A NOTE ON MULTIPLE INDEPENDENCE UNDER MULTI-
VARIATE NORMAL LINEAR MODELS

By V. P. BHAPKAR

University of North Carolina

1. Introduction. S. N. Roy and Bargmann [3] used S. N. Roy’s union-inter-
section method as the basis for providing tests and confidence intervals in the
following cases:

1) y, = (.7/1, B yp) ~ N(U,) E), Ho:d'ij = 071’ ?5-7
ii) y' ~ N(y, Z), but y’ is partitioned into % sets or blocks or sizes p; , - - - ,
pr. HytZi; = 0, ¢ 5% j, where Z,; is the covariance matrix between blocks
7 and j.
J. Roy [1] considered the following additional cases:
i) Yin X D, (Y1is s Yoi) ~ N(—, 2),i=1--- »n, BY = A8.
A:n X m has rank r £ n — p and is known, 0 is unknown. Let ® = Bg
be estimable, B:t X m. H,:® = 0.
iv) (51, -+, ¥) ~ N, Z). H,:Z = 3, (specified).
V) (Y1, 00, Yp) ~ N, Z1), (&1, --- » Tp) ~ N(V, 22), HitZy = 2.

In this note we shall consider the following modification of (iii):
Vl) Yin X D, (y1f7 Tty ym') ~ N(—’ 2)’.7 = 1’ ccc, o, EY = A6 (as in
(iii)). H,t0455 = 0, ¢ # j.

2. Step-down procedure to test H, in (vi). In the notation of [1], denote the
ith columns of the matrices ¥ and 6 by y, and 0; respectively and write

Ys‘=[Y1,"',Yi], 0i=[017"°)0i]

and 2= (O'jk),j,k = 1, ,7;.
If Y is fixed, the n elements of y, are distributed independently and normally
with the same variance ¢7,; and expectations given by

(1) E(y,-+1| Yi) = Am+1 + Yz'@i ,
where B/:1 X 1 is the row vector,
(2) Bi = (oninn; 5 0iin) 57,

and n;41:m X 1 is the column vector given by
(3) ﬂi+1=0i+1—0i§£, 7:=1,"’,p_1-

We note that H, is true if and only if the hypothesis H;:3; = 0 holds for all
t=1,--+,p — 1. Now the elements of the vectors §; and n.,; may be regarded
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as unknown parameters, and hence, when Y is fixed, the hypothesis H,:3; = 0
is a linear hypothesis in univariate analysis with the linear model given by (1).
We observe that rank ¥; = 7, a.e. and rank (A:Y;) = r + ¢, a.e. Hence
8: is estimable and the hypothesis H; is testable. Let §; be the Gauss-Markov
estimator of §; in the conditional set-up. Denote the variance-covariance matrix
of @i by o341C; where C;:¢ X 1 is a positive-definite matrix. Let sj/n — » — 4
denote the usual error mean square giving an unbiased estimator of ¢34, . Then,
as in [1],
i @i),C:l(Gi —8:)/i

Hon—r—1
has the F distribution with ¢ and n — r — 4 degrees of freedom.

Thus the conditional distribution of F;, given Y, does not involve Y;.and
hence does not involve Fy, ---, F;, . Therefore, the statistics Fy, ---, Fp,
have independent F distributions with degrees of freedom ¢ and n — r — ¢,
2 =1,---,p — 1 respectively.

For a preassigned constant o;, 0 < a; < 1, let f; denote the upper 100 «;
percent point of the F distribution with ¢ and n — r — 7 degrees of freedom.
Then the probability that simultaneously

(5) Fiéfi, i=1)""p_1’

(4:) FZE(@ i=1’...’p_1’

is equal to [[25 (1 — a).
Since H, <> H;:3; = 0,7 = 1, ---, p — 1, we utilize (4) and propose the

following test procedure for H,:
Accept H, , if

A —1A /.
(6) “"st%—C}*_E/iiéf" forall i =1,--+,p — 1;

otherwise reject H, .
To carry out the test one should first compute %, . If w; > fi, H, is rejected.
If w £ fi, ug is computed. If uy > f2, H, is rejected. If us < fo, us is computed

and so on. The level of significance for this test is obviously 1 — [[25' (1 — ).
One possibility is to choose a4 = -+ = ap_1. We prefer choosing a’s so that

fi = -+ = fp1, for reasons discussed in {3].

