2. By Lemma 8, p = inf M,(t). Minimizing the quadratic approxima-
<<l

tion we obtain
(6.31) p=1-— m + o(us + 00).

Applying the results of Part 1, Part 2 follows immediately.
We may also be interested in tests of the form

&=E&Sh
I=
where X is a less efficient statistic than the log of the likelihood ratio. Here
again, given a class of tests, we may investigate the behaviour of p as the hy-
potheses get ‘“‘close” together. For some such classes we state the following
theorem.

TuaeoreM 5. If, for a class C* of tests,

(631) 2%@ _ 4 o)
da
asu — m—>0forp < a<wm,?=0,1, then
(632) p = —}[(M1-'ﬂo)/(v1+-ro)]2 +o0 (l‘l - >
o1+ oo
Proor.

log mo(a) = :92_2:—#0)2 [;12 + o<

1
2
ao
—(a — w1 1
log ml(a) = _..(_ai.__’il_)- I:—‘é + 0 <-—§>:l.
g1 g1

Equating the main terms, one obtains

2
(6.34) logp = — l("‘l - "0) +0 (ﬂl uo) .
g1 + go g1 — 0o
It may be seen that the corresponding value of a satisfies a = (owo + oour)/

(o1 + 07). Finally we note that equation (6.4) is useful in checking the applica-
bility of Theorera 5.

(6.33)
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7. Measures of information and divergence. In Section 4 the measure of effi-
ciency e, was defined so that n observations for one test is equivalent to en obser-
vations for the second test (equivalent from the point of view of the criterion we
used). It is evident that it would have been appropriate to use the following
equation

(7.1) I(X) = —log p

to indicate that —log p may be used as a measure of the information per obser-
vation for a test based on sums of observations on X. (Here X denotes the two
specified chance variables associated with Hy and H, , respectively.) In addition
we may have written

1) D) = —tog[ int [ L@ o) ]

to indicate that —Ilog p for the likelihood ratio test may be used as a measure
of the divergence between the two distributions associated with Y. Let (Y1, Y2)
represent an observation consisting of independent observations on Y; and Y,
respectively. Then it is easy to see from equation (6.24) that

(7.3) D(Y:1,Y,) £ DY) + D(Y»)
and
(7.4) D(Y,Y) = 2D(Y)

A measure of divergence used by Kullback and Leibler [5, 6], yields equality in
the relation (7.3). The measure (7.2) and that used by Kullback and Leibler
are basically two different functionals on the curve relating the type 1 and
type 2 errors for likelihood ratio tests.
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