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THE UNIQUENESS OF THE SPACING OF OBSERVATIONS IN
POLYNOMIAL REGRESSION FOR MINIMAX VARIANCE
OF THE FITTED VALUES

By CHARLES E. ANTLE
Oklahoma State University

1. Introduction. A spacing of n(p + 1) observations in the interval [—1, 1]
in order to minimize the maximum variance of 4(z), a pth degree polynomial
fitted by least squares, in the interval [—1, 1] has been given by P. G. Guest [1].
The spacing places n observations at —1, 1, and each of the p — 1 zeros of
P (z), where P,(x) is the Legendre polynomial of degree p. The purpose of this
note is-to establish the uniqueness of P. G. Guest’s solution when the observa-
tions are made at p + 1 distinct points.

2. Statement of problem. Guest defines
V4
(1) Fz) = [T (@ - 2)

where the z;are the distinet points in the interval [—1, 1] at which the observa-
tions are to-be made. The minimax variance condition requires

(2) Lo = _17 Ty = 1
and
(3) F’(z;) =0, for j=1,2,---,p—1

After defining ¢(x) by the equation

(4) F(z) = a(z® — 1)¢(x),
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the problem of finding the z; to satisfy (1) and (3) becomes that of selecting
¢(z) such that

(5) F"(x;) =\¢'(93j) =0

for p — 1 distinet (but unspecified) values of z; in the interval (—1, 1). We
choose a so that the leading coefficient of a¢(z) is unity. The question of the
uniqueness of a¢(z) (and thus the points of observation) is now raised.

3. The solution. P. G. Guest [1] has shown that
_2%(p!)?
(6) ag(r) = mpp(x)

where P,(z) is the pth degree Legendre polynomial, does satisfy (5) as re-
quired. We shall now show that if condition 5 is satisfied, a¢(x) is necessarily

as given above.
Let

(1) wb(z) = 2 aa’

where a,_; = 1. .
Substituting (7) into (4) and differentiating, we obtain

F"(z) = p(p + 1)a* " + ap-ayp(p — 1)a"’

8 p—3 .
(8) + 2 (64 2) (0 + 1) (@ — agen)s”

From (5) it follows that F”(z;) — ap(p + 1)¢(z;) = 0,forj =1,2,--- ;p — 1,
so that

ap2lp(p — 1) — p(p + Dlf™"

9) 23 . . . . i
+ Zjo{[(z + 2)(f + 1) — p(p + Dlas — (& + 2)(E + Daiplz; =0,

forj=1,2,.--,p — 1.
Since (9) is of degree p — 2, requiring it to be zero for p — 1 distinct values
of z; requires it to be identically zero. Thus a,» = 0, and
a=(E+2E+DE—p+ DTG+ p+2) aie,
which along with a,; = 1, fully determines a¢(z). That ¢(z) = P3(z) for
v 2
o= 2
p(2p)!
follows by an inspection of the recursion formula for the coefficients of P3(z).
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