3. Confidence bounds associated with the test.

Now from (4), F; < fi= (@,- - @i)'(ﬁi — Bi) = Nmax (C)l3s} where I} =
if:./(n — r — ©) and Apax (C;) is the maximum characteristic root of C; . Hence,
in view of (5), with a probability greater than [[?Z' (1 — as),

7) (8: — 8:)'(B: — B:) = Nnax (Colist, t=1,---,p— 1L
Now (7) implies
(8) a:‘éi — LisNe (Ci) = a:’@i = a:@z + LisiNiae (C5)
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for all non-null a;% X 1 such that a;a; = 1, ({ = 1, ---, p — 1). This again
implies

AlA

(9) (8:8)™ — Lsahid (C) = (8/8:)™”
< (880" 4 Lshiac (C)), =1, ,p— 1.

Thus (9) holds with probability greater than [[25' (1 — ). We may ob-
tain partial statements by choosing some elements of a; in (8) to be zero. Thus
we have the simultaneous confidence bounds given by (9) for all possible sub-
sets of B; forallz = 1, ---, p — 1 with the confidence coefficient greater than

p—1

=1 (1 - OL.').

4. Remarks.
(a) It will be easily seen that when Y represents a random sample of size n
from N(w, Z), (1) takes the form

E(Worw | Vi) = pin + j_ZlBiJ'(yik — ki),
where ¥ = (ya, -+, ¥m) and §i = (Ba,+++,Bu), 6 =1,---,p — L

If we write sij = D i1 (Yo — 3) (yie — §5) and Ss = (sp), J, b =1, -+, 4,
then it is well-known that

Sit1,1
g =S| =b;, C; = S
Sit1,q

and
2 -1
8i = Sitin — (Sirna 5 v 5 8i1,a)Si (Sigra ;o0 5 Sirni)’s
so that
’ . 2 .
o b«;S,‘ bi/’b _ Tit1.1,..4,4 n—1-—1
‘ 83/"’!; —-1—17 1-— 7'%.'.1.1'...,; 7 ’

where 7,41.1,...,; denotes the multiple correlation coefficient of (z 4+ 1) with
(1, ---, %), thus giving as a special case the test procedure already obtained
in [3]. This is, of course, as it should be.

(b) In this model, as in (iii), it is of interest to investigate whether the test
of the usual multivariate linear hypothesis of the type

(10) , Ho:® = B = 0,

where & is estimable, and the above test of independence are quasi-independent
(see e.g. Roy [2]). As shown in [1], the step-down test procedure for (10) gives,
when \Y.~ is fixed,

(1].) F: = (;l;"“"l - ¢i+l)’D:~}l-1($i+1 - ¢i+l)/t

si/n—r—1 » 1=0L-p =1
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where ®,,; = Bn;y and the variance-covariance matrix of $iyy is Dij10741 .

F; given by (4) and F: given by (11) are, for fixed Y, : quasmndependent
if the numerators, which are marginally distributed as x}o341/7 and x}or41/t re-
spectively, are independent. It can be easily verified that x? and x; are not
independent and hence the tests for H, and H, are not quasi-independent. It
may be noted that, when Y, is fixed, the test of 8; = 0 is like testing significance
of regression, as seen from (1), while the test of ®;;; = 0 is like covariance-
analysis.

(¢) We may consider extension of (vi) to blocks, as in (ii), and test

H,: 2= O,

as pointed out by the referee. It is easy to check that a similar step-down pro-
cedure with respect to blocks will result in ¥ — 1 independent tests in multi-
variate analysis of variance of the same general structure as in [1] and [3].

6. Acknowledgement. I am indebted to Professor S. N. Roy for suggesting
this problem and to the referee for suggesting improvements in structure and
exposition.
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